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Introduction 

The  32nd  annual  Sanibel  Symposium,  organized  by  the  faculty  of  the  Quantum 
Theory  Project  of  the  University  of  Florida,  was  held  March  14  to  21,  1992  at  the 
Ponce  de  Leon  Conference  Center  located  at  the  north  gate  of  the  city  of  St.  Au¬ 
gustine.  Florida.  About  330  participants  gathered  for  8  days  of  lectures  and  dis 
cussions  in  a  program  that  paid  special  tribute  to  'he  scientific  contributions  of 
Professor  Per-Olov  Ldwdin  of  the  University  of  Florida  in  his  celebrated  three 
articles  on  density  matrices,  natural  spin  orbitals,  the  Hartree-Fock  approximation, 
and  its  extensions,  published  back-to-back  in  The  Physical  Review  97  ( 1955 ).  The 
daily  schedule  was  packed  with  plenary  sessions  in  the  morning,  and  late  afternoon, 
and  with  poster  presentations  in  the  evenings,  often  lasting  until  midnight. 

The  format  of  the  symposium  adopted  for  the  past  2  years  was  followed  again 
this  year  providing  a  compact  8-day  schedule  with  an  integrated  program  of  quantum 
biology,  quantum  chemistry,  and  condensed  matter  physics.  The  topics  of  the  ses¬ 
sions  covered  by  these  proceedings  include  Thirty-five  Years  of  Progress  in  Electronic 
Structure  Theoiy,  Density  Matrices  and  Other  Revelations  of  1955,  Non-Bom- 
Oppenheimer  Methods,  Atomic  and  Molecular  Phenomena  in  Astrophysics,  Photo- 
induced  Phenomena.  Reactive  Molecular  Collisions,  Quantum  Monte  Carlo.  Den¬ 
sity-Functional  Theory.  Thin  Films  and  Surfaces. 

A  special  session  on  Theoretical  Inorganic  Chemistry  was  held  in  memory  of 
Arnold  Karo,  one  of  the  real  ‘'old-timers”  at  Sanibel. 

All  the  articles  have  been  subjected  to  the  ordinary  refereeing  procedures  of  the 
The  International  Journal  of  Quantum  Chemistry.  The  articles  presented  in  the 
sessions  on  quantum  biology  and  associated  poster  sessions  are  published  in  a 
separate  volume  of  the  The  International  Journal  of  Quantum  Chemistry. 

The  organizers  acknowledge  the  following  sponsors  for  their  support  of  the  1992 
Sanibel  Symposium: 

•  U.S.  Army  Research  Office  ( Physics )/crdec  through  Grant  DAAL03-92- 
0214,  “The  views,  opinions  and/or  findings  contained  in  these  proceedings  are 
those  of  the  authors  and  should  not  be  construed  as  an  official  Department  of 
the  Army  position,  policy,  or  decision,  unless  so  designated  by  other  docu¬ 
mentation.” 

•  The  Office  of  Naval  Research  ( Physics  and  Chemistry),  through  Grant  N00014- 
92-J-1238. 

•  U.S.  Department  of  Energy  (Office  of  Health  &  Environment  Research), 
through  Grant  DE-FG05-92ER6 1.378. 

•  Hyper  Chem.  Autodesk. 
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•  C'AChc/Tektronix. 

•  The  University  of  F'iorida,  through  the  Office  of  Academic  Atfairs. 

Very  special  thanks  go  to  the  staff  of  the  Quantum  Theory  Project  of  the  University 
of  F'iorida  for  handling  the  numerous  administrative,  clerical,  and  practical  details. 
I  he  organizers  are  proud  to  recognize  the  contributions  of  Ms,  Joanne  Bratcher. 
Mrs.  Judy  Parker,  Ms.  Robin  Bastanzi,  Mrs.  Sue  Tinsley.  Mr.  Agustin  Diz,  Dr. 
Erik  Deumens.  and  Dr.  Hugh  Taylor.  Ail  the  graduate  students  of  the  Quantum 
Theorv  Project,  who  served  as  "gofers”  are  gratefully  recognized  for  their  contri¬ 
bution  to  the  success  of  the  1992  Sanibel  Symposium.  The  valuable  help  of  ri)r. 
C'harles  Taylor  is  gratefully  acknowledged. 

N  Y.  OitRN 
J.  R.  Sabin 
M,  C.  Zfrm  R 
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Memorial  Session 
in  Honor  of 
Arnold  Karo 

This  session  is  dedicated  to  the  memor>  of  Arnold  Karo  who  died  last  year,  at 
the  age  of  63,  after  a  year-long  battle  with  lymphoma.  Arnold  was  a  theoretical 
chemist /solid-state  physicist  with  the  Lawrence  Livermore  Laboratory  .  He  received 
his  Ph.D.  from  MIT  in  1953  and,  after  a  brief  service  with  the  U.S.  Army  Chemical 
corps,  he  joined  John  Slater's  group  at  MIT  as  a  postdoctoral  fellow,  where  he 
worked  on  lattice  dynamics  of  crystalline  materials.  .Arnold  began  his  long  asso¬ 
ciation  with  L’  in  1958  where  he  continued  his  work  on  crystalline  materials, 
including  the  first  detailed  calculations  relating  structural  features  of  e.xperimenial 
spectra  to  calculated  critical  features  of  the  phonon  densities  of  states.  Many  of  us 
knew  Arnold  from  this  period  of  time.  He  was  one  of  the  old-timers  at  Sanibcl  and 
was  one  of  the  special  people  included  in  John  Slater’s  famous  Sanibel  solid  state 
theory  group  meetings  that  were  traditionally  held  on  the  beach  on  Wednesday 
afternoon.  In  recent  years.  Arnold  carried  out  fundamental  studies  on  chemical 
laser  systems  and  plasma  properties  of  negative  ion  beams.  This  work  was  in  support 
of  the  controlled  nuclear  fusion  efforts  at  L  \  This  memorial  should  not  end  without 
mention  of  Arnold  Karo,  the  person.  He  could  simply  and  best  be  described  as  the 
perfect  gentleman.  We  have  all  lost  a  good  friend. 

//.  Harvev  Michels 
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Abstract 

From  the  second-order  self-energy  of  electron  propagator  theory,  one  can  obtain  total  energies  for  the 
initial,  jV-electron  stale  and  the  final,  S  ±  1 -electron  states.  Recent  derivations  and  computational  studies 
have  demonstrated  the  feasibility  of  calculating  effective  first-order  density  matrices  corresponding  to 
the  electron-binding  energies.  One-electron  properties  and  energy  gradients  of  the  final  states  are  thereby 
made  accessible.  Applications  to  the  ground  and  excited  states  of  CaCN  and  to  C'^  illustrate  the  capabilities 
of  this  method,  ce  1^92  John  Wiley  &  Sons.  Inc, 


Introduction 

Electron  propagator  theory  has  been  applied  in  quantum  chemistry  chiefly  to 
the  calculation  of  vertical  ionization  energies  and  electron  affinities  [1-7],  Calcu¬ 
lations  of  ground-state  total  energies  and  one-electron  properties  have  been  con¬ 
siderably  less  frequent  in  the  literature  18-13].  Because  electron  propagator  theory’ 
is  a  direct  method,  one  in  which  an  energy  difference  is  evaluated  without  recourse 
to  individual  state  energies  or  wavefunctions.  it  is,  in  principle,  applicable  to  final 
states  of  any  energy.  The  prospect  of  using  electron  propagator  theory  to  optimize 
molecular  geometries  is  therefore  an  attractive  alternative  to  many  correlated  meth¬ 
ods  that  concentrate  chiefly  on  ground  states.  A  recent  derivation  of  gradients  for 
the  second-order  self-energy  has  shown  the  feasibility  of  this  approach  [14],  These 
derivatives  are  combined  with  derivatives  of  the  reference  state  total  energy  described 
by  second-order  many-body  perturbation  theory  {15-17]  to  yield  derivatives  of 
final  state  potential  energy  surfaces.  In  addition,  effective  density  matrices  that 
describe  the  density  difference  between  the  initial  and  final  states  enable  calculation 
of  final-state  properties  when  combined  with  initial-state  density  matrices. 

It  is  possible  to  demonstrate  that  the  potential  energy  surfaces  for  the  initial  state 
and  the  final  states  in  this  level  of  electron  propagator  theory  have  a  common 
origin:  the  second-order  self-energy.  Using  this  description  of  electron  correlation, 
one  can  obtain  the  second-order  many-body  perturbation  theory  expression  for  the 
initial  state  total  energy.  Electron-binding  energies  calculated  with  this  self-energy 
therefore  yield  a  unified  treatment  of  total  energies  for  the  A-electron  initial  state 
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and  the  A’±  I -electron  final  states.  This  unified  treatment  also  affords  one-electron 
properties  for  each  state. 


Superoperator  Formulation  of  Electron  Propagator  Theory 

Using  superoperator  notation  [4.18],  the  electron  propagator  matrix,  G(/0.  is 
expressed  as 

G{/-;)  =  (a!(f;/- //)  'a). 

Simple  electron  annihilation  operators  with  spin-orbital  labels  constitute  the  vector 
a,  whose  length  is  the  dimension  of  the  spin-orbital  basis.  The  identity  superoperator, 
/,  defined  by 

ix  =  A  . 

and  the  Hamiltonian  superoperator.  //,  defined  by 

//A  =  (A.  //]  , 

operate  on  simple  electron  field  operators  or  on  products  of  field  operators  that 
change  the  number  of  electrons  by  one.  With  the  following  choice  of  superoperator 
metric. 


{yjZ)  =  <0|[>-\Z],|0>. 

where  |())  is  an  A'-electron  reference  state,  one  obtains  the  participation  of  all  field 
operators  that  pertain  to  A'  ±  1 -electron  states.  Note  that  no  distinction  is  made 
between  particle  and  hole  subspaces,  for  all  manipulations  occur  in  Fock  space. 

To  avoid  explicit  consideration  of  the  superoperator  resolvent.  ( A7  -  //)  '.an 
inner  projection  is  employed: 

G(E)  =  (a|h)(ht(T7  -  //)h)  '(hla) . 


where  the  vector,  h.  contains  all  field  operators  on  whicli  the  superoperators  act. 
Partitioning  of  the  last  equation  follows  from  orthonormalizing  two  subspaces,  a 
and  f.  The  ensuing  block  structure  of  G(/s),  where 


G(/:)  =  [(a|a) 


{a|  f)] 


■  (al(/-;/  -  //)a) 
(f  KT/-  //)a) 


thereby  simplifies  to 


(a|(/:7- 
(f  l(T7 


//)f  ) 
/Of) 


1 

■  (a|a)' 

.(f  la). 

-  (al//a)  -(a(//f)  ’ 

1 

T 

-(f|//a)  Tl-(fi//f). 

! 

.0 

Two  separate  strategics  have  been  employed  at  this  point.  The  first  departs  from 
the  observation  that  only  the  upper  left  block  of  the  inverse  matrix  is  needed.  This 
yields 

Gl/O  =  [i:\  -  (al//a)  -  (a|  //f  ){/:!  -  (f  |//f  )]  '(f  |//a)]  '  . 


A  more  convenient  form  leads  to  an  alternative  statement  of  the  Dyson  equation. 
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G  ’(£)  =  FA  -(a|//a)-(a|//f) 

X  [E\  -  (f  |//f  )]  '<f|//a)  -  G<, '(/•;)  2(/;) 

where  all  terms  not  pertaining  to  the  uncorrelated.  Koopmans's  theorem  description 
of  electron-binding  energies  are  contained  in  the  last  term,  the  self-energy  matrix. 
Poles  occur  when  the  determinant  of  G  '  ( F)  vanishes;  this  is  equivalent  to  searching 
for  such  that 

[(a|  //a)  +  (a|  //  f  )[/fp,.,eI  -  (  f  I  //  f  )j  '(  f  |  //a)]C  -  CV-.p.,,,  . 

In  the  second  approach,  one  seeks  the  eigenvalues  of  the  superoperator  Hamil¬ 
tonian  matrix, 

■(a|/7a)  (a|/7f)- 

(f|//a)  (f|/7f).  ■ 

Insertion  of  these  eigenvalues  into  the  partitioned  form  of  G(  /•,  ).  discus,sed  above, 
leads  to  the  inversion  of  a  matrix  with  a  zero  eigenvalue;  in  other  words,  this 
insertion  is  sufficient  to  produce  a  pole.  Provided  that  the  same  superoperator 
Hamiltonian  matrix  elements  are  used,  the  two  approaches  arc  equivalent. 


Derivatives  of  Electron-Binding  Energies 

Having  solved  for  a  pole  of  the  electron  propagator.  /;p„ic.  one  can  inquire  into 
its  derivatives  with  respect  to  changes  in  the  one-electron  part  of  the  many-electron 
Hamiltonian.  Such  changes  may  correspond  to  external  fields  or  to  the  field  produced 
by  the  nuclei  arranged  in  a  given  way.  Suppose  that  the  Dyson  equation  approach 
to  discovering  poles  has  been  adopted,  where 

=  C{c  +  2(/f)|,, 

Defining  the  superscript,  a,  to  denote  differentiation  with  respect  to  a  perturbation, 
one  obtains 


+  CHe"  +  ^AF)\ 


+  F'r 


r<ik' 


I/.  / 


p*»te 


dF 


I-  G 


c  . 


Note  that  in  the  last  of  the  three  terms  there  arc  three  portions  that  pertain  to 
orbital  energy  derivatives,  derivatives  of  the  self-energy,  where  the  /;  parameter  is 
held  constant,  and  derivatives  of  the  self-energy  employing  the  chain  rule,  fhis 
equation  can  be  rearranged  to 


^ '  puk-  (  1 


•t 

dF 


c 


/. 


The  left  side  of  the  previous  equation  is  F'^,w  divided  by  the  pole  strength.  /’.  w  hile 
the  first  two  terms  on  the  right  side  vanish  because 


Therefore, 


+  ,^jc. 

Both  Pand  C  arc  generated  in  the  process  of  finding  the  pole;  only  explicit  differ¬ 
entiation  of  the  orbital  energies  and  the  self-energy  matrix  elements  is  required  to 
obtain  E'^oic- 

A  similar  conclusion  follows  from  the  second  approach  to  finding  poles.  Denoting 
the  entire  superoperator  Hamiltonian  matrix  as  H,  one  may  express  the  poles  as 
solutions  of  the  eigenvalue  problem 

H  t  —  t  /fpoli;  . 

Differentiation  leads  to 

H"t  +  Ht"  =  t"  Pp.,1,  +  . 

After  multiplying  both  sides  by  I*,  one  finds  that 

Having  found  a  pole  by  this  approach,  one  must  evaluate  derivatives  of  the  super- 
operator  Hamiltonian  matrix  in  order  to  calculate 
Connections  between  the  two  approaches  are  facilitated  by  partitioning  the  ei¬ 
genvectors  t  into  their  a  and  f  portions: 


t  =  [t.  t,]. 

For  a  given  pole,  the  Feynman-Dyson  amplitudes,  C.  suffice  to  determine  the 
eigenvectors,  t,  through  the  following  relationships, 

t,  =  fPC 

t,  =  -(f  |//f)l-'(f  I  Wa)C. 

Second-Order  Expression 

The  second-order  self-energy  derives  from  an  f  operator  manifold  consisting  of 
products  of  three  simple  field  operators.  Only  the  Hartree-Fock  (HF)  contribution 
to  the  superoperator  reference  state  is  needed.  Operators  with  two-particle  and  one- 
hole  indices  or  with  two-hole  and  one-particle  indices  are  needed  to  produce  all 
second-order  terms.  Letting  i.j,  k.  /  be  occupied  spin-orbital  indices,  a,  b,  c,  d,  be 
virtual  indices,  and  p,  q,  r.  s  be  general  indices,  one  can  express  the  superoperator 
matrix  elements  in  terms  of  canonical  orbital  energies  and  transformed  electron 
repulsion  integrals.  The  zeroth-order  elements  of  (a|//a). 

Hr.- 

the  first-order  elements  of  ( a  |  // f ), 
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=  {pi\\ah),  a  <h 
and  zeroth-order  elements  of  { f  |  //  f ), 

lL„.hU  =  (G  +  G  "  f:i,)^ah^,A^il  ■ 


suffice  10  obtain  second-order  poles  in  either  of  the  approaches  discussed  above. 
Higher  order  expressions  result  from  retaining  additional  terms  generated  by  cor¬ 
related  reference  state  averages. 

From  the  above  expressions  for  one  obtains 

-F'poU-  =  2]  “f"  2  2  H P.iahliah  "b  ^  t/i  2  ^ r.aiiliti) 

/It/  /'  ia<h  p  OKj 


^  uth  ^  uih^p^p 


ui*.h 


^  ^ai/  2  ^ lifi.p^p  S  ^ 2  ^ ^ iiih,  n  d ^ jui 

at<!  p  h-^d 


^ iiif  uti.hklU'KI  ' 

as- !  hk-  ( 


In  second  order. 


and 


=  fpc. 


i,uh  =  V'f(£'p,,i,  +  €,  -  c„  -  c^]  ■ '  2  (ah\\pi)C^ 

P 

^aii  ~~  ^^F[Fpoltf  E  €fj  C,  2  . 


Therefore, 


A-2„,c  =  F  2  CfX, 

n 


Hr,  +  2 


pjuh^^tcih.if  ^  p.iciE  tiih.tf 


+ 


^^fKUih 


-f 


X 


//;: 


}ijh.iijh 


//i 


iah,ii 


^polc  ^ 


//“  // 

^  ^  /  '  '  pMlf  •  •  llK.U 


+ 


//  //“ 


If. 


in 


IL 


, ,  -  -  Uif.uii  I  *  , 

•'pidc  I'fHiic 


6 


OR  nz 


Similar  expressions  will  arise  for  more  complicated  forms  of  the  self-energy  matrix 
or  the  superoperator  Hamiltonian  matrix  {14j. 

Reference  State  Total  Energies 

When  added  to  or  subtracted  from  a  reference  state  total  energy,  electron-binding 
energies  yield  final  state  total  energies.  A  reference  state  total  energy  expression 
derived  from  the  same  self-energy  expression  employed  for  the  electron-binding 
energies  would  provide  a  reasonable  choice  for  the  purpose  of  optimizing  geometries 
on  final  state  potential  energy  surfaces.  The  ground  state  total  energy  is  related  to 
the  electron  propagator  through  a  contour  integral  that  encloses  the  ionization 
energy  poles  ('  21: 

<//>  =  -'-Tr:^  f  (h  +  E\)G{E)dE. 

2  2ir/  Ji 

In  the  above  expression,  h  is  the  matrix  of  the  one-electron  part  of  the  electronic 
Hamiltonian.  Insertion  of  Go(/:‘).  where 

G„(/f)  =  (E\  -  e)  '  . 

in  this  equation  results  in  the  HF  expectation  value,  that  is.  the  energy  expression 
is  correct  through  first  order  in  the  fluctuation  potential.  Closed  forms  for  correlated 
energies  have  been  sought  through  an  alternative  form  of  the  Dyson  equation, 

G(E)  =  Go(£')  +  Go(£)2:(f;)G(£), 

which,  in  iterated  form, 

G(E)  =  G„{£)  +  Go(/f)S(£')G,>(A')  +  G„(£)2(£)Gn(/f)S(£)G„(£')  +  •  •  •  , 

provides  terms  of  various  orders  for  a  given  choice  of  2(  E).  A  consistent  counting 
of  orders  in  the  fluctuation  potential  discloses  that  the  matrix,  h,  introduces  terms 
of  zeroth  and  first  order  when  it  is  rewritten  in  terms  of  the  Fock  matrix  and  the 
Coulomb-exchange  potential  matrix: 

h  =  f  -  V. 

By  consolidating  terms  of  the  same  order,  it  is  possible  to  identify  two  separate 
contributions  to  the  total  energy  expres-sion  through  order  «  [12]: 

f  (f  +  F:i)G''"(FW-:^Tr-^  f  vG'" 

2  2ivi  J(  2  2ni  J( 

Second-order  many-body  perturbation  theory  can  be  recovered  by  inserting  the 
second-order  expression 

G'-’IF)  =  Go(E)  +  Go{E)X^'HE)Go{E) 

into  the  first  term  on  the  left  side  of  the  previous  equation  [2]  ;  the  other  term  is 
zero  because  G"  ’( E)  vanishes. 
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Table  I.  CaCN  bond  lengths  (A)  and  total  energies  (au). 


Isomer 

Slate 

Ca-X 

C-N 

Total  energy 

CaCN 

x-::* 

2..t65 

1.206 

-768.7801299 

aTi 

2,.t57 

1.205 

-768.6941171 

2.332 

1.207 

-768.6924186 

CaNC 

x’r’ 

2  22 1 

1.203 

-768.7768773 

A’n 

2.220 

1.203 

-768.6892728 

B-r* 

2.210 

1.203 

-768.6844680 

Only  the  second-order  self-energy  matrix  is  needed  to  produce  reasonable  ap¬ 
proximations  for  the  total  energies  of  the  reference  state  and  the  final  states  in 
electron  propagator  theory.  Second-order  many-body  perturbation  theory  total 
energies  for  the  A'-electron  reference  state  may  be  supplemented  by  second-order 
self-energy  results  from  electron  propagator  theory  to  produce  final  state  total  ener¬ 
gies  for  states  with  A'  ±  1  electrons. 


Applications 

Reference  state  total  energies  and  gradients  at  the  second-order  level  are  calculated 
with  GAUSSIAN  90  [19],  Electron-binding  energies  and  their  gradients  are  cal¬ 
culated  with  a  modified  version  of  EPT90  [20].  Detailed  formulas  for  the  second- 
order  electron  propagator  gradients  have  been  derived  and  presented  in  spin-orbital 
form  elsewhere  [14], 

Calcium  Cyanide  Ground  and  Excited  Stales 

Using  the  closed-shell  cation,  CaCN\  as  a  reference,  it  is  possible  to  study  the 
ground  and  excited  states  of  CaCN  by  adding  various  electron  affinities  to  the 
reference  state  potential  energy  surface.  This  molecule  is  an  interesting  test  case  for 
the  present  methods  for  several  reasons.  First,  there  is  a  low-lying  excited  state  with 
the  same  symmetry'  as  the  ground  state.  Second,  there  is  the  possibility  of  linkage 


Tabi  l  II.  CaCN  harmonic  frequencies  (cm' ') 


Isomer 

State 

a  X  sHTtch 

N  Airrith 

t: 

CaCN 

x-2;' 

364 

1969 

143 

aTi 

369 

1973 

144 

B'2;- 

375 

1961 

127 

(  aNf 

x-i' 

415 

2052 

89 

A-li 

416 

2057 

87 

B'2;- 

412 

2056 

25i 
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Tabu  hi  CaCN  dipok  momcnis  (D). 


Isomer 

State 

Diptile  moment 

CaCN 

X-2" 

6.485 

A-’II 

6.402 

6.516 

CaNC 

6.474 

Ahl 

6.J62 

B^S- 

6.845 

isomerism  for  all  states,  that  is,  it  is  possible  that  there  are  minima  with  CaCN  and 
CaNC  geometries  [21],  Finally,  there  are  questions  surrounding  the  origin  of  emis¬ 
sion  bands  that  lie  to  the  red  of  the  lowest  absorption  frequencies  [22,23]. 

A  5s, ip, Id  basis  for  Ca,  obtained  from  a  previous  study  [ 24 ] ,  is  combined  with 
a  is,2p,ld description  for  C  and  N  [25],  All  molecular  orbitals  are  retained  in  the 
post-HF  calculations.  The  default  convergence  criteria  employed  for  geometry  op¬ 
timizations  in  GAUSSIAN  90  are  retained:  a  maximum  force  of  0  00045,  a  max¬ 
imum  root  mean  square  force  of 0.0003,  a  maximum  displacement  of  0.00 18,  and 
a  maximum  root  mean  square  displacement  of  0.0012.  Final  state  geometries  and 
total  energies,  calculated  as  the  sum  of  the  CaCN  ^  second-order  total  energy  and 
the  second-order  electron  propagator  e!ec»;on  affinity,  are  listed  in  Table  I.  The 
Ca-X  distance  pertains  to  the  nucleus  loser  to  Ca  in  each  isomer.  Optimizations 
on  the  A’n  states  performed  with  ai'  without  a  symmetry  axis  converge  to  identical 
results.  Evaluation  of  finite  hif  nces  of  final  state  gradients  permits  the  deter¬ 
mination  of  harmonic  frequcnaes,  which  are  listed  in  Table  II.  For  the  A^n  states, 
the  lower  symmetry  calculations  are  performed  for  the  ^ A’  state  that  arises  from 
the  degenerate  state  hi  symmetry.  Most  of  the  stationary  points  are  minima, 
although  some  of  the  harmonic  frequencies  are  very  small.  One  of  the  optimized 
geometries  has  wn  imaginary  bending  frequency.  A  definitive  study  of  the  relative 
energies  of  the  stationary  points  and  their  curvatures  must  await,  at  the  very  least, 
a  testing  of  basis-set  effects.  Because  the  expressions  for  the  gradients  of  the  cationic 
reference  state  total  energies  and  of  the  electron  affinities  include  effective  density 


Table  IV.  CJ  properties. 


Property 

CCSD 

CCSDT 

EPT 

Total  energy  (au) 

-113.300286 

-113.328883 

-113.3.30573 

Bond  length  (A) 

1.337 

1.350 

1.337 

Bond  angle  (degrees) 

68.3 

68.0 

68.6 

0)1  Cl  (cm‘') 

1668 

1601 

1677 

0)2  a,  (cm'') 

687 

638 

720 

«3  h2  (cm”') 

1215 

1194 

1287 
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Table  V.  ^2*  Cj  properties. 


Property 

CCSD 

CCSDl 

eff 

Total  energy  (au) 

-113.279310 

-113,321152 

-113.326453 

Bond  length  (A) 

1.314 

1.327 

1.322 

"1 

1168 

U>2  Tu 

260 

2500) 

45ii 

2032i 

Energy  relative  to  ^83  (kcal/mol) 

13.2 

4.9 

2.6 

matrices  for  one-electron  properties,  the  sum  of  the  reference  state’s  effective  density 
and  that  of  the  electron  affinity  provides  a  density  matrix  that  describes  the  final 
state’s  electronic  distribution.  Dipole  moments  calculated  with  this  information 
are  listed  in  Table  111. 

Cj  Minima  and  Transition  Stales 

Potential  energy  surfaces  for  C 3  have  been  extensively  studied  with  a  variety  of 
theoretical  techniques  [26-28].  Among  the  difficulties  encountered  by  previous 
workers  are  multiple  unrestricted  he  solutions  with  sharply  contrasting  amounts 
of  spin  contamination  for  the  'B2  ground  slate  of  the  C’:,  isomer.  This  finding 
prompted  a  recent  work  in  which  coupled  cluster  energies  calculated  with  unre¬ 
stricted  HFand  restricted,  open-shell  he  reference  states  were  compared  with  results 
from  a  quasi-restricted  HE  reference  state.  The  latter  approach  bears  some  resem¬ 
blance  to  the  present  electron  propagator  method,  for  orbitals  optimized  for  the 
closed-shell  molecule  C\  are  employed.  The  same  4s, 2p,  1  cl  basis  used  in  the  coupled 
cluster  work  is  used  in  these  calculations  [26].  Tables  IV  and  V  compare  the  present 
methods  to  two  methods  based  on  an  unrestricted  HE  reference  configuration,  cou¬ 
pled  cluster  singles  and  doubles  and  coupled  cluster  singles,  doubles,  and  triples. 
The  total  energies  for  the  electron  propagator  results  are  lower  because  no  orbitals 
have  been  discarded  from  the  correlated  calculations.  Structures,  harmonic  fre¬ 
quencies,  and  relative  energies  display  close  agreement  with  the  coupled  cluster 
results.  It  is  worth  noting  that  coupled  cluster  singles  and  doubles  calculations  with 
open-shell  he  or  quasi-restricted  he  reference  states  yield  results  that  are  very  close 
to  their  unrestricted  he  counterparts  in  Table  IV. 


Conclusions 

From  the  second-order  self-energy  of  the  electron  propagator,  it  is  possible  to 
derive  a  general  description  of  the  A-eleciron  ground  state  and  final  states  with  N  ± 

1  electrons.  For  the  ground  state,  one  must  take  care  that  orders  in  the  fluctuation 
potential  are  consistently  treated;  the  simplest  correlated  example  leads  to  the  second- 
order  total  energy  of  many-body  perturbation  theory.  Procedures  for  evaluating 
derivatives  of  this  total  energy  with  respect  to  changes  in  the  one-electron  part  of 
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the  Hamiltonian  arc  well  known.  Evaluation  of  derivatives  of  electron-binding 
energies  from  the  electron  propagator  has  been  implemented  recently.  Only  deriv¬ 
atives  of  the  superoperator  Hamiltonian  matrix  are  needed.  Difference  density  ma¬ 
trices  emanate  from  the  derivation,  enabling  the  calculation  not  only  of  final  state 
gradients,  but  one-electron  properties  as  well.  In  the  case  where  a  closed-shell  ttr 
calculation  defines  the  reference  propagator,  no  spin  contamination  is  introduced 
in  the  final  state  doublets.  Applications  to  cases  where  ionization  energies  and 
electron  affinities  are  calculated  in  order  to  study  the  species  of  interest  have  shown 
the  versatility  of  this  approach.  One  of  the  most  attractive  aspects  of  the  energy 
dependence  of  the  seif-energy  matrix  is  reinforced  here,  for  optimizations  on  excited 
states  of  a  given  symmetrs  can  now  be  undertaken  routinely. 
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to  Molecular  Response  Properties 
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Abstract 

A  new  method  is  presented  lor  the  eak  ulalion  and  analysis  of  static  linear  and  nonlinear  response 
properties  The  method  invoKcs  the  use  of  a  perturbed  electron  propagator  formalism,  and  is  a  corre¬ 
lated  generalization  of  standard  sr  t  -lesel  coupled  Manree-l  oek  ( or  rp  \  )  schemes.  '  l  w;  John  W  iley  A 
.'Sons.  !nc. 


Introduction 

The  theory  and  calculation  of  the  response  ofa  molecular  system  to  an  external 
applied  field  ( 1  ]  has  developed  into  an  important  research  area  in  modern  quantum 
chemistry  [2..^].  since  it  embraces  a  vast  area  of  research,  from  applied  subjects 
SUCH  as  nonlinear  optics  [4]  and  material  design,  through  to  the  theory  of  inter- 
molecular  forces.  recent  review  ofa  wide  range  of  molecular  properties  is  given 
by  Foyvier  (5J.  The  theory  and  computational  methods  [8.9]  for  both  static  and 
frequency-dependent  molecular  response  properties  have  been  refined  over  many 
years  by  many  authors.  The  commonest  methods  of  calculation  involve  scr-level 
response  properties  via  so-called  coupled  Hartree-Fock  (cphf)  approaches  ( in  either 
■AO  or  MO  basis  sets)  [10],  or  the  equivalent  random-phase  approximation  (Rpa) 
[  1 1  j .  which  also  gives  direct  access  to  the  polarization  propagator  [6.7] .  and  hence, 
to  cxcitatioi.  energies  of  low-lying  electronic  excited  slates,  transition  amplitudes, 
and  also  frequency  dependent  polarizabilities.  Algorithms  for  computations  exist 
inside  most  of  the  major  ah  itiilit)  codes  such  as  GAUSSIAN  XX.  CADPAC. 
HONDO.  SYSMO.  etc.  The  theory  for  computations,  including  the  higher  order 
eftects  or  correlation  (e.g..  NiC  S(  i  approaches),  has  also  been  detailed  [12].  although 
published  calculations  arc  as  yet  uncommon  because  of  the  cost.  Polarization  prop¬ 
agator  codes  arc  also  conventional,  but  in  the  guise  of  the  rpa  method,  which  is 
accurate  through  first-order  m  terms  of  correlation.  The  higher  order  ( in  terms  of 
correlation )  versions  of  this  (SOPPA,  and  its  coupled  cluster  variant  [8])  are  com¬ 
putationally  expensive,  and  are  unviable  for  all  but  the  smallest  molecules,  such  as 
saturated  first  row  hydrides.  The  'heory  for  quadratic  response  is  also  worked  out 
at  the  s<  F  nd  M(  .sc  F  levels  [12],  although  the  correlated  versions  are  not  yet  fully 
implemented.  Indeed,  accurate  near-basis  limit  calculations  of  quadratic  response 
are  rare,  even  at  the  .scF  level. 
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The  aim  otThis  work  is  to  present  a  new  approach  to  linear  and  nonlinear  i  inilialh 
quadratic)  static  response  tensors  h>  exploiting  the  power  and  elegance  of  the  elec¬ 
tron  propagator  { i  n )  approach  [13.14}  Idr  correlated  calculations  of  the  one-electron 
density.  The  t  n  is  well  known  for  accurate  compulaiions  of  molecular  ioni/aiion 
and  attachment  energies.  These  emerge  directly  out  of  a  system  of  eigenvalue  equa¬ 
tions  based  upon  the  ip  equations  of  motion  [15  j.  Ihe  method  is  well-known  and 
established,  but  there  is  no  obvious  connection  with  response  tensors.  It  is  true, 
however,  that  a  numerically  simple  contour  integration  over  a  special  contour,  the 
renowned  Coulson  contour  [16].  directly  produces  also  the  correlated  I’rmi/uJ  stale 
one-elcetron  density  [19].  and  hence,  any  one-electron  property  expectation  value. 
The  present  work  arose  by  try  ing  to  generalize  an  analy  sis  of  (  Pill  linear  response 
tensors  produced  by  Grant  and  Pickup  [17].  I  his  latter  uses  a  breakdown  of  the 
set-  hrst  order  perturbed  one  density  into  direct  and  induced  terms,  and  hence, 
produces  an  appealing  picture  of  response  in  terms  of  polarization,  back  polarization, 
and  self-interaction  of  the  perturbed  density.  The  basic  idea  of  the  present  work  is 
to  study  the  eftect  of  an  external  applied  field  upon  the  I  P,  and  hence,  to  obtain 
the  eorrelaU’ci  perturbed  density  through  Coulson  contour  integration.  I  herc  has 
been  an  early  attempt  at  a  Green’s  function  formulation  of  the  linear  response 
problem  [18],  though  only  in  the  SCT  approximation. 

The  perturbed  electron  propagator  is  described  in  detail  in  the  next  section.  The 
third  section  gives  the  form  of  the  dynamic  perturbed  self  energy  at  second  order 
in  correlation,  while  the  section  after  details  the  analysis  of  Grant  and  Pickup  for 
the  correlated  case.  The  fifth  section  outlines  possible  calculations,  while  the  fol¬ 
lowing  one  de.scribes  the  results  of  pilot  calculations  on  a  series  of  small  molecules. 
The  last  section  briefly  describes  the  use  of  the  method  for  quadratic  response. 


I  he  Perturbed  Klectron  Propagator 

Let  us  :onsider  a  static  (time-independent)  one-electron  perturbation 

/j'"  =  Z  (  ! 

ei 

in  terms  of  an  orthonormal  spinorbital  basis.  This  one-electron  perturbation  can 
represent  the  effect  of  an  externally  applied  electric  or  magnetic  field,  or  even  a 
perturbation  arising  from  the  displacement  of  a  nucleus  [3],  In  general,  we  must 
acknowledge  that  a  field  may  have  a  set  of  components,  so  that  we  must  decompose 
the  operator 

(2) 

»t 

into  a  sum  over  components  labeled  by  the  index  tt.  The  factors.  are  variable- 
strength  factors.  We  can  express  the  expectation  value  of  the  operator  in  (  1 )  as 

=  Z  =  trh'"p, 


(3) 
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where  the  onc-dcnsity  is  defined  in  the  norniali/ation  of  MeWeens  (2i.  Wc  now 
inlrcxJucc  the  (causal )  electron  propagator  matrix  (20]  dehned  in  terms  of  its  sju'ctral 
resolution  as 

“  C  \CC;,’.  •  '.‘1 

*  7  (  w"  T:;  +  /:2'  TT'TT 


'i'll  i‘/  !  'P„ 
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The  one-density  matrix  can  be  derived  firsth  from  the  electron  propagaiiir  \ia  the 
contour  integration  oxer  the  (  oulson  contour.  C' 

I  cAef/,,„,(w)  -  ^  I'l/,' 

2ni  Jc  , 

X  4/2  '  !u„;4',2  .  a;a,-  ^  {>) 

where  the  <?-operator  is  a  shorthand  notation  for  the  integration  oxer  the  Coulson 
contour  encircling  the  ioni/ation  poles,  and  we  have  used  the  ( .V  1  (-electron 
completeness  relation  to  provide  the  final  two  identities. 

W'e  now  return  to  the  subject  of  response  theorx.  considering  that  all  the  detinitions 
aboxe  appix  to  a  perturbed  system  in  which  the  operator  representing  the  externa! 
field  (  1  ).  has  been  added  to  the  Hamiltonian.  We  are  interested  in  expanding  the 
expectation  value  ( in  poxxers  of  the  perturbation 

■  -f  ,  ■!  I  •  •  •  (6) 

where  the  term  '  represents  the  //th-order  response  of  the  sxstem  to  the 

held.  In  terms  of  the  density  the  /;th  order  change  in  the  expectation  \alue  is 

c/;'";'"’  =  trh"V'i"’  ^  lr(”  1  ;  (7) 

The  electron  propagator  matrix  satisfies  the  equation  1 1 .7. 14  | 

G,  (u.'I  F(/;l"  )  -  2(a-))  '  (H) 

where  the  f'oek  matrix  in  ilw  pnsem  e  ol  ilir  fn'riiirhiin;  tu  Ul 
Ffp'i"  )  -  h"’*  t  h"’  t  JO-'i"  )  Ktp',"  1 


is  expressed  in  terms  of  the  perturbed  tit  density,  which,  assuming  xxe  use  a  basis 
of  Mos  (defined  in  the  presence  of  the  held  )  implies 
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The  two-electron  part  of  (9)  is  commonly  denoted  by  the  G  matrix 

G,^{  p !" )  =  p !"■ )  -  a;^(  p  r )  =  Z  < pr II y-v  > P W'r  (12) 

rs 

which  is  distinguished  from  the  electron  propagator  by  the  lack  of  suffix  “1."  The  self 
enei^y  matrix  in  ( 8 )  contains  all  the  effects  of  correlation,  and  can  be  divided  into  two 
terms 


2(0})  =  2(x  )  +  M(a))  (13) 

The  first  term  on  the  left  hand  side  of  ( 13)  is  the  frequency-independent  (so-called 
“constant”)  term. 


Swloc)  =  2  <pHk-«>[Pi.,,  -  Pu,]  ( 14) 

rv 


which  can  be  obtained  in  the  limit  as  «  -►  >x .  since  the  dynamic  self-energy.  M, 
is  zero  in  this  limit.  Using  arguments  based  upon  the  energy  uncertainty  principle, 
we  can  interpret  the  constant  part  of  the  self  energy  as  representing  the  instantaneous 
response  of  a  correlated  many  electron  system  to  the  presence  of  a  hole  or  a  particle. 
The  dynamic  self  energy,  on  the  other  hand,  is  dependent  upon  the  frequency  and 
contains  all  relaxation  and  reorganization  effects  which  are  on  a  long  time  scale.  It 
is  norma!  in  the  electron  propagator  formalism  to  expand  the  dynamic  self  energy 
in  a  perturbation  theory  defined  in  terms  of  the  correlation  potential.  In  this  way 
we  can  define  second-  and  higher-order  electron  propagators.  It  is  vital  to  distinguish 
this  perturbation  expansion  in  terms  of  the  fluctuation  potential  from  the  entirely 
separate  one  we  intend  to  make  for  the  applied  externa!  field. 

It  is  convenient  to  include  the  constant  part  of  the  self  energy  with  the  Fock 
operator  to  give 


G, -(«! -F(p,)-M(<^))  '  (15) 

The  Fock  operator  above  is  defined  in  terms  of  the  exact  perturbed  one-density. 

We  now  make  a  perturbation  expansion  of  the  propagator  in  powers  of  the  ex¬ 
ternal  applied  field  using 

G,  =  G','”  + G',”  +  G','*  +  •  •  •  (16) 


which  is  achieved  via 

F(p,)  =  F(p,)<'’'  +  F(p,)<"  +  F(p,)'  =  '+  •  .  . 


M  =  M*"'-!-  M"’-!-  IVI<’‘+  •  •  •  (17) 

and  an  expansion  of  the  inverse.  We  can  now  identify  the  perturbed  Green's  func¬ 
tions  by  expansion  of  ( 1 5 )  as 
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-  (a'l  -  F"*’  -  M"")  ’ 

c','*  =  g;"'(F'"  +  M‘ 

C','’  -  G'|"’{F'-’  +  M'-'  4  (F"’  4  M"’)G;'”(F'"  4  ,\r'')JG', 


The  perturbed  F'oek  operators  are 

Ftp,)"’*  =  h""  4  G(pV") 

Ftp,)'"  -  h'"  4  Gtp',") 

Ftp,)""  =  Gtp',"’)  (19) 

An  expression  tor  the  tirst-ordcr  dynamic  scU  energy  is  derived  in  the  next  section. 
We  can  identify  the  individual  terms  in  the  expansion  of  the  inverse  as 

G,  =  (a'l  -  F""  -  M""  -  F'"  -  M'"  -  F'-’ -  M'-’ . )  '  t2()) 

The  densities  appearing  in  the  above  equations  are  eorrelated  densities  defined 
through  Coulson  integration  as 

p',"’ =  <?;g;"';  t2i) 

We  shall  now  analyse  the  linear  response  via  the  first-order  coupled  equations 
arising  from  eqs.  ( 1 8 )  and  1 20 ) : 

p'l"  ^:G','”(F'"  +  M''')Gr'';  (22) 

It  is  of  some  interest  to  investigate  (22)  in  the  nt  limit,  in  which  vve  pul 

G','”-^  (al  -c)  ' 


where  the  matrix  r  is  a  diagonal  matrix  of S(  I-  orbital  energies,  since  we  are  working 
in  a  canonical  IIF  basis.  In  eq.  ( 2.^ )  we  have  assumed  that  the  basis  set  with  respect 
to  which  the  propagator  matrices  arc  defined  is  a  canonical  lit  basis,  in  which  case 
the  zeroth  order  propagator  is  expressed  entirely  in  terms  of  the  diagonal  matrix 
of  Koopmans'  orbital  energies.  It  follows  that 

I  r  /-••  1 1 


2ir/X. 


Iwi  (a  —  r,,)(a  —  c^) 

for  two  general  mo  indices.  />  and  q.  Using  the  notation.  /  . ;  E  occ  and  «,  /’  E  virt. 
and  noting  that  only  ionization  poles  (occupied  Koopmans's  orbital  energies  in 
the  present  context )  are  included  in  the  Coulson  contour,  it  is  easy  to  show  that 

If,  1 

c/a - -  =  0 

Ztt/  Jc-  (a  --  e,)(a  -  c,) 

If,  I 

c/a - -  0 

Itti  (a  -  f., )(a  -  f/, ) 


^  r  — L_ — 

Itri  (a  -  c,)(a  r„) 
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SO  that  the  only  nonzero  blocks  of  ( 24)  are 

,.ti)  ,.(1) 

i  1 )  ‘  ta  (  M 

P  Im  =  -  '•  P\u:  =  - 

C,  —  Cu  t,  —  C„ 


(26) 


which  are  just  the  well-known  first-order  perturix'd  SfF  equations  ( or  CPUt  )  in  the 
MO  basis. 

We  now  consider  eq.  (22)  in  the  case  where  we  have  formally  exact  Green's 
functions.  We  shall  first  analyze  the  equations  assuming  that  the  perturbed  dynamic 
seif-energy  M'"  -►  0.  Using  the  spectral  resolution  of  the  propagator  (4).  and 
defining  the  poles 

=  (27) 

and  the  Dyson  spinorbitals 

=  Z  =  Z  i/',,(-V)<^' 

p  r 

./.(-V)  =  Z  =  Z  t^;,(.v)<'I'.'  (28) 

r  p 


Using  eqs.  (27)  and  (28)  in  (4)  and  (22)  gives  the  first-order  coupled  perturbed 
electron  propagator  equations  (  1-CPP,p)  in  the  following  form 


'D  _ 
P  U;’ 


z 


E,  -  E., 


* 

Pf 


where  the  matrix  elements 


.( I ) 


(29) 


(30) 


are  expressed  using  Dyson  spinorbitals  rather  than  the  plain  mo  matrix  elements 
found  in  coupled  hf.  Indeed  using  the  expression  for  the  one-density  function. 

Pi(.v,.v')  =  Z  'Pv(■^^Hp{■^<')*Ptc^p  ,  (31) 


it  is  easily  seen  that  eq.  (29)  is  just  a  Dyson  orbital  expansion  of  the  first-order 
perturbed  one-density 


( I ) 
Pi 


(.V,  A-') 


F;JV,(a)./.(a')*  -f  E^„]\fAx)g,(x’)* 

F,  -  F 


(32) 


It  should  be  noted  that  the  Dyson  spinorbitals  form  an  unnormalized,  nonorthog- 
onal,  and  linearly  dependent  set  of  spinorbitals  (21]. 

It  is  obvious  that  the  1-cpkp  equations  are  identical  in  structure  to  the  cphf 
equations,  but  using  correlated  poles  and  amplitudes  instead  of  Koopmans's  orbital 
energies  and  MO  coefficients.  We  have,  of  course,  neglected  the  perturbed  self¬ 
energy.  M"  a  defect  which  we  now  remedy. 
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riic  Perturbed  Dynamic  Self  Knerfjy 

Tlie  dynamic  self  energy  can  be  expressed  through  second-order  in  terms  of  the 
correlation  potential  as 


where  the  hole  contribution 

,  I  ^  </w|l//></:/|k/«> 

A/,,,,  ((V)  -  -  z  7 — 

2  01  -  c,  -c,  +  c., 

and  the  particle  part 


2  -  f/.  +  C, 


(33) 


(34) 


(35) 


We  adhere  throughout  to  the  convention  that  orbitals  labeled  i.  /.  k, ... .  refer  to 

occupied  molecular  spinorbitals,  while  a,  h.  c . arc  virtuals,  and  /;,  r/ . arc 

general  in  nature.  The  antisymmetrized  two-electron  integrals  are  defined  as 

<  /t/  II  ah  >  =  <  pi  I  ah  >  -  <  pi  \  ha  >  ( 36 ) 

The  formulae  shown  refer  to  the  basis  of  canonical  spin  molecular  orbitals  in 
terms  of  which  the  Ml-  reference  determinant  is  specified.  We  now  consider  that  a 
perturbation  of  the  form  ( 1 . 2 )  has  been  applied  with  an  arbitrary  set  of  infinitesimal 
strength  factors,  F„.  In  this  instance,  the  orbitals  are  perturbed  by  the  infinitesimal 
field.  We  shall  signify  these  perturbed  orbitals  by  placing  primes  on  the  orbital 
indices.  We  write  the  perturbed  self  energy  as 


=  A/|:f  (w)'  +  M^r"--{o,y 


with 


2  „„  w  -  c,'  -  c;  +  e' 

(,)>  »  ^  (pna'h^Xa'h'hry 

2  Uhl  ~  ~ 


1  /Piirtii-lc 


(37) 


(38) 


One  subtlety  in  connection  with  (38)  is  that  the  indices,  />,  r/,  the  matrix  indices, 
arc  unprimed.  The  perturbed  orbitals  arc  orthonormal  as  arc  the  unprimed  ones, 
and  arc  therefore  a  unitary  transformation  of  the  unperturbed  ones.  It  follows  that 
we  arc  free  to  express  the  matrix  indices  in  any  basis  we  choose.  We  choose  the 
unperturbed  basis.  We  arc  not  free  to  choose  the  basis  in  terms  of  which  the  /, 
a  and  a,  h,  i  summations  arc  expressed.  This  latter  basis  must  be  in  terms  of  orbitals 
which  make  the  perturhed  Fock  operator  diagonal,  i.c.,  a  perturbed  canonical  basis. 
We  can  expand  these  perturbed  canonical  spinorbitals  through  first  order  as 
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/.•'  ‘ ' 

|//> -♦  |j9>  +  Ip"’)  =  |/)>  +  V  l^t) — (39) 

where  the  unperturbed  (field  free)  orbitals  and  orbital  energies  are  indicated  without 
the  superscript  (i.e.,  cj,”’  =  c,„  and  |^)  =  The  perturbation  expression  for 

the  orbital  energies  is 


Cp  — *■  Cf,  +  c"’  -  Cl,  +  /-p"  (40) 

Substitution  of  (39,  40)  into  (38),  followed  by  an  expansion  through  first  order 
gives 


^(Dhoie^^)  ^  i  2  +fy/  -  nl'KiJhci} 

2  (o)  -  c,  -  c,  +  c„)- 


i/ii  rt  ii 


(Cu  -  e,)(w  +  cj 


^  ^  y  Fiy(pa\\ij}(rj\\qa)  +  (j>a\\rj)(ij\\qa:>Fl!' 

(«,  -  Cr){u>  -  C,  -  C,  +  £,;) 


i/<V 


This  expression  contains  three  terms,  the  first  arising  from  the  expansion  of  the 
orbital  energies  in  the  primed  denominators,  while  the  remaining  two  are  from 
orbital  perturbations  of  the  primed  numerators.  The  first  term  varies  as  0{  I  /a* ). 
while  the  others  have  one  constant  (i.e..  frequency  independent)  denominator. 
These  constant  denominators  contain  differences  between  particle  ( or  hole )  and 
genera/ spinorbitals.  We  usually  expect  many-bod>  perturbation  theory  expressions 
to  involve  only  differences  between  occupied  (hole)  and  virtual  ( particle)  subspaces. 
The  summations  in  the  second  terms  over  r  can  be  broken  up  into  sums  over 
occupied  and  virtual  spaces.  After  some  magical  but  mindless  manipulations,  the 
final  expression  for  the  first-order  perturbed  hole  contribution  to  the  dynamic  self 
energy  is 


A/;,i "’"'"( w)  =  2 


(pa\\ii)F,i.  (kjWqa) 


(W  ~  C,  -  C,  +  C„)(U1  -  Ca  -  C;  +  C„) 


-^2 


(  O)  -  c,  -  +  e,;)(w  -  f/.  ) 

r:-(  1  1  , 


+  I 

iiah 


r  (pafjj)(hj\\(ia)  4  </7ni|/v;  < //!;</(/  Z-. 
(c,  -  £/,)(«  -  c,  -  f,  t  r„) 


i  Y  '/>(// !!</"/  +  ■ /’n  // 


//</A 


(fA  “  c„.)(a'  -  c,  r,  +  f,  ) 


(42) 


The  reduction  of  the  particle  part  of  the  first-order  perturbed  dynamic  self  energy 
is  carried  out  in  the  same  way  to  give 
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It  shc^uld  be  notieed  that  the  first-order  dynamic  sell'energ\  cniiUiins  terms  sinclK 
hrst  order  in  the  applied  field,  which  involve  the  two-electron  interaction  throiiiih 
the  perturbed  Fock  operator.  /•'  H' these  terms  are  to  be  accounterl  tor  e\actl\  in 
the  (  PI  P  procedure,  then  we  must  include  the  dvnamic  self  energv  m  the  iteration 
scheme. 

We  now  define  the  total  first-order  perturbed  one-densit\  via  (  22  )  as 

f  )  F  I  1  fM.H  ,  I  !  ,  ,  - 

/'I  (>\  *  /'I  (  d4  ) 

where  the  static  correlated  one-density  arises  purely  from  the  l  ock  operator  portion 
oV(22i.  and  the  dsnamie  self-energy  contributiim  to  the  perturbed  one-density 
comes  from  the  dynamic  self  energy 

/y"'"'  -  1451 

which  contains  a  product  of  three  frequency-dependent  contributions. 

1  he  dy  namic  coupling  scheme  is  implemented  at  second-order  m  the  correlation 
potential  using  eq.  ( 45  ).  together  with  ( 42  )  and  ( 4.1 ).  in  the  firm 

I  1  tils  n  ^  ,  I  1  w  •  l  ,  V  '  .  .  .  !  , 


f  i  tils  n 

P  1 


where  the  precise  form  of  the  matrix  elements.  A.  actually  depends  upon  the  oc¬ 
cupancy  of  the  spinorbitals /).  q.  v.  i .  I  he  precise  form  of  the  matrix  elements  has 
been  derived  by  the  author  through  second  i>rder  in  correlation.  It  is  easy  also  to 
see  that  (46)  is  the  correct  form  through  all  orders  in  correlation,  although  this 
statement  needs  diagrammatic  analysis  for  its  proof. 


.Analysis  <»f  I. inear  Response  I’roperties 


We  now  consider  the  generalization  of  the  analysis  of  the  linear  response  which 
has  been  described  by  (irant  and  Pickup  j  1 7 1  for  S(  i  -level  linear  response  properties. 
Using  eqs.  (7).  (45).  and  (46).  and  the  cyclic  invariance  of  the  trace  operation, 
we  deduce  that 


We  can  now  proceed  by  elimination  of 
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from  (47  using  ( 22  ).  to  gis  e 
tr<?iGr"h" 'I  = 


tr<’;((;r”h'‘’)- ;  4  irpV'ct//,") 

-  4  M"'iG:''’;G(p'")  (48) 


We  can  recognize  inside  the  equation  above  that  the  M'"  term  can  be  rewritten 
in  terms  of  the  matrix  A  in  (46)  to  give 


tr<?i(Gr"h 


"')-l  +  trpV’C(pV’) 

+  tr  h" 


lr<®i(G;'"G(p\"))- ; 


Pi 


(  1  iih  .  (  1  '  , 

tr/),  G(/)|  ) 


(49) 


The  final  two  terms  of  (49)  are  reduced  by  substitution  of  (46)  to  give  the  final 
expression 

<//"'>"'  =  tr^>((Gr’h"')’-(Gr’'G(p', ''))-!  +  tr,)V’G(p',’') 

s  A,,,,,//!,"  -  Xr.Ji.Al>\")  I  (50) 

/U/rs 


+ 


The  five  terms  in  ( 50)  can  be  interpreted  in  the  following  manner: 

1.  The  static  direct  term.  is  the  interaction  between  a  one-electron 

field  and  a  system  of  correlated  interacting  electrons  which  arc  frozen  into  the  zero- 
field  form; 

2.  The  static  back  polarization.  //'-I'D'itvick  response  of  the  system  arising 

solely  from  the  field  induced  by  the  total  (static  plus  dynamic)  perturbed  electron 
density; 

3.  The  third  term.  the  static  interaction,  is  the  self-interaction  ( Coulomb 

minus  exchange)  of  the  perturbed  one-density; 

4.  The  fourth  contribution,  is  the  dynamic  analog  of  the  direct  static 

response;  and 

5.  The  final  term,  the  dynamic  back  polarization,  //'-»•'"  dynamic 

analog  of  the  static  back  polarization. 

In  the  tiF  limit,  the  last  two  terms,  which  are  purely  correlation  efi'ects.  are  absent. 
The  first  three  contributions  reduce  to  the  terms  described  by  Grant  and  Pickup. 

It  is  instructive  to  write  expressions  for  the  first  two  parts  of  ( 50)  in  the  Dyson 
orbital  basis.  Using  the  spectral  resolution  of  the  electron  propagator  as  before,  we 
derive 

h  -  2.  j—rp 

^.-Oback  ^  Y  l<A9Kf(Pl“)  \fa)\'  ^  ^  J  ^ 

t 

The  three  static  contributions  to  the  correlated  linear  response  are  all  contributions 
arising  from  instantaneous  interactions.  The  hole  and  particle  Dyson  orbitals  ap- 
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poaring  in  cq.  (51  I  arc  just  the  correlated  versions  of  the  ill  Mos.  I'hey  describe 
holes  and  particles  which,  in  the  static  equations,  can  interact  with  (he  applied 
field.  /;' ".  and  in  the  average  field.  induced  by  the  perturbed  density,  but 

the  hole  and  particle  orbitals  are  not  mutually  polari/ed.  I  hcse  latter  clfeeis  are 
accounted  for  by  the  dynamic  contributions. 


Algorithms  for  (Till*  Calculations 

The  CPI-P  approach  can  be  implemented  in  at  least  two  different  forms.  The  first, 
the  analytic  method,  is  to  carry  out  all  Coulson  integrals  c.xdclly,  using  the  ap¬ 
proximate  calculated  spectral  expansions  (i.c..  using  poles  and  Pyson  orbitals  ex¬ 
plicitly)  computed  using  standard  implementations  of  the  i  p  method.  Once  these 
arc  known,  the  Coulson  integrals  can  be  carried  out  exactly  as  in  (25).  and  they 
lead  to  equations  such  as  (29),  which  involves  sums  over  Dyson  orbital  matrix 
elements  and  differences  in  hole  and  particle  pole  energies.  The  analytic  approach 
requires  the  computation  of  all  poles  which  contribute  significantly  to  the  response. 
There  are  basically  two  kinds  of  poles  in  the  rp  equations.  These  are  best  discussed 
in  terms  of  the  pole  strength,  defined  as  the  norm  of  the  Dyson  orbitals,  vi/. 

I  ft  >:  (52) 

respectively,  for  the  hole  ( ionization )  and  particle  ( attachment )  processes,  f he  two 
types  of  poles  are  tho.se  with  pole  strengths  close  to  unity,  and  those  with  small 
pole  strengths.  We  shall  term  these  primary  and  shake  events,  respectively.  The 
primary  poles  are  those  linked  to  Koopmans's  theorem,  in  the  sense  (hat  the  re¬ 
spective  states  arc  dominated  by  configurations  in  which  a  hole  (or  particle)  is 
added  to  the  ill-  sea.  These  are  the  poles  close  to  (he  Koopmans's  orbital  energies 
in  the  outer  valence  and  core  regions  of  the  photocicetron  (ionization)  spectrum. 
Similar  comments  apply  to  the  attachment  spectrum,  with  the  reservation  that 
discrete  ill  states  may  not  exist  for  anions,  i.c.,  we  may  merely  be  producing  dis¬ 
cretizations  of  the  continuum  in  this  case.  The  shake  events  are  all  the  nonprimary 
states  dominated  by  configurations  involving  simultaneous  orbital  removal  (or  ad¬ 
dition  )  and  excitation.  These  events  tend  to  have  small  pole  strengths,  the  intensity 
having  been  borrowed  from  the  primary'  poles.  There  are  large  numbers  of  these 
shake  poles  even  in  small  basis  calculations,  and  it  is  well  known  that  in  the  inner 
valence  region  (for  instance,  involving  ionization  of  2.v-likc  electrons  in  first-row 
atoms)  of  the  ionization  spectrum,  the  orbital  picture  tends  to  break  down  because 
of  (he  large  numbers  of  shake  poles  interacting  strongly  with  the  primary  poles.  A 
similar  phenomenon  occurs  in  the  attachment  spectrum.  If  we  examine  eq.  (29) 
for  the  perturbed  density,  we  see  a  spectral  expansion  in  terms  of  all  particle  and 
hole  poles,  and  the  question  arises  as  to  which  are  important  in  deciding  the  po¬ 
larizability.  and  which  are  not.  This  consideration  is  alfected  by  two  factors,  the 
first  being  quantities  in  numerator,  and  the  .second  the  energy  dill'erenees  in  the 
denominator,  In  comparison  with  liter  rill  cases.  whereonly(  Koopmans's)  primary 
poles  are  present  in  the  sum.  on  introduction  of  correlation  there  are  many  more 
terms,  but  the  norms  of  the  Dyson  orbitals  arc  all  reduced.  This  latter  eflect  may 
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tend  to  reduce  the  polari/abiltty.  The  “band  gap"  implied  by  the  difference  E,  - 
hti’.vever,  tends  to  be  decreased  by  the  effects  of  correlation,  a  factor  tending  to 
enhance  the  perturbed  densits.  The  resultant  polari/ability  arises  from  the  net  effect 
of  both  of  these  trends  and  may  be  lower  or  higher  than  the  cpnt-  values  depending 
on  the  case.  The  effect  of  the  dynamic  terms  is  unknown  at  this  time,  but  is  likely 
to  be  very  important. 

There  are  basically  two  methods  used  for  computing  Dyson  orbitals  and  poles. 
The  first  is  the  Dyson  equation  approach,  m  which  the  zero  eigenvalues  of  the 
matri.x  inverse  of  cq.  (8)  are  computed.  This  method  produces  selected  poles  and 
Dyson  orbitals  iteratively.  It  is  not  a  useful  technique  for  obtaining  all  poles  as 
required  in  principle  by  the  analytic  method  described  above.  An  alternative  method 
is  the  "large  matrix"  method  [22]  derived  from  the  algebraic  superoperator  of 
Pickup  and  Goscinski  [15].  This  method  exists  in  the  form  of  a  suite  of  programs. 
SHEEP  (the  Sheffield  Electron  Propagator  Program)  [23].  SHEEP  can  iteratively 
diagonalize  an  operator  ci  equation  containing  information  about  primary  and 
shake  ionizat’c^  and  attachment  polc.s.  or  for  small  cases  (in  which  individual 
symmetry  blocks  have  dimensions  of  less  than  1000),  it  can  do  in  core  diagonal- 
ization  of  selected  symmetry  blocks  of  the  superoperator  Hamiltonian  matrix.  The 
test  calculations  given  in  this  study  are  all  based  upon  this  latter  option  and.  for 
this  reason,  we  do  not  claim  to  have  produced  a  viable  algorithm.  The  alternative 
method  to  the  analytic  one  is  to  carry  out  Coulson  integrals  using  quadrature. 
Hence,  one  bases  the  coupled  equations  on  the  form  (22).  rather  than  (29),  We 
can  define  the  quantity 

=  (53) 

from  which  it  follows  (neglecting  dynamic  correlation)  that 

Z  (54) 

Inclusion  of  dynamic  correlation  leads  to 

n'.'.v=  Z  (IV./..+  A,,,,.,, )/•').".  (55) 

r\ 

The  1^  and  A  quantities  are  both  matrices  labeled  by  four  indices.  They  can  both 
be  efficiently  computed  using  numerical  quadrature  in  the  complex  plane  in  the 
traditional  manner  [19].  This  quadrature  requires  only  the  construction  of  the 
matrix  G*i‘’'(/ca)  at  specific  frequencies  w  =  iz^  along  the  imaginary  axis,  the  in¬ 
tegration  points  being  derived  from  a  transformed  Gauss-Legendre  formula.  The 
construction  of  this  quantity  at  second  order  in  correlation  is  rather  trivial,  since 
we  need  a  linear  process 

IZ-.-  =  -  Z  /I*  Rc{Gr;:GzG6'u^(L-G  i  (56) 

k 

A  similar  procedure  can  be  worked  out  for  the  quantity  A.  Both  quantities  can 
be  computed  only  once  and  stored  in  core,  or  in  a  file,  depending  on  the  storage 
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available.  The  i’  and  A  quantities  do  not  depend  in  any  \va>  upon  the  nature  ot' 
the  perturbation,  bq.  ( 55)  is  not  the  most  elhcient  uav  to  organize  the  <  ni  i'  iterative 
loops.  It  is  better  to  form  the  two  subsidiary  quantities 


(  r,., 


A, v- 


and 

^  I  I  „  i  A;,,,  ,.).  Ill  '•  I  (  5Sl 

in  terms  of  which  (  yb  )  can  be  rearranged  as 


The  main  cost  is  obviously  in  the  procedure  is  the  initial  calculation  of  the  quantities 
r  and  A.  The  former  is  not  very  expensive  providctl  one  can  (as  seems  likclv  ) 
throw  away  shake  processes  with  very  large  energies,  in  atldilion.  it  is  not  ncccssarv 
to  use  fully  transformed  two-electron  integrals  for  the  construction  of  F.  I  he  it¬ 
erations  implied  by  (  5^) )  aa‘  actually  no  more  expensive  than  <  I’lii  iterations,  ami 
can  be  considered  as  a  "dressed''  (correlated)  version  oft  Pill  .  1  he  four-imicxcil 
quantity.  H.  is  independent  of  the  held,  so  that  it  can  be  used  lime  and  time  again 
to  obtain  response  to  different  external  fields  ( or  nuclear  pcrtiirbalions )  I  he  matrix. 
.1'".  does  depend  on  the  perturbation,  and  must  be  formed  in  a  zeroth  iteration 
for  each  different  kind  of  field,  fhe  (  l‘l  i'  procedure,  whether  m  analv  tic  or  numerical 
(56)  forms,  can  be  carried  out  with  or  without  the  A  terms  arising  from  (.lynamic 
correlation.  We  refer  to  the  two  possibilities  as  static  and  dv  namic  (  Pi  P.  respcctivclv . 

Calculations 

1  he  trial  calculations  were  carried  out  with  the  lid),  iii .  and  N>  molecules  in  a 
siob.^Ki  basis  set.  fhe  algorithm  used  was  the  static  analv  tic  one  described  in  the 
last  section,  fhe  algorithm  for  the  unperturbed  I  P  calculation  was  that  of  Baker 
and  Pickup  [  22 ).  in  which  the  superoperator  matrix  comprised  5.VT  .v4 1 .  and  1404 
operators  respectively.  13,  II.  ami  1 8  of  which  correspomt  to  Koopmans's  primarv 
processes.  The  individual  symmetry  blocks  of  the  ( ( and  1)-;,.  for  N; )  point  group 
were  separately  diagonalized  using  a  standard  llousehokler  method,  and  the  poles 
and  Dyson  orbitals  were  stored  on  the  propagator  dumphlc,  A  separate  (  pi  p  program 
has  been  written  to  perform  the  iterative  prvKedure.  The  algorithm  uses  symmetry 
to  cut  down  the  time  spent  in  the  construction  of  the  polar  sums,  fhe  program 
does  not  vet  include  dv  namic  sclf-encrgv  elfcets.  fhe  method  is  able  to  handle 
perturbations  from  any  external  held,  including  multipolar  electrostatic,  as  well  as 
magnetic  cases.  Wc  have  not  included  an  option  to  handle  nuclear  derivatives, 
although  this  is  an  obvious  and  relativelv  trivial  extension  of  the  method.  Results 
for  ll;0  are  shown  in  fable  I.  anvl  tor  III  in  fable  11.  It  is  unfortunate  that  it  was 
not  possible  to  do  calculations  using  extended  basis  sets  as  in  (Irant  and  Pickup 
[17|.  This  is  because  of  the  large  matrix  diagonalizations  required.  Matrix  sizes 
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I’ A  HI  [  I,  I  HUI  ami  c  hi  P  calculations  of  the  dipole  polan/ahililics  ot  water  tin  aul  usinti  a  SI  o  H  1 1(  i 
basis.  ()  104.45".  A*  l.Hl(l4au.  I  he /-axis  is  the  ('_■  axis,  and  the  moiecule  is  in  tlie  \/-plane. 
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0.4480 
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// 

<  Pi  1'.  lull  11. ',5 

5.2541 

5.t)S46 

1 . 1 560 

7,21177 

\\ 

M  187 

0  4514 

0.4085 

i  .64  i  6 

V  \ 

5,6574 

2.274(1 

0.464') 

// 

<  P!  1'.  5rd  order 

5,1)851 

2.81 80 

I.OI  15 

6.84  lf> 

\\ 

1 .0824 

0.7748 

0.5155 

I..S474 

v\ 

5.5(H)  5 

1  4440 

0.82)8 

4.6775 

// 

increase  rapidly  with  the  orbital  basis,  since  the  number  of  hole  and  particle  poles 
rise  like  fr»i  and  nrn,  respectively,  where  //  and  ni  are  the  numbers  of  occupied 
and  virtual  orbitals  in  the  basis.  Larger  basis  calculations  await  the  numerical  ap¬ 
proach  outlined  in  the  last  section,  although  we  already  have  some  tentative  indi¬ 
cations  that  fairly  accurate  polarizabilities  can  be  obtained  c.xcluding  the  highest 
orbitals  from  the  four-index  transformation.  This  point  needs  further  study.  The 
63 IG  basis  set  we  have  used  does  not  describe  respon,sc  ctfects  ( to  dipolar  pertur¬ 
bations)  very  well,  since  it  docs  not  have  the  necessary  diffuse  and  polarization 
functions.  The  basis  set  is  particularly  deficient  for  out-of-planc  directions,  and  this 


I  xHt  (  11  (  pill  \nd  <.  Pi  I’  calculations  of  the  dipole  polari/abililics  lin  aul  of  Ipdrogcn  lluonde  using 

a  SI o  6.’'  ICi  basis.  K  1. 77 Id  au.  The  molecule  is  oriented  down  the  x-axis. 
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rcsull-'  in  pokii'i/abiliuos  uliuh  au"  ii'ii  a-’\ niiiK'lrk'.  1  in.'  obK'i  mam  ,  Ik-ci  I'l  a 
small  basis  is  lhai  iho  mioraclum  ci'inpiinciH  is  loo  larpc.  1  Ins  abtun  bt-v  atisc 

ol  iIk'  ai  titicial  >.'ompK‘ssum  t't  tlic  pciimlvd  >k'nsit\ ,  i  o.,  ihc  I'nK  %  anammal  tu-c- 
dom  IS  m  loiiiis  t>rn-lau\ch  •aomrai'lcd  I'lbiials.  so  iha!  |Viturbi.-d  ali'iHon  ik  nsn\ 
is  aontmcd  to  a  loialocb  small  \olumc.  lit  the  basis  limit,  the  pemirlsi.‘d  densiis 
'AouUI  be  mneh  nivire  wieloeali/cd.  aini  tins  maikesils  deereases  the  mteiaeiion  irom 
the  xaliies  seen  here  Overall.  thiselisM  pushes  the  iliivel  static  eoiiiribution  ti'  the 
total  polan/abililv  down  to  the  ’H  ivuum  Irom  the  value  e\pev  lei!  in  an  eMended 
basis  ol  d()  ,  i  he  eli'eet  td  ci'iielation  is  to  raise  the  total  polari/abiiilv  Soi  all 
eompoiienis  of  both  ot  these  moleeiiles  i  he  increases  are  laiaiesl  m  the  seioiid- 
ordor  I  I’  calcalaiions,  amountme.  to  i  .c''  alone  the  (  ■  asis  ot  11  O,  aiul  ')  s 

iknintheC  a\isol  hi  .  1  he  merease  across  the  1 1  ( >  moleeuie  is  o  (c  I  he  laieesi 

pereentaue  increases  due  to  correlaiioii  are  seen  m  the  oul-ot-plane  (  perpendieuku 
to  the  bond  m  the  Hi  easel  directions,  nameb  is.h'.  hn  lI-().  and  I”  ~  for  hi  . 
In  absolute  lerms.  about  Ml  of  the  merease  in  second-order  ixilan/aliiliiv  lomes 
from  the  direct  leim  both  m  the  Kaid  direction  for  hi  ,  and  across  the  molecule 
for  1 1 ;( ).  In  the  (  diici  tion  for  11  < )  this  lieure  is  dow  n  to  t'-5  - .  1  ess  ih.m  M)  ol 
the  increase  perpendieular  to  the  bond  m  hi.  and  out  ol  plane  for  HO.  comes 
from  the  direct  term,  (  orivlalcd  ealeiiiations  of  dipolar  [lokin/abiiuies  have  been 
earned  out  bv  Sadlei  for  hi  and  H  O,  using  the  finite  held  approach,  in  eoniunetion 
with  'll’-i  [24j,  1  he  basis  set  useii  was  a  mcilium-si/ed  basis,  speeiallv  developed 
bv  .Sadlei.  and  which  produces  e\eellem  poian/abihties,  !  or  tliis  reason  we  cannot 
comptire  itireetiv  with  out  own  w.vrk.  Sadlej's  correlation  eorreelions  tend  to  he 
somewhat  largei  than  outs.  I  his  is  prohablv  pailK  a  basis  set  eliecl.  Ivut  ma>  also 
arise  hceaus  '  our  results  do  ne>i  ineliule  the  ell'eets  of  livnamie  correlation.  \ii’J  is. 
ol' course,  eorroet  to  fourth  order  in  a  p.erturbation  theorv  developed  in  lerms  of 
the  correlation  potential,  I  he  t  t’t  I’  melhoil  also  ineludes  fourth-order  terms,  since 
■'sceonil  order."  in  an  electron  propagator  sense,  implies  eorreelions  to  the  '<7/ 
<  /;('/  gi  m  seeomi  order.  Bv  v  irtue  of  eig  (  S  ),  there  are  eorrekilion  lorreetioiis  ineluiieil 
m  the  eviiitual  perturbed  densiiv  which  are  summed  up  'hrough  mlimte  order, 

(  I’i  1’  also  ineludes  correlations  in  a  selt-et’iisistent  wav  b^  virtue  of  its  iterative 
nature.  !  lie  au.  or  believes,  therefore,  that  it  is  at  least  poientiallv  a  su[ieiior  ap¬ 
proach  liv  methoiis  such  as  Saillej  s.  provuleil  that  it  can  be  ellieienttv  earrieil  out 
in  a(vpiopnate  basis  sets.  I  he  jvatlern  of  results  hvr  these  two  saturated  molei  tiles 
is  best  explained  h\  looking  at  the  changes  m  pole  ^  length  and  polar  energies  on 
introiluemg  eorrelation.  fable  III  shows  orbital  energies,  pole  energies,  and  pole 
slretigllvs  for  H  O  e  'eukiled  m  the  see.ind-oider  t  I'  approximation.  The  I primai  v 
poles  and  the  four  largest  sliake  poles  are  shown  (out  ol  the  total  ot  .^2H  shake 
poles  t  m  order  of  increasing  energv  for  the  (iieen's  kinetion  results.  One  notices 
immediatelv  that  the  eiianges  from  Koopmans's  theorem  to  correlated  poles  are 
largest  for  the  lom/ation  poles  la,  to  lb,.  I  he  pereentaue  changes  oii  eorrelatiim 
for  the  lb'.  ,ki..  ib,.  da-,,  and  2b-  poles  arc  t  .  2H'  .  6.')'-,  ami  5.4'.. 

respeelivelv .  I  lie  largest  relative  changes,  therefore,  oeeni  lorthe  .ke  and  lb,  poles. 
I  he  V.  X,  anil  /  perturbations  implied  h\  a  homogeneous  idipolai  I  held  have  B,. 
Ik-  and  svmmetrv,  respeetiveix .  1  here  are  no  xios  m  a  h.'Ki  basts  ir.msformmg 
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Tabu  111.  SCF  orbital  energies  and  CP:  pi>le  energies  (in  au.)  and  pr)le  strengths  Cor  the  H;0  molecule 
using  a  SI  ti  6.1  iCi  basis.  I  he  geometry  and  onentalion  are  as  in  lahie  I 


Designation 

Orbital  energy 

Pole  energy 

Pole  strength 

la, 

-  20.5606 

-  19.8426 

0,7703 

2a, 

-1.3560 

1.2518 

0.6X65 

2a,  shake 

1.1931 

0.2062 

lb; 

-0.70% 

0.6644 

0.93X4 

3a, 

-0.5^05 

0.4751 

0,92<X) 

Ib, 

-0.5014 

-0.3996 

0,91.50 

4ai 

0.2036 

0,1X96 

0.98  1 7 

2b; 

0.2W7 

0,2X35 

0.9760 

3b: 

1.0570 

1,0158 

0.8860 

3a, 

1.1S66 

1.0905 

0.8514 

2bi  shake 

1 ,0993 

0.3360 

2b, 

I.I644 

1.1051 

0.5985 

6a,  shake 

1.1589 

0.2X(X) 

6a, 

1.2157 

1.1656 

0.6073 

4h; 

1.3792 

1.2429 

0,6423 

4b;  shake 

1,3419 

0.2533 

7ai 

1.6%  3 

1.6171 

0.8748 

as  A: ,  so  that  for  the  y-perturbation.  the  hoie-particle  excitations  produced  by  the 
perturbation  involve  ai  -►  bi,  and  vice  versa.  The  lowest  excitations  will  provide 
the  highest  contributions  to  the  polarizability  and.  in  this  case,  these  are  lb| 

4ai ,  and  3ai  -*  2b| .  The  former  is  the  lowest  excitation,  and  the  20'r  lowering  of 
the  !b|  on  correlation  provides  the  most  important  increase  in  polarizability  on 
cctrrelation.  The  2b|  attachment  pole  has  an  important  shake  component  which 
steals  intensity  from  the  main  pole.  In  this  case,  the  marked  reduction  in  ptole 
strength  probably  overcomes  any  gain  in  polarizability  implied  by  the  energy  shifts 
due  to  correlation.  The  x  perturbation  has,  as  its  most  important  excitation  con¬ 
tributions.  3ai  -*■  2b;  and  lb;  -►  4a|.  These  are  higher  energy  excitations  than 
those  found  for  y,  so  the  shifts  in  poles  after  correlation  have  much  less  effect  on 
the  polarizability.  The  z-perturbation  has  slightly  more  effective  excitation  contri¬ 
butions.  with  3ai  -►  4ai  being  the  most  important.  It  is  well  known  that  second- 
order  EP  calculations  overestimate  the  correlation  shifts  in  Koopmans'  ionization 
poles,  an  effect  which  is  corrected  in  higher  order.  This  shows  up  as  a  reduced 
polarizability  for  the  higher  order  Green's  function  calculations. 

The  results  for  nitrogen  are  given  in  Table  IV.  They  show  quite  a  different  pattern 
to  the  other  two  molecules.  N;  has  already  been  noted  as  anomalous  by  Grant  and 
Pickup  [17],  since  it  has  a  static  back  component  in  the  bond  ( x-)  direction  which 
far  outweighs  the  interaction  term.  The  effect  of  correlation  this  time,  is  to  reduce 
the  total  polarizability,  but  the  reduction  is  smaller  for  the  higher  order  Green's 
function  calculations.  The  perpendicular  polarizability  components  behave  more 
like  those  for  saturated  molecules. 
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1  ARl  i  1\  .  t  I'Hl  Aiui  i  I’l  1'  calculations  ol  ihc  clipolc  ixilari/abililics  (in  am  ol  N,  usiiif!  a  si i  >  (>  i  1(  i 
basis,  ft  1  (H-i  au.  I'he  molecule  is  oriemeil  ilown  ilie  s-asis 
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Quadratic  Response 

In  (  Plif  thcorv .  the  quadratic  response  can  be  calculated  using  only  information 
from  the  first-order  perturbed  density.  The  (  pfp  version  of  the  theory  can  be  derived 
straightforwardly  using  the  formalism  outlined  previously.  It  is  obvious  that  terms 
arise  in  the  second-order  pcrturlsed  propagator  which  depend  upon  F''.  the  second- 
order  perturbed  Fock  operator,  and  also  the  second-order  dynamic  self-energy. 
M'~'.  It  is  not  obvious  that  these  second-order  terms  can  be  removed  from  the 
equations.  We  have  been  able  to  prove  that  this  is  so.  however  [2.“'].  Neglecting 
the  dynamic  terms,  it  is  very  easy  to  show  that 
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The  construction  of  quadratic  response  tensors  is.  therefore,  relatively  straightfor¬ 
ward  once  the  first-order  equations  arc  solved. 
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Second-Order  Green's  Function  Simulations  of  the 
Valence  \FS  Spectra  of  Unsaturated  Hydrocarbons 
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Abstract 

Iho  vvinuj-anlcr  svl!’-i.'nk'rg\  k  c\i'>ivssk\!  in  K-rms  .>(  llio  in  /k-mili-nuk'!  pnl.ni/.ilinn  pn'i’ni'.ilni, 

1  he  iIcixmhIi  ikc  oI’  iho  m.nn-li.ii1\  Icjlim''-  tn  the  inni/.iiu'ii  speiti.i  is  .isscssvi)  bv  liu  .tns 
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W  ik"s  s\  tn^.  hw 

Introduction 

l:Mcnsi\e  uork  on  v alcncc-shcll  photock'ctron  ( I’l  )  spectra  ol  satiiratcil  tn- 
<irocarbons  has  been  sueccsst'ulK  condiiclcd  |l.2]  on  the  assnniption  that  there 
is  a  one-to-one  correspondence  between  the  main  baiuls  m  the  I’l  spectrum  am.! 
tlic  molecular  orbitals:  most  ol  the  speeira  ol'  the  saturaterl  alkane  molecules 
have  been  theoreticaliv  interpreted  on  the  basis  oT  the  one-particie  llartree  - 
I'ock  (III  I  model  and  the  Koopmans  approximation.  Despite  the  neulect  ol 
correlation  and  relaxation  ell'ects  in  the  description  ol'  the  ioni/ation  process, 
signilicant  information  on  the  primarx  and  secondarx  structure  ol  oligomeric 
and  polymeric  sxstems  have  been  obtained,  through  the  interirlav  of  theorv  and 
experiment,  from  \rs  valence  spectra.  However,  in  a  recent  simlv  conducted 
on  motlei  fokis  of  crvstalline  polvethv  lenc.  it  has  been  shown  that  inclusion  of 
relaxation  and  correlation  etfecls  can  be  important  when  the  search  for  signature 
of  conformational  changes  in  valence  M’s  spectra  comes  to  the  ti  ickv  (.piestion 
of  photoioni/ation  intensitv  [it]. 

On  the  other  hand,  for  ioni/ation  out  of  the  v.ilcnee  orbitals  of  unsaturatcsi 
hvvirocarbons,  there  are  several  experimental  |4-7|  and  theoretical  |N-  |li|  in¬ 
vestigations  available  w  hich  indicate  strong  correlation  aiul  reorgani/alion  elfecls 
in  tlte  form  of  a  shift  of  the  ioni/ation  potentials  by  several  e\  and  even  a 
reordering  of  the  elfective  electron  energy  levels  compared  to  the  in  approxi¬ 
mation.  In  the  more  extreme  situations,  as  for  instance  the  loni/alion  ol  an 
electron  from  an  inner-valence  orbital,  important  interactions  between  exuied 
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configurations  in  the  ionized  system  can  occur,  resulting  in  a  complete  "break¬ 
down  of  the  molecular  orbital  picture”  (11-15]  for  the  ionization  process:  the 
intensity  is  spread  out  over  several  lines  of  comparable  intensity,  and  the  dis¬ 
tinction  between  the  main  and  the  "shake-up”  lines  is  no  longer  possible.  Hven 
in  the  case  of  a  partial  conservation  of  the  one-particle  picture,  one  should  then 
at  least  take  into  account  the  dispersion  of  the  main  photoionization  intensities 
in  shake-up  and  scattering  processes  to  obtain  reliable  simulation  of  the  inner- 
valence  XPS  spectra,  this  energy  region  being  the  one  that  provides  the  most 
specific  information  on  the  molecular  structure.  However,  reliable  calculations 
of  ionization  potentials  and  spectral  intensities  are  difficult  in  the  valence  energy 
region,  the  number  of  e.xcited  states  that  have  to  be  taken  into  account  to  ensure 
definite  conclusions  being  generally  very  high.  In  addition,  the  energies  and 
interaction  elements  may  be  strongly  basis  set  dependent. 

Particularly  well-adapted  to  the  description  of  interacting  particle  systems, 
the  one-particle  Many-Body  Green's  Function  method  (  MBCit  ;  also  referred  to 
as  the  one-particle  propagator  method)  has  been  shown  to  yield  reliable  simu¬ 
lation  of  ionization  spectra  for  a  large  variety  of  molecules  [  16] .  In  this  contri¬ 
bution,  the  second-order  mbgf  method  is  applied  to  the  simulation  of  the  XP.s 
spectra  of  similar  molecules  differing  essentially  in  their  degree  of  con  jugation. 
Because  of  the  decreasing  quality  of  the  molecular  orbital  picture  for  the  ion¬ 
ization  process,  structural  information  will  be  difficult  to  obtain  from  the  ion¬ 
ization  spectra  of  the  most  conjugated  compounds.  The  aim  ofthis  invc.stigation 
is  to  study  the  relationship  between  structural  aspects  ( cyclization.  isomerization, 
and  conformation  )  and  the  one-particle  and  many-body  features  in  the  ionization 
spectra. 


Outline  of  I  heory 

The  one-particle  propagator  (Green's  function )  is  closely  related  to  the  photo¬ 
electron  spectrum.  In  time  space  representation,  the  one-particle  propagator,  defined 
as. 


(i„(  /;./,)  =  /■  '  <  'I'.l  i  7„  1  u,(  tz).  a',  ( /i ) ;  I  'I'o  >  ( 1  ) 

describes  the  probability  amplitude  of  propagation,  depending  on  the  time  ordering 
(/i .  ?: ),  of  an  extra-particle  ( or  a  hole)  from  the  lit  spin-orbital  X,(  X, )  to  the  m 
spin-orbital  X,(X(),  because  of  dynamic  correlation  effects.  In  this  expression. 
I'Fo  )  is  the  exact  ground  state  wavefunction  and  7j(  is  the  Wick  chronological 
operator.  The  creation  and  annihilation  operators  arc  expressed  in  the  Heisenberg 
representation.  The  propagation  of  a  hole  being  equivalent,  from  the  point  of  view 
of  charge  transportation,  to  the  propagation  of  an  electron  backward  in  time,  these 
processes  can  be  diagrammatically  represented,  using  the  Feynman  convention,  as 
in  Figure  1(a). 

In  the  Green’s  function  method.  Hartrce-Fock  energies  and  wavefunction  arc 
taken  as  a  z.eroth-ordcr  solution  for  a  perturbation  expansion.  In  the  background 
of  the  non  interacting  m  ground  .state  wavefunction.  either  hole  or  particle  cannot 
be  scattered  to  other  states,  and  the  one-particle  HE  propagator  is  diagonal  with 
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Figure  A  Partial  expansion  ofthe  sell'-energs  using  the  polanration  propagator.  P. 


1 

M  1 

1  ^ 

1  and  p  -  i 

I  igure  4  Propagators  involved  in  the  secoml-order  expansion  ol'lhc  scH-energy 


respect  to  the  /  and  /  indices.  The  diagrammatic  representation  of  the  propagation 
ofa  FH  particle  or  hole  is  provided  in  Figure  1(b). 

Turning  to  the  frequency  representation,  the  spectral  resolution  of 
the  exact  Green’s  function  can  be  cast  in  the  basis  of  the  HP  spin-orbitals  as 
(17-21]: 
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(2) 


where  the  sums  over  /n  and  p  run  over  all  the  states  of  the  A’  -  1  and  A'  +  1  particle 
system.  From  Eq.  (2).  it  is  obvious  that  G(u))  has  poles  at  the  (changed  of  sign) 
exact  vertical  ionization  and  vertical  electron  attachment  energies:  the  mbcjf  theory- 
provides  a  powerful  approach  to  many-particle  systems  while  retaining  the  one- 
particle  picture  associated  to  the  Ht-  theory. 

Carrying  infinite  summation  through  a  renormalization  [22]  procedure,  the  exact 
one-particle  propagator  can  be  expanded,  in  terms  of  the  Hf  propagators,  using  the 
diagrammatic  perturbation  expansion  scheme  provided  in  Figure  2,  known  as  the 
diagrammatic  equivalent  of  the  Dyson  equation  [23].  Interactions  of  the  particle 
or  hole  considered  with  the  remaining  electrons  or  holes  in  the  system  are  introduced 
through  a  nonlocal  time-dependent  effective  potential:  the  irreducible  self-energy 
2  [24], 

Turning  to  the  frequency  representation,  this  diagrammatic  equation  has  the 
algebraic  equivalent: 


G(w)  =  G®(a5)  +  G'’(a-)2(a')G(w) 
with  the  HF  propagator  matrix  calculated  as: 


o)  —  c,  ±  /O  * 


+  if  i  virtual  index 
—  if  i  occupied  index 


(3) 

(4) 


Its  poles  provide  the  Koopmans’  value  for  the  ionization  and  electron  attachment 
energies  obtained,  after  inversion  of  sign,  as  the  energies  c,  of  the  occupied  and 
virtual  spin-orbitals. 

The  poles  of  the  one-particle  propagator  matrix  can  be  obtained  solving  iteratively 
the  equation: 

det[w  -  f  -  2(w')]  =  0  (5) 

Using  the  Hugenholtz  convention.  2  is  written,  to  the  nth-order  in  the  correlation 
perturbation  expansion,  as  the  sum  of  all  the  time-ordered,  topologically  different 
and  strongly  connected  diagrams  built  up  from  n  point  vertices  (each  of  them 
standing  for  an  antisymmetrized  bielectron  interaction  element  <//l  |A:/))  and  {2n  - 
1 )  zeroth-order  propagator  lines  [22].  For  further  discussion,  it  is  interesting  to 
mention  the  partial  diagrammatic  expansion  [25]  of  the  self-energy  in  terms  of  the 
exact  polarization  propagator  P  [26],  this  expansion  being  provided  in  Figure  3. 

Applying  the  standard  rules  to  write  down  the  algebraic  equivalent  of  the  self- 
energy  diagrams,  the  above  expansion  can  be  expressed  as: 

k!m  k'l’nl' 


(6) 
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in  which  the  correlation  product  is  defined  by: 


.4(aj)OB(a;)  =  — 

ZTT 


—  oi)  dii! 


(7) 


In  this  expression,  P(uj|,  in  the  frequency  representation,  is  the  spectral  resolution 
[  26  ]  of  the  polarization  propagator: 


1 

m*0  L 


o)  +  A'i)  —  A',',  +  ;0^ 

O!  —  Eo  +  E'm  —  /O’ 


(8) 


where  the  sum  over  rn  runs  this  time  over  all  the  excited  states  of  the  N-particle 
system.  This  frequency  dependent  function  is  obtained  as  the  Fourier  transform 
of: 


P,,uU2^  /.)  =  /■'<  'J'iT  I  r„  { a:{t2)a,(l2),  aid,  )adh )  \  I >  (9) 

the  former  time-dependent  function  providing  the  probability  amplitude  of  prop¬ 
agation.  in  the  background  of  the  interacting  system,  of  a  particle-conserving  per¬ 
turbation.  this  time. 

Taking  (Fig,  4).  in  the  above  expansion,  the  zeroth-order  HF  one-particle  prop¬ 
agator  as  an  approximation  for  G(a').  and  the  HF  zeroth-order  polarization  prop¬ 
agator 


pU)) 

P  ii.k 


/(O)) 


±  V  ^,1 

ijo  +  e,  ~  c,  ±  iO ' 


+  if  /  occupied  and  j  virtual  indices 
-  if  /  virtual  and  ;  occupied  indices 


(10) 


as  an  approximation  for  P(a)).  and  considering  all  time  orders,  it  is  easy,  performing 
the  integration  ( 7 )  in  the  complex  w-plane.  to  derive  from  Eq.  ( 6 )  the  second-order 
expansion  [  1 1.27]  of  the  self-energy: 

.  1  ^  </7a||r.v><r.v|k«>  ,  I  (p4ah)(ah\\iir} 

i;„}’(w)  =  -  z  — 7 - ^  T  ^  — I -  ^  ‘ ^ 

-  ur.  ^  “  Cr  -  2  W  +  C,  -  C„  -  €,. 


where  the  sums  over  a  and  h  run  over  all  the  occupied  (hole  indices)  hf  spin- 
orbitals  while  the  sums  over  r  and  .v  run  over  all  the  unoccupied  ( particle  indices) 
hf  spin-orbitals.  In  the  approximation  of  a  diagonal  Green's  function  matrix  (also 
referred  to  as  the  quasi-particle  approximation ).  the  two  components  of  the  second- 
order  self-energy  describe,  to  that  particular  order  in  the  interaction  elements,  the 
energy  contribution  to  the  ionization  potential  of  the  dynamic  polarization  response 
of  the  electron  system  to.  re,spectively.  the  destruction  of  the  particle  and  the  creation 
of  the  hole  resulting  from  the  ionization  out  of  one  of  the  occupied  molecular  spin- 
orbitals. 

The  components  of  the  electric  dipole  frequency  dependent  polarizability  tensor 
are  related  to  P(a-’): 
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-I.(i\r,Aj)(k\r,\l)P,,M  (12) 

tfki 

Using,  as  previously,  the  zeroth-order  hf  polarization  propagator  as  an  approx¬ 
imation  for  P(w),  one  can  derive  from  Eq.  ( 12)  the  well-known  Sum-Over-State 
(SOS)  formulation  of  the  static  ( frequency  independent)  polarizability  tensor: 

1,3, 

Pole  strength  (15,22]  related  to  the  ionization  of  an  electron  in  the  spin-orbital 
X<  can  be  calculated,  in  the  quasi-particle  approximation  as: 


Defined  as  the  residue  of  1  /(w  -  2,v(aj))  taken  at  the  pole  w, ,  it  can  be  equated 
[28]  to  the  fraction  of  the  photoemission  intensity  associated  with  a  monoelectronic 
process,  the  remaining  fraction  [  1  -  F,  ]  being  the  intensity  borrowed  in  shake-up 
or  scattering  processes  resulting  from  correlation  and  relaxation  effects.  In  a  one- 
electron  description,  the  self-energy  would  have  no  energy  dependence,  and  the 
pole  strength  would  be  1  for  all  ionization  potentials.  In  a  real  interacting  system, 
pole  strengths  larger  than  0.9  can  be  referred  to  a  quasi-monoelectronic  process, 
while  pole  strengths  smaller  than  0.9  are  indicative  of  a  breakdown  of  the  molecular 
orbital  picture.  Heavy  breakdowns  in  the  inner  valence  region  are  likely  to  occur 
when  the  molecule  possesses  many  low-lying  energy  states. 

From  Eqs.  (6)  and  (12).  it  appears  that  the  magnitude  of  the  correlation  and 
relaxation  effects  on  the  ionization  potentials,  and  of  the  breakdown  of  the  molecular 
orbital  picture  throughout  the  overall  ionization  spectra,  can  be  ultimately  related, 
at  least  on  a  qualitative  point  of  view,  to  the  polarizability  of  the  molecular  system. 
As  other  factors,  such  as  the  degree  of  localization  [29,30]  or  the  inner-character 
of  the  ionized  molecular  orbitals,  also  influence  the  magnitude  of  the  many-body 
features  in  the  ionization  spectra,  such  a  dependence  might  not  be  precisely  assessed. 
One  has  at  least  to  recall  that  establishing  such  a  dependence  implies  the  comparison 
between  the  dynamic  polarization  response  of  the  molecular  electronic  system  to 
the  internal  perturbation  that  results  from  the  ionization  process,  and  the  static 
polarization  response  of  this  system  to  an  external  electric  field. 

Model  Systems  and  Methodology 

In  this  contribution,  the  mbof  method  is  applied,  using  the  second-order  expan¬ 
sion  for  the  self-energy,  to  the  isomeric  series:  1,3-hexadiene.  1,4-hexadiene.  1,5- 
hexadiene;  and  the  related  nearly  isoelectronic  cyclic  molecules:  1 ,3-cyclohexadiene, 
1 .4-cyclohexadiene.  The  XPS  spectra,  for  the  linear  molecules  presented  in  this 
series,  are  simulated  by  taking  difl’erent  conformers  as  model  systems.  The  1,3- 
hexadiene  will  be  taken  in  its  trans-trans-trans  (ttt  )  and  cis-trans-trans  (ctt  ) 
conformations.  The  1 .4-hcxadiene  molecule  will  be  considered  in  its  envelope  ( E ), 
trans-cis-trans  ( TC  r ).  and  trans-trans-trans  (rrr )  conformations.  The  1 ,5-hexadiene 
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molecule  will  be  taken  in  itscis-trans-cis((  ic  ).  cis-trans-trans  (<  i  I  ).  Irans-trans- 
trans  (TTI  ).  envelope  (f-),  and  trans-cis-trans  <  H  i  )  conformations.  The  corre¬ 
sponding  molecular  structures  are  presented  in  Figure  5.  each  compound  in  this 
series  being  labeled  using  the  alphabetical  order  a  to  /. 

The  calculations  have  been  carried  out  using,  at  the  ah  iniim  level,  the  G.AUSSI.AN 
82  series  of  programs  [31],  The  requested  convergence  on  the  density  matri.x  was 
fixed  to  10  **  and  the  integral  cutoH' was  fixed  to  10  hartrec.  The  use  of  the 
extended  3-2 IG  basis  sets  was  imposed  by  the  storage  of  the  large  number  of 
integrals  needed  for  the  tu  -mbcu  2  calculations. 

■Assuming  the  planarity  of  the  hydrogen  and  the  carbon  atoms  involved  -i  the 
vinyl  groups,  all  the  remaining  geometrical  parameters  of  the  molecular  -  , terns 
mentioned  have  been  optimized  ( Table  I )  at  the  S(  r  level.  Among  the  linear  systems 
considered  here,  the  most  stable  isomer  is  the  conjugated  1 ,3-hcxadiene  molecule 
[Figs.  5(a)  and  5(b)|.  Because  of  the  increasing  interruption  of  the  conjugation 
from  the  insertion  of  a  methylene.  — CH:  — .  or  ethvfcne.  --CHj  —  CH:  — . 
group  in  between  the  two  double  bonds,  the  next  stable  isomer  is  the  1 .4-hexadiene 
molecule  (Figs.  5(c)  to  5(e)).  and  the  most  unstable  the  !.5-hexadiene  molecule 
[Figs.  5(f)  to  5(j)].  In  each  series  of  conformers,  citing  the  different  molecular 
structures  by  order  of  increasing  instability  reflects  decreasing  direct  (in  the  1.3- 
he.xadicne  series)  or  through-space  (in  the  1,4-  and  1.5-hexadiene  series)  7r-inicr- 
actions  resulting  from  the  larger  separatmn  of  the  C  —  C  double  bonds.  In  the  1 .5- 
hexadiene  series,  it  is  intcre.sting  to  mention  the  strong  destabilization  of  the  structure 
with  the  rotation  of  the  vinyl  groups  in  an  eclipsed  conformation  [Figs.  5(i)  and 
5(j))  with  respect  to  the  central  single  Q  —  C4  bond.  At  least,  the  conjugated  1.3- 
cyclohexadicne  compound  presenting  [Fig.  5(k)]  a  destabilizing  butanc-like  frag¬ 
ment  in  an  eclipsed  conformation,  while  the  1 ,4-cyciohexadicne  molecule  allowing 
a  double  n--methylenic  conjugation  between  the  double  bonds,  the  large  similarity 
of  the  energies  for  the  two  isomers  results  from  a  delicate  balance  between  steric 
and  conjugation  efl'ects. 

Photoionization  intensities  arc  computed  using  the  Gelius  model  [32]  for  mo¬ 
lecular  cross  sections,  the  relative  atomic  photoionization  cross  sections  used  for 
and  //|,  being  100.  7.69.  ().()().  respectively  (in  the  valence  region,  core 
atomic  functions  do  not  participate  significantly ).  In  the  case  of  the  spectra  obtained 
through  a  Green's  function  approach,  the  Gelius  intensities  arc  multiplied  by  the 
pole  .strength  T, .  Simulated  XBS  spectra  are  constructed  from  a  superposition  of 
peaks  centered  at  the  Koopmans.  or  MBta  2  values  for  electron  binding  energies. 
The  peak-shape  is  represented  by  a  standard  linear  combination  of  one  lorentzian 
and  one  gaussian,  both  having  the  same  height  and  width  (  1.5  cV  )  over  the  energy 
range  considered,  the  peak-height  being  scaled  according  to  the  intensity  previously 
computed.  The  basis  set  dependence  of  the  trends  obtained  by  comparing  the  vari¬ 
ation  of  relative  photoionization  intensities  in  the  investigated  series  of  molecules 
have  been  tested  performing  the  same  calculations  within  the  minimal  basis  set 
.SIO-.3G.  Although  the  .si()-3G  and  3-21G  basis  set  can  lead  to  rather  different 
spectra,  both  basis  sets  provide  qualitatively  similar  trends  in  the  variation  of  the 
sharpness  and  heights  of  peaks  with  the  molecular  structure. 
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T  \(ii  I  I.  Ciconictrical  parameters  of  the  carbon  backbone  for  the  seleeied  compounds. 


Mttjcculo  Vncr^>  (a.u  ) 

Bond  lengths  ( \) 

Bi)nv(  angles  ('■') 

Ictrsiim  angles  i 

■"1 

a>  l..'-hc\adtcne  m 

(1 

C2 

320S 

Cl 

C2 

C4 

124  2hl 

biRnii  ■  c.ti.ftaKtni 

t : 

■  (A 

46M 

C2  - 

C  3 

“  (4 

123.SS4 

C4 

.32 1ft 

(  3 

('4 

c.5 

1 24.ft4ft 

<4 

<  s 

>ISft 

C4 

(5 

Cft 

1 12.132 

<5 

C(i 

541ft 

h)  1  .A'ho\adicno  (  T! 

('1 

('2 

=  i 

32(17 

Cl 

(2 

(4  . 

127.181 

C2 

-  ('3 

-  i 

4471 

(2 

<4 

C4  - 

120  696 

(3 

(4 

=  1 

32(W 

C4 

(4 

C5  -- 

124.151 

C'4 

C 

1 

5203 

(4 

(  -5 

(ft  - 

1  12.181 

(5 

C(^ 

541ft 

Cl  i  .4-he\adicnc 

Ct 

C  2 

.MS4 

(1 

(2 

C  A 

124.782 

(1 

t  2  <4  - 

C4 

•120.876 

tiRIICl 

( : 

■-(3 

*'144 

(2 

(4 

(4 

1 1 1.209 

C2- 

C4  (A- 

C5 

1 18.448 

(a 

-  (  4 

.^14^ 

<4 

(4 

(5 

]24.ft8‘) 

Ct... 

C4  ('5  - 

C6  - 

(!S0.(K»0) 

(4 

--(A 

3 1 5‘> 

C4 

(5 

(ft 

124.718 

(  .S 

(6 

5il9X 

dl  l.a-hcsadionu  K  I' 

(I 

...  ('2 

Cl 

C2 

(3 

124.561 

t(RHt>  Itl.hSS.M.s 

( : 

C.3 

5185 

(2 

C4 

C4  - 

1 16.935 

i  > 

-  ~  C4 

5lh7 

C  4  • 

(4 

(■5  = 

12K.537 

(4 

('5 

4IW) 

C4 

(5 

CO  - 

124  412 

ih 

52(^7 

c)  l.a-hc\uilionc  1  t  f 

(1 

r: 

3 1  5ft 

(1 

t  2 

-  (4  = 

1 24.492 

[iRiii  i  ;,M  t'.s.s:.'!-) 

( : 

-■  f\ 

52  r 

C2 

(A 

..  {  '4  - 

1 1 4  290 

(  ! 

<4 

5223 

(A 

(4 

-(.5  ^ 

124  448 

('4 

-  (A 

M6() 

C4 

C.5 

“  (  ft  - 

124.209 

(5 

(■ft 

5I‘)K 

i’l  I .■'-hc\adicnc  (  I<" 

Cl 

••  C2 

.UhS 

Cl 

(2 

-  C  .4 

127.107 

flRHC)  ;.?16Kd0'l 

(2 

•  C\ 

5141 

(2 

(4 

'  C4 

1 14.78? 

(A 

-(4 

5.447 

gi  1.5-hi'va<lienc  (11 

<  J 

-  C2 

-  1 

.4I6.S 

Cl  - 

C2 

-C4  - 

126.789 

1  (Rtiti  -  ■ 

c: 

—  C.3 

1 

,S|26 

(2 

C4 

-(4  - 

115.141 

CA 

-C4 

5?K7 

C4 

C4 

“  C5 

in.9i0 

('4 

-C5 

7-  J 

5208 

C4- 

-C5 

CO  ^ 

124.560 

(.s 

—  (Y, 

! 

.41.59 

h)  !  .5'hc\4d!cnc  I  T  X 

(1 

-  C2 

-  ! 

.41WI 

Cl 

C2 

-  C3  - 

124  612 

l.lRtlf  ) 

(2 

5194 

C2  - 

C4 

—  (4  - 

1 12  464 

(A 

-  C4 

-  1 

542« 

\)  ! .5'hc\adtcnc  f- 

Cl 

C2 

=■  1 

.41.57 

Cl  ~ 

-C  2 

■  C  4  - 

124  414 

Cl  - 

C2  -C  4- 

C  4  -- 

-1 15.744 

hrhii  ;ri.hx:'w.> 

( : 

■  C3 

5102 

(2 

C  4 

-C4 

1 14  72>) 

C2 

{  4  -  ('4- 

(5  - 

(OlKKl) 

(3 

(4 

5767 

j)  1 .5'hc\adicnc  f  C'  I 

(1 

-■C2 

.4109 

Cl 

C  2 

-  (4 

1233166 

F(R(if'i 

(2 

3 

(2 

C3 

(4 

1  19  169 

(3 

(4 

5718 

k)  1 ,  ^'CNclohcxadtcnc 

Cl 

<2 

318^ 

<2 

(3 

4734 

(1 

C  2 

(4 

121.504 

(4 

(  *' 

5|M 

(3 

(4 

<5 

124..49I 

<5 

(ft 

1 

5648 

(4 

<5 

Cft 

115.107 

h  1 .4-c>c!<>hc\adicnc 

Cl 

(2 

41.58 

(1 

C2 

C3 

123.7X5 

F  tRiii )  -  :,?()  -S4',«: 

(2 

(4 

5110 

C2 

C3 

C  4 

1  12.441 

Again  because  ofeomputing  constraints,  the  MBGl  2  calculations  achieved  within 
the  extended  3-2 IG  basis  set  have  been  performed  at  the  quasi-particle  (QP)  level 
of  approximation.  Only  the  main  ionization  processes  have  been  considered.  The 
second-order  self-energy  expansion  is  known  to  be  quantitatively  deficient,  and  no 
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more  than  a  qualitative  simulation  of  the  xps  spectra  can  be  expected  from  these 
calculations.  However,  as  this  approximation  provides  a  simple  but  rather  complete 
description  of  the  physics  involved  in  the  main  ionization  process,  one  should  be 
confident  in  the  conclusions  that  can  be  drawn  from  our  simulations. 

Molecular  Structure  Dependence  of  the  One-Particle  and  Many-Body  Features  in 

the  Ionization  Spectra 

The  photoelectron  spectra  of  the  selected  compounds,  in  the  series  of  the  hex- 
adiene  (and  cyclohexadiene )  molecules,  are  displayed,  using  the  same  labeling  order, 
at  the  Koopmans  and  mbgf  2/qp  levels  of  approximation,  together  with  the  cor¬ 
responding  MBGF2/QP  poles  presented  as  spike  spectra,  from  Figures  6(a)  to  6(1). 
They  all  reflect  the  classification  of  the  valence  molecular  orbitals  of  a  C„H2„  : 
(C„H;,i  4)  molecule  into  n  molecular  orbitals  of  (Q,  +  H ,,)  character  in  the  inner 
valence  region,  and  2n  —  1  (2«  -  2)  molecular  orbitals  of  (C;,,  +  Hi,)  character 
in  the  outer  valence  region.  Considering  the  very  different  C;,  and  C;,,  photoelectric 
atomic  cross  section,  the  relative  intensities  from  the  inner  and  outer  valence  region 
do  not  reflect  directly  their  corresponding  electronic  population.  Because  of  the 
low  XPS  photoionization  cross  sections  of  outer  molecular  orbitals,  the  most  specific 
information  on  the  molecular  structure  is  likely  to  be  obtained  from  the  inner- 
valence  region. 

The  simulated  spectra  differ  significantly  from  one  system  to  another,  confirming 
the  earlier  proposition  that  the  valence  region  of  the  XPS  valence  spectra  can  be 
usefully  analyzed  in  terms  of  primary  and  secondary  molecular  structures.  As  there 
are  many  factors  ( cyclization,  isomerization,  conformation )  leading  to  such  dissim¬ 
ilarity,  this  observation  calls  for  more  systematic  and  detailed  investigation. 

Cyclizalion 

Most  of  the  simulated  spectra  for  the  open  linear  hexadiene  molecules  considered 
here  [Figs.  6(a)  to  6(j)]  show  the  characteristic  accumulation  of  one-particle  levels 
in  pairs  at  the  edges  of  the  inner-valence  regions,  these  unresolved  pairs  of  levels 
resulting  in  the  extremely  sharp  and  broad  peaks  bordering  the  C;,  valence  bands. 
In  the  outer  valence  region,  the  electron  levels  arc  so  densely  packed  that  a  precise 
assignment  of  peaks  in  terms  of  molecular  orbital  levels  is  not  possible  in  an  ex¬ 
perimental  spectrum.  Considering  the  overall  energy  distribution  of  the  electronic 
states,  the  inner-valence  spectra  simulated  at  the  Koopmans  level  of  approximation 
are  qualitatively  similar  to  the  corresponding  spectrum  of  the  rt-hexanc  molecule 
[.^3],  the  most  striking  difl'erence  coming  from  the  gap  between  the  C:,  and  C;,, 
valence  bands,  and  the  shape  of  the  C;,,  valence  band. 

The  inner-valence  electron  levels  are  better  resolved  [  Figs.  6(  k )  and  6(  I )]  in  the 
case  of  the  cyclohexadiene  molecules.  The  electron  levels  arc  either  nearly  degen¬ 
erate.  or  separated  by  rather  large  and  similar  energy  intervals,  these  structures 
being  characteristic  of  medium  sized  highly  symmetric  cyclic  molecules.  In  the 
outer  valence  region  also,  the  electron  levels  fall  into  wcli-rcsolved  structures.  Con¬ 
sidering  again  qualitatively  the  overall  distribution  of  electron  levels,  the  cyclic 
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molecules  considered  here  prosidc  speciru  closeU  related  to  the  corresponding 
spectra  of  the  csclohesane  molecule  in  condensed  phase  [.U). 


Isomcrizantnt  am!  Conitif^diior, 

To  compare  the  isorneri/ation  fingerprint  in  the  \RS  spectra  of  the  open  1.3- 
hesadiene,  1 ,4-he\adume,  and  1 .5-he\adiene  molecule  series,  wc  consider  each  of 
these  molecules  taken  in  its  more  spatially  estended  i  i  i  conformation.  1  heir  cor¬ 
responding  spectra  ( respeetisely.  1  igs.  6( a ),  e ).  and  6(  h  1  ]  show  slight  dillerences 
in  the  gap  between  the  O.  and  C-,.  regions,  m  the  ioni/ation  energs  of  the  highest 
( TT )  molecular  orbital,  and  the  energy  splitting  of  the  two  n  rnitermost  levels.  I  hese 
quantities  decrease  as  the  conjugation  between  the  C  C'  dt>uble  bontis  is  pro¬ 
gressively  interrupted  by  the  insertion  of  methylenic  and  ethylenic  spacers.  In  re¬ 
lationship  to  the  large  \  ariation  in  the  amplitude  of  ir-conjugatioii  or  through-space 
interactions,  the  most  striking  elfect  of  the  isomeri/alion  is  observed  in  the  outer 
valence  spectra.  On  the  other  hand,  the  carbon  backbone  and  the  general  bonding 
or  antibonding  pattern  of  the  molecular  ivrbitals  of  4  H,.)  character  being 
almost  unchanged,  only  slight  but  continuous  variations  are  observed  in  the  inner 
valence  region  when  comparing,  at  the  Koopmans  level  of  appro.vimation.  the 
spectra  of  the  1.3-;  1,4-,  and  1.5-1  I  l-i.e\adienc  i,somers. 

The  spectra  obtained  at  this  level  of  appro.ximaiion  for  the  1.3-  and  !.4-cyclo- 
hesadiene  molecules  also  only  display  slight  variations  in  the  relative  positions  of 
peaks  and  phi'toioni/ation  intensities  in  the  inner  valence  region,  because  of  the 
large  resolution  of  the  ill  levels,  and  almo.st  because  the  general  topology  of 
the  carbon  backbone  remains  also  nearly  unchanged.  .'Xs  in  the  case  of  the  linear 
hexadienc  molecules,  the  ioni/ation  energy  of  the  highest  (;r)  molecular  orbital 
and  the  energy  splitting  between  the  -  levels  decrease  strongly  with  the  loss  of 
coniugalion  between  the  double  bonds,  leading  to  a  more  significant  change  in  the 
shape  of  the  outer  valence  band.  In  a  l  I’s  spectra,  because  of  the  enhancement  of 
the  photoioni/ation  cross  sections  in  the  outer  valence  region,  the  effects  of  isom- 
en/ation  on  the  tt  levels  would  lead  to  much  more  striking  features  than  in  our 
simulated  \i’S  spectra. 

Civiing  beyond  the  Koopmans  approximation,  the  Ml«  a  2/yi’  calculations  show 
considerable  dilferenccs  between  the  spectra  from  one  isomer  to  another  with  the 
introduction  of  the  many-body  effects  in  the  description  of  the  ioni/ation  process. 
Both  MiKir2  spectra  show  an  important  contraction  of  the  energy  scale  compared 
to  the  ill  results,  the  relaxation  effects  being  exacerbated  as  long  as  we  move  from 
the  top  to  the  bottom  of  the  valence  bands  ( 35  ] .  I  he  outermost  tt  levels  are  alfected 
during  the  ioni/ation  by  much  more  weaker  many-body  effects  than  the  n  levels. 
In  connection  with  the  increasing  relaxation  effects,  wc  observe  (Table  II)  a  de¬ 
creasing  p<iie  strength  and  hence  validity  of  the  molecular  orbital  picture  in  the 
region  of  the  larger  electron  binding  energies.  We  observe  a  much  stronger  break¬ 
down  of  the  molecular  orbital  picture  in  tlie  inner  valence  spectra  of  the  fully 
conjugated  dienic  molecules  [figs.  6(a),  6(b).  and  blk)].  the  magnitude  of  this 
breakdown  decreasing  (  fable  If)  in  the  spectra  corresponding  to  methylenic  and 
then  ethylenic  structures,  as  expected  from  the  loss  of  "internal"  polar) /ability  witli 
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F  igurc  fi.  Simufalt’d  \l’s  valence  sp-Clra  at  the  Koopmans  (dashed  curve)  and  MBOl  2/ 
Oi’  (solid  curve)  levels  ol'approxinaation  for  the  selected  compounds. 
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Tabu-  II.  Mair.  rodv  features  in  the  inner  valence  spectra  of  the  selected  unsaturated  hydrocarbons. 


Molecule/ 
fKilarizability  (a.u.) 

MO 

IPIHFMeV) 

lP(GF2HeV) 

AlP(eV) 

\\ 

a)  l.a-hexadiene  TTT 

1 

29.975 

26.232 

3.742 

0.194 

o  =  4d.61 

2 

28.574 

25.075 

.3.499 

0,.101 

3 

26.754 

23.370 

.3.384 

0.832 

4 

23.477 

20.615 

-2.862 

0,857 

5 

21.287 

18.597 

-2.690 

0.865 

6 

20.517 

17.962 

-2.555 

0.964 

b)  l,.?-he\adiene  CTT 

1 

29.924 

25.796 

-4.128 

0.489 

rt  =  47.78 

28.497 

24.474 

-4.023 

0. 1 79 

3 

26.622 

23.-342 

-3,280 

0.845 

4 

23.523 

20.618 

-2-905 

0.856 

5 

21.917 

19.250 

-2.666 

0,869 

6 

19.729 

17.248 

-2.480 

0.870 

c)  l,4-he.\adiene  E 

1 

29.902 

25,914 

-3,989 

0.772 

«  -  47.3.1 

2 

28.582 

24.946 

-3.636 

0.533 

3 

26.415 

23.097 

-3.318 

0,828 

4 

24.171 

2 1 .275 

-2.896 

0.866 

5 

20.631 

18.202 

-2.429 

0.876 

6 

20.435 

17,921 

-2.514 

0.872 

d)  1.4-he.xadiene  TCT 

1 

29.864 

25.842 

-4.022 

0.670 

«  =  46.. 14 

2 

28.533 

24.911 

-3,62.3 

0.813 

3 

26.422 

2.3.135 

-3.287 

0,8.18 

4 

24.177 

21.351 

-2.823 

0.871 

5 

21.284 

18.670 

-2.614 

0.868 

6 

19.734 

17,-363 

-2.371 

0.878 

e)  1,4-hcxadiene  TTT 

I 

29.826 

25,790 

-4.026 

0.640 

n  -  45.95 

2 

28.594 

24,962 

-.1.633 

0.805 

3 

26.388 

2.3,119 

-3.269 

0.8.15 

4 

24.145 

21.. 302 

-2,084 

0.870 

5 

20.794 

18.359 

-2.4.36 

0.876 

6 

20.260 

17.770 

-2.490 

0,874 

f)  1.5-hcxadiene  CTC 

1 

29.966 

29.061 

3.905 

0,797 

a  ~  46.96 

2 

28.586 

24.990 

3.596 

0,828 

3 

26.423 

2.3.172 

-3.251 

0,851 

4 

24.178 

21.166 

-3.012 

0.860 

5 

20.871 

18.371 

-  2.5(8) 

0.874 

6 

19.718 

19,473 

-2.245 

0,887 

g)  l.5-hexadiene  CTT 

1 

29.921 

26.18)7 

-.3.914 

().789 

(k  “  46,5-^ 

28.620 

25.027 

-3.593 

0.821 

3 

26.556 

23.289 

-.1.267 

0.850 

4 

23.832 

20.867 

-2.965 

0.861 

5 

20.728 

18.-104 

2.424 

(/,877 

6 

20.243 

17,886 

-  2,356 

0.881 

h)  1 .5-hexadicnc  TT  I 

1 

29.867 

25.946 

-  3.922 

0.777 

-  46.07 

2 

28.658 

25.065 

.3. .592 

0,815 

3 

26.681 

2.1.400 

-3.281 

0.848 

4 

23.414 

20.500 

2.914 

0.863 

5 

20.974 

18.. 569 

2.405 

0.880 

6 

20.372 

17.995 

2.377 

0.878 
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r \fin  II.  l(  iiiiiiniii’J) 


MolccukV’' 
piiluri/ahililN  (a.u.l 

M(1 

IP(  HTHcV) 

IPlGf  2Hi-\  » 

AlPicM 

1 , 

1)  1  .S-hcvadicnc  P 

1 

2^.744 

25.850 

4.044 

(COO 

<.  46.  iC 

28.522 

2>.2\2 

4,410 

0  700 

4 

26.4d8 

24.212 

4  28S 

0.84  4 

4 

24.604 

20.646 
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the  increasing  interruption  of  the  n- -conjugation.  For  the  1.3-hexadicne  molecule 
in  its  more  stable  conformation,  the  breakdown  of  the  molecular  orbital  picture 
[  Fig.  6(a)]  for  the  ionization  process  of  the  first  two  molecular  orbitals  is  virtually 
complete,  a  result  that  recently  has  been  confirmed  by  an  e.xperimental  investigation 
on  the  closely  related  butadiene  system  [  36  ] .  For  such  systems,  a  very  large  fraction 
of  the  main  photoionization  intensity  is  dispersed  to  a  rich  satellite  structure  of 
shake-up  lines,  rendering  delicate  the  interpretation  of  their  XP.S  spectra. 

Conlorifialion 

Because  of  large  variations  in  the  amplitude  of  interactions  between  the  conjugated 
double  bonds,  considerable  differences  are  induced  by  conformational  changes  both 
in  the  inner  and  the  outer  regions  of  the  XPS  spectra  simulated  [Figs.  6(a),  6(b)] 
for  the  selected  forms  (ttt,  c  tt  )  in  the  1,3-hcxadienc  series.  In  the  inner  valence 
region,  the  two  highest  occupied  molecular  orbitals,  exhibiting  four  and  five  nodes 
along  the  carbon  backbone,  are  strongly  stabilized  or  destabilized  with  the  en¬ 
hancement  of.  respectively,  the  bonding  or  antibonding  contributions  in  the  CTT 
form.  The  resulting  splitting  of  the  correspo  ing  energy  levels  at  the  low  energy 
edge  of  the  C:,  valence  band  lead  to  the  largest  variation  observed  in  the  convoluted 
relative  photoionization  intensities.  Moreover,  at  the  mbgf2/qp  level  of  approx- 
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imation.  a  weaker  (but  still  heavy)  breakdown  of  the  molecular  orbital  picture  in 
the  bottom  of  the  inner  valence  band  is  predicted  (Table  II )  for  the  err  conformer. 
This  can  indirectly  be  related  to  a  small  but  significant  reduction  of  the  molecular 
electric  polarizability  with  the  cis-orientation  of  the  double  bonds.  The  variation 
in  the  amplitude  of  the  many-body  effects  leads  to  observ  able  variations  at  the  high 
energy  edge  of  the  band. 

As  we  run  along  the  series  of  the  1 .4-hexadiene  conformers  [Figs.  6(c)  to  6(e)]. 
systems  which  provide  strong  methylenic  and  through-space  ir-interactions  between 
the  double  Cj— C:  and  C4  —  C5  bonds,  significant  variations  arc  also  observed 
both  in  the  inner  and  outer  valence  regions.  The  spectra  simulated  [Figs.  6(c), 
6(e)]  for  the  E  and  ttt  conformers  are  very  similar,  reflecting  a  large  resemblance 
in  the  molecular  structures.  Indeed,  from  the  point  of  view  of  intramolecular  in¬ 
teractions,  the  E  conformer  differs  essentially  from  the  ttt  conformer  only  by  a 
gauche  instead  of  anti  orientation  of  the  substituents  with  respect  to  the  C:  —  C^. 
and  Cj  —  C4  single  bonds.  Considering  [Fig.  6(d)]  the  spectrum  obtained  for  the 
TCT  conformer.  the  most  obvious  variation  also  comes  from  the  peak  at  the  low 
energy  edge  of  the  C^,  band.  The  energy  separation  between  the  two  electron  levels 
from  which  this  peak  results  through  convolution  increases  strongly,  reflecting  large 
variations  in  the  bonding  or  antibonding  pattern  for  the  molecular  orbitals  of  ( C:i  + 
Hi()  character  resulting  from  the  c/.s-orientation  of  Ci  and  C?  with  respect  to  the 
Cl  —  C4  central  single  bond.  In  these  series,  significant  variations  in  the  magnitude 
of  the  many-body  effects  arc  also  observed  from  one  conformer  to  another.  Our 
calculations  show  important  many-body  effects  in  the  form  of  a  strong  breakdown 
of  the  orbital  picture  at  the  bottom  of  the  inner  valence  band,  the  importance  of 
this  breakdown  decreasing  again  with  the  methylenic  conjugation  and  the  r-inter- 
actions  of  the  C  =  C  double  bonds  from  the  E  to  the  TC  and  then  the  tt  conformers. 

On  the  other  hand,  the  vinyl  groups  interact  much  more  weakly  in  the  1,5- 
hexadiene  series  of  conformers,  and  significant  variations  can  only  be  observed  in 
the  shape  of  the  inner  valence  spectra.  Considering  the  conformers  (  ctc,  r  tt  ,  i  i  r ) 
which  provide  an  anti  orientation  for  the  vinyl  substituents  with  respect  to  the 
central  C3  —  C4  single  bond,  slight  but  continuous  variations  can  be  observed  [Figs. 
6(f),  6(g),  and  6(h)]  in  their  inner  valence  spectra.  With  the  E,  and  ic  r  conformers. 
once  again,  the  most  striking  variation  [Fig.  6(i).  6(J)]  comes  from  the  bordering 
peak  at  the  low  energy  side  of  the  C^,  region,  and  the  splitting  of  the  electron  levels 
from  which  it  results  is  reflecting  the  severe  destabilization  of  the  molecular  system 
with  the  rotation  of  the  vinyl  substituents  in  an  eclipsed  orientation  with  respect 
to  the  central  C?  — C4  .single  bond.  Despite  the  influence  of  the  two  extreme  vinyl 
groups,  leading  to  rather  important  many-body  eft'ects  on  the  ionization  potential 
and  a  small  breakdown  of  the  molecular  orbital  picture  throughout  the  inner  valence 
energy  range,  the  Koopmans  and  Ml«ii  2  spectra  are  qualitatively  similar. 


Pnlarizahility  Dependence  of  the  .\f  any- Body  Features  in  the  Inner  I  alence 
Ionization  Spectra 

In  recent  articles  [29. .50]  we  have  pointed  out  a  dependence  of  the  relaxation 
and  correlation  contributions  on  the  ionization  potential  with  the  size  of  oligomeric 
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systems  or  the  deloeali/ation  of  moleeular  orbital,  both  factors  influencing  also  the 
electric  polari/abiiity. 

The  heav\  breakdown  of  the  molecular  orbital  picture  predicted  in  the  inner 
valence  ionizal'on  spectra  of  large  conjugated  molecules  can  be  explained  in  terms 
of  a  low  molecular  symmetry  group  and  the  presence  of  a  high  density  of  excited 
configurations  in  the  low  energy  region.  The  observed  trends  reflect  the  analogy 
between  the  mechanisms  underlying  the  internal  response  of  the  molecular  sy  stem 
to  the  ionization  of  one  of  its  electrons,  and  to  the  response  to  an  external  electric 
held:  small  excitation  energies  to  a  large  number  of  states  fax  or  both  strong  hnal 
dy  namic  correlation  effects  on  the  ionization  process  and  large  molecular  electron 
polarizabilities.  From  such  considerations,  it  is  interesting  to  attempt  to  establish 
a  correlation  (Fig.  7)  between  the  fraction  of  photoionization  intensity  dispersed 
from  the  main  inner  valence  lines  to  satellite  structures  with  the  static  spatially 
averaged  polarizability  obtained  from  a  SOS  calculation.  Despite  the  variations  in 
the  volume  and  shape  of  the  molecular  electron  cloud,  despite  the  changes  in  the 
relative  orientation  of  bonds,  the  observed  trend  in  this  figure  is  a  consistent  en¬ 
hancement  of  the  probability  to  observe  shake-up  lines  with  the  polarizability  of 
the  most  conjugated  L.T;  and  1 .4-hexadiene  molecular  systems.  In  the  1.5-hexadiene 
series,  on  the  other  hand,  these  average  probabilities  do  not  provide  such  a  variation 
with  the  molecular  polarizability  ,  a  result  that  can  be  explained  if  we  assume  the 
additivity  of  the  dynamic  internal  polarization  effects  due  to  the  most  polarizable 
double  bonds  interacting  weakly,  such  an  additivity  for  the  static  polarizability  to 
an  external  field  being  complicated  by  difference  in  relative  bonding  orientation. 

C'onclusinns  and  Outlook  for  the  Future 

I  hc  quality  of  the  molecular  orbital  picture  for  the  ionization  process  has  been 
shown  to  decrease  strongly  with  the  degree  of  ir-conjugation  in  unsaturated  hydro- 
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carbons,  in  indirect  relationship  with  the  molecular  polarizability,  making  the  in¬ 
terpretation  of  the  xps  spectra  of  highly  conjugated  compounds  difficult.  To  obtain 
reliable  information  on  structural  questions  from  the  ionization  spectra,  the  inclu¬ 
sion  of  relaxation  and  correlation  contributions  is  important  to  describe,  even  at  a 
qualitative  level,  the  effects  resulting  from  variations  in  the  primary  and  secondary 
molecular  structure. 

In  the  particular  case  of  the  hexadiene  series  of  conformers  and  isomers  considered 
here,  the  most  specific  information  on  the  molecular  conformation  can  be  obtained 
from  the  inner  valence  region.  Changes  induced  by  isomerization  in  the  outer 
valence  spectra  obtained  with  Koopmans  and  second  order  mbgf  calculations  are 
quite  comparable.  However,  important  differences  arise  between  the  two  levels  of 
description  of  the  relative  photoionization  intensities  in  the  inner  valence  region, 
stressing  the  need  for  many-body  effects  to  interpret  that  region  of  the  xps  spectra. 

To  obtain  more  reliable  and  quantitative  simulations.  Green's  function  calcu¬ 
lations  have  to  be  achieved  going  beyond  the  quasi-particle  approach  and  using  a 
more  sophisticated  scheme  for  the  expansion  of  the  self-energy,  such  as  the  two- 
particle-hole  Tamm-Dankoff-Approximation.  This  should  result  in  an  enhance¬ 
ment  of  the  trends  observed  in  the  many-body  features  occurring  in  the  spectra  of 
the  compounds  considered.  Photoionization  cross  sections  should  also  be  computed 
by  means  of  a  nonparametric  approach,  and  larger  basis  sets  should  be  considered. 
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Abstract 

Diagrammatic  and  Coupled  Cluster  techniques  are  used  to  develop  an  approach  to  the  single-particle 
Green’s  function  G  which  concentrates  on  G  directly  rather  than  nrst  approximating  the  irreducible  self¬ 
energy  and  then  solving  Dyson’s  equation.  As  a  consequence  the  ioni/ation  and  attachment  pans  of  the 
Green’s  function  satisfy  completely  decoupled  sets  of  equations.  The  proposed  Coupled  Cluster  Green’s 
Function  method  (CCCiF )  is  intimately  connected  to  both  Coupled  Cluster  Linear  Response  Theory 
(Cd.RT)  and  the  Normal  Coupled  Clu.stcr  Method  (nc'cm).  These  relations  are  discussed  in  detail, 
t.  John  Wiley  &  .Sons,  Inc. 

Introduction 

The  single-particle  Green's  function  is  a  powerful  tool  to  calculate  ionization 
and  electron  attachment  spectra  of  molecular  and  atomic  systems  [1-9).  Vertical 
ionization  potentials  and  electron  affinities  derive  from  the  pole  positions  of  the 
frequency  dependent  single-particle  Green’s  function,  while  the  spectral  intensities 
are  related  to  the  corresponding  residues.  In  the  field  of  quantum  chemistry  various 
approaches,  such  as  those  based  on  Dyson’s  equation  [1-4].  the  superoperator 
resolvent  [5,8]  or  equation  of  motion  techniques  [9],  exist  to  approximate  the 
single-particle  Green’s  function.  If  perturbation  theory  is  used  to  arrive  at  the  detailed 
form  of  the  working  equations  these  methods  are  all  closely  related  or  equivalent 
[6,7].  The  methods  based  on  Dyson’s  equation  employ  an  irreducible  self-energy 
2(w)  that  can  be  represented  by  a  series  of  perturbation  diagrams.  The  single¬ 
particle  Green’s  function.  G(tu).  is  then  obtained  from  Dyson’s  equation 

G(cu)  —  Gn(uj)  +  G|)(  ou)  i(a))G(u))  =  Go(cu)  +  Go(w)2(w)Gn(q-’) 

+  Go( w ) 2(  w )Go( w) 2/( aj)Go( w)  +  -  ■  ■  . 

By  solving  Dyson’s  equation  using  some  diagrammatic  approximation  to  the  ir¬ 
reducible  self-energy  one  implicitly  performs  a  partial  infinite  summation  of  per¬ 
turbation  diagrams  contributing  toGfou). 

In  order  to  obtain  acceptable  results  approximations  have  to  be  used  that  preserve 
the  analytical  structure  of  the  irreducible  self-energy.  The  oj-dependent  part  of  the 
irreducible  self-energy  has  a  spectral  representation  that  is  given  as  a  sum  over 
simple  poles  [4],  These  poles  lie  partly  in  the  ionization  part  of  the  spectrum  and 
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partly  in  the  attachment  part.  Because  of  the  desiied  structure  or' the  approximate 
irreducible  self-energy  one  cannot  employ  a  simple  order  by  order  perturbation 
expansion  of  the  irreducible  self-energ\  beyond  second  order.  In  higher  order  ap¬ 
proximation  schemes  (2ph-i  [>\  {2).  aix  [4])  the  irreducible  self-energy  is  therefore 
defined  by  a  partial  infinite  series  of  diagrams.  In  such  schemes  there  is  one  equation 
that  determines  the  ionization  part  of  2  and  one  equation  for  the  attachment  part. 
These  equations  are  completely  decoupled  and  by  solving  them  one  is  implicitly 
summing  a  partial  infinite  series  of  diagrams  that  '‘onlributt  to  the  respective  parts 
of  the  irreducible  self-energy.  Both  parts  of  the  irreoacible  self-energy  are  essential 
for  an  adequate  description  of  ionization  and  electron  attachment  processes.  The 
coupling  between  the  two  parts  of  2  is  achieved  through  Dyson's  equation  that 
subsequently  has  to  be  solved  to  obtain  the  single-particle  Green's  function.  This 
way  both  ionization  potentials  and  electron  alfinities  are  obtained  from  a  single 
equation  and  this  may  be  considered  the  main  characteristic  of  current  Green's 
function  methods  as  applied  to  calculate  quantities  of  spectroscopic  interest. 

Because  of  the  similarity  of  the  diagrammatic  perturbation  series  for  G  and  2 
the  question  arises  if  one  could  not  define  separate  equations  for  the  ionization  and 
the  attachment  part  of  G  directly  instead  of  2  and  skip  Dyson's  equation  altogether. 
Such  a  scheme  can  only  be  useful  if  both  parts  of  the  irreducible  self-energy  are 
present  in  either  resulting  part  of  G.  This  is  the  starting  point  for  the  present  in¬ 
vestigation. 

To  arrive  at  decoupled  equations  for  the  respective  parts  of  the  single  particle 
Green's  function  we  start  from  the  connected  diagram  perturbation  series  for  G(a’). 
The  decoupling  of  the  ionization  from  the  attachment  part  of  Gla  )  is  trivially 
achieved  by  considering  only  those  time-ordered  diagrams  in  which  the  (external ) 
annihilation  operator  acts  before  the  creation  operator.  The  corresponding  frequency 
dependent  diagrams  constitute  the  perturbation  series  for  the  ionization  part  of 
G(w).  .Analyzing  this  perturbation  scries  and  taking  it  apart  we  identify  a  number 
of  u,’-dependent  connected  excitation  operators  and  define  them  in  terms  of  their 
diagrammatic  perturbation  series.  Then,  using  essentially  the  techniques  of  Coupled 
Cluster  theory  (10-15],  diagrammatic  equations  are  presented  that  define  these 
operators  in  a  recursive  way.  In  the  final  step  the  diagrammatic  perturbation  series 
that  determines  G(a;)  is  reconstructed  in  terms  of  the  w-dependent  cluster  operators. 
The  d  jrammatic  approach  advocated  here  is  potentially  exact.  Approximations 
are  introduced  by  neglecting  connected  excitation  operators  from  a  certain  excitation 
level  onwards.  The  truncr  v."*  diagrammatic  equations  then  determine  a  partial 
infinite  set  of  perturbation  diagrams,  which  defines  the  approximation  to  the  single¬ 
particle  Green's  function. 

Having  established  the  diagrammatics  of  the  Coupled  Cluste.  Green's  function 
((  C  Cil  )  approach  we  proceed  to  translate  the  diagrammatic  equations  into  algebra. 
From  the  algebraic  equations  it  wdl  transpire  that  the  c  rGK approach  is  intrinsically 
related  to  Coupled  Cluster  Linear  Response  Theory',  c  ct.R  i  ,  [  16-23).  also  known 
as  C(  equation  of  motion.  ( (  -roM  118.20.21].  CC'l.R  r  in  turn  has  been  shown  to 
be  related  to  the  Fock  Space  Multi-Reference  Coupled  Cluster  method  [24 -'>6]  or 
open  shell  CX'  ( 24,25  ]  which  presently  is  under  strong  development  [  27-30] .  The 
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c  <.  IRT  equations  tor  the  principal  ioni/ation  poteniiais  and  electron  athnitics  can 
be  shown  to  be  equivalent  to  the  equations  that  derixe  tVoni  the  one-valence  sectors 
of  Fock  Space  mr-((  [31.o2JK]. 

The  diagrammatic  Green's  function  approach  presented  here  prov  ities  an  alter¬ 
native  derivation  ot  he  (  ('i  Rl  equations  and  elucidates  the  intimate  relation  be¬ 
tween  Green's  functions  and  Linear  Response  in  the  context  of  Coupled  Cluster 
theorv.  An  advantage  of  the  present  presentation  is  that  the  derivation  follows  verv 
natural  lines  once  the  perturbative  diagrammatic  content  of  the  u,'-dependent  con¬ 
nected  excitation  operators  is  established.  In  a  previous  derivation  oft  t  i  K  i  choices 
that  were  made  in  the  proce.ss  were  mentioned  expliciilv  [20.2 1  [.  .Also  the  connection 
with  Green's  function  methods  remains  clear  due  to  the  diagrammatic  point  of 
view.  On  the  other  hand  algebraic  methods  show  clearly  how  the  equations  can  be 
cast  in  a  tractable  computational  scheme  and  allow  an  easv  interpretation  of  the 
equations.  For  this  latter  purpose  the  equation  of  motion  derivation  of  C  (  i  Ri 
[  1  X.20.2 1  ]  is  particularly  useful.  We  will  consider  the  i:< )M  derivation  and  elaborate 
on  these  equations  in  relation  to  ('(  (it  in  order  to  arrive  at  equations  for  Feynman- 
Dyson  transition  amplitudes  and  consequently  ground-state  properties  that  derive 
from  the  Coupled  Cluster  Green's  function.  ,\t  this  point  contact  is  made  with  the 
Normal  Coupled  Cluster  Method  (nccm).  [.LC.34]  which  allows  evaluation  of 
ground-state  expectation  values  in  a  (  (  framework.  The  t  ( (it  can  then  be  regarded 
as  the  Fourier  tran.sform  of  a  time-dependent  expectation  value  w  ithin  the  Net  m 
formalism. 


The  Single-Particle  Green's  Function 


We  assume  a  finite  dimensional  Fock  space,  that  is  defined  through  a  suitable 
set  of  orthonormal  spin  orbitals  and  if  we  refer  uv  ‘'exact"  results  this  applies  to  the 
finite  v  ector  space  considered.  The  sy  stem  of  interest  consists  of  a  number  of  pos¬ 
itively  charged  nuclei  at  fixed  positions,  and  A' electrons,  fhe  Fock  space  Hamil¬ 
tonian  is  given  by 
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F\\  -1 
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(  I  ) 


I  'w  is  the  nuclear  repulsion  term.  denotes  the  .sum  of  the  matrix  elements  of 
the  kinetic  energy  and  nuclear  attraction  operators,  while  I  ’,.,,,  are  two  electron 
integrals  in  ‘'1212''  notation.  cV,,  and  are  creation  and  annihilation  operators 
with  respect  to  the  one-particle  basis  functions. 

The  single-particle  Green'.s  function  (or  matrix  )  is  defined  by  [L.l.x  j 

-  /< !'Ki>  .  (2) 

Here  i'l'n  /  is  the  exact,  normalized  groundslale  of  the  V-particle  system  under 
consideration,  fJ*,( /')  denote  annihilation  and  creation  operators  in  the  Hei¬ 

senberg  picture  and  I'l  •  •  •  I  is  the  Wick  time-ordering  operator,  1  he  components 
of  the  frequency  dependent  single-particle  Green  s  function. 
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expressed  in  their  spectra!  representation  read 
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where  we  suppressed  the  usual  convergence  factors  ±ir].  which  are  unimportant  in 
this  work.  Vertical  ionization  energies  and  electron  attinities  are  derived  from  the 
pole-positions  of  G(a.),  while  the  Feynman- Dyson  transition  amplitudes 
"U?,,  I  and  so  forth  can  be  obtained  from  the  corresponding  residues. 
The  single-particle  Green's  function  also  contains  detailed  information  concerning 
the  groundstate.  Both  the  one-particle  reduced  density  matrix  and  the  total  ground- 
stale  energy  can  be  obtained  by  taking  appropriate  contour  integrals  that  enclose 
the  ionization  potentials  [35]. 

To  arrive  at  a  perturbation  expansion  for  the  single-particle  Green's  function, 
the  Hamiltonian  is  partitioned  as 
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where  we  assume  a  representation  in  canonical  Hartree-Fock  orbitals.  The  operators 
we  use  are  always  written  in  normal  order  with  respect  to  1 4>ii).  the  Hartree-Fock 
determinant.  The  use  of  Hartree-Fock  orbitals  ensures  that  the  one  particle  per¬ 
turbation  in  norma!  order  vanishes  identically,  and  this  reduces  considerably  the 
number  of  perturbative  contributions  (diagrams)  that  have  to  be  taken  into  account, 
I  he  perturbation  expansion  of  the  .single-particle  Green's  function  is  treated  in 
many  textbooks.  ( for  example.  Ref.  [35]).  and  the  result  can  concisely  be  written 
as 
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which  after  invoking  the  Linked  Cluster  Theorem  reads 
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All  operators  arc  now  given  in  the  interaction  representation.  The  perturbation 
expansion  of  cs  ihc  txTturbation  expansion  of  the  evolution  operator, 

expressed  formally  as 
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{-.quation  (  7  I  is  rcprcsenled  diagram nialicall>  by  the  sum  uver  at)  :opoli)gieall> 
distinct,  closed,  connected  diagrams,  that  K'sidcs  interactii>ns  ( represi'iited  by  wiggly 
lines)  contain  two  external  points  labeled  /'  and  </.  We  represent  these  external 
points  by  crosses  connected  by  a  da.shed  line  that  runs  from  />  to  i/.  l  y  pical  examples 
of  contributing  diagrams  are  given  in  I'igure  1.  Hach  nth  order  I  eynman  diagram 
(containing  n  interactions )  gives  rise  to  ( //  +  2 )!  dilterent  time-orderings  or  (iold- 
stonc  diagrams  (.76j.  Time  runs  upwards  in  these  diagrams.  I'he  vliagrams  can  Ix' 
divided  in  two  distinct  classe,s,  according  U)  the  lime  ordering  of  the  external  points. 
If  /  >  /'then  dll  i')  acts  before  d,A  t )  and  the  diagram  contributes  to  the  attachment 
pan  of  G, /').  The  dashed  line  points  downwards.  If  /  <  /'  then  ii,.(t)  acts  first 
and  the  diagram  contributes  to  the  iom/ation  part.  These  diagrams  are  characteri/ed 
by  a  dashed  line  that  points  upwards,  fliis  partitioning  of  diagrams  remains  valid 
if  the  internal  time  integrations  and  the  Fourier  transform  ofG,,„(/.  /' )  are  performed. 
It  follovss  that  the  ionization  part  of  u?)  is  given  by  the  sum  over  all  time- 
ordered  diagrams  where  the  da.shed  line  points  upwards. 

The  diagrams  arc  evaluated  according  to  the  usual  rules,  as  given  for  example 
in  Cederbaum  and  Domcke  [  1  ] .  With  regard  to  this  article  the  most  important  rule 
concerns  the  energy  denominators;  With  each  level  ( between  each  two  interactions, 
between  an  interaction  and  an  external  point,  etc.)  there  is  associated  an  energy 
denominator  which  reads 

S  T  “  e„(  a;wT  ( d ) 

/  ti 

The  sum  over  i  runs  over  all  hole-lines  (directed  downwards),  that  are  present  at 
this  level.  The  sum  over  a  runs  likewise  over  all  particle  lines  (directed  upwards). 
The  u-’-contribution  is  present  if  the  dashed  (or  a;-  )  line  cuts  the  level  considered, 
entenng  with  a  minus  sign  if  the  line  points  upward,  with  a  plus  sign  otherwise. 
Another  important  rule  says  that  a  minus  sign  should  be  added  for  each  hole-line, 
and  for  each  closed  loop  in  the  diagram.  In  this  connection  it  should  be  mentioned 
that  the  dashed  w-line  is  not  treated  as  a  real  line  in  the  algebraic  evaluation  of 
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these  diagrams  in  the  sense  that  it  cannot  make  a  loop  closed,  it  does  not  contribute 
to  the  number  of  hole  lines,  nor  does  it  inlluence  the  degree  of  connectedness  of  a 
diagram.  The  dashed  line  is  mereK  a  help  to  the  c>e  to  facilitate  the  evaluation  of 
the  diagram,  in  particular  the  a.'-dependence  of  the  denominators.  We  will  see  shortlv . 
however,  tliai  the  dashed  line  plays  a  crucial  role  in  this  vsork. 

Derivation  of  the  Coupled  Cluster  .Approach 
to  the  Single-Particle  Green's  Function 

C  '/tistiT  l'..\pa>i.st(>n  ()/  ihc  Sini^lc-Pariiclc  (ireen  's  Fuiu  iion 

Diagranimatics.  From  now  on  we  restrict  ourselv  es  to  the  ionization  part  of  the 
single-particle  Green's  function.  G'/ju-).  that  is  represented  by  those  perturbation 
diagrams  contributing  to  G(u; )  in  which  the  u.'-)ine  points  upwards.  The  derivation 
for  the  attachment  part  would  be  completely  analogous.  Let  us  first  sketch  briefly 
what  we  intend  to  do.  To  analyze  the  diagram  series  that  determines  Gfo;)  we 
consider  an  arbitrary  diagram  and  cut  off  a  number  of  its  top  levels  (interactions 
or  external  points).  W'hat  remains  is  a  diagram  that  has  tree,  open  lines  emerging 
at  the  top.  Such  a  diagram  corresponds  to  an  operator  [10-14],  Different  types  of 
operators  will  be  distinguished,  depending  on  the  presence  and  the  position  of  the 
dashed  a.'-line  and  each  operator  is  defined  as  the  sum  over  all  perturbation  diagrams 
of  a  particular  form.  As  in  Coupled  Cluster  theory  all  operators  we  use  consist  of 
connected  diagrams  only. 

In  the  ne.xt  step  we  show  how  one  can  write  down  diagrammatic  equations  that 
determine  the  newly  defined  operators  in  terms  of  these  very  operators,  that  is. 
recursively.  Iterating  these  equations  generates  the  complete  diagrammatic  pertur¬ 
bation  series  for  each  operator.  The  single-particle  Green's  function  is  written  in 
terms  of  these  operators,  analogous  to  the  correlation  energy  in  Coupled  Cluster 
theory. 

in  this  .section  the  identifications  we  make  are  purely  diagrammatical  and  we 
will  not  give  a  phy  sical  interpretation  of  the  associated  operators.  In  the  following 
sections  the  resulting  diagrammatics  is  translated  into  algebra,  which  is  discussed 
in  detail  subsequently  and  the  connections  with  C'f  i.RT  and  NCCM  are  made. 

To  arrive  at  the  desired  operators  we  proceed  as  follows.  Take  an  arbitrary  diagram 
contributing  to  G(u.’)  and  mentally  cut  it  across  a  horizontal  line  between  two 
successive  vertices.  Now  consider  only  the  part  ( diagram)  below  the  horizontal  cut. 
I  his  part  consists  in  general  of  a  number  of  mutually  disconnected  parts,  which 
are  internally  connected,  open  from  above  ( there  are  free  lines  emerging  at  the  top 
of  each  disconnected  part),  and  closed  from  below  (there  are  no  free  lines  at  the 
bottom  of  the  disconnected  parts).  Of  course  the  part  of  the  diagram  below  the 
hy  pothetical  horizontal  may  also  consist  of  only  one  connected  part. 

,A  few  remarks  on  nomenclature  are  appropriate  here  (Cf.  Lindgren  [11]).  A 
disconnected  ( internally  connected )  part  is  just  one  piece  in  the  diagram.  Free  lines 
only  occur  at  the  top  of  a  diagram  (due  to  our  stripping  off  the  top  part  of  the 
diagram)  and  they  correspond  to  creation  or  annihilation  operators,  that  generate 
excitations  out  of  the  reference  state  !  'F,, ; ,  Free  lines  directed  downward  and  going 
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Figure  2.  Diagrammatic  representation  ofu-'-independent  connected  (Coupled  Cluster) 

operators  7'. 


into  the  diagram  create  a  hole  in  |<l>o)  (operator  d,).  free  lines  directed  upward 
and  leaving  the  diagram  create  a  particle  (operator  da).  Here  and  in  the  sequel  we 

will  refer  to  holes  through  the  labels  ij,  k . to  particles  with  a,  h,c . while 

p,  q,  r,  s  are  used  for  arbitrary  spin  orbitals.  Lines  that  are  not  free  but  run  from 
one  vertex  to  another  are  called  internal.  The  term  open  means  that  the  diagram 
contains  free  lines  and  corresponds  to  an  operator  (of  panicle-rank  higher  than 
zero).  A  closed  diagram  is  a  diagram  without  free  lines  and  corresponds  to  a  constant. 
G(  cu),  the  quantity  of  interest  consists  of  closed  diagrams  only.  We  note  that  the 
external  points,  represented  by  crosses,  and  indicating  the  particular  matrix-element 
of  G(a;)  that  is  involved,  are  not  free  lines  associated  with  an  operator. 

Now  let  us  classify  the  disconnected  parts  that  are  obtained  by  applying  the 
hypothetical  horizontal  cut.  A  disconnected  part  may  or  may  not  contain  the  dashed 
w-line.  If  it  does  not  contain  the  dashed  line  it  has  diagramatically  the  same  form 
as  a  contribution  to  a  connected  cluster  operator  familiar  from  the  Coupled  Cluster 
formalism.  These  are  the  first  type  of  building  blocks.  The  cluster  operators  are 
given  by  the  sum  over  all  possible,  topologically  distinct  connected  diagrams  with 
one  (Ti),  two  (fz),  and  so  forth,  pairs  of  free  lines  emerging  at  the  top  of  the 
diagram,  where  each  pair  consists  of  a  particle  and  a  hole  line  [10-14],  Diagram- 
matically  the  various  7 -operators  are  given  in  Figure  2,  where  the  rectangular  boxes 
symbolize  a  sum  over  all  possible  connected  “paths”  leading  to  the  free  lines  as 
indicated. 

The  second  possibility  is  that  the  disconnected  part  does  contain  the  dashed  line. 
Here  we  distinguish  two  subcases. 

(a)  The  w-line  emerges  at  the  top  of  the  disconnected  part.  At  this  point  one  of 
the  external  indices  ofG,»y(a;)  is  specified  (/?  if  the  w-line  runs  upwards).  The  diagram 
is  a  contribution  to  a  new  type  of  operator,  denoted  as  5''’’(<i;).  Analogous  to  the 
T-operators  we  have  .S’i^’(aj),  S‘{\w),  and  so  forth,  symbolized  by  a  box  with  1, 
2,  and  so  forth,  pairs  of  lines  emerging  at  the  top,  where  one  of  the  pairs  contains 
the  dashed  line  (see  Fig.  3).  These  diagrams  correspond  to  ft,  2hp,  and  so  forth. 


S  '  >  S  l(t>i  .S 


Figure  F  Diagrammalie  representation  of  oa-dependent  connected  operators  .V'''’(u;). 
that  generate  t  .V  i  )  particle  states  when  operating  on  |i>n/.  The  dashed  line  is  external. 
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Figure  4.  Diagrammatic  representation  of  u;-depenilcnt  connected  operators  y<'''''(u:). 

The  dashed  line  is  internal. 


ionization /excitation  operators  assuming  that  the  ce-Iine  is  directed  upwards.  The 
box  symbolizes  again  the  sum  over  all  connected  perturbation  diagrams  leading  to 
the  emergence  of  the  free  lines  as  indicated. 

(b)  The  w-line  is  an  internal  line.  At  this  point  both  external  points  (i.e.,  the 
matrix  element  considered)  of  G,,„(a;)  are  specified  and  we  denote  the  associated 
operator  as  R  "’‘'’(cc),  distinguishing  single,  double,  and  so  forth,  excitation  oper¬ 
ators.  The  corresponding  diagrams  are  given  in  Figure  4.  The  box  symbolizes  the 
sum  over  all  "connected”  perturbation  diagrams  with  an  internal  cc-line.  with  free 
lines  at  the  top  of  the  diagram  as  indicated.  (The  term  connected  has  a  slightly 
dift'erent  meaning  here  as  will  be  explained  below). 

A  general  diagram  contributing  to  G,vy(w)  is  given  in  Figure  5.  By  successively 
drawing  hypothetical  horizontal  lines  between  interactions  one  obtains  mutually 
disconnected  parts  that  are  internally  connected  and  which  are  all  of  one  of  the 
above  forms  7'.  5''”{w).  or  It  will  be  clear  that  any  disconnected  part 

constructed  in  the  above  way  can  always  be  classified  as  a  contribution  to  one  and 
only  one  of  the  above  operators.  In  Figure  5  it  is  also  illustrated  how'  both  the 
ionization  and  the  attachment  part  of  the  irreducible  self-energy  enter  the  ionization 
part  of  G  which  is  known  to  be  essential  for  an  adequate  description  of  ionization 
processes.  The  diagram  in  Figure  5  is  reducible  as  it  falls  apart  if  one  cuts  the  line 
that  is  present  at  the  level  of  the  single  5'/’’(w)  operator.  The  part  below'  this  cut 
contains  a  fourth-order  contribution  to  the  ionization  part  of  2.  while  in  the  part 
above  the  S'/  ’( w  )  level  one  identifies  a  third-order  contribution  to  the  attachment 
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rigure  5.  A  general  ( sc'cnih-ordcr )  diagram  contributing  to  Hypothetical  hor- 

i/onlal  lines  are  drawn,  and  the  parts  below  these  hori/onia!  cuts  arc  identified  as  contri- 
bulions  to  operators  7  .  or  ofdchnilc  eseilation  level. 
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Figure  6.  First-order  contribution  o  Wc  define  this  diagram  to  be  connected, 

treating  the  dashed  line  as  an  ordinars  line  in  this  respect. 


pan  of  2.  The  attachment  part  of  2  enters  in  our  CC  description  through  nonlinear 
terms  like  5?  and  inclusion  of  these  terms  is  hence  a  crucial  ngredient  of 

the  CCGF  approach. 

The  perturbation  diagrams  that  contribute  to  the  operators  T.  S'‘’Ha}).  or  a.') 
can  be  evaluated  algebraically  combining  the  rules  for  uj-independent  operators 
that  are  given  for  example  in  Lindgren  [11],  with  the  familiar  rules  for  the  w- 
dependence  of  the  denominators  [1],  There  are  some  subtleties,  however,  in  con¬ 
nection  with  the  operator  that  we  will  address  now. 

(i)  Consider  the  diagram  given  in  Figure  6.  This  diagram  consists  of  two  dis¬ 

connected  parts,  but  by  adding  interactions  and  closing  the  diagram,  such  that  it 
becomes  a  diagram  that  contributes  to  G(w).  these  parts  will  always  get  connected. 
The  parts  cannot  be  closed  separately  because  each  of  these  parts  contains  an  odd 
number  of  free  lines.  This  notion  is  completely  general.  Diagrams  like  Figure  6 
occur  if  we  apply  the  hypothetical  horizontal  cut.  and  we  include  such  contributions 
in  the  definition  of  the  operator  It  follows  that  if  we  extend  the  notion 

of  connectedness  by  treating  the  w-line  as  an  ordinary  line  that  may  connect  two 
disconnected  parts,  the  operator  R  w)  is  ^ven  by  the  sum  over  all  open  connected 
diagrams  with  an  internal  w-line. 

(ii)  Consider  next  the  diagrams  in  Figure  7.  Both  diagrams  contribute  to 
R  '/“’(w’).  If  we  add  an  extra  interaction  to  this  operator,  as  in  Figure  8.  we  close  a 
loop  in  Figure  8(a).  but  not  in  8(b).  So  the  algebraic  rules  for  propagating  the 
operator  /?'''‘'’(aj)  are  not  unambiguously  defined.  We  resolve  this  ambiguity  by 
adding  one  extra  rule  to  evaluate  the  diagrams.  The  w-line  is  treated  just  like  an 
ordinary  line  in  the  sense  that  we  assign  a  minus  sign  also  to  those  loops  that 
contain  the  w-line.  On  the  other  hand  we  add  an  extra  minus  sign  to  any  diagram 


Figure  7.  Firsl-order  c.inlributions  to  (a)  The  dashed  line  is  pari  of  a  closed 

loop:  ( b )  The  dashed  line  is  pan  of'an  open  line  connecting  the  tree  lines  at  the  top 
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Figure  8.  The  rules  for  propagating  the  operator  w)  are  not  unambiguously  defined. 

In  Fig.  8(a)  a  loop  is  closed,  in  Fig.  8(b)  no  loop  is  closed. 

that  contains  the  w-line  as  an  internal  line.  Since  the  perturbation  series  for  G(aj) 
only  contains  closed  diagrams  where  the  tu-line  is  both  internal  and  part  of  a  ( non¬ 
existent)  loop  the  extra  minus  signs  correctly  compensate  each  other.  This  extra 
rule  resolves  the  ambiguity  noted  in  Figure  8  as  now  a  loop  is  closed  in  both  cases. 
Also  the  diagrams  in  Figure  7  differ  in  sign  using  the  new  rule,  which  is  correct  as 
diagram  7(b)  is  an  exchange  diagram  of  Figure  7(a). 

Summarizing  we  treat  the  w-line  as  an  ordinary  line  in  the  sense  that  it  may  close 
a  loop,  and  it  may  connect  two  disconnected  parts.  If  the  w-line  is  internal  an 
additional  minus  sign  is  included  in  the  algebraic  expression  corresponding  to 
the  diagram. 

The  perturbative  diagrammatic  definition  of  the  operators  allows  us  to  write 
down  diagrammatic  equations  for  the  operators  directly.  This  can  be  understood 
if  we  strip  off  the  topmost  interaction  (or  external  point)  of  an  arbitrary  diagram 
contributing  to  a  particular  operator  and  analyze  the  remainder.  This  remainder 
of  course  consists  again  of  contributions  to  the  previously  defined  operators.  To 
derive  the  diagrammatic  equations  we  proceed  in  the  reverse  way.  A  particular 
operator  can  be  formed  by  connecting  a  number  ( possibly  zero)  of  building  blocks 
(operators)  to  the  topmost  interaction  element  (or  external  point)  such  that  the 
total  diagram  has  the  structure  of  the  particular  operator  under  consideration.  As 
each  building  block  symbolizes  a  sum  over  all  perturbation  diagrams  of  a  particular 
form  the  equations  are  exact  if  all  possibilities  of  constructing  the  operator  are 
exhausted.  This  means  that  for  A'-electron  systems  up  to  .^’-fold  connected  excitation 
operators  of  the  various  types  have  to  be  included.  The  equations  have  a  recursive 
character  because  a  building  block  beneath  the  topmost  interaction  may  be  of  the 
same  type  as  the  operator  under  consideration.  The  factorization  theorem  ( Frantz 
and  Mills  [37])  ensures  that  automatically  all  relative  time  orderings  between  dif¬ 
ferent  disconnected  parts  are  taken  into  account  by  the  above  procedure.  Hence 
iterating  the  diagrammatic  equations  generates  the  complete  perturbation  series  for 
each  operator. 

In  practice  the  equations  have  to  be  decoupled  by  neglecting  high-level  connected 
excitation  operators  and  iteration  of  the  diagrammatic  equations  then  generates  a 
partial  infinite  set  of  perturbation  diagrams. 

To  avoid  the  plethora  of  terms  that  is  usually  obtained  if  diagrams  are  drawn  in 
full  detail,  we  only  indicate  which  diagrams  contribute.  This  is  sufficient  for  the 
definition  and  understanding  of  the  equations.  Detailed  algebraic  expressions 
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(working  equations)  can  be  obtained  by  expanding  the  diagrammatic  equations 
and  evaluating  the  resulting  diagrams  according  to  the  rules. 

To  draw  the  diagrams  we  make  use  of  the  operator  C  =  ,  the  wave  operator 

in  Coupled  Cluster  theory  .  C  is  as  usual  partitioned  in  operators  generating  single, 
double,  and  so  forth,  excitations  out  of  i4>,)).  The  C  operators  are  represented  by 
shaded  boxes  w  ith  pairs  of  particle  hole  lines  emerging  at  the  top  and  they  are  easily 
expressed  in  /’-operators diagrammatically  (Fig.  9). 

A  second  (and  related)  reduction  in  the  number  of  diagrams  is  obtained  if  the 
lines  in  the  diagrams  are  not  explicitly  connected,  but  only  the  structure  of  the 
contributing  diagrams  is  indicated.  In  the  diagrams  we  consider  there  are  free  lines 
emerging  at  the  top  of  the  diagram  (one  line  may  be  dashed)  that  indicate  the 
excitation  level  of  the  operator  ( which  may  be  zero  if  the  diagram  is  closed  from 
above).  There  is  an  energy  denominator  associated  with  the  free  lines  and  this  is 
indicated  by  a  dashed  horizontal  line  in  the  diagrams.  Beneath  the  free  lines  is  the 
top  vertex  which  is  considered  to  be  a  two-particle  interaction  in  normal  order  with 
respect  to  or  an  external  point.  Beneath  the  vertex  there  may  be  0.  1,  or  2 
operators.  At  most  one  of  the  operators  contains  the  dashed  line  and  corresponds 
to  an  S'^’Ho;),  or  /?*'’“'’(  w)  operator.  Also  there  may  be  a  C-type  operator,  which 
can  be  expanded  in  r-operators  if  desired.  The  expansion  of  the  C-operator  in  f- 
operators  is  crucial  in  the  ultimate  evaluation  of  the  diagrams  as  they  determine 
whether  the  diagrams  are  connected.  The  total  number  of  amnecied  operators  be¬ 
neath  the  interaction  is  at  most  four.  In  the  diagram  the  lines  are  not  yet  connected 
to  the  interaction,  nor  identified  with  free  lines  at  the  top  and  we  use  the  subscript 
C  to  indicate  that  only  connected  diagrams  are  to  be  included. 

Figures  10  to  12  represent  the  diagrammatic  equations  that  determine  the  op¬ 
erators  f,  and  /?'^‘'’(w)  up  to  two-fold  excitation  level.  The  diagrammatic 

equations  have  a  hierarchical  structure  and  have  to  be  solved  in  succession.  Figure 
10  represents  the  Coupled  Cluster  equations  and  contains  /-operators  only.  The 
equation  for  5''"Hu!)  contains  both  /'-  and  5''’*( w)-operators.  Hence  to  solve  for 
5‘'’’(w')  requires  knowledge  of  t.  /?'^’"*(«)  (Fig.  12)  depends  on  /’and  5‘'’’(w), 


F  ipurc  V  Diagrammatic  representation  of  the  relation  <  e' .  and  (\  are  rep¬ 

resented  h>  shaded  btixes. 
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Figure  10.  Compact  representation  of  diagrammatic  recursion  relations  for  t.  An  inter¬ 
action  with  a  C  attached  to  it  denotes  the  sum  over  all  topologically  distinct  connected 
diagrams  of  the  indi''ated  form,  (a)  equation  for  7  , .  (b)  equation  for  Tj. 


SO  this  equation  can  be  solved  only  after  the  equations  that  determine  f  and5‘'’’{aj) 
have  been  solved. 

The  equations  for  the  different  components  of  an  operator  [e.g.,  f , ,  Fig.  10(a), 
and  tz.  Fig.  10(b)]  are  strongly  coupled.  Such  equations  are  always  treated  together 
and  they  are  considered  one  equation  in  the  following  sections. 

In  Figure  1 3  ( the  ionization  part  of)  G,„,(  w )  is  constructed  in  terms  of  the  above 
building  blocks  f,  and  oj.  This  equation  for  G,.,^(w)  is  derived 

in  the  same  manner  as  the  operator  equations.  Strip  off  the  topmost  vertex  (inter¬ 
action  or  external  point)  of  an  arbitrary  diagram  contributing  to  G/^/oj)  and  analyze 
the  remainder.  The  various  contributions  are  easily  classified  as  given  in  Figure  1 3. 

In  Figure  14  it  is  illustrated  how  the  equations  can  be  expanded  in  detailed 
diagrams  that  can  be  evaluated  with  the  usual  diagram  rules  [1,10-14], 
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Figure  1 1 .  Diagrammatic  recursion  relations  for  5''’*(u>).  (a)  Equation  for  The 

first  two  diagrams  correspond  to  the  initialization  of5',‘”(a;).  where  the  dashed  line  emerges 
from  the  external  point.  The  other  diagrams  denote  the  propagation  of  5''’’(u))-operators 
to5’i^’(u:).  (b)  Equation  forS2^’(u).  The  first  term  corresponds  to  initialization,  the  others 

to  propagation. 


Figures  1 0  to  1 3  constitute  the  diagrammatic  representation  of  the  Coupled  Cluster 
approach  to  the  single-particle  Green’s  function.  We  end  our  discussion  of  the 
diagrammatics  of  the  CCGF  with  an  account  of  the  Coupled  Cluster  aspects  of  the 
approach. 

(i)  The  operators  we  use  are  all  connected. 

( ii )  In  the  diagrammatic  definition  of  the  operators,  the  free  lines  emerge  at  the 
top  of  the  diagrams.  All  interaction  lines  occur  beneath  the  endpoints  of  the  operator 
lines,  and  consequently  all  operator  lines  end  at  the  same  level.  Hence,  if  a  certain 
perturbation  diagram  is  included  in  the  definition  of  an  operator  it  does  not  mean 
that  every  different  time-ordering  of  this  diagram  is  included  in  the  perturbation 
series  for  this  operator  as  well.  We  stress  that  there  is  a  choice  here.  One  might 
alternatively  conceive  of  an  approach  where  operators  are  defined  in  terms  of  Feyn- 
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Figure  12.  Diagrammatic  recursion  relation  for  operator  (a)  Equation  for 

R\'^\w).  In  the  first  three  diagrams  the  u)  line  runs  into  the  c.sternal  point,  initializing  the 
operator  The  other  diagrams  correspond  to  propagation,  (b)  Equation  for 

R'f\w).  Contributions  1-4;  initialization.  Contributions  5-8:  propagation. 


man  diagrams,  with  no  restriction  on  the  time-orderings  included.  This  would  be 
in  line  with  the  original  time-dependent  perturbation  theory  and  the  concept  of 
Green's  functions.  However,  the  use  of  time-ordered  diagrams  is  essential  to  de¬ 
couple  the  ionization  and  attachment  parts  of  the  Green's  function.  It  also  allows 
us  to  concentrate  on  the  topmost  vertex  to  generate  rather  simple  diagrammatic 


Figure  1.T  The  construction  of  G„{u)  in  terms  ofd^,  and  t. 
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Figure  14.  Example  of  expansion  of  one  of  the  compact  diagrams  contributing  to 
Using  nondegenerate  <not  antisymmetric)  vertices  for  both  the  interaction  and 
/’-operator,  this  single  diagram  corresponds  to  eight  distinct  contributions. 


recursion  relations.  The  restriction  on  time-orderings  included  gains  relevance  if 
approximations  are  introduced.  For  example  a  diagram  that  contains  a  contribution 
(in  the  sense  of  Fig.  6)  from  7'2-52'’'(w)  might  contain  a  contribution  from 
in  another  time-ordering  of  the  diagram.  This  diagram  containing  an 
S3^'(cc)-contribution  might  then  be  excluded  from  the  partial  infinite  perturbation 
series  that  defines  the  approximation  to  Gp^iw). 

(iii)  Although  perturbation  theory  is  the  starting  point  for  our  approach  the 
final  equations  are  independent  of  the  partuioning  of  the  Hamiltonian  in  a  zeroth- 
order  order  and  perturbed  part.  This  svill  be  evident  once  the  algebra  of  the  equations 
is  discussed. 

The  above  notions  are  characteristic  for  the  Coupled  Cluster  nature  of  our  ap¬ 
proach. 

The  diagrammatic  equations  that  determine  the  Coupled  Cluster  operator  t 
( Fig.  1 0 )  are  usually  presented  in  a  different  way.  In  the  perturbative  type  of  diagrams 
we  use  there  is  an  energy  denominator  associated  with  the  lines  above  each  inter¬ 
action  (if  any)  and  all  interaction  elements  correspond  to  F  (instead  of  H).  We 
stress  that  it  is  precisely  the  use  of  these  perturbative  type  diagrams,  together  with 
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their  Feynman-like  interpretation,  that  permits  us  to  write  down  the  diagrammatic 
equations  directly.  No  algebraic  equation  is  needed  to  define  the  diagram  series. 
Nowadays  the  common  route  to  Coupled  Cluster  theory  derives  from  algebra.  It 
is  straightforward  to  show-  how  the  perturbative  approach  follows  from  the  con¬ 
ventional  Coupled  Cluster  equation.  We  will  brietly  refle*  t  on  the  relations  between 
the  diagrammatic  Coupled  Cluster  equations  and  their  Jgebraic  counterparts.  This 
also  serves  to  introduce  some  convenient  notation. 

We  use  capitals  /  and  to  denote  ordered  strings  of  hole  and  particle  labels, 
respectively. 

/  =  { i|.  D . 4  1 .  i|  <  T  <•  •  •  <  h 

.•1  =  {  . ,  cii  <  a2  <  •  •  ■  <  ch  .  (10) 

The  strings  I  and  .1  are  nonempty  and  have  equal  length.  The  cluster  operator  is 
written 

T'=  z  n' =  S  .  on 

/..I  /..I 

where  tl  /  is  a  string  of  quasi-particle  (or  g-)  creation  operators. 

tl  j*  =  ■  •  •  dl,d„ ) ,  (12) 

which  generates  excitations  out  of  )4>o); 

«/l<l>o>  =  (O) 

The  amplitude  corresponding  to  this  excitation  operator  is  given  oy  l  ' .  Of  course 
the  operator  f  is  usually  truncated,  for  example,  to  one  and  twofold  excitation 
operators.  This  is  not  essential  in  the  theory  and  we  will  not  further  specify  the 
sum  over  /  and  A.  The  projection  used  below  is  on  the  manifold  of  states 
{ 1$/ )}  that  have  a  nonzero  overlap  with  the  state  7'|4>()).  The  Coupled  Cluster 
equations  read 

He  ^  1  <l’o  >  =  ''  I  <!>„  >  <  4> ;  I  c  '  He '  |  <*>0  >  =  0  «=» 

(^1  \e  '  Hi)e'  -I-  e  'i’e'  14>o)  =  0  «=» 

-<ch;i[//o.  =  <<i>/|e 

=  ('h/H  Te'  }c  l4-„>.  (14) 

Here  E/  -  Ex  =  “  Suei  ««•  The  equations  can  also  be  given  at  an  operator 

level  as 


where  in  the  connected  product  {  Ve^  .j'  only  those  terms  contribute  that  corre¬ 
spond  to  the  substitution  operator  il  j.  This  operator  form  is  precisely  the  content 
of  the  diagrammatic  equations  given  in  Figure  10.  The  energy  denominator  asso¬ 
ciated  with  the  free  lines  at  the  top  of  the  diagrams  is  explicit  in  Eq.  (15).  In  this 
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derivation  we  used  the  familiar  substitution  e  ‘  I  'e’  -  {  l  'c‘  which  derives  from 
the  application  of  Wick’s  theorem,  see,  for  example.  Ref  [38). 

Algebraics  of  the  operator  Analogous  to  the  operator  the  operator 

is  written  as 

=  2  =  2  .  ( 16) 
/...I  I 

where  /*  is  an  ordered  string  of  hole  labels  ( of  length  >  1 )  and  .1  an  ordered  string 
of  particle  labels  (possibly  of  length  zero).  The  length  of  /.  exceeds  the  length  of 
A  by  one,  for  example, 

-  .V •'”/,( a.’ )!>/.  =  .v*'”v  •  •  •  J:,  /Ju  ,nj  (  17) 


S (o) )!<!>„>  =  |<I>o>  =  T'^'/,(a,)l<i>/.>  .  (  18) 

If  the  operator  is  expanded  up  to  A’-fold  excitations  (the  excitation  level 

being  defined  through  the  length  of  the  string  /, )  the  set  of  states  { !  )  }  is  complete 

in  the  (A’  -  1  )-particle  Hilbert  space. 

The  diagrammatic  equation  given  in  Figure  11.  that  defines  S*''’(a;)  recursively 
can  be  directly  translated  into 


^ ^  +  fdyu  .;' 

-  w  +  £/.  -  1 


The  energy  denominator  is  made  explicit.  The  first  term  on  the  right-hand  side 
corresponds  to  the  “propagation”  of  connect  S‘'’^(w)  to  a  F  interaction 

and  possibly  connect  T  operators  to  the  interaction,  too,  such  that  the  free  lines 
generate  the  ionization /excitation  U  -*  A.  The  second  term  generates  the  “ini¬ 
tialization”  of  w),  the  diagrams  in  Figure  1 1  where  the  w-line  emerges  directly 
from  the  external  point  p. 

Equation  (19)  can  be  rewritten  by  bringing  the  denominator  to  the  other  side 
and  writing  it  as  a  commutator  of  5’'’’f;(w)  with  //(,.  Then  we  let  both  sides  of  the 
equation  operate  on  |<Fo)-  This  does  not  change  the  content  of  the  equation  as 
A'^’(  w )  contains  only  ^-creation  operators.  In  the  next  step  we  sum  over  the  various 
S *'’’((»;) -components  and  project  against  (4>/,  j.  This  leads  to 

<4>/J  -  -  [//(),  A<'’'(a.)]|<J>o> 

=  <<!>/', \e-UlK  A''’'(w)]  +  a,)z’'  |<I>n>  (20) 

Here  we  also  used  that  each  component  of  S‘'’’( «)  consists  of  ^-creation  operators 
only,  and  the  fact  that  V  contains  an  even  number  of  construction  operators  to 
replace  the  connected  products  with  commutators  on  the  right-hand  side. 

If  one  uses  next  that  [//o,  A''’’(a))]  contains  (^-creation  operators  only  and  hence 
commutes  with  t  one  may  write 
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<  U  -  w )  -  «*  '  I  // .  5 ''”( u.' ) ]e ’ )  1  <l>„>  =  ^  <1- /.  i  'cli‘ '  1  ‘I’o  )  (21) 

where  Ho  and  I 'are  recollected. 

After  expanding  5‘'’’(w)  =  ■s''’^jAu3)ilj,  Eq.  (21 )  reads 

2  <<!>•/.  U'  -  (//.  t4>o>-v‘''’i'.(w) 

J..fi 

=  (H  \(e  'dy)\<^o)  (22) 

Define  the  matrix  A  with  elements 

<<!>;.  (2.1) 

and  the  vectors  b"’’  with  compcnents 

<<!>,-.  k  ' '  V' I  <bn>.  (24) 

Equation  (22)  for  the  coefficients  s''”(a))  then  transforms  into 

(-wl  -  A)s‘'’'(a,')  =  (25) 

which  can  be  solved  by  diagonalizing  A:  A  =  UAU  '  leads  to 

U(-wl  -  A)t'  's<'”(w)  =  b'^'  (26) 

or 

s'^'(w)  =  U(-wl  -  A)-'U''b'^’ .  (27) 

This  equation  deserves  further  analysis.  The  most  salient  feature  of  the  matrix  A 
is  that  it  is  nonsymmetric.  This  implies  that  the  matrix  U  is  nonunitary:  U  '  # 
U^  The  right  eigenvectors  of  A  are  accumulated  in  li.  while  U  '  contains  the  left 
eigenvectors.  The  eigenvalue  spectrum  is  the  same  for  both  types  of  eigenvectors. 

The  matrix  A  has  previously  been  derived  in  the  context  of  Coupled  Cluster 
Linear  Response  Theory  (CCLRT)  [16-23]  in  a  number  of  alternative  ways  and 
below  we  review  the  equation  of  motion  type  of  procedure  [18.20,21].  The  eom 
derivation  leads  directly  to  an  interpretation  of  the  quantities  A,  li,  C  and 
U~'b*^’  occurring  in  Eq.  (27)  and  shows  how  Feynman-Dyson  amplitudes  can  be 
extracted  from  the  formalism. 

Equation  of  motion  derivation  of  matri  x  A .  Let  us  use  a  shorter  notation  |4>>) 
to  denote  and  introduce  a  nonorthogonal  basis  for  the  (A'  -  I  [-particle 

Hilbert  space 

I  Ax)  =  en<*>x>  =  =  fixc'l-t-o)  =  (fl'i'cv)  (28) 

together  with  the  bra  states 

<A.I  -  ,  (29) 

which  are  dual  to  the  states  1  Ax)  in  the  sense  that 

<A.|Ax)  =  <«*'.k-k^|‘I>x)  =  <-i>.|4>x)  =  5.x 


(30) 
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S  |A\><.V.|  -  Z  t'' |4>x^<4>*U■  '  -  r'  (31) 

X 

The  set  of  states  { |  A'  x)  [  is  complete  if  the  set  of  states  |  |‘I>x)  1  is.  because  the 
operator  e''  is  nonsingular.  If  the  set  of  states  >  |  A'  x)  [  is  taken  to  be  incomplete. 
Eq.  (31)  denotes  a  nonorthogonal  projector  on  the  space  spanned  by  |  |  .V  x)  I .  The 
idempotency  of  the  projection  operator  follows  directly  from  the  bi-orthonormality 
relation  (30). 

Next  one  tries  to  find  (A  -  1 ) -panicle  eigenstates  t'l'!''  ")  by  expanding 

I ’'>  =  S  !A',x><.V,x  I ">-1'  1A'.X>C.X„ 

A  A 

(32) 

In  this  last  expression  one  recognizes  the  equation  of  motion  ansatz.  Using  that 
=  I'i'cc)  is  the  exact  groundstate.  the  eigenvalue  equation  for  state 
I  ")  can  be  written 

f  //.  z  cJ}X’  I  <!>..)  =  ( /■;  -  Eo )  Z  fx..  i  A'.x  >  .  ( 33 ) 


Projecting  against  (  A' .  i  =  <  4>.  I  e' '  one  finds 

S  (AK.  I  (>'[//.  «x]t’'  l«l'o>Cx,.  =  (/:..  - 


that  is. 


Ac^  = 


It  follows  that  the  expansion  coefficients  c.,  of  '  '*)  in  the  nonorthogonal  basis 
{ I  A’x)  I  are  obtained  as  the  right  eigenvectors  of  the  matrix  A.  The  eigenvalues  of 
A  correspond  to  the  energy  differences  E,  -  E„,  that  is,  ionization  potentials. 

This  equation  is  also  used  to  determine  energy  differences  in  case  1 4>o)  is  not 
an  exact  eigenstate  of  //.  In  that  case  the  eigenvalue  equation  for  '*>  and 
Eq.  (33)  are  not  equivalent.  The  use  of  the  ansatz  |  ”)  =  and  the  use 

of  the  commutator  to  arrive  at  the  equation  that  determines  the  energy  difference 
directly  is  characteristic  for  the  equation  of  motion  method.  Other  assumptions  in 
the  above  derivation  are  particular  of  the  method  and  various  alternatives  are  found 
in  the  literature  [20,21]. 

( i )  The  choice  of  the  operator  which  consists  of  ly-creation  operators  only. 

(ii)  The  Coupled  Cluster  form  of  the  (approximate)  ground-state  wave  function. 

(iii)  The  projection  on  the  states  <(3f.l  to  cast  Eq.  (33)  in  a  computationally 
tractable  form.  A  consequence  of  using  this  projection  is  the  absence  of  an  overlap 
matrix  on  the  right-hand  side  of  Eq.  (35). 

(iv)  The  operator  is  not  required  to  satisfy  the  killer  condition  =  0 

which  occurs  frequently  in  equation  of  motion  type  of  approaches.  This  is  related 
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to  the  parametrization  of  the  operator  O,  (point  i).  The  equation  O.i'jko)  = 
ISk,*,'  ")  determines  the  operator  (X  completely  and  there  is  no  freedom  left  to 
satisfy  an  additional  killer  condition  [39  j. 

We  note  that  the  above  specitications  arise  naturally  in  our  procedure  starting  from 
the  diagrammatic  perturbation  series  for  G(uj). 

We  now  continue  our  analysis  of  the  matrix  A  by  defining  bra-states,  which  are 
required  to  be  (.V  -  1  i-particle  eigenstates  of  II 

y.  ♦i'  '  *  I  =  V  (  "I  a; X  .V.  I  s  3  r4.  <  -V.  j  =  2  X.  <  ‘t>J  c  ''  ( 36 ) 

The  coefficients  d,  are  determined  such  that 

2  =  KA-.  (37) 


or  to  get  energy  differences 

2  d,,  <  <!> J  c  '  [  // .  \e '  !<!>„>  =  d^,  (  a;  -  )  ( 38 ) 

that  is.  d,.A  =  d.  AA’...  The  expansion  coefficients  d^  are  determined  as  the  left  ei¬ 
genvectors  of  the  nonsymmetric  matrix  A. 

As  the  vectors  d,,  and  c,.  are  the  left  and  right  eigenvectors  of  A  they  form  a  bi- 
orthogonal  set.  and  they  can  be  chosen  to  form  a  bi-orthonormal  set: 

d,  •  c„  =  5,^  ( 39 ) 

Similar  results  hold  for  the  states  ’’)  and  (4'),'  ”  |  : 

n|^,.v..)>  =  Y  (/,.<A'.  I  A'Ocv  =  5...  (40) 

*.X 


Also 

=  Z  tAT>6x,<A\|  =  2  :A'x><A\|  =  I*'  (41) 

X.K  A 

The  above  results  remain  valid  if  one  uses  a  restricted  set  of  states  {  |  A’x)  1  and  its 
dual  basis  { <  A ,  1 } .  1' '  ‘ '  is  then  a  nonorthogonal  projector  on  the  space  spanned 
by  { I  A"  x)  I  or  a  resolution  of  the  identity  within  this  space. 

Let  us  now  return  to  the  interpretation  of  the  operator  and  insert  the 

above  resolution  of  the  identity  into  Eq.  ( 22 ) 


Z  <4>/.  \e 


‘l>o>.y'"'f,(ui) 


(42) 


or 
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(43) 


(44) 

(45) 

(46) 


Comparing  with  Eq.  (26)  we  identity 

li...  =  <.v.  !>{':'">  =  c, 

and 

L'..v'  =  ('i'i'  'MA\>  -  J.,  . 

From  these  identities  and  the  definition  of  b''*'  [Eq.  24]  it  follows 

L'  'b''’*  =  2  'Me'  |e  'a,y  |‘i>0>  =  <4':'  'M«,.|4'a->  (47) 

/...I 

and  using  Eq.  (27) 

S'e‘(a))|4>„>  =  2  2  l<b/.><4>/,  le  ' 

-  /...I 


hence 


X  '’  +  /^o)  ‘<4'X  "iciM'J'cc)  (48) 


—  w  (/i^  —  £■«) 


which  is  used  later  on. 

If  T  is  expanded  up  to  A’-fold  excitations  and  the  manifold  of  states  { i4>^)  ]  is 
taken  to  be  complete  the  equations  are  exact.  In  this  case  '*)  and 

(  '  M  are  both  exact  ( A'  -  1  )-particle  eigenstates,  which  may  still  differ,  however, 

in  their  normalization  (only  the  overlap  of  these  states  is  specified,  not  their  indi¬ 
vidual  normalizations).  In  actual  applications  one  will  use  a  restricted  set  of  states, 
or  equivalently  a  restricted  set  of  operators  12*.  We  note  a  few  interesting  obser¬ 
vations.  Let  us  consider  the  concrete  case  of  using  a  { /?,  2hp}  manifold; 

{12*}  =  {  {a,}.  {d,d,dl}  }  .  (50) 

(i)  The  character  of  the  states  ISk}'  ")  and  is  vastly  different.  Due 

to  the  presence  of  e'  the  states  I’F}'"'*)  contain  up  to  A-fold  excitations  with 
respect  to  1 4>o).  With  respect  to  <  >!>.  | ,  acts  as  a  deexcitation  operator  and  the 
states  (  4^} ' ■ '  M  can  all  be  expanded  in  terms  of  ( A,  2hp)  bra-states  ( <f>.  | . 

(ii)  The  set  of  states  {  I'FX  '')}  "oL  general,  form  an  orthogonal  basis: 

">  p,  (51) 

where  (’I'i'*’  ‘M  is  the  adjoint  of  This  also  implies  that  the  operator 

'’)<('Fl’^  '  M  lacks  the  requirement  of  idempotency  and  hence  cannot  be 
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considered  a  projection  operator.  The  orthogonality  of  approximate  slates  with 
different  eigenvalues  might  seem  to  be  a  very  desirable  property,  but  one  may  put 
a  question  mark  here.  If  one  would  project  the  exact  eigenstates  on  a  certain  trun¬ 
cated  manifold,  the  projected  eigenstates  would  not  be  orthogonal,  although  in  a 
least-squares  sense  this  represents  the  best  possible  approximation  of  the  eigenstates 
within  the  manifold. 

(iii)  From  the  analysis  sofar  one  might  expect  that  the  ionization  part  ofG(w) 
can  be  constructed  from  the  information  that  can  be  extracted  from  the  equation 
for  alone; 

=  2 - - 

According  to  the  above  expression  G"‘(w)  is  obtained  in  intermediate  normalization, 
but  this  is  easily  corrected  by  introducing  a  normalizing  factor.  The  fact,  however, 
that  the  operator  Z,  1 1'"  ‘ ’  j  does  not  represent  a  projection  renders  the 
above  formula  useless  in  practice.  (This  was  born  out  in  numerical  experiments  in 
which  Eq.  ( 52)  was  utilized  to  calculate  the  residues  of  the  single-particle  Green's 
function.)  Therefore  we  continue  our  analysis  and  show  in  the  next  section  how 
one  can  build  up  the  remaining  part  of  G. 

Algebraics  of  the  operator  /J*^’(u>)  and  the  construction  of  G^iu).  The  operator 
7?'w)(j^)  jj  written 

/?'w>{aj)  =  2  =  Z  (53) 

J.H  J.B 

J  and  B  denote  ordered  strings  of  hole  and  particle  labels,  respectively,  of  equal 
length,  so  ft®  |  <Fo)  =!'*>“)  refers  to  an  /V-particle  state.  The  diagrammatic  equation 
in  Figure  12  that  defines  /?'''“'’{«)  corresponds  algebraically  to 

^ H  -  {(fl:.S''’'((^))c^^  (54) 

\t.j  ~  £«) 

The  first  term  on  the  ri^t-hand  side  corresponds  to  the  propagation  of  £"’‘'*(01); 
Connect  7? w)  to  a  F-interaction  and  possibly  connect  extra  /-operators,  such 
that  the  lines  emerging  at  the  top  of  the  diagram  generate  precisely  the  excitation 
J  -*  B.  The  second  term  generates  the  initialization  of  7?*'’‘''(w)  where  the  oi-line 
disappears  again  in  the  external  point  labeled  q.  There  are  two  subtleties  however. 
Firstly  w )  is  not  necessarily  connected  to  aj  by  a  real  line.  It  may  be  connected 
to  dl  by  the  dashed  line  only.  An  example  of  such  a  diagrammatic  contribution  is 
given  in  Figure  6  as  was  discussed  previously.  On  the  other  hand  if  a  cluster  operator 
t  is  present  it  will  always  be  connected  to  aj.  Secondly,  there  is  a  minus  sign  in 
Eq.  (54).  The  algebraic  expression  then  agrees  with  the  direct  evaluation  of  the 
diagrams  using  the  rules  as  discussed  in  connection  with  Figures  7  and  8. 
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Equation  ( 54 )  can  be  cast  in  matrix  form  following  essentially  the  same  steps  as 
in  rewriting  the  equation  for 

-<<!>■/ |4«„)  (55) 


can  also  be  written  as 


<<i>/u» 

w  -  (Eo  - 


using  Eq.  (49). 

The  equation  for  r'^‘''(a))  hence  reads 


that  is. 


r'r’O(^)  =  -B  'c'/’^Vw). 


using  the  newly  defined  matrix  B  and  the  cu-dependent  vectors  c*'^’(a)). 

These  equations  hardly  present  a  practicle  means  of  calculating  the  coefficients 
r<^'(a)).  For  each  element  (pq)  and  for  each  pole  of  r‘'’‘'’(u))  one  would  have  to 
solve  a  large  system  of  linear  equations.  We  will  arrive  at  a  suitable  method,  however, 
if  we  continue  to  construct  G(w).  The  final  diagrammatic  equation  in  Figure  (13) 
translates  algebraically  into 

G;C(w)  =  {  -  {alS'^\w)]u  (60) 

where  f.c.  stands  for  fully  contracted,  that  is,  no  construction  operators  remain 
uncontracted.  The  resulting  expression  is  a  number.  The  minus  sign  in  the  second 
term  agrees  with  the  direct  evaluation  of  the  diagrams  under  consideration.  The 
equation  is  rewritten 

=  {4>o\ F;? ''’"'( I <l>o>  -  <4>o|a:S'^>(w)|<l>o>  (61) 

as  only  fully  contracted  terms  survive  in  expectation  values  of  the  reference  deter¬ 
minant.  Hence 

G;^(w)  =  2  <4>oi  VU^e'  \%}  -  <<t>„|a;5<'’'(w)|<I>o>  . 


Substituting  Eq.  ( 59)  for  one  finds 

G'^fw)  =  -  f  B-'c^n^v)  -  <4>olaj5<'’'(w)cn4>n) 
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where  we  also  used  that  one  can  insert  e'  in  the  second  term  without  altering  this 
expression  as  dl  has  to  be  contracted  to  and  only  the  constant  term  in  e' 

leads  to  a  nonvanishing  contribution. 

Now  define  coefficients  r  through 

z  =  -fB'  (64) 


or 


zB  +  f  =  0  (65) 

The  z-coefficients  can  easily  be  solved  for.  They  are  the  solution  of  an  w-independent. 
nonsymmetric  system  of  linear  equations.  The  crucial  difference  with  Eq.  ( 59 )  is 
that  now  one  has  to  solve  only  one  such  equation. 

Using  the  coefficients  z  and  the  expressions  for  c'™*(w)  [Eq.  (57)]  and 
e^.S'^'(a!}|  4>o)  (Eq.  (49)]  one  finds  from  Eq.  (63) 

\  J.B  ' 

=  Z  ") 

f  w-(£o-fc'r'’') 

where  <  4^001  «s  defined  by  the  expression  between  parentheses, 

<4'rcl  =  <4»ol  +  Z  . 

I.A 

Equation  (66)  clearly  resembles  the  spectral  resolution  of  the  ionization  part 
ofG(w). 

The  approximate  ground-state  bra  (4'ccl  is  by  now  well  established  in  the  cc 
literature  [33,34].  It  was  introduced  by  Arponen  in  the  framework  of  the  Normal 
Coupled  Cluster  method  (nccm)  [33].  An  important  feature  of  <4'crl  is  that  it 
has  an  overlap  of  unity  with  the  CC  ket  |^rc  ).  irrespective  of  the  parameters  z 
and  t 

<4'ccl’l'cc>  =  <^ok'>o>  +  Z  I'I’o)  =  1  (68) 

J.B 

It  follows  that  the  optimal  values  for  the  parameters  z  and  t  can  be  obtained  from 
a  bivariational  principle  [33];  the  requirement  that  (  ^'cc!  //|  ^c  c)  be  stable  under 
a  variation  of  either  the  parameters  z  or  r  leads  to  the  conventional  CC  equations 
for  the  parameters  t  and  to  the  equations  for  the  parameters  z,  as  given  in  Eq.  ( 65 ). 
The  variational  principle  implies  the  existence  of  a  Hellmann-Feynman  theorem, 
which  means  that  expectation  values  of  an  operator  6  can  be  obtained  as 

(Oy  -  01 '^cc)  • 


(66) 


(67) 


(69) 
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Hence  ihe  (  M  furnished  the  solution  of  a  longstanding  problem  in  C  oupled 
Cluster  theory. 

A  second  feature  of  the  N(  ( M  bra  slate  '!'(<  i.  vUiich  is  of  great  practical  im- 
poilance.  is  its  simplicils.  Due  to  the  fact  that  the  components  of  /  act  as  de¬ 
excitation  operators  when  operating  to  the  left,  the  stale  '!'<(!  lies  completely  m 
the  linear  space  spanned  by  ;  '  •!>/  !  !  used  in  the  dcfimnon  of  4', ,  : .  I  Ins 

means  that  expectation  values  of  the  form  )  can  he  calculated  v<viih  relative  ease. 
Ihe  same  holds  for  the  transition  moments  that  occur  in  the  Coupled  (  luster 
Cireen's  function  [1  q.  (bh)].  Due  to  the  simplicity  ol'the  bra's  the  expressions  for 
the  iransiiicm  amplitudes  s'an  be  calculated  in  practice. 

The  state  <  '!'<  {  !  is  also  used  to  calculate  Coupled  Cluster  energy  gradients  [40- 
44],  Similar  manipulations  as  described  above  were  used  t<r  reduce  the  number  of 
linear  equations  to  be  solved  when  calculating  the  gradient  ( 40-44  ] .  The  procedure 
goes  back  to  Handy  and  Schaefer  [40]  who  used  it  when  solving  for  the  orbital 
rotation  pan  of  the  gradient.  Adamowicz  et  al.  [41]  similarly  showed  it  to  be  a 
convenient  short  cut  to  calculate  the  ( c  energy  gradient  and  the  procedure  is  now 
known  as  the  Z-vector  method  [42].  Koch  et  ai.  [44]  regarded  the  r-coetficients 
as  Lagrangian  multipliers  and  derived  their  equations  from  a  variational  principle. 
The  use  of  a  variational  principle  is  clearly  very  useful  when  calculating  energy 
derivatives.  Explicit  working  equations  for  the  coellicients  r  have  been  given  [42- 
44]  that  allow  for  an  efficient  solution  on  a  computer,  f  inally  Koch  and  Jorgensen 
started  from  the  bi-orthonormal  formulation  in  their  recent  work  on  Coupled  Cluster 
response  functions  [22.2.'?].  The  matrix  B  [Eq.  ( 56 )].  which  has  a  similar  structure 
as  the  matrix  \  [  Eq.  ( 2.J ) ]  is  used  in  cci.r  i  to  calculate  e.xcitation  energies  [  1 6-23  ] . 

Returning  to  Eq.  (66)  eonsider  the  calculation  of 


C'l'r,  !o,  i'k;. 


M  \i/  I  '  '  t  '\ 


1 


(.V  i). 


=  e 


(70) 


I 


where  the  vector  e'‘''  is  given  by 

e"'’  -  <  IT/'.)  t  V  =j<<l’ylr 

./.  /i 

-  /To!r5:iT;,>+  I  rK'J'vUcT  CIIT/I). 

in 


;7i ) 


It  follows  that  (/';,„( u;)  is  then  given  by 

(/,,„(w)  =  +  A)  'U  'A  =  ?'"’( a- + /I)  'A''" 


(72) 


where  the  former  expression  is  in  direct  correspondence  with  Eq.  (66). 

It  was  mentioned  before  that  certain  properties  that  derive  from  the  ground-state 
wavcfunction  can  be  obtained  by  calculating  contour  integrals  over  G(uj)  that  en¬ 
close  the  ionization  potentials.  Equation  (72 )  allows  us  to  calculate  these  contour 
integrals  analytically.  The  one-particle  density  matrix  can  be  calculated  as 


---f 

2ni  Jf  /■ 


(/),,,( uj)  o' u;  -  i),„i  —  c'''*L!U 


I  jji/'l  -  p  l<0  , 


(73) 
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To  calculate  the  total  energy  from  the  Green’s  function  one  also  needs 

r^,  i  0)6’, ,.( A )£7  'i'''' =  •/<*''”.  (74) 

2iti  Ji  r 

It  follows  that  to  calculate  these  quantities  in  our  formalism  one  does  not  need  lO 
know  the  pole  structure  of  G(a))  explicitly. 

Approximations 

The  equations  considered  sofar  are  extct  for  A’-electron  systems  if  all  connected 
operators  are  expanded  up  to  (V-fold  excitation  level  ( assuming  a  finite  dimensional 
Fock  space,  defined  through  a  finite  set  of  one  particle  basis  functions).  By  solving 
these  equations  one  is  hence  implicitly  summing  the  connected  diagram  perturbation 
series  through  all  orders.  In  actual  applications  the  equations  are  decoupled  by 
neglecting  connected  excitation  operators  from  a  certain  excitation  level  onwards. 
A  managable  and  hopefully  adequate  set  of  operators  arises  from 

r  =  -f,  +  f 2 

a>)  (75) 

that  is,  all  operators  are  expanded  up  to  twofold  excitation  level.  For  this  approach 
the  acronym  CCGF-sd  is  used.  By  solving  the  ccgf-SD  equations  one  is  implicitly 
summing  a  partial  but  infinite  set  of  perturbation  diagrams.  Given  an  arbitrary 
perturbation  diagram  contributing  to  G(w)  it  is  fairly  easy  to  determine  whether 
or  not  this  diagram  is  included  in  the  partial  ccgf-sd  series,  by  applying  the  test 
described  below. 

Mentally  cut  the  diagram  at  a  certain  level  (between  two  successive  interactions, 
or  between  an  external  point  and  an  interaction,  etc.).  In  the  part  below  the  hori¬ 
zontal  cut,  each  of  the  resulting  disconnected  parts  ( internally  connected)  should 
have  at  most  four  free  lines  emerging  at  the  top.  The  dashed  line  is  to  be  treated 
on  an  equal  footing  with  the  other  lines  here.  The  diagram  "s  included  in  the  CCGF- 
SD  series  if  it  satisfies  the  above  test  at  each  level.  This  follows  directly  from  the 
diagrammatic  definition  of  the  approach  (Figures  10-13),  if  one  discards  the  con¬ 
tributions  that  contain  connected  operators  of  excitation  level  higher  than  two. 

The  fact  that  the  Coupled  Cluster  approximation  to  the  single-particle  Green’s 
function  corresponds  to  a  well-defined  partial  infinite  series  of  connected  pertur¬ 
bation  diagrams  implies  that  the  method  is  size-consistent.  Size  consistency  is  im¬ 
portant  (a  kind  of  necessary  condition  nowadays)  but  it  does  by  no  means  imply 
that  one  will  also  get  sensible  resuhs  out  of  a  calculation.  The  aim  in  this  kind  of 
diagram  summation  should  be  to  sum  over  the  important  diagrams  in  a  balanced 
way.  It  is  not  so  clear  if  the  diagram  series  implied  by  ccgf-sd  indeed  constitutes 
such  a  balanced  series.  The  ccgf-sd  approach  to  the  single-particle  Green’s  function 
is  quite  similar  to  the  CCSD  approach  to  the  correlation  energy  however,  and  this 
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is  known  to  give  quite  satisfactory  results  fora  large  number  of  systems.  1  his  serves 
as  an  indication  that  the  approach  presented  here  will  lead  to  adequate  results. 


Conclusions 

The  diagrammatic  approach  we  emplosed  to  arrive  at  equatitrns  that  allow  eval¬ 
uation  of  the  single-particle  Green's  function  is  quite  general.  In  a  similar  way  one 
may  ( re-  Iderive  equations  that  determine  for  e.xample  e.xpectation  values  ( leading 
to  the  NCCM  equations  [3.^, .14] ).  the  polari/ation  propagator  ( leading  to  the  <'c  i  K  i 
equations  for  excitation  energies  [16-2.3]  and  the  corresponding  transition  ampli¬ 
tudes),  higbet  order  response  properties  (Cf.  Monkhorst  [14]).  and  so  forth.  The 
.starting  point  is  always  the  diagrammatic  perturbation  series  for  the  quantity  of 
interest.  If  a  diagram  contributing  to  the  series  is  taken  apart  as  in  this  anicle.  by 
r.oplying  a  complete  horizontal  cut  between  two  successive  v  ertices  and  one  c<.-.  .>iders 
the  connected  parts  beneath  the  cut  as  perturbative  contributions  to  operators  of 
a  particular  type  (compare  our  I'.  and  operators)  one  will  be 

lead  to  a  Normal  Coupled  Cluster  type  of  approach  [.33.34],  It  is  interesting  to 
note  that  the  only  choice  made  is  the  way  that  one  takes  the  diagrams  apart;  the 
identification  of  the  building  blocks  in  terms  of  their  perturbative  diagrammatic 
content.  The  subsequent  establishment  of  diagrammatic  recursion  relations  for  the 
operators  and  the  translation  of  the  diagrammatic  equations  into  algebraic  equations 
is  mereiy  a  matter  of  technique. 

Although  the  diagrammatics  is  quite  sulheient  to  establish  the  cccii  approach 
and  diagrams  arc  also  very  useful  in  deriving  the  detailed  working  equation,s.  the 
algebraic  equations  presented  in  the  third  section  greatly  help  to  clarify  the  general 
structure  of  the  approach.  The  algebra  also  establishes  the  intimate  relation  between 
t'CGF,  CC  t  RT.  and  NC  C  ^  ^  Indeed  the  diagrammatic  approach  advocated  here  may 
be  regarded  as  a  powerful  alternative  to  derive  current  extensions  of  Coupled  Cluster 
Theory  which  are  characterized  not  only  by  the  use  of  the  exponential  ansatz  for 
the  wave  operator  but  also  by  the  use  of  bi-orthogonal  sets  of  bra’s  and  kets  of  very 
different  character.  A  striking  e.xample  of  the  biorthogonal  formulation  is  encoun¬ 
tered  in  the  final  expression  for  the  cinglc-particlc  Green's  function  [Eq.  (66)], 
where  only  the  products  of  the  Ecy  nman-Dyson  transition  amplitudes  represent 
meanmgful  quantities. 

We  end  our  discussion  with  an  overview  of  the  main  features  of  the  Coupled 
Cluster  Green's  function  method. 

( 1  >  The  decoupling  of  the  equations  for  the  ionization  and  the  attachment  ener¬ 
gies  greatly  reduces  the  dimension  of  the  problem  compared  to  many  other  ap¬ 
proaches  to  the  single-particle  Green's  function.  The  cr  (if  -.SD  method  for  ionization 
energies  leads  to  an  eigenvalue  problem  in  the  h  -  2hp  space,  '^'hc  decoupling  of 
the  (A’  -  1  1-  and  (.A'  1  )-particle  problems  is  also  satisfying  from  a  conceptual 

point  of  view.  In  contrast  to  most  other  approaches  to  the  Green's  function  well- 
defined  states  arc  recovered  in  the  (  (  (if  formalism. 

(2)  The  method  is  potentially  exact.  Inclusion  of  up  t'v  A'-fold  excitation /ion¬ 
ization  operators  will  lead  to  exact  results  for  A'-clectron  systems.  This  is  useful 
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b<.)th  in  analyzing  the  method  and  in  implementing/ debugj'ing  the  corresponding 
computer  code  ( we  know  lor  example  which  results  we  should  get  lor  two-electron 
systems ) . 

(3)  The  method  is  size  consistent.  It  shares  this  property  with  any  method  that 
derives  from  a  connected  diagram  expansion  of  the  single-particle  Cireen's  function. 

(4)  Unlike  many  other  Green’s  function  methods  t  ( til  does  not  depend  on  a 
partitioning  of  the  Hamiltonian  in  a  zeroth  order  and  a  perturbed  part.  We  have 
only  used  perturbation  theory  to  derive  the  method.  In  general  the  results  do  depend 
on  the  div  ision  of  the  orbital  space  in  holes  and  particles,  that  is,  on  the  reference 
state  employed. 

{ 5 )  Ground-state  properties  that  derive  from  the  (  (  Green's  function  are  closely 
related  to  properties  obtained  in  the  nctm  framework.  The  precise  relationship 
will  be  discussed  in  a  forthcoming  article. 

(6)  The  eigenvalue  problem  that  has  to  be  solved  to  obtain  ionization  potentials 
is  nonhermitean,  w'ith  the  possibility  that  one  might  obtain  complex  eigenvalues, 
or  even  the  matrix  may  not  be  diagonalizable.  Akso  the  one  particle  density  matrix 
and  the  residue  corresponding  to  a  pole  of  G(u.')  is  nonhermitean.  The  degree  of 
nonhermiticity  may  serv  e,  however,  as  an  indication  of  the  quality  of  a  calculation. 

(7)  The  method  uses  a  single  determinant  as  a  reference  state.  This  limits  the 
applicability  of  the  method  to  systems  that  can  reasonably  be  described  in  terms 
of  a  single  determinant,  analogous  to  the  rest)  approach.  On  the  other  hand,  this 
also  facilitates  the  actual  application  of  the  method. 
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Alternative  Ansatze  in  Coupled-Cluster  Theory.  IV\ 
Comparison  for  the  Two  Electron  Problem  and  the 
Role  of  Exclusion  Principle  Violating  (EPV)  Terms* 
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Abstract 

The  two-eleelron  prohlem  is  investijiated  using  expswenliallv  parameln/ed  waKC  lu  tut  ions  h-r  sari,  ms 
difl'erenl  coupled-clusicr  (<  c  )  methods,  inelu  ling  regular,  expectation  \aluc.  ssmmelri/ed  exjx'ctation 
value  (i.e..  unitary),  extended,  and  quadratic  contiguration  interaeiion  it  l)  xariants  Ml  are  \iewed  as 
arising  I'rom  alternative  energy  functionals.  This  pedagogical  evaluation  demonstrates  the  ditlerences  in 
these  methods,  including  the  role  of  hPV  terms.  <  iw’  John  xxiicy  &  Sons.  Ins 


Introduction 

To  ensure  the  e.\ter)‘:ivc  property  (1.2],  many  body  methods  (  unlike  <  l)  use  an 
exponential  parameterization  of  the  wave  function 

'I'  =  e'!0)  (1) 

where  T  is  the  cluster  operator  for  //  electrons 

/  =  /)  +  /:  +  I  y  +  •  •  •  7„ 
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aih^ck' 


(2) 


with  i,J.  k,  •  •  •  indices  indicating  spin  orbital  and  operator  labels  for  orbitals 
occupied  in  iO).  while  a,  h,  c\  •  •  •  correspond  to  orbital  and  operator  labels 
unoccupied  in  |0).  Orbitals  are  orthonormal  and  normal  ordering  is  denoted  by 
{  1 .  We  assume  real  amplitudes  in  T,.. 

The  normal-ordered  Hamiltonian  defined  by 

=  <oi//io>  =  i 

+  ^  2  (P^IIt.v)  [pV/Vl  ^  (2) 
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is  composed  of  Fock  matrix  elements,  and  antisymmelri/ed  two-electron  in¬ 
tegrals,  (/>i/lk.v). 

With  a  wave  function  of  the  form  (  1  ).  the  expectation  value  of// v  cun  Ixr  written 
as 


loF 


a)|((''’//M>'),  |()> 


(4) 


The  right-hand  side  of  the  equation  indicates  that  the  energy  can  be  written  as  a 
sum  of  connected  terms  only  as  was  shown  by  Ci/ek  [3).  Cancellation  of  the 
denominator  introduces  the  so-called  EPV  terms  <see  later);  therefore,  the  energy 
expression  (4 )  and  the  associated  stationary  equations  arc  infinite  [  3]  for  any  number 
of  electrons  (i.e.  even  if  T„  -  0  for  some  n).  Thus,  variational  determination  of 
the  parameters  of  the  wave  function  is  not  straightforward. 

Alternatively,  the  traditional  coupled-cluster  method  [4]  is  built  upon  projections 
of  the  Schrodinger  equation; 

c  'llse'm  =  AT•|0^ 


Using  properties  of  the  normal-ordered  operators.  7  and  //\.  this  can  be  written 
as; 


(//.ve').10>  =  AFIO) 

where  the  subscript  c  denotes  that  connected  diagrams  only  are  included.  To  de¬ 
termine  the  coefficients,  this  equation  is  projected  against  excited  determinants,  for 
c, sample; 

<DrU//ve').!0>  =  0 
</?;'/’ l(//^e'X(0>  =  0 

;  (5) 


Projecting  against  the  reference  function  we  t,et  the  energy; 

A/f  =  <0|(//,xt'').|0> 

Bartlett,  et  al.  [5-7]  introduced  a  de-excitation  operator.  A.  to  make  it  possible  to 
evaluate  analytical  derivatives  with  cc  and  mbpt  wave  functions,  without  requiring 
an  explicit  determination  of  the  derivative  wave  functions.  From  another  viewpoint, 
this  means  we  can  associate  an  energy  functional  [8]  with  cc  theory  in  the  form: 

A/:’=  <01(1  +  A)(//vc'),|0>  (6) 

where  A  is  a  de-excitation  operator.  Because  this  functional  is  linear  in  A,  the 
stationary  equations  provide  the  usual  decoupled  equations  for  T  in  the  form  gi¬ 
ven  above.  Stationarity  of  T’ will  define  the  A  equations. 

Another  variant  on  CC  theory  is  offered  by  the  so-called  QCi  [9]  method.  Assuming 
canonical  Hartree-Fock  orbitals  the  equations  are; 


Mlf  RWIlM  \NS\l/t  l\  (  (H  I’l  M)-<  I  I  Sll  K  lllloKS  II 


^  ly;  i  c :  '  ( '.),()  .  A/ 

>  1  *  Ci  i C:  -  [(.  :):()  i  :m:  i  i 

and  the  eorrelatitni  energ\  is: 

M:  ()://v(  :() 

where  the  0<  I  cdetheiems.  /  :  t  /'‘i/2  (i.e,.  ( ir  ■  /  v  i'  /  i  and 

C  'l  -  /  ! .  I  he  ahme  equations  are  closel>  relates!  to  the  trtiditional  lorm  ol  the  (  c 
methsid  described  ahsne.  being  a  trunealisrn  I't'espt  /  i.  lloweser.  this  particular 
Irunealion  is  still  exact  I'or  twsr  electrons.  V^e  can  alss>  construct  a  (.>(  i  lunciunrai 
analogous  to  bq.  (6)  by  invoking  the  same  truncation  ol  expf  /  ).  which  is; 

A/;  -  ()i(//vr,  +  r  ( .  i  r,  c  -)> 

-t  A:(//s( !  *  ?  (  :  i  U  rid)  ^ 

Realizing  that  the  (  (  functional  (6)  has  an  expiniential  kei  state  anil  a  (  i  l\pc 
bra  slate,  it  can  be  generalized  using  an  exponential  function  also  for  the  bra  state: 

A/f  {)|c'(//m'' ),;()  . 

tlnlikc  the  .k  in  {-q.  (hi.  which  can  have  disconnected  parts.  ,\  can  be  restricted  tvr 
a  connected  form  with  c'  introducing  appropriate  disconnected  products.  I  his 
functional  defines  the  extended  ( c  (l(  (  )  method  of  Arponen  et  al.  (S.|()|,  \ow. 
uniike  that  of  the  t x  method,  this  functional  is  not  linear  in  A.  and  therefore,  the 
stationary  equations  provide  coupled  equations  for  the  variables  and  I : 

'  /)f  j<''(//\c'),  10  ,  0 

!/;;f  -  0 

This  functional  has  some  desirable  formal  properties,  as  it  ensures  that  both  /  and 
.\  are  fully  connected;  however,  such  coupled  equations  can  he  computationallv 
inconvenient. 

The  !  (X  method  is  already  closely  related  to  the  expectation  value  olThe  energy 
(4).  As  mentioned  before,  the  normal  (x  expectation  value,  liq.  (4)  provides  an 
infinite  expansion.  Therefore  in  application  truncation  is  necessary.  In  the  \r  i 
(expectation  value  (X  )  method  [II].  we  used  the  order  of  the  terms  defined  by 
perturbation  arguments  to  truncate  the  expression.  Recently,  we  investigated  the 
structure  of  the  stationary  equations  of  the  untruncated  infinite  functional  1 1  -  [: 

^  njc'JIsc' \i)  ()  (S) 

.  -  0  (')) 

for  a  1.2  •  •  •  A), .  We  use  I)„  to  symbolize  excited  determinants.  \s  we  have 
proven  elsewhere  [12]  the  set  of  equations  defined  by  liqs.  (St  anil  (M)  becomes 
exactly  the  following  set  of  equations; 
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(  10) 
(11) 


<  OJ  <>'’(// Vf'  ),  I O  ),  =  0 

(()!(<-'’//v).<’'lA,X  =  0 

The  verv  important  consequence  of  the  above  form  of  the  amplitude  equations  is 
that  the  number  of  terms  in  them  is  tinitc  because  only  four  operators  can  be 
connected  to  //\  (because  it  contains  no  more  than  two  electron  operators).  Then, 
the  energy  with  the  converged  amplitudes  can  also  be  written  in  closed  form: 

Ah  =  <0U-''(//sc'),  |0>, 

The  advantage  of  the  xcc  method  over  i  fX'  is  that  only  one  set  of  equations  (for 
real  amplitudes)  has  to  be  solved  to  determine  7‘  and  to  calculate  the  energy.  On 
the  other  hand,  as  we  also  showed  in  ref.  12  no  simplified  energy  functional  e.xists; 
i.e.,  for  the  calculation  of  energy  derivatives  the  original  form  of  the  Ah  functional 
(4)  has  to  be  used. 

An  approximate  functional  can  be  defined,  however,  which  is  finite.  In  refs.  1 1 
and  12  we  choose  the  following  form; 

H < 0 !  e ' '( //.s  e ' ).  1 0 >,  +  <  0 1  ( e ' V/ v ),  e M  0  > J  (12 ) 

because  it  is  symmetric  in  T  and  T*,  and  only  one  set  of  equations  ( for  7'  or  for 
r^)  has  to  be  solved,  even  for  a  gradient  calculation.  The  method  described  by  this 
functional  is  equivalent  to  the  SXCC  (symmetric  xcc)  method,  which  is  equivalent 
to  unitary  (tJCC(/?))  for  low  n-orders  {1 1).  Since  this  method  ensures  the  satisfaction 
of  the  generalized  Hellmann-Feynman  theorem,  it  may  be  readily  used  to  evaluate 
analytical  gradients  and  other  properties,  as  demonstrated  elsewhere  (1 1.13.14). 
Stationary  conditions  (amplitude  equations)  for  this  functional  are: 

K7Pje^X7/,veaiO>,  +  K  c'X),  c' |0>,  =0  (13) 

K0|(e'V/.v),e'  |A,X  +  K0|e''’(//.vA'')c  i  -  0  ( 14) 

Both  the  functional  and  the  amplitude  equations  are  finite  unlike  the  original  ones. 
One  has  to  remember,  however,  that  functional  ( 12)  is  only  an  approximation  of 
the  original  functional  (4)  [12]. 

In  this  article  we  compare  the  above  methods  for  the  special  case  of  the  two- 
electron  problem.  This  is  not  a  precise  derivation  of  these  methods,  but  rather  a 
pedagogical  evaluation.  This  simple  example,  however,  is  very  useful  for  under¬ 
standing  the  structure  of  these  coupled-cluster  ansatze.  Except  for  the  sxc c.  all 
methods  are  exact  for  two  electrons,  therefore,  the  same  results  will  be  obtained 
from  them.  However,  even  though  the  final  results  are  the  same,  the  difference'  of 
the  actual  form  of  equations  defined  by  the  different  methods  provides  a  deeper 
understanding  of  their  structure.  Below,  we  discuss  the  role  and  properties  of  EPV 
(Exclusion  Principle  Violating)  terms.  The  different  ways  these  methods  handle 
these  terms  provides  the  principal  difference  in  alternative  coupled-cluster  ansatze. 

For  a  more  transparent  analysis  we  use  diagrammatic  language  in  this  article. 
The  detailed  discussion  of  this  formalism  is  given  in  ref.  15.  Here  we  give  the  basic 
definitions  only. 


Alll  RWnVl  \\SA1/1  l\  {  ()l  l>l  I  l)-(  1  I  Sll  R  iHlOK'i  I! 


Tlie  normal  ordered  Hamtilonian  is  described  b>  six,  undirecled  diagram  (orms. 

where  the  first  term  is  A/ and  the  remainder  arise  from  I)  I  lie  cluster  operators, 
/'i  and  /;.  are  described  b\  the  diagrams. 

V 

VLV 

while  the  hermitian  conjugate  of  them  is  denoted  bx  the  upside-doxxn  form.  I  hese 
arc  also  their  normal  product  forms. 


Origin  and  Properties  of  Kl»\  i  ernis 

t  pv  (exclusion  principle  xiolating)  terms  plax  an  essential  role  in  main-bodx 
perturbation  theorx.  Complete  cancellation  of  the  renormalization  part  of  the  energx 
expression  of  perturbation  theory  in  any  order  introduces  such  l  P\  terms  [lb],  A 
similar  process  can  be  used  to  cancel  the  denominator  of  an  expectation  xalue 
energy  expression  as  in  liq.  (41  [.^|. 

Schematically  this  process  can  be  demonstrated  by  a  simple  model  in  which  only 
double  excitations  arc  allowed,  i.e.,  I  ~  !  _ ;  the  numerator  of  the  energy  expression 
according  to  ['q.  (4 )  is 

Q_{)*(Iji)  ill*  *  Q_0  (LD  *  •  !I.i}  •  I . 

)(  l-O-dD  (TID*  )  ‘ 


The  diagrams  are  drawn  without  regard  to  I  P\  terms,  as  the  summations  in  the 
first  and  second  terms  are  independent  from  the  x  iew  point  of  intermediate  deter- 
minantal  states.  Ihis  means  labels  in  the  first  and  second  term  can  be  the  same, 
which  would  mean  allowing  e.xcitation  from  or  to  the  same  spin  orbitals.  I  he 
denominator  in  our  example  has  the  form; 

VO^dlDdD*  (16) 

so  that,  after  cancellation,  the  energy  expression  is 

AE-(U)*(ro* 

The  above  example  was  chosen  to  describe  the  structure  of  this  cancellation  in 
a  simple  way.  The  price  we  pay  for  this  cancellation  is  that  for  even  two  electron 
terms  like  the  second  in  Eqn.  (17)  that  arise  from  H  7  y/ : ,  which  would  formally 
correspond  to  quadruple  excitations,  have  to  be  included. 

The  general  case  follows  now.  In  this  we  strongly  refer  to  the  proof  of  theorem 
!  of  ref.  12.  There  we  have: 


{;otc''//vc'io) 

(ok'V'iO) 


<0|(c'’//vc').c'VM0> 

<0|c'Vi0>“" 


(  IX) 


The  cancellation  by  the  denominator  can  be  performed  only  if  the  summations  in 
7  's  [see  eq.  (2)]  in  (c'  Hsc' ),  and  in  c'  <-'  arc  independent.  This  means  that 
already  on  the  left-hand  side  of  the  above  equation  the  summation  in  / 's  and  / 's 
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00 

should  bo  indopondoni,  I'his  requires  the  inelusion  of  the  1 1’\  terms.  I  he  sum  ol 
all  such  i  pv  terms,  linked  and  unlinked,  is  zero,  and  an\  diagram  oi  1/y.c'  uhich 
has  two  or  more  open  lines  v\ith  the  same  inde.\  \anishcs  according  to  lemma  }  ol' 
ret'.  1 2.  !  he  sum  of'all  diagrams  that  one  can  cr.aie  b\  closing  these  open  diagrams 
b\  pieces  ot'c'  is  still  zero.  In  that  way  we  introduce  connected  and  unlinked 
diagrams  also.  In  the  next  step  we  can  cancel  by  the  denominator,  and  we  obtain: 

M:  -  a)|(c'7/M''),10 

This  connected  expression  contains  the  connected  f  l*x  terms. 

i  p\  terms  do  not  introduce  nonphy.sical  contributions  to  the  energy  as  is  clear 
from  the  aboxe  derivation.  We  simply  added  zero  to  the  energy  expression  in  order 
to  be  able  to  perform  the  cancellation.  I'herefore.  the  result  is  exact.  Tor  that  reason, 
we  prefer  the  name  "conjoint"  [  1 7  j  rather  than  i  pv  for  the  remaining  linked  terms. 
On  the  other  hand,  the  the  latter  name  is  very  much  used  in  the  literature. 

We  now  introduce  the  basic  technique  for  dealing  w  ith  those  terms.  We  will  need 
this  technique  for  later  dexelopments  as  well.  Consider  the  (J:  li  '  T]/2  term — which 
contribute  to  the  7  :  amplitude  equation — lor  im>  cla  irons  In  this  case  there  are 
only  two  dilferent  spin-orbital  hole-line  labels,  riic  five  possible  diagrams  for  this 
term  are  given  in  Tig.  1.  The  last  one  is  unlinked,  the  other  four  are  the  usual 
connected  diagrams  (see.  e.g..  ref.  15).  We  would  like  to  show  that  the  sum  of  all 
hve  terms  is  zero  in  line  w  ith  the  above  discussion.  If  two  lines  have  the  same  label 
then  the  end  of  these  lines  (where  they  are  pointing  lean  be  changed.  This  process 
is  described  in  Tigure  1.  Note  that  the  sign  of  the  diagram  may  change  by  this 
because  the  number  of  loops  is  dill'erent  after  interchanging  the  lines.  Similarly, 
one  has  to  consider  that  the  factor  in  the  algebraic  expression  associated  with  a 
diagram  can  change  during  this  process.  The  rules  can  be  summarized  as  follows; 

1.  Interchange  lines  with  the  same  label. 


diXzV  =  -2  dDW 

M  O  VV 
QIXzV  =  - 

=  ViJ'dv 
(EDVA/  ==-(i-wT/)L 


i  igurc  I. 


MIIKWIIM  \\S\I/I  l\  t  <)(  I’l  I  l)-(  M  Sll  K  IlllOtn  il 


Mi 

2.  Sign  is  dctcrininod  according  to  the  change  in  the  nunihei  ol  loops. 

•v  I  a )  \!ultipi>  hs  a  t'acloi  oC  2  il'  there  is  a  neu  ec|iii\alenee  ( vertec  or  line ). 
(  h)  multiph  b\  a  I’actor  of  1  /  2  il'a  nevs  penmitation  is  possible  or  the  equo- 
alenee  of  seilices  is  desi rosed  alter  step  I  is  done. 

Allernatisels  to  steps  .i(  a  )  and  b)  tire  I'actor  can  be  deterniined  in  the  loiloss- 
ing  vs  as : 

•v  Multipis  bs  2  il'the  original  diagrams  are  not  ssnimetric  but  the  one  obiainetl 
bs  step  I  IS.  divide  bs  2  in  the  opposite  ease;  the  laetor  is  1  otherwise. 

The  tihove  rules,  as  evers  rule  on  diagrams,  are  basesi  on  the  mani[iiilation  ol' 
second  quanti/ed  operators.  Mnis.  lor  example,  rule  2  can  be  imderstooil  as  a 
consequence  of  the  fact  that  changing  the  order  of  the  operators  causes  the  sign  to 
change. 

•\s  sse  see  t'rom  1  igure  1  the  sum  ol'all  live  riiagrams  is  zero;  the  lirst  two  connected 
diagrams  cancel  the  unlinked  one.  This  means  that  the  unlinked  diagram  can  equalls 
well  be  written  in  ;i  connected  ssas. 

The  third  and  I'ourth  diagrams  ol'l  igurc  1  cancel  each  other,  thus  thes  are  not 
needed  lor  the  cancellation  of  the  unlinksx)  diagram.  I'his  properls  oi  l  l*\  parts  is 
well  know  n.  and  has  been  used  to  deline  approximate  ( (  methods  I  see  later  )(IS- 
2 1 ) .  as  well  as  being  integral  to  the  older  <  1 1>\  methods  [  22.2.^  ] . 


I  he  I  wo-Kk'ctron  Priiblem  W  ith  Brucckner  Orbitals 


The  easiest  wav  to  anals/e  the  two-electron  problem  I'ormalls  is  to  assume  the 
use  ol'Brueekner  orbitals  (24.2.s|.  in  this  ease.  /  i  0.  so  /  I :  and  the  energy 
expectation  value  can  be  written  as 


m: 


01(1  '  /')//n<I  r  7,>)i0 


0;(  I  t  7:)(  1  r  7:)i() 

QJ.:2rD.:.OA(I>.? 


(  IM) 


since  all  higher  products  ol'eO  vanish.'  The  derivative  of  A/,  with  respect  to  7  - 
mav  be  written  in  diagrammatic  language  as 


11: O )(VV-NZA/~1-V  x) 


q:i>  ov-v 


(  20  1 


According  to  the  variational  principle  the  parameters  of  7 (or  7  A  can  be  de¬ 
termined  by  requiring,  for  example.  (dA/./d/  O  0.  I'rom  this  we  obtain 


'  In  this  scclinn  wc  dn  nol  mlriHtucc  the  t  fv  terms  at  the  heHinning,  hut  instead,  later,  to  get  another 
klca  t)t  ihk-’sr  origin 
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(v(n))(v.v^V:y‘W^‘)- 
((U)^(n)^o-a:i>-Mv,v-  0 

or  using  the  definition  of  Af.': 

VV*W^\a/-*-AE- VA/ 


The  latter  is  the  diagrammatic  form  of  the  C  ID  equation  and  exact  for  the  two- 
electron  problem.  We,  on  the  other  hand,  attempt  to  get  the  ft  D  equation  by 
manipulating  the  former  one.  After  rewriting  it,  we  obtain 


( vo)(v.v^\a/^VA/-*  -(n)\A/  )* 

OAD  VV- )^-  0 

(23) 

Using  the  definition 

-aj)w 

(24) 

this  can  be  written  as; 

(i^(ID)(B)-(Ei  v:v-o 

(25) 

This  equation  has  the  form  of  a  homogeneous  equation  in  rzt  .  Note  that,  in  the 

second  term,  is  contracted  to  .  that  is.  w'e  sum  over  all  labels.  To  ensure  the 
stationary-  condition  (23).  the  following  equation  has  to  be  solved: 


V.V*VA/*\A/-^< -OW  -  0  (26) 

The  last  term  is  an  unlinked  epv  term.  Now  we  can  use  the  results  of  the  previous 
chapter  and  replace  the  unlinked  term  with  linked  ones.  As  can  be  seen  from  Figure 
1-  ( 2  W'  T;)/  =  -( 5  H'7'3)i7  .  Here  the  subscripts  i’l.  and  L  mean  unlinked  (last 
diagram)  and  linked  (first  to  fourth  diagrams),  respectively.  Using  this,  we  arrive 
at  the  fully  connected  (linked)  CCD  equation,  which  applies  for  any  number  of 
electrons,  as  well. 


(2!  ) 

(22) 


» A  +  H  \  Ti  +  ./jT:  +  -5  H  \  Ts  =  0  ( 27 ) 

fj  is  the  diagonal  part  of /,,,,. 

Trivially.  OCiD(i.e.,QClSD  with  C',  =  T^  =  0)  is  equivalent  to  CCD.  Furthermore, 
the  above  equation  is  the  XCCD  [12]  and  eccd  [8,10]  T:  equation  for  two  electrons. 
Note  that  the  general  equation  of  these  two  latter  methods  (see  Introduction)  in¬ 
cludes  additional  terms  which  vanish  for  two  electrons. 

Other  methods  can  be  derived  also.  From  Figure  1  it  is  clear  that  to  replace  the 
unlinked  term  we  do  not  need  all  four  linked  diagrams,  hence,  the  last  two  cancel 
each  other.  Therefore,  including  only  the  first  two  terms  the  method  is  still  right 
for  two  electrons  and  leads  to  the  ac<  tJ  =  Ar  P-D45  =  acp  of  Dykstra  and  Paldus 
(18-21).  Moreover  all  the  cepa  methods  [22,23]  calculate  only  the  epv  part  of 
diagrams  one  and  two  of  Figure  !.  Therefore,  unlike  ACCD,  for  more  than  two 
electrons,  they  are  not  invariant  under  virtual-virtual  or  occupied-occupied  orbital 
rotations. 

Returning  to  the  two-electron  problem,  the  stationary  energy  can  be  written  as 


AI.T[  RN  V1IV1  ANSAI  ZI.  I\  COl  PI  I  IM'U  SU  R  I  IUORV  !l 
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M_v 


(2X) 


if  the  stationary  condition  (26)  is  satisfied. 

Finally  we  are  going  to  determine  the  functional  of  the  various  methods.  Hq. 
( 19)  is  clearly  the  C  in  functional  with  'A  =  C':.  Rewriting  (  19  ).  we  get 


AE-O- 


(L0< 


(n)-Q:i)-o-x-(n)Q:o 

1*0 


(29] 


1*0 

where  n*  is  the  strictly  connected  form  of  as  described  alxne. 
Introducing  the  new  variable.  .V:., 


/TA 


/VA 

1*0 


( 30 ) 


the  functional  becomes 

AE-O*© 

This  is  the  functional  form  of  ct'D.  oc'lix  and  t;(  Ct>  methods  for  two  electrons.  It 
also  holds  in  the  many-electron  case  for  ct'D  and  QC  ID.  Clearly,  differentiating  it 
according  to  A;  leads  to  Eq.  ( 27 ). 

In  the  two-electron  case  it  is  not  necessao  solve  an  equation  for  A;  because 
of  its  relationship  with  7':.  This  is  not  valid,  however,  if  the  number  of  electrons 
exceeds  the  excitation  rank  in  /'.  In  this  case.  cq.  ( 30)  is  only  a  better  initial  guess 
for  the  .\2  amplitudes  than  the  usual  .V:  =  T:. 

The  functional  for  the  xcx  method  can  be  obtained  from  Eq.  (19)  by  full  ex¬ 
pansion  of  the  denominator: 

AE-  {LD*(n)*(EI)*(ED--*-(IDCLO- 


-O  dD-O  dD -(O-*  O* 

*0)00*  - 


(32) 


-o*  [a-o©*oO(S- 

which  is  infinite.  Differentiating  according  to  / :,  we  get  for  the  stationary  cqua 
tion; 


^ -©o- W[^*  ©OO*  -0 


The  solution  is  clearly  the  same  as  from  Eq,  ( 26 ), 


The  Two  Electron  Problem  With  Singles  and  Doubles 


In  this  case,  7'  =  7|  +  T2, and  the  energy  functional  has  the  form: 


Numerator 

Denominator 
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DENOMINATOR  - 

- 1  *  2 » o -n  2  - 

NUMERATOR  - 

-  2-^<  *2  *2^  *2-®  *2is  2-a.*  0*2  2-^  (34) 

*  O  *  2.2*  O  *2^1*01  *2  *  O  -  *> 

*22  ^(*22-**22-^':^-k^22*®  * 

*22*2_0 

The  stationary  conditions  are  (^^.K|^T\)  =  0  and  ((3A/:7d7  {)  =  0.  which  lead  to 
the  following  equations; 

DENOMINATOR  *(  V  *V.V*VA/*  W*\2V  -  *  * 

*VV*VV-^<  )-NUMERATOR  (y'2*V7y^)-  0 


DENOMINATOR  •(  y-*  *y  *y  ®*2  ''*  y^j*  (  35) 

*  y-fl  *v.2*y2*yjj*y_2*y  2yy  *yy.* 
*y2-**2y-**yL2--**2v-^*yy-*  * 

)-NUMERATOR* 

(y*07*y2*yy)-o 

The  CCSD  Method 

For  this  method  we  define  the  following  one-  and  two-particle  variables; 

^  -  y-v  *v.y  *\a/*yy‘y2  -  x .  v  y-  ^^  * 
*yy-(o*22)(yv*yy)  (36) 

[^  =  y-x  .\i  *\2d  *y  a-(o*2'2)y 

and  with  this  it  is  transparent  that  we  have  again  a  homogeneous  system  of  equations; 
DENOMINATOR  •  (  A*^)- 

-  (S*H*[f] )( y*y2*y2*yy)-o 

DENOMINATOR  *  ^  " 

-  (H*S*i )( yy*yA/  )-o 

As  before,  linear  independence  requires  that 


B-0 

-0 


(38) 


The  two-particle  variable  has  unlinked  epv  and  disconnected  terms,  while  the  one- 
particle  variable  has  only  unlinked  epv  terms.  One  can  remove  the  disconnected 
terms  of  the  T2  equation  using  the  following  identity,  which  is  a  consequence  of 
the  T 1  equation,  which  is  embedded  into  the  Ti  equation; 


AIIIRWIIM  \NS\!7l  IN  ClH  I>1  I  IM  I  t  S  I  i  K  IHI()R\  II 


Rccogni/inu  this  the  two-partieie  variable  becomes; 

•  y y  0  •  ( dio  vG  ii)\/Ly n  Qj)  V 

and  now  all  unlinked  terms  are  of  i  pv  tspe.  Again,  ue  can  arrange  them  into 
eonnected  I  PV  terms  using  the  above  rules. 

(  n  \  y  ;  /  ]  ),  '■=  —  (  1 1  \  /  ;  /  I  )(  / 


3,n-.y  ;  U-  n  ^ 


^nv/]  — U"v/ 


TT>'v/t  - 


n\7t 


tcsvy/-;  -  oyy-yy'y'ii 


As  a  further  demonstration,  the  i  H’x  '/V/  j  case  is  given  in  Figure  2. 
The  two-particle  variable  is  nos'  fully  connected; 


1  Q_0  V  V 

vr^XX/  =  1  w  O'D 

vzA/’Q  =  -2  \ZA/  Q’D 

vlQ"OV  =  - 1  \Xy'D  V 

nzW'Q  ^  1  \z_0'Q  V 

=01)  vv-va/0"D 

I  igurc  2. 
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ci)  •=  H’.v'r,  +  Mv+  M  .n/:  f  H\7,7^ 

7’  ’  7  ’^  I '  I  ^ 

+  H\  ^  +  H -.v  -f  +  7  :  4-  l\  \  '■ 


and  the  equation  to  solve  reads; 


4! 


i4i  ) 


■n 


W\  T|  +  H'.v  +  H\7:  +  »'v  Y  +  Id'l':  <>  v  /  |  7': 

T]  ...  74 . .  74  ...  r 


+  w.v  y  +  »  \  +  w  ;,  7,  +  H  \ 


4! 


=  0 


(42] 


which  is  the  CCSD  7;  equation  for  any  number  of  electrons. 

In  the  same  way.  we  can  replace  the  unlinked  EPV  terms  of  the  7  4  equation  using 

(Ha  7:7,),  =  -(11^7:7,),  , 


U\ 


T\ 

3! 


=  -  H\ 


..  T] 


3! 


n 


For  a  demonstration  see  Figure  3.  The  fully  connected  one-particle  variable  then 
becomes: 


7  ~ 

=  fdTx  +  H4  7,  +  H;s74  4-  H  \  — ^  +  1147: 7', 


li 

3! 


(43) 


which  leads  exact'y  to  the  ersD  7 ,  equation  of  the  many-electron  system: 


7"  7  ' 

,/jT,  +  V,\T,  -I-  H'v7’:  +  H4~  +  114-7:7;  +  H4  ^  «  (44) 

Using  the  fact  that  satisfying  these  equations  means,  for  two  electrons,  the  ful¬ 
fillment  of  the  original  homogeneous  equation,  the  energy  can  be  simplified  to 


AE-(U)*Q'0 


(45) 


•4  << 

o-o-Qr'Qi 


^  Vlf:  • 


’  ~  -  ^*^*•*>'*1*1^^  ‘ 


Figure  .V 
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which  again  is  the  ct  SD  cncig>  expression.  I  he  fact  that  we  arrived  at  the  ( (  si) 
equations  and  energy  expression  shows  that  the  method  is  exact  for  two  electrons. 

Finally,  we  determine  the  (X  si)  functional.  Using  the  detiniiion  oi  l  q,  i  .Vi)  the 
energy  functional  of  Fq.  ( .14)  can  he  rewritten  as: 

3  ax  ^ 


AE-a:5‘Q  Q 


'  . 
DENOMINATOR 


A  ■  A. . 


^3;,  A 


1461 


where,  in  the  last  step.  was  introduced  as: 

TT 

TT 


(47) 


DENOMINATOR 

AA>  A  A 

DENOMINATOR 

This  definition  of  A  shows,  that  it  is  “c  i”-like.  i.e..  A  contains  disconnected  parts. 
,At  this  point  the  two-  and  one-particle  variables  in  the  functional  include  unlinked 
terms.  As  we  have  seen  above,  it  is  possible  to  write  them  in  connected  form  [see 
steps  from  Fqs.  ( .14  )-(4.1 )].  Therefore,  the  final  form  of  the  functional  is 


AE-a;D‘Q'Q*i.^r 


(481 


The  derivative,  according  to  A.  leads  to  the  ( x  si)  cqs.  ( 42 )  and  ( 44 ) 


'/'lie  Qdsn  Medunl 

We  define  the  same  one-  and  two-particle  variables  as  for  the  <  t  si>  method  with 
eq.  ( .16).  and  follow  the  .same  steps  through  fiq.  (40).  I  hen.  we  do  not  cancel  the 
disconnected  diagrams  of  the  two-particle  variable,  but  instead  introduce  a  new. 
disconnected  variable.  In  diagrammatic  language 


A/  ”  V..v'‘jiZ\£ 


(44) 


or  algebraically. 


r 


r.'i'; 


i''r- 


The  permutation  of  the  indices  on  the  /  ,  amplitudes  is  required  to  maintain  full 
antisvmmetry.  This  new  variable  corresponds  to  the  <1  cocllicient.  Introduction 
of  the  new  variable  means  using  (  :  ^  /  ;  f  U/'i  in  the  operator  basis,  Wc  now 
obtain. 

t _ i  JL  ^  1.  V  ;  V. 

.  V  X 

*  -(CLD ilviV) 

One  should,  of  course,  check  whether  the  replacement  is  Justified  for  all  terms.  This 
can  be  done  at  the  diagrammatic  level,  and  this  process  is  shown  in  Figure  4  for 
the  Qi  If  \  /  _'  term  and  for  the  energy. 

T  he  next  step  is.  as  in  the  <  r  so  case,  the  replacement  of  the  unlinked  f  I’v  terms 
by  the  linked  one.  T  he  only  ditfcrence  to  the  former  case  is  that  now  wc  use  {  '; 
rather  than  7  -  .  T  he  one-  and  two-particle  connected  variables  arc  then 

n  \ /  ,  +  /;//,  f  II \C:  t  n\(  V/, 

Vv\  f|  i  W,  I  Vv\CX  f  UCA  t  lM\C  v 


(-‘^1  ) 
(.^2) 
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Vjd  +  V’n 


fd  ■ 


o  * 


*  VlD 

a'D 


F  igure  4. 


Therefore,  the  amplitude  equations  arc: 

MvT,  +fjT,  +  +  MvCy/'i  =  0  (53) 

M  \  7',  +  U  v  +  H  A  C’:  +  /,/(':  +  I  M  a  C'j  =  0  ( 54 ) 

and  the  energy  expression  is: 

AA=n;sC'i  (55) 

These  equations  and  energy  expression  are  the  QC  l-Sn  equations  (9)  for  any  number 
of  electrons  and.  as  it  follows  from  above,  they  are  exact  for  two  electrons.  One 
should  note  here  that  the  QC'i  Eqs.  ( 53 )  and  ( 54 )  and  cc.sd  Eqs.  ( 42 )  and  ( 44 )  are 
equivalent  for  two  electrons  only.  In  this  case,  all  steps  of  our  derivations  are  exact 
and,  therefore,  the  differences  are  hidden.  Inclusion  of  the  connected  l-Pv  terms 
with  the  variable  7  {(Tsd  method)  or  C  (QC'l  method),  which  are  tetraexcited 
contributions  in  the  many-electron  case,  is  essentially  different.  The  relationship 
of  resD  and  OC'iSD  has  been  discussed  in  detail  by  Paldus  et  al.  [26.27]  and  Poplc 
etal.  [28.29], 

Using  similar  steps  as  for  the  CC'SD  method  the  functional  can  be  written: 

AE’CLD^cij*©  (56) 

The  M  c  Method 

We  now  define  the  one-  and  two-particle  variables  differently: 

*VV-*-VV-((LD*Q'Q)  (VY^VV) 

*  \t3  *  V_D  Vi)  *  ViJ  *  W  ’■ 

*  W*  V  ^  n  V"*  ^ V-D---*  * (LV--X * 

♦  w -X- w-x s* 0  v*yv- 


(57) 


\MIK\\I1\1  \\S\l/l  !\  M)l  I’l  MM  I  f  SH  l<  lllMtKN  II 


Note  llic  ditrcivncc  v.itli  f  q  (  '(M;  ihc  ncu  ono-clcclron  \;iiiahle  contains  pieces 
t>t  the  tuo-electrini  variable  eiMtlraeteci  b\  /  i.  On  the  vrther  hand,  the  two-tiarticle 
variable  is  exactU  the  same  as  tor  ( t  si).  V\  itit  thv)se.  the  /  .  and  /  '  equations 
beeome: 

DENOMIN/VTOR  *  C  j  ' 


\  ; . ;  L.. _ i  1..  ,i  \  .'d  w.  .V 


-w:  0 


DENOMINATOR  *  l‘  'i 

.  -  A-V,  i  f  \:  \,’  .  y  '  Q 

Again,  the  homogeneous  ciiuation  has  onK  the  trivia!  solution,  therelore.  the  new 
variable  shoiiki  vanish.  Now ,  conlrarv  tothe(<  si  tease,  the  /  i  eqiiatum  has  unlinked 
terms,  vvhieh  are  not  t  I’v  tvpe.  One  shoiikl  cancel  liiem.  V\'e  use  the  ( (  si)  /  ;  I  q. 
(44).  I  his  is  justilieil  because  vve  are  looking  Idi  exact  results  lor  two  electrons 
;md.  in  this  case,  the  ( (  si)  I  .  equal iiui  salisties  this  condition.  V\'c  use  the  lollow  mg 
equalities. 

*  -V.-:s  ■  V  2  -I  0...C'  -.0  0 'Y 
Y(u-x‘2)^  Y((L,.c'2  a)'(QJ-n,a)^Y 
UiY'X-Y '-D  (V  o’Y  2;m0..,0‘C  Q)Y0 

YY  X  -  YY  X '  YY  *  VYLi  yY  i  • 

,  -s  s .  .o  r\  '■ .s 
’■  \c.,C  C  C  ;  V  V 

With  this; 


'OX*  Y*V  ■ 

.Tv  V 
u 

*Y'.  .c 

‘V  % 

-Y.O-Y. 

A 

v.y 

‘V.D 

.  \ '  n  . 

‘YY*rY-  (Q  „i) 

A  ■  A 

V  V 

U  w 

'  V  *- 

'  V._y‘ 

^  J  •.  /  A  . 

V  .c  ■  V  y  =1 ' 

.  A  ,/ 

.'d  u. 

1  VV  .  ...)  \ 

.-T  ^  .  A  •  A  ■ 

'■  Y. _ V'  'J  C  J  v'  'j 

Afler  replacing  the  unlinked  1  I’v  terms  with  the  linked  ones,  we  obtain, 

I  ij\  •  ii\y,  f  /iii\7,  *  n\y:-  »  '  iis/'i  i  /'Ihy  ♦  /I/,//; 


/  I  ^  y  ;(ii\y  Y,  r  M\y,y\  *  ,,  n\  / ; 
'  yidi  v  /O  il  ‘  !,  y  !(H\y  V), 


/:(n\y?i  i  y!(((\y,y,).  f  yloiYy  ;i 


Because  the  two-part iele  variable  of  lici,  ( .s7  )  is  the  same  ;is  in  the  <  (  si )  ease  above, 
the  connected  two-particle  variable  is  the  same  as  tor  ( <  SD: 
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=  H\7-,  +  H'v  f  H\7:  +  M  > +  IJ\  +  H\7-,7: 

+  h;,  y  +  »  ^  ^  +  M\  /■:  ~  +  n-.v  ^  (62 ) 

[compare  Eq.  (42)].  The  equations  to  solve  are  then 

CxD  -0 

(6."?) 

m  -0 

At  this  point,  one  should  note  that  the  one-particle  variable  of  Eq.  (61 )  can  be 
turned  into  that  for  CCSD  (4.^ ):  all  terms  containing  T i  add  up  to  zero  because  of 
the  7';  equation.  This,  of  course,  must  be  true,  because  both  equations  must  be 
e.xact  for  two  electrons.  They  give,  however,  different  results  if  we  apply  them  to 
problems  with  more  than  two  electrons.  In  this  ca.se.  as  we  will  see  below,  other 
terms  appear  in  the  T2  equations,  therefore,  these  terms  do  not  cancel  each  other. 
They  introduce  higher  excitation  effects  (see  later).  The  energy  expression  is  the 
same  as  for  the  CCSD  method  but  for  only  the  two-electron  case. 

Now  we  are  going  to  show  that  the  above  equations  are  really  xcc  type  equations, 
i.e..  they  are  the  same  as  Eq.  ( 1 0 )  for  two  electrons.  The  XCCSD  equations,  according 
to  Eq.  (10),  have  the  structure; 

+  w.nT,  +  r;H\7,  WsTz  -h  i  w-vTi  +  +  r\j:,T2 

+  rlH-vT:  +  ^  Tl(ir.vrf).  +  H'vT,  /':  +  ^  H'.vT?  +  ^  TlfHvr.rT), 

+  ^  /IfM'vrx),  +  ^  rl(n;.7t).  +  ^  rlfovr?), 


+  r^(- •  •)+ Til- • .)  =0 


02 ^  H'v 7',  +  H-.v  +  HaT;  +  H'v-^  -K  I,iT2  +  ^y^T^T2 

t-2  j'Z 

+  W  V  —  +  —  +  H\  7'-.  —  +  K  v  — 

A  ,,  A  ^  '  41 


+  T-if  -  •  •)  +  7',^(-  •  •)+  T-.f' 


All  the  terms  denoted  by  ( •  •  • )  are  tpv  terms  with  more  than  two  open  hole 
lines.  Therefore,  they  are  zero  according  to  lemma  3  of  ref.  1 2,  and  for  two  electrons 
the  XCT  equations  arc  exactly  the  same  as  the  above.  The  conclusion  is  that  the 
xcc  method  is  right  for  two  electrons.  However,  in  practice,  some  truncation  of 


AiifKwiiM  i\  roi  ritiM  M  sf  (  K  mioK^  it 


lUI 


the  hnite  ceiuations  is  neecssars  (1  I  j .  If  we  want  it  U>  he  right  lor  two  electrons  also 
in  this  ease,  the  first  pan  should  he  retained  completely  ami  only  the  terms  denoted 
hy  (  •  •  • )  can  he  truncated. 

The  \anishing  of  terms  for  two  electrons  denoted  hy  ( •  •  •  )  suggest  that  these 
terms  represent  higher  excitation  etVects.  This  is  in  line  w  ith  the  findings  of  refs.  I  I 
and  .^0-32.  where  terms  like  these  were  used  to  include  higher  excitation  elfects 
into  the  cc  sit  calculations. 

.\s  in  the  Brueckner  orbital  case,  the  \(  (  functional  is  infinite.  I  'sing  the  dehnition 
of  hq.  (  57 ).  the  original  functional  I  .'4 1  can  he  written  as 

7  .  ?  0 

A  p  _  A  ^  .A  A  _ :  ‘•I _ ;  '  f,4  ) 

C  -  .  V  "  \i.  'u  denominator 


(compare  to  eq.  (46)].  Using  the  abo\e  results,  it  can  be  rewritten  into  a  fully 
connected  form. 


AE='(n)‘QQ' 


DENOMINATOR 
Now  we  expand  the  denominator  completely: 


AE AD  A  Q‘([±]*££j)i1-  denominator 
•  denominator*  -  ) 


(65) 


(66) 


After  replacing  the  unlinked  l  i’x  terms  it  can  he  written  as  being  fully  connected. 
Making  it  stationary  according  to  7  *  we  get  an  equation  which  is  satisfied  if  Eq. 
( 6.1 )  is  satisited. 


I  he  AC  f  s/>  Methixi 


for  this  method  we  stan  at  Eq.  ( 65  ).  V\e  detine  A  ditferently  as  in  Eq.  ( 47 ): 


. . . _ 

DENOMINATOR 

T" 

DENOMINATOR 


i.e. 


It  is  not  (  i-like.  This  leads  to 


AE-a: 


5  -Aj  6  .  - 


(67) 


(68) 


1  his  IS  now  \ery  similar  to  the  KX  functional.  One  has  to  remember,  however, 
the  dehnition  of  the  one-particle  \ariahle  |see  Eq.  (61  )];  there  are  some  terms 
having  'l\  in  them.  In  the  icc  case  they  should  be  A,.  Ehe  derivative  of  (68) 
according  to  leads  to  the  Eiqs.  (6.1).  We  have  seen  above  that,  at  least  For  the 
two-clectron  case,  the  terms  including  ! \  in  the  one-particle  variable  add  up  to 
zero.  ( herefore.  replacing  /  ,  by  .V,  does  not  change  the  amplitude  equations.  T  he 
modified  one-particle  variable  is  instead. 

h,ls  -  IE,  7'  +  A,(f\7,  r  (Ea/:  (-  |  M  ./  y  +  A.M  a  +  A,  4/7; 

I  A,H\7:  A  '  Ai(H\/0,  T  n\7,7:  +  ^  11^7  J 
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+  ^  AilHW'AjrT).  +  \ 

+  ^  A,{W'vr|},  +  A,(W:v7\r,).  +  ^  A.dfvrh.  (69) 

4!  3! 

and  the  functional  becomes 

which  is  now  the  ECC  functional.*  If  there  are  more  then  two  electrons  then  the 
replacement  of  Ti  by  Ai  is  not  justified  because  the  cancellation  of  7'i  containing 
terms  does  not  appear.  In  fact,  it  causes  a  scaling  of  these  terms  (which  represents 
higher  order  contributions)  by  the  denominator.  This  eventually  may  cause  an 
unbalanced  description. 

AA'C'C  Method 

The  amplitude  equation  of  the  sxcc  method  is  described  by  Eq.  (  1.3).  As  men¬ 
tioned  in  the  introduction,  and  shown  in  ref  12.  this  method  is  not  exact,  i.e., 
including  all  possible  excitations  in  T the  method  is  not  equivalent  to  full  c  i .  There¬ 
fore,  't  is  not  correct  for  two  electrons.  Even  if  we  know  that  already,  it  is  interesting 
to  understand  the  origin  of  this  deficiency  to  try  to  estimate  its  error. 

We  know  from  the  previous  section  that  the  first  term  in  Eq.  ( 1 3 )  is  zero  for  two 
electrons  (the  xcc  functional  is  exact).  Therefore,  we  now  investigate  the  second 
term 

{D,\{(c''Hs\ e').|())  (70) 

only.  It  should  vanish  in  the  case  of  an  exact  theory. 

For  the  sake  of  easier  understanding  we  first  return  to  the  Brueckner  orbital  case. 
We  have  to  modify  the  two-electron  variable  defined  by  Eq.  ( 24 )  to  a  form  given 
by  (70).  To  that  end  we  now  do  not  replace  the  last  term  by  the  corresponding 
connected  expression,  because  the  term  ( 70)  does  not  contain  it.  We  rather  use  the 
following  identity: 

(LO-OD  (71) 

This  follows  from  the  definition  of  7  ( Eq.  ( 2 )]  and  the  symmetry  of  the  functional 
and  amplitude  equations.  Now  the  unlinked  1 1’V  term  is 

-OTDVV  (72) 

and  the  question  is  whether  we  can  replace  it  by  the  corresponding  connected  one: 

-ODVA  Mt/WTJl  (7-^) 


‘  Transformalion  lo  Ihc  double  conticcled  Mniilurc  IS.  10)  c.  nol  disctivsid  here  beeauv  il  vuudd 
need  a  notation  whieh  would  nol  be  eonsislenl  with  the  present  one,  hut  the  translormation  is  ex-iel  |  S  ] 


\MIR\MI\t  \\S\I/I  i\  (  ()(  l>l  nu  I  I  Sll  R  II  1(1.' 

According  t"  I  igiirc 

r:  .  V  T'wT  Y-  : : .  i-ai 

l.c,.  the  simple  replaecmeni  inirodiiees  the  lurther  nmi/eri)  iinlinkei.i  lernis,  \Ve 
need  onl\  the  seeoiid  and  sixth  lerni  ut  f  igiire  Iii  replace  the  unimkei.)  term.  I  hns, 
the  exact  amplitude  eriuation  can  he  uriiien  as; 

li\  •  n\  / ,  •  /  /  .  .  t  /  ‘.II  ^  /  >!  ,,.  t)  (  ) 

\\ here  subscript  2.  h  means  tlte  seconst  aiul  sixtii  siiagrams  ot  1  igure  5.  I  Itis  exiualum 
is  correct  lor  tuo  electrons,  but  untbriiinatclx.  not  compatible  uiih  the  I'orm  ot 
(  70  ).  In  other  words,  not  all  derivatives  of  the  energv  t'linctional  (12)  are  included 
in  the  exact  amplituiie  ec|ualion.  I  hercrore.  in  onler  to  have  the  runclional  we  have 
to  include  all  the  terms  of  I  igure  .s  and.  in  addition,  we  have  to  add  some  terms 
which  cancel  the  second  term  of!  q.  ( ‘’41, 

I  sing  bq.  (  26 )  we  can  write: 

Ic  V...:.-  e:_v  i  0  ("6  1 

Q^V-V  =  -  2  QD  V-V 
=  -2  QD  W 
=  Vin),V 
=  -i  V-(niy 
-  \z(ni.v 

=  M  OD  \2V 

M  dD  v.y 

(t>t3)l  ^-ODW-dDV.V 
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Replacing  these  unlinked  hpv  terms  by  linked  ones,  and  inserting  into  bq  (75). 
we  get: 

l\\  +  n\T2  +  ljl\  +  tUVsT.  + 

+  +  l((7r»'s),  T'a  -  0 

Here  subscript  r  means  that  only  specific  diagrams  have  to  be  included.  There¬ 
fore,  once  again,  we  do  not  have  the  whole  derivative  of  the  diagrams  of  the 
energy  expression.  It  is  worth  mentioning  that  this  equation  has  exactly  those 
higher-order  terms  which  prevented  us  in  ref.  12  from  showing  that  the 
(  I  ( ( ’  //,\  e  ^  )J  0  >  =  0  equation  is  exact. 

The  rule  we  see  here  is  that  the  sum  of  all  connected  f  in  terms  is  equal  to  the 
sum  of  all  unlinked  ipv  terms  (see  also  Origin  and  Properties  of  ipv  lerms).  The 
exact  equation  of  the  twcvelectron  problem  does  not  include  all  unlinked  IPV  terms, 
therefore,  a  subset  of  the  connected  terms  are  needed  to  cancel  them.  Hence,  the 
inclusion  of  specific  diagrams  into  the  amplitude  equation  is  not  compatible  with 
a  finite  functional. 

Now  we  return  to  the  T  -  'f\  -i-  7':  case.  We  start  with  Eq.  (60)  for  the  /'i 
amplitudes.  Beside  Eq.  ( 7 1 )  we  also  use  a  similar  identity. 

(77) 

Replacing  the  unlinked  terms  with  the  connected  ones  and  remembering  the  rule 
obtained  above  we  have: 

=  .//Ti  -f  H'vT',  +  /IiTvy,  +  irvr;  + Uf'v/  T  ^  7lii\  +  r\n\  i: 

+  r\n  ,T2  +  s7|tTv7'i  f  T|w^T:T,  + 

+  tUi\7\  +  r\TUi\r2  +  /I'm  v/',  +  t/TtTN/. 

+  17I7;m;v7t  +  ‘7;’m\7t 

+  ov.d*  VO  o^U-Vini-d.vnii  (78) 

For  the  T:  equation,  from  Eq.  (40)  we  obtain. 


1  A8l  t  I, 

Total  energy  of  the  IF  molecule  at 

1  A. 

Total  energy 

Method 

DZ 

DZP 

Ful)  n 

1.12671267  1. 

l.ty627XU 

SX(  c  (4')‘ 

l.l267|X7,t  1, 

l.t%.t.S2X 

“  This  methiKl  isu  truncated  form  otThe  s\(  (  method  (111 
according  to  fourth-order,  using  fioth  T,  and  7  .  as  first-order 
quantities. 
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n\y,  t  ii\  .  n^7^  •  Uu/  ;  i  iJ:  •  n\/,/;  *  ;u\7  : 

.  7  01\  /{  .  l7:[i\  /  :  .  l/i  M\7:  -  /  \ 

'  o:  C  V  .V  -  <  V  -  V  V  a]  u  -  V  V  D  I!  ( 70 ) 

\s  in  iho  simplest  ease,  the  75  ( <  si>  {;q.  (42)  can  be  used  to  replace  unlinked 
terms.  1  his  process  again  introduces  spccilic  higher-order  terms  so  that  the  exact 
equation  is  not  compatible  uith  the  form  (^0). 

t  he  conclusion  of  this  section  is  that  even  tor  two  electrons  it  is  not  possible  to 
have  a  simplifievi  sv  mmetric  I'unctional  in  an  exact  method.  I  he  error  is  represented 
h>  higher-order  terms  onlv .  w  Inch  are  small  and  vv  hose  magnitude  can  be  estimated 
by  perturbation  theory  arguments,  fable  I  shows  that  a  truncated  form  of  s\c  t 
gives  an  energy  very  close  to  the  full  <  t  energy  for  two  electrons. 

C  onclusion 

In  this  study,  the  two-electron  problem  has  been  investigated  using  an  expmten- 
tially  paramcti/cd  energy  functional,  fhe  exact  stationary  equations  can  be  shown 
to  become  the  (  (  so.  g<  iso.  i  (  (  so.  and  \<  <  so  equations,  because  these  methods 
arc  exact  for  two  electrons,  fhe  dilierent  forms  of  the  various  equations  illuminates 
some  ol  the  connection  between  <  <  so  and  (,«  isi>.  and  also  how  higher  excitation 
etlects  are  mlrcxluced  lor  more  then  two  electrons  in  the  I  ( (  so  and  \(  <  so  methods. 

I  he  s\(  (  so  method  was  found  not  to  be  correct  for  two  electrons,  although  it 
fails  only  because  of  some  higher-order  terms.  This  small  dilference  may  not  affect 
the  method  for  practical  calculations.  One  should  also  note  that,  in  practice,  the 
linite  but  rather  long  equations  of  the  I  ( t  so  method  probably  need  to  be  truncated, 
making  other  methods  computationally  competitive  with  K x  because  they  are 
symmetric  m  the  /  and  in  the  /  '  paraiiK-tcrs.  for  s\(  <  .  it  very  ea.sy  to  evaluate 
properties  as  the  generalized  I lellmann-l  ey nman  theorem  is  satisfied  (I  1.1.'].  .All 
other  methods  require  the  determination  of  both  7  and  A  to  determine  properties 
(see.  e  g.,  refs,  ".  vt.tq.  and  5''). 
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Abstract 

The  coupled-cluster  method  with  multidimensional  reference  space  is  studied  in  the  case  of  the  in¬ 
complete  active  space  ( IAS).  The  latter  was  chosen  as  a  subspace  of  the  Hilbert  space  corresponding  to 
a  fixed  number  of  valence  particles.  Two  different  approaches  for  the  normali/.alion  condition  are  analyzed. 
When  not  imposing  intermediate  normalization,  the  cancellation  of  disconnected  terms  is  proven,  ensunng 
that  extensive  energies  are  obtained,  v  John  Wiley  &.  Sons.  Inc. 


Introduction 

The  selection  of  the  reference  space  is  a  crucial  problem  in  the  multireference 
generalization  of  the  many-body  perturbation  (mbpt)  and  coupled-cluster  (cc) 
theories.  The  most  convenient  approach  to  this  problem  would  be  an  inclusion  of 
a  very  limited  number  of  functions,  possibly  those  which  strongly  interact  and  are 
close  in  energy.  The  model  space  formed  in  this  manner  is  usually  incomplete.  To 
make  it  complete  would  usually  require  taking  into  account  many  more  functions, 
not  important  from  the  viewpoint  of  the  physics  in  the  problem.  This  also  enlarges 
the  size  of  the  model  space,  and  it  brings  about  the  problem  of  intruder  states  [1- 
3].  The  first  is  impractical  and  the  second  often  fatal.  It  should  then  be  concluded 
that  a  reasonable  answer  to  the  problem  would  be  an  adoption  of  an  incomplete 
model  space.  This  complicates  the  theory  somewhat  [4-6]. 

mbpt  for  an  incomplete  model  space  was  first  considered  by  Hose  and  Kaldor 
|7  ]  where  the  disconnected  terms  occur  and  a  general  method  for  their  generation 
is  suggested.  The  detailed  analysis  of  the  additional  terms  due  to  incompleteness  is 
given  in  Ref.  [2].  The  main  question  connected  with  the  occurrence  of  the  dis¬ 
connected  terms  pertains  to  the  (size)  extensivity  property  [8].  This  feature  is 
considered  to  be  a  prime  virtue  of  MBPT/cx  methods  as  compared  to  the  c  l-based 
methods.  The  coupled-cluster  formulation  corresponding  to  the  Hose-Kaldor  mbpi 
approach  was  presented  by  Jeziorski  and  Monkhorst  [5|.  The  C(  equation  given 
there  for  an  incomplete  model  space  leads  to  disconnected  terms  in  agreement  with 
conclusions  reached  by  Hose  and  Kaldor. 


•  Permanent  addres.s:  Institute  nf  Chemistry.  Silesian  University.  S/kolna  V.  4n-l)()fi  Katowice.  Poland. 
'  To  whom  correspondence  should  he  addressed. 


International  Journal  of  Quantum  (  hemistrv:  Quantum  Chemistry  Symposium  2h.  107-1  15  (tW2) 

1.  IW2  John  Wilev  &  Sons.  Inc.  CCC  ()():()-7(,(m,/>)2/(IIOI07-()d 


108 


kucharski  and  bartle n 


The  problem  of  extensivity  of  the  different  approaches  was  addressed  by  Shepard 
[9],  who  arrived  at  the  conclusion  that  the  presence  of  disconnected  terms  destroys 
the  correct  scaling  of  the  energy  with  a  system’s  size.  That  statement  had  weakened 
the  importance  of  the  incomplete  model  space  approaches. 

A  new  aspect  of  the  problem  was  presented  in  the  studies  by  Mukherjee  [10] 
and  Mukherjee  and  Lindgren  [11].  In  their  approach,  they  exploit  the  previously 
introduced  idea  of  the  universal  wave  operator  [12-14]  delined,  not  only  for  the 
given  «-valence  Hilbert  space,  but  also  for  all  other  w-valence  {m  <  spaces,  i.e., 
for  the  entire  Fock  space.  They  call  this  method  a  Fock-space  approach  to  distinguish 
it  from  the  Hilbert  space  approaches,  e.g.,  realized  by  Jeziorski  and  Monkhorst. 
The  conclusions  drawn  in  Ref  [11]  state  that  the  incomplete  model  space  may  also 
generate  an  effective  Hamiltonian  of  connected  nature.  pro\  ided  the  wave  operator 
is  a  valence  universal  Fock  space  operator  and  once  the  intermediate  normalization 
typical  of  the  Bloch  approach  is  abandoned. 

Another  Fock-space  approach  to  the  CC  theory  was  developed  by  Stolarczy  k  and 
Monkhorst  [15].  Here  the  active  space  was  expanded  to  include  the  whole  spectrum 
and,  consequently,  the  model  space  lost  its  usual  meaning.  That  would  require  an 
alternative  definition  of  the  effective  Hamiltonian  as  a  quasiparticle  conserving 
operator. 

The  aim  of  the  present  study  is  to  give  a  thorough  discussion  of  the  terms  appearing 
in  the  expansion  of  the  effective  Hamiltonian  and  in  the  cc  equations  for  the 
incomplete  model  case.  Particular  attention  will  be  paid  to  the  role  of  the  inter¬ 
mediate  normalization  condition  in  the  generation  of  the  unlinked  diagrams  in  the 
effective  Hamiltonian  expansion. 

General  Coupled-Cluster  Equations  for  Multidimensional  Reference  State 

The  basic  equation  in  the  derivation  of  the  c  c  equation  is  a  generalized  Bloch 
equation  [16.17]: 

IlilP  =  { I ) 

When  operating  on  the  Bloch  equation  with  the  model  space  projector.  I\  we 
obtain  an  expression  for  the  effective  Hamiltonian  //'” 

=  rUilP  -  P  {2 ) 


where  -  P  +  X, 

Acting  on  Eq.  ( 1  )  with  operator  Q,  i.e.,  the  orthogonal  space  projector,  we  obtain 
a  general  form  of  the  c f  equations: 

CZ//S2P  -  ^XP/P" P  =  0  O) 

Further  analysis  of  Eqs.  ( 2 )  and  ( 3 )  requires  a  specification  of  the  wave  operator, 
I'wo  main  forms  of  the  wave  operator  will  be  considered  in  the  present  study.  The 
first  one,  based  on  Jc/iorski-Monkhorst  (JM )  [5].  will  be  termed  a  Hilbert  space, 
kel-depcndent  exponential  ansatz;  whereas  the  second,  corresponding  to  the  Mu- 
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kheijee-Lindgren  (ML)  formulation  [12-14).  will  be  termed  the  universal  (or  Fock 
space)  wave  operator  approach. 

Description  of  the  Method 

The  approximations  introduced  into  the  coupled-cluster  method  usually  rely  on 
the  truncation  of  the  cluster  expansion.  In  order  to  avoid  excessive  proliferation  of 
terms  we  adopt  the  method  denoted  in  the  literature  as  CCSD  for  the  single  reference 
[18]  or  MRCCSD  for  the  multireference  case  [6],  in  which  the  cluster  operator.  T. 
is  approximated  as 

T(K)  =  TdK)  + T.AK)  (4) 

i.e.,  only  single  and  double  replacement  amplitudes  are  included  with  respect  to 
each  (i.e.  K)  reference  state.  The  detailed  form  of  the  T  i  and  Tj  operators  depends 
on  the  type  of  wave  operator  assumed  and  will  be  specified  later. 

As  far  as  the  reference  function  is  concerned,  the  two-dimensional  model  space 
is  selected,  spanned  by  the  functions  i  the  simplest  case  of  the 

incomplete  space. 


Hilbert  Space  Exponential  Ansatz 

The  explicit  form  of  the  wave  operator.  Q,  may  be  expressed  as 

K 


where 

T(K)  =  Z  T,  {K) 

i 


(5) 


(6) 


and 


r,[K)  =  (L!)-‘  Z' •  •  /,  (7) 

The  prime  in  the  last  summation  reminds  us  that  those  components  of  T/  iK), 
which  produce  excitations  within  the  model  space,  are  excluded  from  the  sum¬ 
mation.  S(K)  is  an  additional  operator,  which  depends  on  the  choice  of  the  nor¬ 
malization  condition. 

In  order  to  employ  diagrammatic  techniques  in  further  derivation,  the  reference 
function  which  would  play  the  role  of  the  Fermi  vacuum  should  be  selected.  The 
natural  choice  would  be  to  assume  also  a  ket-dependent  Fermi  vacuum,  which 
means  that  the  particle  and  hole  states  will  be  redefined  for  each  column  of  the 
effective  Hamiltonian  matrix.  This  also  means  that  the  diagrammatic  expansion 
of  the  diagonal  element  of  the  effective  Hamiltonian  matrix  will  be  expressed  in 
terms  of  closed  diagrams,  i.e.,  those  appearing  in  the  energy  expansion  for  closed- 
shell  theory. 
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In  order  to  proceed,  the  normalization  condition  should  be  specitied.  In  the 
following  subsections  two  options  will  be  considered  with  the  intermcdi'Ue  nor¬ 
malization  imposed  or  abandoned. 

Intermediate  Normalization  Imposed 

The  intermediate  normalization  condition  assumed  in  this  subsection  may  be 
expressed  as 


P9.  =  P  (8) 

This  equality  only  holds  for  the  specific  form  of  the  ,S'(  A  )  operator: 

S(K)  =  [t:(K)(t(K)  -  /::(A)/;;(A)]«W'''  (9) 

With  these  assumptions  the  effective  Hamiltonian  operator  of  Eq.  (2)  takes  the 
form 


//eH  =  pifOp 

(  10) 

II 

(  lOa) 

( lOb) 

In  ord  :r  to  obtain  specific  diagrammatic  expressions  for  the  diagonal  and  otl- 
diagonal  clement  of  the  above  operator,  standard  techniques  based  on  Wick's  theo¬ 
rem  are  employed.  The  diagonal  element,  H'kk-  takes  the  form,  as  previously  men¬ 
tioned,  analogous  to  the  energy  expression  in  the  closed-shell  theory  { see  Fig.  1(a)]. 

The  off-diagonal  element.  Hfl  =  graphically  denoted  asv  v( double  arrows 
refer  to  the  active  levels)  is  given  in  Figure  1  (b).  The  symbols,  ’'and  V-' .  represent 
the  sets  of  diagrams  occurring  in  the  exparc-on  of  the  effective  Hamiltonian  for 
the  complete  model  space  (CMS)  approach  and  are  given  in  Ref  [19],  The  difference 
between  the  diagrammatic  expansion  of  the  M  '*;'  clement  for  the  CMS  and  the 
present  treatment  is  represented  by  the  last  four  diagrams  in  Figure  I  (b).  all  being 
disconnected.  Thus,  the  off-diagonal  elements  contain  disconnected  diagrams,  absent 
in  the  CMS  theory.  The  origin  of  those  terms  may  be  attached  to  the  fact  that  the 
7'i  operator  is  allowed  to  carry  active  labels  only. 

The  coupled-cluster  equations  arc  given  in  Eqs.  (II)  and  (12).  and  their  dia¬ 
grammatic  versions  in  Figure  2(a  and  b)  for  7’,  and  /';  amplitudes,  respectively. 
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Figure  i.  Diugrams  contributing  to  the  diagonal  (a)  and  off-diagonal  (b)  element  of  the 
effective  Hamiltonian.  Hilbert  space  l>pc  wave  operator  with  intermediate  normalization 
assumed  ( acM  <ui)  means  permute  indices  in  last  diagram  in  the  two  possible  ways. 
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I'he  general  structure  of  the  i X  equations  is  analogous  to  that  of  the  (.'vts  case 
[1^].  i.e.,  no  explicith  unlinked  terms  contribute.  I  hc  7'i  equations  arc  set  up  now 
also  for  the  amplitudes,  i.c..  those  engaging  active  labels  only.  This  is  a  conse¬ 
quence  of  the  incompletene.ss  of  the  mixlel  space.  T  he  latter  fact  also  atfects.  to 
some  extent,  the  renormalization  diagrams  which  arc  now  slightly  modified. 

In  the  /  j  equation  two  types  of  terms  contribute;  connected  and  disconnected. 
This  means  that  the  explicitly  unlinked  terms  are  fully  canceled.  The  con¬ 
nected  terms  may  be  divided  into  two  pans;  ( principal  term  graphically  denoted  as 
*2  •’  ,  which  is  identical  to  that  occurring  in  the  C.MS  case  and  close  to  the  diagrams 
obtained  for  the  closed-shell  theory;  and  the  renormalization  term,  denoted  as 
t  •’  .  which  is  somewhat  modified  with  respect  to  Ref.  [  1^))  and  which  is  entirely 
absent  in  the  closed-shell  theory  (18).  The  terms  written  in  Figure  2(b)  as  discon¬ 
nected  diagrams  are.  in  fact,  of  a  connected  nature  when  their  order-by-order  struc¬ 
ture  is  examined .  In  full  analogy  with  the  complete  model  space,  they  may  be  called 
apparent  di,sconnected  terms. 

The  full  set  of  renormalization  diagrams,  i.e..  those  represented  in  Figure  2  by 
symbols  V  and n  ■'  is  given  in  Ref.  [19]. 

It  should  be  mentioned  here  that  although  the  cx  equations  are  formally  of  a 
connected  nature,  they  also  implicitly  generate  unlinked  terms.  This  is  caused  by 
the  fact  that  the  U  ;';/  element  of  the  //""  involves  some  disconnected  contributions 
[sec  F'.g.  1(b)].  Substituting  the  If  '";' disconnected  component  for  the  H  clement 
in  the  cc  equation  will  create  a  number  of  unlinked  diagrams.  This  should  be  kept 
in  mind  when  dealing  with  the  (  ('  method  based  on  the  wave  operator  considered 
in  this  subsection,  as  applied  to  an  incomplete  active  space. 


a 


= 


b  D' 


-  I  oi  b  ’  £»i  b*  Qi  b  I  on  bi  5“ 


f  igure  2.  Diagriimmatie  equations  for  the  singtc  ( a )  and  double  ( b )  excitation  amplitudes, 
for  flilbert  space  formulation  of  the  cc  theory  with  intermediate  normalization  assumed. 
Ui){uh)  indicates  the  inelusion  of  the  last  diagram  subject  to  permulting  the  labels  as 

specified- 
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Intermediale  Normalization  Abandoned 
The  departure  from  the  intermediate  normalization  may  be  written  as 

(13) 

This  happens  when  we  set  the  S(K)  operator  equal  to  zero.  As  a  consequence,  the 
second  term  on  the  right  hand  side  (rh;)  of  Eq.  (2).  known  as  a  renormalization 
term,  does  not  disappear.  The  diagonal  element  of  the  //*"”  operator,  e.g..  for  the 
reference,  4>o,  may  be  expressed  as 

since  the  other  reference  function,  <i>o,  does  not  contribute  to  the  renormalization 
term.  The  diagrams  appearing  in  the  expansion  of  are  presented  in  Figure 
3(a).  We  observe  the  presence  of  the  additional  term  as  compared  to  the  case 
described  in  the  previous  subsection.  This  term  is  due  to  the  renormalization  com¬ 
ponent  of  Eq.  (2)  or,  in  other  words,  due  to  the  fact  that  the  X  operator  can  icprorlnce 
the  component  of  the  model  function.  The  off-diagonal  element  of  ma,,  i  e 
expressed  as 

fffo  =  -  <<J>;"Mxi4>o>(<i>o|//'-‘'^|<F„>  (15) 

where  we  took  advantage  of  the  equality  ( 1?"^  1  x  1 =  0. 

There  is  a  basic  difference  between  expiessions  { 10b)  and  (15).  In  the  former, 
the  unlinked  diagrams  do  not  appear  when  applying  Wick’s  theorem,  since  the 
operator,  cannot  generate  the  function  The  elimination  of  the  S{  K) 

operator  from  the  exponent  allows  us  to  create  the  function  i'l'*  when  operating 
with  on  <f>o  and  this  has  the  consequence  of  creating  unlinked  diagrams  from 
the  term  (4“"^  |  |4'o).  The  unlinked  terms  are  also  generated  by  the  second 

term  of  Eq.  (15)  and  these  cancel  all  those  coming  from  the  first  term.  The  full 
mutual  cancellation  is  not  possible,  however,  due  to  the  term  in  brackets  in  Figure 
3(a).  The  structure  of  the  noncanceled  diagrams  points  out  its  connected  n  l  ure. 
In  fact,  this  is  an  EPV  diagram  shown  as  the  last  term  in  Figure  3(b). 

The  disconnected  terms  are  now  generated  by  the  terms; 

b  ) 

Figure  .3.  Diagrams  contributing  to  the  diagonal  (ai  and  off-diagonal  ( b)  element  of  the 
effective  Hamiltonian.  Within  the  Hilbert  space  formalism  without  intermediate  normal¬ 
ization  assumed.  (  )  denotes  permutation  of  the  nonequivaicnt  lines. 
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and  also  bv  the  renonnali/ation  pari  of  bq,  (II),  I  xploiting  the  (  (  equation  tor 
the  amplitude,  we  obser\e  the  partial  eaneellaiion  ol  the  diseonneeted  diagrams 
The  survising  term  [the  second  term  m  Fig,  .^(b)]  is  actualK  a  connected  (  I’s 
diagram.  Thus,  in  this  approach.  onK  connected  terms  coniribiile  to  the  olTdiagonal 
ert'ective  Hamiltonian  element. 

The  ('('  equations  derised  lor  the  present  form  olThc  uasc  opcratt>r  are  identical 
to  those  presented  in  F'igure  2.  The  cancellation  ol'the  unlinked  terms  in  the  current 
case  is  a  little  more  complicated.  This  is  due  to  the  fact  that  //c'"’'  ‘b,,  is  no 
longer  equal  to  //of,.  Writing  the  in  the  general  Form  |l:q.  (  I  I  )|.  sse  obscrxe 
that  the  cancellation  of  the  unlinked  terms  occurs  beP.seen  the  First  and  second 
term.  This  is  also  true  for  the  (.  MS  and  wave  operator  described  in  the  previous 
subsection.  Here  onK  partial  cancellation  takes  place  between  them  with  the  term 
.  1 (with  plus  sign)  surviving.  The  absence  of  the  intermediate  normalization 
makes  the  term  't>„!  X(  1  )  i  'b,, '  nonvamshing  and.  as  a  result,  the  last  term  of  Fq. 
(11)  generates  the  diagram  .  (minus  sign),  making  the  cancellation  of  the 
unlinked  terms  complete. 

Fock  Space,  I  niversal  Wave  Operator  Approach 

In  this  section  we  will  discuss  hrietlv  the  formulation  of  the  same  problem  within 
the  Fock  space  scheme. 

The  formulation  of  the  Fock  space  (  (  theory  relies  on  the  wav  e  operator  defined 
as 

<2  (17) 

where  1  !  denotes  the  normal  product  of  the  second  quantizevl  operators.  1  he 

cluster  operator  is.  as  usual,  separated  into  components  corresponding  to  the  single, 
double,  etc.,  excitations 

y  -  7,  r  7:  f -  (18) 

where 


The  summation  vner  ii,  runs  over  particle  and  active  levels,  and  summation  over 
//  goes  over  hole  and  active  levels.  Fhis  means  that  active  labels  occur  both  as  the 
creation  and  annihilation  operators.  Owing  to  this  properlv  there  arc  possible  op¬ 
erators  w  hich  are  formally  cla.ssified  as  double,  triple,  etc.,  excitations,  but  etfcctively 
generate  the  single  excitation  function  <!>'/.  e.g..  t'! .  etc.  and  the  same  is 

true  for  higher  clusters. 

The  number  of  unknown  amplitudes,  detined  according  to  Fq.  (19).  far  exceeds 
the  number  of  equations.  In  order  to  solve  the  problem  vve  need  to  include  into 
the  model  space  also  lower  ranked  sectors,  containing  dilferent  numbers  of  electrons. 
The  standard  wav  of  constructing  the  Fock  space  operator  is  to  proceed  in  an 
hierarchical  manner,  starting  with  the  sector  (T,,)  and  after  solving  the  ( ( 
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equations  go  to  the  sectors  A''  ‘  and  A’'"  ’  ’  with  one  extra  and  one  less  electron 
and  solve  the  rc  equations  until  finally  ending  with  the  A'  *'  sector,  which 
corresponds  to  doubly  excited  configurations  relative  to  ).  Now  with  alt 

single  and  doubly  excited  configurations  included  in  the  orthogonal  space,  with 
respect  to  the  additional  reference  states,  the  required  number  ofcluster  equations 
may  be  formulated.  This  allows  the  universal  waveoperator  to  be  unambiguously 
determined. 

fhe  second  approach  which  could  be  employed  here  is  to  adopt  the  core  as  a 
vacuum,  which  means  the  .V'*""  sector  is  now  the  doubly  ioni/ed  configuration  and 
we  will  consider,  also,  the  .S’* ' sector  corresponding  to  four  singly  ioni/ed  config¬ 
urations  and  finally  the  .S'* .sector  which  would  include  four  determinants  in  the 
complete  case,  or  the  two  and  »!>;;;*  in  the  current  example. 

It  was  shown  in  Refs.  [Id.  I  1.20)  that  the  connected  form  of  the  elfective  Ham¬ 
iltonian  and  the  t f  equations  may  be  ensured  by  retaining  the  above  operators  in 
the  expansion  or.  in  other  words,  by  dropping  the  intermediate  normalization. 

Thus,  in  the  present  case,  sve  also  end  up  with  the  connected  structure  of  the 
involved  quantities.  However,  the  complexity  of  the  problem  is  greater  in  some 
respects,  although  computational  considerations  are  such  that  I'ock  space  calcu¬ 
lations  represent  only  a  fraction  of  the  time  of  the  ground  state  (  (  solution  [2.^]. 

Conclusions 

It  was  shown  on  the  example  of  the  two-dimensional  model  space  that  the  presemee 
of  the  disconnected  diagrams  in  the  elfective  Hamiltonian  cluster  expansion  may 
be  attributed  to  the  intermediate  normali/alion  condition.  Departure  from  that 
condition  eliminates  disconnected  terms. 

The  disconnected  diagrams,  present  in  the  elfective  Hamiltonian  expansion,  are 
the  source  of  the  unlinked  contributions  when  iterating  the  ( (  equations. 

The  important  observation  is  that  the  connected  expansion  of  the  elfective  Ham¬ 
iltonian  may  be  obtained  for  the  Jc/iorski-Monkhorst  wave  operator,  i.e..  an  op¬ 
erator  defined  for  an  incomplete  n-valence  Hilbert  space  [4,6].  The  necessity  of 
the  inclusion  of  the  lower  rank  components  of  the  Fock  space  approach  is  very 
inconvenient  from  the  cmnputational  point  of  view  ,  particularly  for  problems  w  here 
full  potential  energy  surfaces,  as  opposed  to  energy  differences,  are  derived  [  20,2 1  ] . 
It  also  confuses  the  usual  meaning  of ‘’excitation."  as  "spectator"  amplitudes  like 
l‘,f"  are  part  of  "double"  excitation  amplitudes.  The  number  of  equations  which 
should  be  considered  is  larger  than  that  in  the  Hilbcrt-space  approach. 

One  may  anticipate  that  the  later  formulation  of  the  multircfcrence  coupled- 
cluster  theory  will  be  easier  to  implement  and  more  useful  in  actual  applications. 
Flsewhere.  this  is  explicitly  shown  for  the  two-conliguration,  open-shell  singlet  case 
[  22  j .  the  hcic  noire  of  single-reference  ft  approaches. 

Acknowledgment 

This  work  has  been  partially  supported  by  the  Polish  Academy  of  Sciences  ( Project 
No.  CPBP  01.12)  and  the  U.S.  Office  of  Naval  Research  (C  irant  No.  ONR-N00014- 
92-J-l  100). 


(  t  Mf  IHOD  rOR  AN  INCOMPIMl  M()[)f  I  SP  \(  i  1  15 

Bibliography 

[  I  ]  r.  H.  Schucan  and  H.  A  Wcidcnnuillor.  Ann  Ph>s  76.  4K.i  (  1')’4 );  1  kaldnr.  I’li>s  A  ,4K. 
601, ^  (  1488), 

[2]  S.  A.  Kucharski  and  R.  J.  Bartlou,  Inl.  J.  Quant,  (  h.m  .S>nip  22,  .^8)  (  1488) 

(,^1  S.  Zarrabian  and  R.  j  Banlcll.  Chvm.  Rhys,  loll  15.^,  I 'A  (  1488).  S,  Zarrahtan,  W  S)  I  aidip. 
and  R  J  Barticli,  Rhys,  Res  A  41.  4''!  I  (  1440) 

[4 1  I .  .Mcis,yner.  S.  A.  kuyharski,  and  R.  J.  Bartlett.  J  (  hem  Rhys  91. 6 1 87  (  1484 );  |  .  Mc-issner  and 
R.  J.  Bartlett.  J.  (  hem  Rhys  92.  ,'61  (  1440). 

[,'1  B.  Je/iorski  and  H.  J.  Monkhorst.  Rhys  Rev.  A  24,  1668  t  1481  j. 

(6)  A.  Baikova,  S,  A.  Kueharski,  I  .  Meissner,  and  R.  J.  Banlett.  J  (  hem  Rhss.  95.  4t|  1  (  1441  ). 

[7]  G,  Hose  and  G.  Kaldor.  J,  Rhys  B  12,  .4827  (  1474) 

(S|  R.  J  Bartlett,  .1.  Rhys  (  hem.  9.4,  1647  (  1484);  Ann.  Res.  Rhvs.  (  hem  ,42,  G4  i  1481  ). 

[4]  M.  Shepard,  J.  (  hem.  Rhys  R4.  624  (  1485). 

1 10)  D.  .Mukhcrjee.  (  hem.  Rhys.  1  ett,  125,  207  (  |s)86), 

( 1 1  1  I.  l.indgren  and  D.  Mukhenee,  Rhys.  Rep.  151.  441  l  1487) 

[  12)  D.  Mukherjee.  R  K.  .Moitra.  and  A.  Mukhopadhyay.  Mok-e  Rhys  ,40.  1861  (  1475) 

[14]  1.  I  indgren.  !nt,  J.  Quant,  (  hem.  S  12.  .4,4  (  1484). 

[  14]  M.  A  Has)ue  and  D.  Mukherjee,  J.  (  hem  Rhvs.  80.  5058  (  1484), 

1 15)  1. 7,.  Stolare/yk  and  II  J.  Monkhorst.  Rhys.  Rev.  A  42.  725.  74,4  (  1485). 

[16]  B,  M  Brands)sv,  Rev  Mod.  Rhys.  49.  771  (  1467), 

[17]  I.  l.indgren.  J.  Rhys  B  7,  2441  ( 1474). 

[18]  G,  O.  Rursis,  III  and  R.  J.  Banlett.  .1.  (  hem.  Rhys,  76.  1410  (  1482), 

[14]  S.  A  Kucharski  and  R,  J,  Bartlett.  J,  (  hem.  Rhys.  95.  8227  (  1441 ). 

[20]  M.  Rittby,  S  Pal.  and  R.  J,  Banlett.  J.  Chem.  Rhys.  90.  4214  (  1484) 

(21  1  C.  M.  1..  Ruths  and  R  J.  Bartlett.  I  heoret.  Chim.  Acta  80.  464  (  144)  ).  and  relerenees  iherein 
(22)  A,  Baikova  and  R.  J.  Banlett.  Chem  Rhys.  Lett.  19.4.  .464  (  1442 ). 

[24]  J.  Stanton.  R.  J.  Bartlett  and  C.  M.  L.  Rittby.  J.  ('hem.  Rhys.,  in  pres,s. 


Received  May4.  1992 


Moment-Method  Perturbation  Theory  for  the 
Hydrogen  Atom  in  Parallel  Electric  and  Magnetic 
Fields  and  in  Inhomogeneous  Electric  Fields 
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Abstract 

The  problems  posed  by  the  hsdrogen  atom  in  parallel  electric  ami  magnetic  holds  and  in  mhomttgeneous 
electric  fields  are  treated  simultaneously  by  means  of  perturbation  theory  .  The  application  of  this  approach 
IS  facilitated  by  the  transformation  of  the  Schrodinger  equation  into  a  recurrence  relation  for  the  moments 
of  the  wavefunction  which  does  not  appear  explicitly  in  the  calculation.  Two  infinite  sets  of  states  are 
considered  as  illustrative  examples,  one  of  them  can  be  treated  as  nondegenerate,  and  the  other  requires 
perturbation  theory  for  degenerate  states.  Closed-form  expressions  for  the  perturbation  corrections  to 
the  energy  are  obtained  in  terms  of  the  hydrogenic  pnncipal  quantum  number.  The  present  calculation 
extends  and  generalizes  previously  published  results.  <  iw:  John  Wiley  A  Sons.  Inc. 


Introduction 

Perturbation  theory  without  wavefunclion  is  one  of  the  simplest  and  most  efficient 
ways  of  deriving  analytic  expressions  for  the  energy  eigenvalues  of  relatively  simple 
quantum-mechanical  systems.  One  version  of  this  approach  which  comes  from  the 
combination  of  perturbation  theory  with  the  hypervirial  and  Hellmann-Feynman 
theorems  leads  to  closed-form  expressions  for  the  energy  coefficients  of  arbitrary 
states  in  terms  of  the  zeroth-order  energy  [1,2].  This  method  only  applies  to  separable 
problems,  because  onlv  in  such  cases  one  can  obtain  the  required  recurrence  relations 
for  the  expectation  values  of  properly  selected  operators.  On  the  other  hand,  the 
combination  of  perturbation  theory  and  the  moment  method  applies  to  a  wider 
variety  of  problems,  and  has  been  intensively  used  in  tb:  .dudy  of  the  hydrogen 
atom  in  magnetic  [  3-6  ]  and  magnetic  and  electric  [  7  ]  fields.  The  first  applications 
of  this  method  were  restricted  to  nondegenerate  states  and  states  not  coupled  by 
the  fields.  The  latter  can  be  treated  as  if  they  were  nondegenerate  thus  facilitating 
the  application  of  the  approach.  Recently,  the  moment  method  was  shown  to  also 
be  useful  in  the  application  of  perturbation  theory  for  degenerate  states  to  the 
Zeeman  and  Stark  effects  in  hydrogen  [8,9]. 

The  purpose  of  this  study  is  the  application  of  the  moment-method  perturbation 
theory  to  the  hydrogen  atom  in  parallel  magnetic  and  electric  fields  and  in  inho¬ 
mogeneous  electric  fields.  A  previous  application  of  this  method  to  the  former 
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s>steni  consisK'il  of  a  numerical  calculatiiin  tor  states  that  can  be  trcatetl  as  non- 
degenerate  [  7 ).  Here  are  derived  anaKtic  expressions  h)r  the  energies  of  these  stales 
and  also  ot'a  class  ol’states  coupled  h\  the  pertuiiiaiKin,  HiC  plv*  iita!  f.roblciViS  arc 
outlined  in  the  next  section,  the  recurrence  relations  for  the  moments  are  derived 
in  the  section  following;  examples  of  nondegenerate  and  generate  states  are  treated 
in  the  subsei|uenl  two  sections.  restx’Ctivelv;  and.  tinallv.  results  are  discussed. 

I  he  MtMicIs 

First  consider  a  spinless  hvdrogen  atom  under  the  combined  action  of  a  uniform 
static  magnetic  held  B  and  a  homogeneous  electric  held  K  both  along  the  r  axis. 
C'hoosing  an  axialls  symmetric  gauge  for  which  the  sector  potential  .A  is  related  to 
the  magnetic  held  induction  B  hy  .\  -  '  B  x  r,  then  the  interaction  between  the 
atom  and  the  helds  is 


where  r  is  the  position  of  the  electron  of  charge  e.  I.  is  the  angular  momentum 
operator,  and  a;,  is  the  cyclotron  angular  veloeits  of  the  electron  u.',  e/mi  B.  In 
this  last  equation,  nt  is  the  mass  of  the  electron  and  c  the  velocity  of  light,  I  he  lirst 
term  in  eq.  (  1  )  is  proportional  to  /....  which  commutes  with  the  total  FFamiitoman 
operator  because  of  the  cylindrical  symmetry  of  the  system,  I'herefore.  /.  is  a 
constant  of  the  motion  and  without  loss  of  generality  that  term  can  be  omitted 
during  the  calculation,  and  its  contribution  added  at  the  end. 

In  atomic  units,  the  energy  and  length  are  multiples  ofe  ’/(/,.  and  a,.  '  h-/{  /»;<■'), 
respectively,  and  the  Flamillonian  operator  reads 

//  -  //,.  +  X[  <//•■(  1  -  cos'  II)  4  hr  cos  II]  .  (2) 


where  //,,  ^^2  -  I  /r  describes  the  hydrogen  atom  in  absence  of  fields,  a  ~ 

B'a' /[Hi  me)'  ]  and  h  -  Here.  li  and  4  are,  respectively,  the  magnetic  and 

electric  held  intensities,  and  the  perturbation  parameter.  A.  is  set  equal  to  unity  at 
the  end  of  the  calculation. 

f-or  the  hydrogen  atom  in  an  inhomogeneous  electric  held  along  the  r  axis,  taking 
into  account  only  the  dipole  and  quadrupole  contributions  to  the  classical  interaction 
energy  between  the  atom  and  the  held  lid),  one  has  to  add 
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to  the  Hamiltonian  operator  for  the  isolated  atom.  1  herefore.  the  tola!  Hamiltonian 
operator  in  atomic  units  reads 

//  //,.  f  A[«;''(l  ?tcos-ll)  i  /'/•  cos  W)  .  (4) 

in  which  a  -  (al/ hc)lh{,  /  ()z){  z  (Hand  h  u;/j(())/i’. 

One  can  treat  both  problems  simultaneously  by  means  of  the  Hamiltonian  op¬ 
erator 


NioMiM  Ml  niof)  iMRU  R»\iio\  inunn 


!  1^^ 

11  II  t  (  I  (T  (.‘OS  II]  •  /"  COS"!  .  1  I' 1 

which  reduces  lo  either  (  2  )  or  ( 4  )  when  n  1  or  <i  ,v  re^iVciivels 
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If'!'  is  an  eigenfunetion  of//,  uiih  eigenvalue  /.and  /  .  belongs  to  the  domain 
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The  second  term  on  the  right-hand  side  v>f  this  equation  sanishes  wlren  »  V  \ 

if  d  =  l/.V.  A  =  1.2 . Another  choiee  that  simplifies  this  recurrence  relation 

is  i  =  iw|  because,  in  that  case,  the  subscript  /  remains  unchanged  ;ind  equal  to  a 
good  quantum  number,  f  inder  these  conditions  the  moments 

/,.,  -  ,  1  i  .  (  S  I 

satisfy  the  recurrence  relation 

«  -f  1  -  ,V  1 

- I  +  -  K  I'ni  +  /)( iml  t  /  +  1  )  nin  »  1  )]/  ,,  . 

1 

“  :;  /(  /  “  1  )/,  :  -  .A/:/,,,  +  -  nctl  <■  />/.., ,..,  )  (t  .  (9) 

in  which  A/-,  is  the  energy  shift  /-.  +  1  /(2.V  ).  In  principle,  this  recurrence  relation 
completely  determines  the  energy  and  the  moments  the  same  \<.a\  the  Schrodinger 
equation  does  for  the  energy  and  the  wavefunction.  Hence,  numerical  calculation 
of  the  energy  and  moments  from  their  recurrence  relation  is  possible,  as  shown  bv 
Blankenbecler  et  al.  for  anharmonic  oscillators  [11).  Here  the  recurrence  relation 
(9)  is  treated  by  means  of  perturbation  theory;  an  approach  which  requires  an 
appropriate  expression  for  the  energy  shift  in  terms  of  the  moments.  This  point  is 
illustrated  in  the  examples  that  follow. 

N'nndegeneratc  States 

The  only  nondegenerate  state  of  the  spinlcss  hydrogen  atom  is  the  ground  state. 
In  addition  to  it  there  are  some  degenerate  states  that  can  be  treated  as  nondegenerate 


t20 


f  1  RWNOl  / 


because  the  perturbation  operator  does  not  connect  them  to  other  states  with  the 
same  energy.  One  such  class  of  states  is  discussed  here. 

The  tirst  three  terms  in  the  recurrence  relation  (9)  vanish  simultaneously  when 
j  J.  n  .V  -  1  and  |  r>t|  =  .V  -  J  -  J  being  cither  0  or  I .  When  J  ^  0.  the 
recurrence  relation  reduces  to  A/.'A,  \  i  ■  A(r;/„  ncilz  ,  f  hi,  \)-  In  order 
to  obtain  perturbation  corrections  for  an  arbitrary  value  of  .\  it  is  convenient  to 
redetine  subscript  «  as  .V  -  1  + /and  the  moments  as .1^  ,  /,  \  j,,.  The  recurrence 

relation  is  linear  in  the  moments  .so  that  one  of  them  can  be  chosen  arbitrarily,  and 
the  energy  is  independent  ot  this  choice  that  plays  tlie  role  of  a  normalization 
condition.  In  the  present  case,  .1,,,,  =  1  leads  to  a  particularly  simple  expression  for 
the  energy  shift:  ==  -  traA:  :  +  /’  b  i)- 

The  perturbation  expansions  for  the  energy  shift  and  moments. 


AA-=  I  =  S  (10) 

I  r  |> 

lead  to  the  following  expression  for  the  energy  coefficients; 

hp  =  iiAiiz  -  hA,  ,  .  /?>(),  (II) 

According  to  cq.  (9)  the  perturbation  corrections  to  the  moments  satisfy  the  re¬ 
currence  relation: 


^  ((.V  +  /)(,V  +  /•  +  n  -  (/  +  .V  -  1  )(7  +  .V)l.-i;"’, 

+  \j(j  -  n  -b'^L  .  +  S  /•-Vb'.r.;' 

+  -  aA)'!.:','  - 

The  starting  point  of  the  hierarchical  calculation  of  the  perturbation  corrections 
from  this  equation  is  given  by 


.  (i/1 


S 


i  A  1 


j'D  _  t 

io.d  ~  Opo  . 


(13) 


which  follows  from  the  normalization  condition.  In  order  to  obtain  one  has  to 

proceed  according  to  the  nested  loops;  q  =  0.  1 . p.7  =  0,  1 . 2{p  -  q), 

and  /  -  0.  1 . 3{p  —  q)  -  1 .  Because  only  one  expression  for  the  energy  suffices 

to  carry  out  the  calculation  one  can  treat  this  class  of  states  as  nondegenerate. 


Degenerate  States 

The  choice.  7=1,  selects  a  class  of  states  with  \m\  =  A'  -  2.  A'  =  2,  3 . In 

this  case  it  is  convenient  to  define  the  subscript  /  according  to  «  =  A'  -  2  +  /  so 
that  the  moments  A,,,  =  2*/  satisfy  the  recurrence  relation 


MOMl  N!-Mt  illOI)  ri  Rll  RB\II()\  1IIM)R^  tJl 

=  v  ^  -  I  H.V  +  M  (  V  -  /  2i(\  ’  /  ni  l  I 

+  ~J(/  -  1  ).l,  ^  A/:i 

4  i --  (/.I.,.,. (14) 

When  i  -  U  and  /  =  1.  this  recurrence  relation  gives  an  expression  tor  the  energy 
shift  in  terms  of  the  moments: 

AA'.l,  I  -  (K/.l;  ;  4  A!:  :)  ■  (15) 

StraightfoAvard  application  of  perturbation  theorx.  as  in  the  previous  section,  shows 
that  the  recurrence  relation  (  14 )  and  eq.  (15)  are  insutheient  to  solve  the  problem, 
because  the  perturbation  corrections  to  the  moments  and  energv  depend  on  those 
for  lii.d  and  .  li  i .  The  reason  is  that  these  states  are  connected  by  the  perturbation 
and  have  to  be  treated  explicitly  as  degenerate. 

To  obtain  additional  equations.  /  0  in  the  recurrence  relation  (  14).  which 

becomes 

(,V  -  1  I  +  A/f.4„.i  4-  ,  -  /M, :]  =  0  .  (  l(S) 

whereas,  when  /  =  0  and  i  -  -  I.  one  obtains 

.1(1  I  =  A'{ A/;.1(mi  +  X(<7</.l2.'  -  u.lo:  -  Al,  ,)]  .  (  17) 

Substitution  of  eq.  (17)  into  eq.  ( 1 6 )  yields  a  second  expression  for  the  energy  shil't; 
AAI. 4(1.1  ~  A(A  —  1  ).((>(,] 

+  X{  (ru[.42  i  —  A(A  ~  I)-!;:.;)  “  u{.4(i  \  .\(.\  ••  1  l.lo;] 

-  /^[.4, :  -  (V(A'  -  I  ).4,.,] ;  =  0  .  (18) 

The  normalization  condition,  A,,i  =  1.  leads  to  a  particularly  simple  expression  for 
the  energy  shift 

AA  =  X(u.4,,,  -  aa.ty,  +  Al:,.) ,  ( 19) 

which,  when  substituted  into  (  18  ).  gives 

[.4(1 1  —  A'(A  1  ).4(i()]{a.4|  3  —  (ra.4i 3  4-  h.tz.z) 

4-  (tci[A2  \  “  A(A  “■  1  ).42.2]  ~  ^/[■4(i,i  ~  A(A  ~  1  ).4i)2] 

- /)[.4|2  -  A'(A'  -  1).4,.,]  =  0.  (20) 


According  to  eq.  (19),  the  perturbation  corrections  to  the  energy  are  given  by 
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and  those  for  the  moments  are  obtained  hierarchically  by  means  of 


.1  , 


-7  •  -  [(.V  +  i  -  1  )(.v  f  /')  -  (.V  f  I  -  :)(.v  f  /  - 


,0/1 

I 


starting  from 


.  t./  I  h  ,11/11  I  ,  11/  1 1 

+  (Tc/.  I , , 2 ,,  1  -  u.tij.i  nA,  ,t  i, 


III  II  1,  ,  i‘/  1 ) 


I  -  X 
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(22) 

(23) 


which  comes  from  the  normalization  condition.  These  equations  yield  the  pertur¬ 
bation  corrections  to  the  energy  and  to  all  the  moments  in  terms  of  those  for  , 
which  arc  determined  by  eq.  (20)  that  play  the  role  of  the  secular  determinant  in 
standard  perturbation  theory  [12].  For  instance,  after  writing  all  the  moments  of 
order  zero  in  terms  of  .  llhl.  by  means  of  the  recurrence  relation  ( 22 ),  eq.  ( 20 )  for 
\  0  becomes 


A"' 


o.\  ( 2.\  +  1 )  +  ~  /’ 


,  (in: 
•  I  (TO 
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+  <zA 

[2  -  H 

A'  +  -  j  +  (7(  1  -  2 

0 

.Tu/’-^A’A^O.  (24) 


The  two  roots  of  this  equation,  which  are  both  real,  give  the  splitting  of  the  pair  of 
degenerate  stales  considered  for  each  value  of  N.  Expanding  eq.  (20)  in  X-power 
series,  and  expressing  all  the  perturbation  corrections  in  terms  of  those  for  .loo. 
shows  that  the  resulting  equation  is  linear  in  the  corrections  a1/o  with  p>  0.  which 
one  can  obtain  in  terms  of  corrections  of  lesser  order  already  evaluated  in  previous 
steps.  Explicit  expressions  in  the  simpler  case  of  the  Stark  effect  in  hydrogen  (a  =  0) 
arc  shown  [8j.  but  here  it  seems  preferable  to  use  a  symbolic  processor  to  solve 
for  in  every  step,  thus  avoiding  mistakes. 


Results  and  Discussion 

Throughout  this  communication,  the  states  have  been  labeled  by  means  of  three 
numbers  that  occur  naturally  in  the  recurrence  relation  for  the  moments  A’,  lm|, 
and  J.  The  projection  of  the  angular  momentum  along  the  z  axis  is  a  constant  of 
motion  with  value  fnh .  ni  =  0.  ±1.  •  •  •  and  the  energy  depends  on  \m\  which 
appears  explicitly  in  that  recurrence  relation.  The  number.  A',  is  the  principal  quan¬ 
tum  number  of  the  isolated  atom  so  that  the  zeroth-order  energy  is  Kn  =  —  1  /( IN') 
in  atomic  units.  For  low  fields,  it  is  customary  to  designate  the  states  by  means  of 
the  hydrogenic  quantum  numbers.  According  to  this  convention  it  remains  to  in¬ 
troduce  the  angular  momentum  quantum  number  /  =  0.  1 . Close  inspection 

of  the  expressions  for  the  energy  derived  above  shows  that  /  =  jw]  =  N  -  1  for 
the  states  treated  in  the  Nondegeneratc  States  section,  because  they  are  nodeless 
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whL-n  A  (1.  On  the  other  hain.1.  tor  the  pair  iil'deeeiieiaie  state''.  eonsuieteJ  in  tile 
Degenerate  States  seetion.  one  has  /  ,\  I  lor  one  ol  tlieni  aiui  /  \  .'lor 

the  otlier.  both  lia\ ing  m ;  2.  1  Ins  Lonelusion  IdIIusvs  lunii  itie  nieiiu  lenis 

of  A/,  in  eL)s.  (IS)  and  (  !  8  I  \slneh  re\eal  that,  lor  A  (),  one  ot  the  states  is  HiKleless 
vshereas  the  other  has  e\actl>  one  radial  zero,  1  or  e\amp!e.  ^vIkii  2.  the  pan 
of  unperturbed  states  are  2/>  and  2\.  !  Inis  present  ai>proaeh  agrees  '.\ith  stand.nd 
perturbation  theor\  that  leads  to  ad-  2  secular  determinant  unit  noinaiiishing 
olf-diagonal  matrix  elements  for  such  states.  1  he  splntmu  of  the  energs  level  ikie 
to  the  admixture  of  these  states  is  entirely  due  to  tlie  tei  tn  h: .  because  the  terms 
proportional  to  a  have  zero  otf-diagonal  matrix  elements. 

riie  moment  method  leads  to  remarkabh  sini(ile  lecurienee  relations  which  are 
suitable  for  both  numerical  and  analxiie  eaieulalions.  Here  the  interest  is  m  anahtie 
expressions  because  the\  allow  a  clearer  interpretation  of  the  phvsieal  phenomenon. 
H\en  with  the  help  of  the  moment  metluid.  an  anaKtie  calculation  ol didei  huger 
than  the  second  would  he  extremely  tedious  without  the  assistance  ol  a  s>mbohe 
processor  such  as  Maple  or  Reduce.  I  he  former  is  used  to  obi'im  the  results  in 
Tables  I-IV.  Table  I  shows  the  tirst  lour  perturbation  corrections  to  ihe  energx  of 
the  states  with  /  \in\  ■■  .V  -  1  of  the  h>drogen  atom  in  parallel  electric  and 
magnetic  tiekis  ( IT  |  ),  These  results  agree  completeh  with  the  ana!\ tic  calcuhition 
of  Lamhin  et  al.  [I.v|.  with  the  luimeneal  calculation  of.loinison  ct  at.  1 14|  for  the 
ground  state,  and  with  the  numerical  calculation  of  Ternandez  and  (  astro  1 "  1  for 
excited  states.  On  the  other  hand,  the  coelTicieni  of  ■  in  the  anaUtic  ground- 
state  energx  obtained  b\  Turbinei  ( I  .x )  through  the  logarithmic  perturbation  tlieorv 
must  be  wrong,  l  able  I!  shows  the  perturbation  corrections  to  the  energies  of  the 
pair  of  states  with  in;!  .\'  2.  /  .V  1.  and  /  .V  2  for  the  same  sxstem. 

Because  the  energx  coelficients  become  increasingly  complicated  functions  of  .V. 
as  the  perturbation  order  increases,  only  the  first  px'rturhation  correction  fortirbitrarx 
.\  and  the  first  three  corrections  lor  \  2  are  shown  Notice  that  the  splitting  of 

the  pair  of  degenerate  states  is  gixen  by  the  sign  of  the  square  root  in  k' This 
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Tabi.j:  11,  Perturbation  corrections  to  the  energy  of  the  states  with  1»;1  -  .V  2,  I  \  -  1  and 

I  -  A  -  2  for  the  hydrogen  atom  in  parallel  electric  and  magnetic  fields.  Here  .1  . 


/•;,  =  u.V=(A'-  -1)4-^  hS'A 

A  -  |r/[2A  ’  +  1 1A'=  -  7A  ]  ±  (u^V-(4A‘'  +  44A  ’  +  9.4A'‘  -  I54A'  +  49)  +  24u/).\(2A'  +  I) 
+  36fe]'''l/{2A'(4<tA  -  +  2a\  +  3f>)] 

A'  =  2 


F,  =  12a  +  12f).4 

£■;  =  -2688a-  -  4416a^.4  +  A^(2688.-f-  -  294*")  -  12*(a"(-256768.l"  +  131584,-0  +  ati  73856.4" 
+  160000.4-’  -  14496.4  +  3336)  +  *"(21120,4"  -  i656.4)/(96*.4  +  640a.4  -  184a) 

F,  =  ^  [a‘(-33016371200  -k  344518656000,4  -  11983257600004"  +  1389363200000.4  ') 

+  a'*(  1707 1493 12004*  1345363834880.4"  -  7846356674564"  +  1013300659204) 

+  a**"! -8 134 16448004"  +  1306287360004*  +  3406862976004"  +  51840826084 

-  1 171 19362560.4"  -  265992240)  +  a’*"(78 182400004"  -  891713894404"  +  42978037248.4* 
+  409132444804"  -  93727170244"  +  10430371204  +  12091680)  +  a"**(25643520004‘’ 

-  230147758084"  +  2995896960.4*  +  48615655684’  -  74329560.4  -  1004842080.4" 
9250020)  +  a*-'(6303744004‘’  -  18545241604’  -  4816108804*  +  378855360.4’ 

+  362437204"  -  96907054)  +  *‘(632448004'’  -  309225604*  +  25280 104")l/[  12*4  -f  a(804 

-  23)1" 

=  4(20a'F  3*)  ^  ^ 


splitting  is  caused  entirely  by  the  electric  field  in  agreement  with  the  prediction  of 
standard  perturbation  theory.  Thus  far.  no  independent  calculation  of  these  per¬ 
turbation  corrections  has  been  reported  so  the  present  results  are  compared  with 
those  for  the  Stark  (a  =  0)  and  Zeeman  {h  =  0)  effects  in  hydrogen  obtained  by 


Tabi.e  III.  Energy  coefficients  for  the  states  with  I  =  \m\  =  A  -  1  of  hydrogen  in  an  inhomogeneous 

electric  field. 
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the  same  method  but  a  different  symbolic  processor  (MUMATH  )  and  contrasted 
with  results  from  various  sources  [8.9j. 

Table  III  shows  the  perturbation  corrections  to  the  energy  of  the  states  with  I  = 
Iwl  =  S  -  1  of  the  hydrogen  atom  in  an  inhomogeneous  electric  field  (a  =  .3). 
Because  the  whole  perturbation  vanishes  as  the  electric  field  is  turned  ofl  it  is  con¬ 
venient  to  write  a  =  b^.  To  compare  present  results  with  those  obtained  by  Bednaf 
[16)  by  means  of  the  Lie  algebraic  method  one  has  to  substitute  a/}  for  ^  and  /•' 
for  h.  The  first-order  corrections  agree,  but  there  is  a  slight  discrepancy  between 
the  second-order  ones,  which  may  be  attributed  to  the  long  and  tedious  hand  cal¬ 
culation  followed  by  Bednaf,  Table  IV  shows  the  perturbation  corrections  to  the 
energies  of  the  pair  of  states  with  |/«|  =  ;V  -  2,  /  =  A'  -  1  and  /  -  A’  -  2.  For  the 
same  reason  given  before  only  the  first  perturbation  correction  is  shown  for  arbitrary 
A  and  the  first  three  energy  coefficients  for  A'  =  2.  The  author  is  not  aware  of 
published  results  for  these  states  to  which  he  can  compare  pre.sent  energy  coefficients, 
but  they  must  be  correct  since  they  come  from  the  same  program  that  produced 
the  results  for  the  other  problem. 

The  moment  method  provides  a  systematic  and  simple  way  of  applying  pertur¬ 
bation  theory  to  various  problems  of  physical  interest.  One  obtains  the  perturbation 
corrections  hierarchically  from  recurrence  relations  which  are  suitable  for  both 
analytic  and  numerical  calculation.  Their  treatment  by  means  of  symbolic  processors 
is  straightforward,  so  that  one  easily  derives  analytic  expressions  of  relatively  large 
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order  which  commonly  facilitates  the  understanding  of  physical  aspects  of  the 
problem. 

Moment-method  perturbation  theory  is  preferable  to  logarithmic  perturbation 
theory  [  15]  because  the  latter  becomes  much  more  tedious  in  the  process  of  treating 
states  with  nodes.  Furthermore,  it  seems  that  this  method  has  not  yet  been  applied 
to  degenerate  .states.  If  one  is  only  intere.sted  in  the  energy  the  moment  method  is 
more  convenient,  because  of  its  greater  simplicity,  than  the  l.ie  algebraic  approach 
[16,17].  The  latter  is  certainly  the  most  powerful  method  to  derive  analytic  expres¬ 
sions  for  all  the  relevant  dynamical  variables  in  the  system.  However,  in  the  cal¬ 
culation  of  such  properties  by  means  of  perturbation  theory  ,  the  moment  method 
is  still  useful  for  providing  a  rapid  and  independent  test  of  the  energy  coetiicients. 
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Relativistic  Many-Body  Perturbation  I  heory  Using 
the  Discrete  Basis  F^xpansion  Method:  Analysis  of 
Relativistic  Pair  Correlation  Energies  of  the  Xe  Atom 
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Abstract 

Rckitiv  inIk'  !Xiir  ciirreivilum  enemies  v>t  \e  were  eonipiHei.t  In  eniplinnm  a  p.iriijl-w.ire  cspansHiii  up 
to  ofiler  /  p  ,,  5  (he  Oirae-l  oek  (1)1  i.  s(  i .  and  maiu-K)d>  (XTUirbatiun  ealeiilalions  were  perlornied 

b>  empU'suie,  anaKlie  basis  sels  ol  ssell-lempered  (>  \l  SSI  W-p  pe  tiinelions.  \  detailed  suid\  nl  ibe 
pair  eorreiatuHl  enei'ines  in  \e  is  ilone  in  order  to  anal>/e  Ihe  naUire  ol’  relaln  islie  and  eorielatiun  elleels 
in  lllis  hea'.>-alom  ssstein.  <  i'la.'  Kihn  Wilev  .k  Sons.  Ine 


Introduction 

The  relativistic  mauy-boUy  theory  hasheeit  the  svihsect  ol' active  research  interest 
during  the  last  decade.  I  his  is  due  to  the  increasing  awareness  of  the  importance 
of  relativity  in  describing  the  electronic  structure  of  heavy-atom  systems,  and  due 
to  the  inadequacy  of  the  physical  mr)del  that  neglects  relativity  or  treats  it  as  a  small 
perturbation.  It  is  necessary  to  forfeit  the  Schiddinger  equation  in  favor  of  the  Dirac 
equation  to  describe  the  electronic  structure  of  heavy-atom  systems. 

In  the  last  few  years,  the  relativistic  many-body  perturbation  iheory  (Mirni  ). 
which  accounts  for  both  relativistic  and  electron  correlation  clfccls.  was  developed 
by  a  number  of  groups  [1-9].  Ihe  relativistic  Mimi  algorithm,  based  on  an  expansion 
in  analytic  basis  functions  [4-9],  has  the  advantage  in  that  it  provides  the  compact 
representation  of  the  complete  Dirac  spectrum,  and  greatly  facilitates  the  ev  aluation 
ofthc  many-body  diagrams  using  finite  summations  (6).  lurthcrmore.  by  invoking 
the  hnitc  basis  set  expansion  in  terms  of  GAUSSIAN  spinors  (G-spinors).  the 
relativistic  many-body  methods  can  be  applied  to  molecular  electronic  structure 
problems  in  a  straightforward  way  [10. 1  Ij.  Applications  ofthc  relativistic  manv- 
hody  calculations,  however,  have  been  limited  to  lighter  systems,  because  the  ap¬ 
plications  to  many  electron  systems  require  large  integral  storage  space  and  com¬ 
putation  lime. 

In  a  series  of  studies  [  5, 7. 1 2, 1  it ).  we  have  developed  matrix  Dirae-Fock  (1)1). 
sclf-consistcnl  held  (S(  i  ).  and  relativistic  ,Mni*i  calculations  using  analytic  basis 
expansion  in  terms  of  G-spinors  in  order  to  account  for  both  relativistic  and  electron 
ctirrclalion  ctfccls  in  heavy-atom  systems.  I  he  analytie  basis  expansion  in  terms 
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of  G-spinors  has  yielded  accurate  results  for  highly  ionized  systems,  and  shows 
none  of  the  signs  of  the  near-linear  dependency  problems  reported  with  S-spinor 
basis  sets  [4).  In  a  recent  study  [13].  we  also  developed  a  way  to  reduce  the  com¬ 
putational  burden  in  relativistic  mbpi  calculations  on  Kr  and  Xc  by  using  contracted 
G-spinor  basis  sets  that  retain  both  accuracy  and  flexibility  in  the  core  and  the 
valence  region.  The  feasibility  of  a  practical  relativistic  mbpt  on  heavy  atoms  is 
examined  by  benchmark  electronic  structure  calculations  on  the  ground  stale  Xe 
atom  by  using  the  contracted  G-spinor  basis  sets.  The  Xc  atom  possesses  54  electrons, 
and  is  one  of  the  heaviest  atoms  to  which  nonrelativistic  and  relativistic  mbpi 
calculations  employing  analytic  basis  functions  that  has  ever  been  applied. 

In  the  relativistic  mbpt  study  on  the  xenon  atom  [13].  we  have  obtained  the 
relativistic  second-order  energy  to  be  -2.7403  au.  Its  nonadditive  contribution 
[13].  due  to  the  inte.'ference  between  relativistic  and  correlation  effects,  was  found 
to  be  -0.0326  au.  Although  the  electron  correlation  energy  and  the  nonadditive 
contribution  are  small  in  magnitude  in  comparison  with  the  total  Dt  energy  of 
Xe.  they  may  constitute  a  significant  fraction  of  the  valence-shell  energy.  Because 
of  the  large  number  of  electrons  involved,  it  is  very  likely  that  we  will  be  able  to 
take  only  the  valence-shell  correlation  energy  into  account  in  ah  initio  fully  re¬ 
lativistic  many-body  calculations  on  heavy-atom-containing  molecules.  Thus,  it 
is  important  to  investigate  what  fraction  of  the  correlation  energy,  as  well  as  of 
the  nonadditive  contribution  in  a  heavy-atom  system,  is  due  to  its  valence  shell 
correlation  energy.  If  a  significant  fraction  of  the  nonadditive  contribution  comes 
from  the  valence  shell,  then  the  relativistic  and  correlation  effects  arc  no  longer 
additive  in  the  valence  shell. 

In  the  present  study,  relativistic  pair  correlation  energies  of  Xe  arc  computed  by 
using  a  recently  proposed  contracted  G-spinor  basis  set  that  is  capable  of  reproducing 
over  99'?  of  the  relativistic  correlation  energies  computed  by  using  the  large  un¬ 
contracted  G-spinor  basis  set  [13].  The  computed  second-order  pair  energies  are 
partitioned  into  the  core,  core-valence,  and  valence  shell  contributions,  in  order  to 
study  the  nature  of  electron  con  flation  energy  in  the  valence  shell  of  the  heavy- 
atom  system.  The  objective  of  the  present  study  is  to  perform  a  detailed  analysis 
of  the  relativistic  correlation  energies  of  Xe.  in  order  to  provide  a  benchmark  for 
heavy-atom  systems. 


IMethods 

The  A-eIcctron  Hamiltonian  for  our  relativistic  MBPI  calculations  is  the  so-called 
relativistic  “no-pair”  Dirac-Coulomb  (rx  )  Hamiltonian  [14. 15]. 

II,  =  ’^.hnd)  +  X.('/32:,,,l/r„)Z.  ( I  ) 

where  X.  =  L,(\)-  L,{2)-  •  •  L,(N).  and  /,.(/)  is  the  projection  operator  onto 
the  space  spanned  by  the  positive-energy  eigenfunctions.  \  !  of  the  radial  Dl 

operator.  F,  [16]. 


(2) 


C  ORRE  LA  I  ION  I  NEROli  S  ()l  XENON 


\29 


T  \Bv  v  1.  Orhnal  energie\  anti  unal 
l>l  cncrgv  of  \e  (in  an). 


Orbital 

Orbital  energies'' 

i:7'7.256 

202.4646 

189.6769 

2p>  ; 

177.7045 

J-s,: 

43.01016 

•Vi  : 

37.65910 

-V.v,' 

~35.32.S04 

3d,,, 

26.02319 

.Wv, 

■25.53694 

4.V,,, 

-8.429622 

4pi  ; 

6.452115 

4/>, , 

5.982547 

4d, : 

-2.71 1 115 

4d., 

2.633551 

5.Vi  ; 

-1.009964 

iPf: 

0.4923594 

-0.4.396173 

Anr''' 

-7446.88356 

f-uA 

-72.32.07173 

"  Computed  by  using  well-tempered 
2lil9/)I.VG-spinor  basis  set. 

Total  Dirac-Fock-Coulomb  Sff  en¬ 
ergy. 

'  Nonrelativistic  limit  computed  by  using 
c  =  10“. 


where 


The  radial  functions,  P„Af)  and  are  referred  to  as  the  large  and  small 

components,  respectively.  PnAr)  and  Q„Ar)  may  be  expanded  in  sets  of  analytic 
basis  functions  (4-8, 16]. 

In  ^-number  theory,  the  negative-energy  states  are  taken  to  be  filled  in  the  true 
vacuum  state,  and  the  relativistic  many-body  perturbation  theory  is  conveniently 
described  within  the  particle-hole  second-quantized  formalism  in  which  the  occupied 
positive-energy  states  as  well  as  the  negative  energy  continuum  are  taken  to  be 
below  the  Fermi  level  [6,7], 
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Tabu  11.  Pair  correlation  energies  of  \e  (in  milli-hanrees). 


Pair  cnergi 

Pair 

c  =  137  0370 

<  10' 

Dill. 

Valence 

5/15/1 

73.63 

73,81 

(0.18 

5p5s 

26.72 

25.35 

I..37 

5,v5.v 

••5.X0 

5.78 

0.11 

Core-valence 

Si>4J 

-T3X.,3‘) 

1,34.24 

4.15 

SpiJ 

13.15 

12.50 

0.65 

Sp4p 

-17.73 

17,20 

0.5.3 

5/i3p 

-3  56 

-3  54 

0,02 

Sp2p 

-1  23 

- 1  16 

-0.07 

5/14,1 

3.09 

-3.21 

(-0.12 

5p3.v 

-0.80 

0.85 

(^0,05 

5p2s 

-0.28 

-0.28 

().(X) 

5p\s 

-0.11 

0.10 

-0.01 

5s4J 

-49.61 

-43,75 

■5.86 

5s2d 

-6.26 

-5.29 

-0.97 

5s4p 

-10.81 

■9.86 

0.95 

5,i3p 

-1.80 

-1.59 

-0,21 

5.v2p 

-0.50 

-0.42 

0,08 

5,i4,i 

-I..59 

1.52 

■0.07 

5.i3,i 

-0.35 

-0..34 

■0.01 

5.i2,5 

-O.ll 

-0.10 

•0.01 

5.V  1  .V 

-0.04 

•  0.0.3 

-0.01 

Core 

4cJ4d 

-409.53 

-409.75 

(-0.22 

4d3d 

-171.72 

-172.86 

+  1,14 

4d4p 

-187.64 

184.91 

-  2.73 

4d3p 

-48.42 

-50.96 

+  2.?4 

4d2p 

16.90 

-  17.33 

+  0  43 

4d4s 

-46.22 

-46.10 

0.12 

4d3s 

-11.08 

-12.41 

+  1.33 

4d2s 

-3.85 

-4  19 

+  0.34 

4d\s 

-0.16 

-0.19 

+  0,03 

2d3d 

383.96 

-382.72 

-1.24 

2d4p 

-81.98 

-77.41 

-4.57 

3d3p 

-200.96 

-200.92 

-0.04 

2d2p 

-121.20 

-124,01 

+  2.81 

3d4.s 

-27,40 

-23.79 

-3.61 

3d3s 

-50.62 

-49.59 

-1.03 

3d2s 

-28.-38 

-31.20 

+  2.82 

3d}s 

-1.09 

-1.26 

+0.17 

4p4p 

-53.93 

-53.23 

-0.70 

4p3p 

-31.87 

-31,33 

-0.54 

4p2p 

-12.31 

- 1 1 .69 

-0.62 

4/74.1 

-26-67 

-25.67 

- 1.00 

In  a  senes  ol  studies  ( 5,7. 1 2,  I  .t.  1 7. !  8  ].  we  have  perl’ormed  matrix  Dirac-Intek- 
Coulomb  (  Die)  and  Dirac-Foek-Breil  (Df  B)  sc  i  calculations  on  many-eicctron 
systems  with  a  hnitc  nucleus  model.  In  these  studies,  we  have  emphasi/ed  alteration 
of  the  boundary  conditions  such  that  GAUSSI.ANs  become  the  best  form  for  basis 
functions.  Representing  the  nucleus  as  a  finite  body  of  uniform  proton  charge 
accomplishes  that  feat  [17],  With  this  representation  of  the  potential,  for  example, 
the  exact  .S|  :  solutions  of  the  Dirac  equation  near  the  origin,  we  have 


P{r)lr  =  I  ^  +  .  .  .  (5) 

Q{r)Jr  =  f,r  4  /,/-■  f  •  •  •  (6) 

so  that,  for  a  arbitrary  parameters  [17). 

P(  r)  =  r  +  .go  ’  4  •  •  .  r  cxp(  -  or' )  ( 7 ) 

(J(r)  ---  l,r'  4  /,/■■'  4  •  •  •  Sr'  cxp(  (.r').  (8) 


Thus,  in  the  finite  nuclear  model,  the  GAUSSI.AN  functions  of  an  integer  power 
of  rare  appropriate  ba.sis  functions  because  imposition  of  the  finite  nuclear  boundary 
results  in  a  solution  which  is  GAUSSIAN  at  the  origin  [I7j. 
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Figure  I.  Partial  wave  analysis  of  the  pair  correlation  energies  (sign  reversed)  for  the 

ground  state  of  Xc, 


The  G-spinors  that  satisfy  the  boundary  conditions  associated  with  the  finite 
nucleus  automatically  satisfy  the  condition  of  the  so-called  “kinetic  balance”  for  a 
finite  value  of  c.  The  kinetically  balanced  G-spinor  basis  sets  are  precisely  the  form 
given  in  eqs.  (7)  and  (8).  This  is  a  consequence  of  the  fact  that  the  exponent  of  r 
in  the  GAUSSIAN  functions  does  not  depend  on  the  speed  of  light.  In  this  sense, 
the  G-spinors  are  chosen  to  satisfy  the  condition  of  kinetic  balance  and  relativistic 
boundary  conditions  associated  with  a  finite  nucleus. 


TABi.t:  Hi.  Core,  core-valence,  and  valence  contri¬ 
butions  of  pair  and  nonaddilive  energies  (in  milli- 
hartrees). 


Pair 

energy 

Nonadditive  energy 

Core 

-2384.64 

-17.87 

Core- valence 

-249.41 

-13.43 

Valence 

-106.24 

-1.30 

Total* 

-2740.29 

-32,60 

•Ref.  l.y 
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In  a  recent  study  [13],  we  have  performed  relativistic  i)K  S(  i  and  MRi’i  cal¬ 
culations  on  ground-state  senon  with  the  vvcll-tcmix'red  CiAL'SSlAN  basis  of  Hu- 
/inaga  and  Klobukowski  (Id. 20)  in  a  contracted  and  an  uncontracled  form.  In  the 
present  study,  we  have  used  the  same  well-tempered  (iAl  ’SSl.W  basis  sets:  I  hc 
DK’  SC  I  calculations  were  done  by  using  the  uncontracted  2l  vld/>l2</  basis  set. 
Basis  functions  in  the  2  I  v.  Id/),  and  1 2 </ primitive  sets  were  contracted  to  generate 
the  [14.s  l3/)10</]  contracted  set  for  mbpi  calculations.  The  contracted  set  was  de¬ 
rived  by  grouping  the  functions  of  highest  exponents  (see  Table  2  of  ref  13  ).  The 
pair  correlation  energy  calculations  were  performed  by  employing  a  partial-wave 
expansion  up  to  order  ^  ^  5  ( l4vl3/)lOr/7  /  b.g?//  basis  set  1.  The  \e  nucleus 
was  represented  as  a  sphere  of  uniform  proton  charge  distribution.  The  atomic 
mass  used  in  the  calculations  w  as  1 3 1  ..30  amu.  The  speed  of  light  used  was  1 37.0.370 
au.  To  simulate  the  nonrelativ  istic  limit,  a  value  of  (  of  10^  was  used. 

The  virtual  orbitals  used  in  the  study  were  calculated  in  the  held  of  the  nucleus 
and  of  all  the  electrons  ( I''  potential).  Cioldstone  diagrams  have  been  summed  to 
compute  the  second-order  pair  correlation  energies.  Diagrammatic  summation  was 
done  within  the  subspace  of  the  positive  energy  branch,  i.e..  in  the  no-pair  approx¬ 
imation  [  14.  15  j. 

The  tx  Hamiltonian  used  in  the  present  study  is  approximate.  In  the  ix  Ham¬ 
iltonian.  one-electron  interactions  are  treated  relativistically  as  a  sum  of  Dirac  one- 
electron  Hamiltonians,  whereas  the  two-electron  interaction  is  treated  nonrelativ- 
istically  as  the  instantaneous  Coulomb  repulsion.  However,  the  energy  shift  induced 
by  the  low-frequency  Breit  interaction  in  the  set  and  correlated  calculations  is 
known  to  be  significant  for  inner-shell  orbitals  of  heavy  systems  [  K.  18).  The  effects 
of  relativ  ity  on  the  valence  spinors,  however,  are  almost  entirely  accounted  for  by 
the  IX'  Hamiltonian  used  in  the  present  study. 

Results  and  Discussion 

Tabic  1  display  s  the  total  l)i  (  energy,  /-.i),,  .  as  well  as  the  orbital  energies  of  Xc 
computed  by  using  an  uncontracted  2 1.vl9/)  1 3r/ G-spinor  basis  sets.  This  total  Di  ( 
energy  is  0.017  au  higher  th.in  the  total  i)i  (  energy.  -7446.9010  au  computed  by 
using  numerical  finite  difference  i>i  program  [21].  V'e  have  computed  the  non- 
relativ i.stic  limit.  /:'|ji  .  by  taking  <■  ■  10''  in  our  UK  .s(  I  calculations.  This  gave 
-  72.32.0717.3  au.  The  relativistic  energy  lowering,  which  is  the  difference  between 
the  total  DK  SCI  energy,  •  and  the  nonrelativistic  limit,  /qit  . 's  2I4,KI  au, 

A  number  of  quasirelativ istic  effective  core  potential  calculations  [22-24]  have 
been  performed  on  diatomic  Xc:  and  XeCT.  In  these  calculations,  the  .5v  and  5/) 
orbitals  of  Xe  arc  taken  to  be  the  valence  orbitals.  .All  the  remaining  orbitals  are 
treated  as  the  core  orbitals,  and  they  arc  replaced  by  a  set  of  effective  core  potentials 
for  valence-only  calculations. 

In  the  present  study,  we  also  treat  the  5v  and  5/>  orbitals  as  the  valence  orbitals 
and  the  remaining  as  the  core  orbitals.  Then  the  total  of  66  second-order  pair 
correlation  energies  for  ground  state  Xe  may  be  partitioned  into  the  valence,  core- 
valence.  and  core  contributions.  Table  II  gives  the  second-order  pair  correlation 
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energies  partitioned  in  this  manner.  In  the  table,  the  relativistic  pair  energies  com¬ 
puted  by  using  c  =  137.0370  are  given  in  the  second  column.  The  nonrelalivistic 
pair  energies  obtained  by  setting  c  --  lO"*  are  tabulated  in  the  third  column.  In  the 
fourth  column,  the  nonadditive  contributions,  i.e..  the  difference  between  the  re¬ 
lativistic  and  the  nonrelativistic  pair  correlation  energies,  are  given. 

The  partial-wave  analysis  of  the  second-order  pair  correlation  energies  given  in 
Table  II  are  schematically  presented  in  Figure  1.  Here,  the  magnitude  of  the  rela¬ 
tivistic  second-order  pair  energies  for  the  ground  state  of  .Xc  are  presented  as  a  bar 
graph.  From  Figure  1.  one  can  clearly  see  that  the  dominant  correlation  contnbution 
comes  from  the  4J4d  and  3</3r/  pairs  as  well  as  those  that  involve  4cl  and  3 J 
orbitals  (e.g.,  4d4p.  4d3J,  3r/4/),  3t/3/>.  etc.).  This  may  easily  be  understood 
because  the  4r/and  3r/ shells  each  possess  lO  electrons,  and  the  dynamical  corre¬ 
lations  among  these  electrons  are  not  well  accounted  for  in  the  UK'  SCI  step. 

The  valence,  core-valence,  and  core  contributions  of  the  relativistic  pair  corre¬ 
lations.  as  well  as  the  nonadditive  energies,  are  tabulated  in  Table  III.  The  valence 
and  the  core-valence  contribution  of  the  pair  energs  are.  respectively.  3.9'7  and 
9.1%  of  the  overall  second-order  energy  of  Xe.  The  valence  contribution  of  the 
nonadditive  energy.  -1.3  milli-hartrees.  accounts  for  only  4%  of  the  overall  non¬ 
additive  energy,  and  only  1 .2%  of  the  valence  pair  correlation  energy.  This  strongly 
indicates  that  relativity  and  correlation  effects  are  additive  in  the  valence  shell 
ofXe. 

Table  11  shows  that  a  number  of  core  pair  energies  are  of  comparable  magnitude 
but  with  opposite  sign.  Because  of  the  large  cancellation  of  the  nonadditive  energies 
in  the  core  shell,  the  overall  nonadditive  energy  of  the  system  remains  small.  Fur¬ 
thermore,  the  core  contribution  of  the  nonadditive  energy  accounts  for  only  55T 
of  the  total  nonadditive  energy.  Because  there  is  no  such  cancellation,  the  core¬ 
valence  contribution  of  the  nonadditive  energy  accounts  for  a  large  fraction  (41%) 
of  the  total  nonadditive  energy. 
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Nonorthogonality  and  the  MO  Energy  Level  Patterns 
of  Molecules  Deduced  Directly  from  Structural 
Formulas  by  the  New  vif  Method  as  Compared 
with  Machine  Computations* 
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Abstract 

The  MO  energy  level  patterns  of  molecules  deduced  directly  from  the  pictures  of  molecules  (vif 
method )  are  shown  to  implicitly  include  the  overlap  integrals  between  highly  nonorthogonal  ao's  and 
to  be  invariant  under  crucial  nonunitary  transformations.  Further,  machine-computed  MO  levels  are 
found  to  readily  yield  chemically  interpretable  information  such  as  the  nonbonding  MO  levels  and  the 
nature  of  the  homo  and  ll;.mo  once  the  proper  invariant  quantity  found  here  is  subtracted  out  from 
the  numerical  energies.  The  resulting  eht,  Gaussian  STO-3G.  .  .  .  type  computed  mo  energy  level 
patterns  then  show  correspondence  with  the  viF-pictorially  deduced  level  patterns  obtained  without  point 
group  symmetries.  ¥  1992  John  Wiley  &  Sons.  tnc. 

This  article  is  a  contribution  to  the  bridging  of  the  gap  between  the  pictorial, 
electronic  language  of  chemistry  needed  by  practicing  experimental  or  synthetic 
chemists  and  the  numerical  results  obtained  by  machine  computations. 

Conceptual  and  necessarily  pictorial  theory  of  valency  based  more  and  more  on 
the  molecular  orbital  (MO)  formulation  leaches  us  to  think  in  terms  of  bonding, 
nonbonding,  and  antibonding  mo  energy  levels.  Computations  on  the  other  hand 
yield  a  set  of  MO  energy  level  values  the  lowest  ones  negative,  a  few  of  the  highest 
ones  being  positive  numbers.  Can  these  numbers  be  readily  interpreted  and  be  put 
into  correspondence  with  conceptual  notions  without  going  into  a  full,  detailed 
analysis  of  MO  coefficients  and/or  extensive  use  of  point  group  symmetries  as  most 
molecules  are  not  symmetrical  anyway? 

Computational  methods  starting  with  Extended  Hiickel  Theory  (eht)  [1]  and 
going  on  up  to  Gaussian  90/92  [2]  options  RHFSTO-3G  and  higher,  fully  include 
in  the  calculation  of  MO  energy  levels,  the  overlap  integrals  between  the  valence 
shell  atomic  orbitals  (AO)  of  different  centers  these  being  highly  nonorthogonal. 

The  qualitative  features  of  a  molecule's  MO  energy  levels  pattern  are  given  by 
three  level  pattern  indices  lpi  =  { «+,  n, } ,  the  three  integers  being  the  numbers 

•  This  article  is  dedicated  to  Per  Olov  Lowdin  who  has  done  so  much  for  the  establishment  of  the 
field  of  quantum  chemistry  worldwide. 

International  Journal  of  Quantum  Chemistry:  Quantum  Chemistry  Symposium  26.  137-151  (1992) 
c,  1992  John  Wiley  &  Sons.  Inc.  CCC  (X)20-7608/92/0l0137-15 
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of  bonding  (  +  ),  nonbonding  (o).  and  antibonding  (-)  levels.  It  has  been  shown 
that  [3]  these  integers  already  so  useful  for  qualitative  ehemical  reasoning  are  also 
fundamental  invariants  [4]  when  isomerie  sets  ol  molecules  (and  their  mo  ham- 
iltonians  h)  are  transformed  into  other  isomeric  molecules  yielding  thermic  and 
kinetic  reaction  selection  rules  more  general  than  any  based  on  quantum  numbers 
and  point  group  symmetries.  Such  chemical  transformations  can  be  carried  out 
pictorially  [3]  by  simple-to-use  pictorial  rules  applied  to  the  vif  (valency  interaction 
formula)  pictures  of  molecules  which  look  like  amplified  structural  formulas  (SF). 
While  SF  depicts  the  electron  density  ( electron  pair  bonds,  lone  pairs)  in  the  ground 
state  of  a  molecule,  the  vir  depicts  an  effective  one-electron  mo  hamiltonian,  h. 
The  VIF  therefore  yields  more  electronic  information,  such  as  HOMo-lumo  reac¬ 
tivity.  than  the  SF.  Further,  SF  has  difficulty  in  dealing  with  nonclassical.  nonoctet 
rule  structures,  while  vif  applies  equally  well  to  any  electron-deficient,  organo- 
metallic,  or  unstable,  transient  species. 

With  the  pictorial  vif  rules  one  may  also  deduce  the  lpi  directly  from  a  picture 
of  the  molecule  [3]. 

Nonorthogonality  of  AO's,  the  MO  Hamiltonian,  and  the  vif 

We  start  with  the  abstract,  basis-frame  independent  mo  equation. 

(/t-£/)lv^>  =  0  (1) 

According  to  the  principle  of  linear  covariance  (4).  Eq.  ( 1 )  can  be  written  in  a 
linearly  covariant  form  which  then  looks  the  same  in  any  orthonormal  (O.N.)  or 
nonorthonormal  basis  frame  for  the  valence  shell  vector  space  F„  of  dim  =  n.  We 
use 


(2) 

and 

<e''|c..>  =  5“  (3) 

with  { I  Cj,) }  a  valency  basis  set  for  F„,  in  general  non-O.N.  The  /  is  inserted  in 
several  places  in  Eq.  ( I )  to  get  the  form 

(h^,  ~  0  (4) 

covariant  with  respect  to  the  most  general  group.  L(n),  (linear  group  over  l'„). 
The  covariance  principle  used  has  been  deduced  and  shown  by  this  author  [3,4] 
to  be  a  major  consequence  of  the  superposition  principle,  the  primary  postulate  of 
quantum  mechanics. 

Upper  and  lower  indices  balance  out  and  are  summed  over  1  to  n.  Lower  indices 
we  take  to  indicate  covariant  components,  upper  ones  contravariant. 

=  {e^\h\c\)-,  =  {pi=v)  (5) 

=  <ejc„>  (6) 
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The  priman  calculated  ( or  semiempirical )  quantities  are  taken  to  be  the  covariant 
ones.  Eqs.  ( 5 )  and  ( 6 ).  Indices  are  raised  using  the  metric  tensor 

A'-'  =-.  .V'”  (7) 

where 

A’"A,„  = 

Thus  in  matrix  form 

(8) 

the  usual  overlap  matrix,  and 

•;A'''!=S‘  (9) 

its  inverse.  In  most  molecular  problems  S  is  nonsingular  ( |  5|  +  0)  except  in  some 
cases  of  far-i  v  spectroscopy  interest  where  a  "A-catastrophe"  and  its  resolution 
were  previously  mentioned  [5].  The 

i/t.,  }  =  h  (10) 

is  the  usual  { cv„^.  (-Extended  Hiickel  (eht)  matrix  if  non-O.N.  AO’s  arc  the 
particular  basis  set  chosen  and  the  tut  approximations  are  used  on  h. 

More  generally  h  may  be  a  closer  approximation  to  the  Hartree-Fock-Roothaan 
hamiltonian  in  which  case  o's  and  &'%  may  include  major  pieces  of  electron-electron 
repulsions  as  in  the  Pariser-Parr-Pople  method  [6]  for  Il-systems.  and 

CNtX)  [7]  more  generally.  Even  pieces  of  the  all-exiernal  correlations  e„,  may 
be  included  as  done  using  the  many-electron  theory  (met  )  of  this  writer  [8]. 

By  linear  covariance  [4],  however,  the  .same  form  of  the  Eq.  (4)  now  applies  to 
any  other  basis  frame.  For  example  in  the  MO-basis  ( necessarily  O.N.).  becomes 
diagonal,  as  does  -*  /„,  =  1“  =  A" .  the  Kroenecher  delta. 

There  are  also  newly  discovered  unusual  non-O.N.  basis  sets  in  which  1 
becomes  the  same  matrix  as  the  h  of  another  molecule.  These  topics  are  treated  in 
a  previous  set  of  articles  [4]  giving  the  foundations  of  chemical  transformations 
theory  and  its  vie  pictorial  implementations  [3]. 

Convenient  starting  points  for  mo  calculations  arc  |  j  taken  in  the  non- 

O.N.  valence  shell  ao’s  basis  set  (as  in  El  IT,  mnoo  [9],  rhi  ,S70-3G). 

The  mo  energy  levels  1  ;  with  /  G  !  I  to  n  |  come  out  very  similar  in  any 

approximate  method  of  calculation  in  the  ca,se  of  the  lower  negative  eigenvalues, 
hut  dilfer  widelv  in  magnitude  for  the  few  highest  and  positive  .  These  levels  are 
measured  relative  to  the  "total  /.ero"  reference,  that  of  all  electrons  and  nuclei 
separated  out  to  infinity. 

Given  a  certain  basis  set  (such  as  that  of  i.il  i  or  of  SIO-3G),  all  other  bases 
obtained  by  linear  transformations  ]T  j  on  that  (initially  non-O.N.)  .set.  leave  the 
( 1  ti  1^'  of /t  Eq.  ( 5  ).  invariant.  Thus  the  numbers  1  «'! ,  n',',.  n'‘  [  are  conservr'd  since 
T  C  /.( n).  the  linear  group,  and  h  transforms  adjointly 
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h'  --  T"hT  (  10') 

as  seen  from  h'^,.  =  covariant  to  covariant  tensor  transformation ).  The 

eigenvalues  { E, }  themselves  are  of  course  not  preserved  unless  the  transformation 
is  from  an  O.N.  to  another  O.N.  basis  in  which  case  T  is  unitary.  In  general  T  is 
non  unitary. 

The  conservation  of  the  MO-level  pattern  of  h  (true  with  or  without  the  consid¬ 
eration  of  in  Eq.  (4),  see  below)  with  the  { E, )  relative  to  the  “total  zero.”  and 
this  (LPI)*  are  not  however  particularly  useful  for  qualitative  chemical  reasoning 
on  the  behavior  of  that  molecule.  We  need  to  shift  the  zero  of  the  energy  and  look 
at  the  E,  relative  to  separated  atoms  (and  their  free  atom  AO’s),  to  assess  the  bonding, 
nonbonding, .  .  .  quality  of  each  MO  level.  To  do  this,  one  of  the  a^„’s  is  substracted 
out  from  the  diagonal  elements  of  A  convenient  one  is  that  of  a  most  fre¬ 
quently  occurring  suitable  ao,  for  example,  that  of  carbon  for  the  pyridine  pi- 
system  (for  sigma  systems  see  Ref  [3]).  As  alternatives,  one  may  substract  a,  the 
average  of  all  the  in  h.  Taking  the  substracted  one  as  the  standard  (std)  o,  one 
has  from  the  abstract  form,  Eq.  ( 1 ), 

h  =  h  —  al 

and 

(h  -  E/)|^>  =  0 

with 

E  =  E- a  (11) 

This  h  was  used  initially  in  Hiickel’s  pi-HMO  with  the  large  overlaps  5^,  neglected, 
but  here  the  a-substraction  is  done  now  on  the  abstract  form  for  any  molecule 
sigma  and  pi,  and  as  we  will  see  below,  without  neglecting  the  overlaps. 

Starting  for  the  general  case,  with  the  abstract  Eq.  ( 1 1 ),  we  now  apply  the  non- 
O.N.  unity  trick,  Eq.  (2)  for  any  basis  frame  and  get 

[(h),,-E5,Jf‘'  =  0  (12) 

where  however  h  =  h  -  al  has  become 

( h (13) 

The  std  non-O.N.  ao  basis  set  is  such  that  each  ao  is  normalized  to  unity,  those 
on  the  same  atom  are  orthogonal,  on  different  centers  they  are  not.  Thus 

(hU  =  «««-«  (14) 

(h),,.  =  ^„„-«5'„,.;  (M^v)  (15) 

If  all  a^,;’s  are  nearly  equal  to  a  (std  a),  then 

K,  ^  0 

but  if  only  some  of  the  -  a  (std),  there  will  arise  some  nonzero  h„^’s. 


(16) 
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The  original  vir  's  were  drawn  {even  for  sigma  systems),  based  seemingly  on 


Kh)-  -  E-bJc"  -  0 
where  ( h  );’„  =  -  <» 

but  ( h 

(M  ^  v) 


(17) 

{  18) 


To  make  it  dimensionless  1(h);,',  }  is  divided  by  a  std  d-  Then  we  have  the  corre¬ 
spondence 


l  (h"),.,}  ~  vir- 

Thus,  for  example,  for  an  almost  linear  Hi 


2 


where  each  dot  =  a  valency  point,  vp,  and  each  line  is  a  symmetrized  dyad 
1  with  the  coefficient  giving  the  line  strength  All  ( h^„)''  =  0,  so 

there  are  no  ao  (i.e,,  vp)  self-energy  loops  |  in  this  vif. 

In  the  initial  vif  [3.4]  papers  it  was  stated  that  nevertheless  vif  includes  overlaps 
due  to  the  principle  of  linear  covariance,  but  proof  was  not  given  which  is  given 
now  in  several  steps. 

Step  1.  The  VIF  is  actually  drawn  for(h)„,  ofEqs.  ( 13-15).  where,  for  example, 
for  the  Hi  species  («„„  -  a)/d  =  0,  and  line  strengths  are  k„,.  =  (d„,  -  )/d  with 

the  std  d  =  d  -  aS  using  a  std  overlap  value  5.  In  the  star.ing  vif’s  nonnearest 
neighbor  ( non-n.n.)  lines  are  neglected  as  in  Eq.  ( 19 ).  This  neglect  is  not  essential. 
The  effect  on  the  LPI  of  the  inclusion  of  further  inter^tions  can  also  be  examined 
with  the  viF-rules.  For  example  if  we  lake  the  n.n.  12  and  23  as  equal  and  their 
strengths  as  d-  then  their  k  =  I  (if  no  x  is  written  on  a  line  in  the  viF  that  line 
strength  is  implied  to  be  x  -  1 ).  but  13  line  will  have  a  weaker  strength  k  <  1  as 
in 


VIF: 


K 
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[This  change  would  also  allow'  one  to  examine  how'  the  i  Pi  of  linear  evolves 
into  that  of  an  equilateral  triangular  Hx  if  one  were  to  vary  k  continuously  and 
apply  the  vii -rules]. 

The  viF’s  drawn  for  h^,  and  are  the  same  and  yield  the  same  l.Pi.  This 
constitutes  the  first  step  of  the  proof  that  inclusion  of  overlaps  does  not  alfect  the 
viF  theory  going  from  Eq.  ( 18)  to  Eqs.  ( !4)  and  (15). 

Step  2.  The  mo  levels  {E, }  of  Eq.  (12)  with  overlaps  in  the  second  term,  and 
the  eigenvalues  {  E [  of  Eq.  (17)  arc  different.  Even  though  Step  1  above  showed 
the  siructuml  covariance  under  /.(«),  of  (h);.,sc(h);',  that  when  simply  diago¬ 
nalized  as  individual  matrices  they  should  yield  the  same  I  P!  of  their  diagonalized 
elements,  the  presence  of  rather  than  6^,  in  the  full  equations  Eq.  (12).  need 
be  considered. 

We  show  now  that  the  lpi  from  /i  alone  remains  the  same  when  the  MO  levels 
are  to  be  calculated  from  h  -  ES. 

The  overlap  matrix  occurring  explicitly  in  Eq.  (12')  below  can  be  eliminated  in 
a  number  of  ways. 

(h  -  ES)c*  -  0 

where 


while 

and 


=  y'c, 

or  in  matrix  form 

S  'c. 


(12') 


The  S  matrix  is  turned  into  the  unit  matrix  I  by  any  number  of  transformations 
from  the  non-O.N.  basis  to  some  O.N.  one.  Any  such  transformation  is  nonunitary. 

(a)  The  method  used  computationally  in  the  eht  fortran  programs  is  to  find 
the  transformation  matrix  corresponding  to  the  act  of  Schmidt-orthogonalization 
procedure  ( this  matrix  which  is  not  unitary  may  be  derived  in  the  general  case  by 
writing,  then  solving  recursion  relations). 

(b)  Another  way  is  Lowdin’s  [II]  “square  root”  S  device  which  yields  the 
OAO  (symmetrically  orthogonalized  ao’s)  basis.  Equations  ( 20 )  show  this  method. 

Multiply  Eq.  ( 12')  from  the  left  with  Inserting  S  after  the  last 

bracket,  one  gets 

(5  1/2^5  1/2  _  ES  '/'SS  ''‘)S^'''-V=  0  . 

(fi  '  El)c  =  0 


where 


\i<)  f  M  K(i\  I  I A  I  1  l*\  1  II  KNS 
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(c)  Still  another  way  is:  first  diagonali/e  S  obtaining  its  eigenvalues  j  a,  ;  and  its 
eigenveetor  eolumns  whieh  make  up  ilie  diagonalizing  unitary  transform  IJ. 

(21  ) 


\ 

0 


(21m) 


(2ln) 

with  X  =  UB. 

In  all  of  the  methods  above  (and  other  possible  ones),  the  nonunitary  X  used  to 
transform  the  sy  mmetric  S,  act  as  an  adjoint  trunsionnadon.  Eq.  (  2 1  n ) .  The  same 
X  is  now  applied  to  the  h,  also  self-adjoint,  again  in  an  adjoint  transformation 
y  ielding  another  self-adioint  matrix  h.  nondiagonal. 

h  =  X'hX  (21k ) 

so  the  eigenvalue  equation  becomes 

(h  -  /f,l)c  =  0  (2 Ip) 

with  c  X  'c. 

All  the  X-transforms  in  methods  (a)  to  (c)  arc  nonsingular  and  they  are  elements 
of  the  general  linear  group  /.(/?),  Thus  they  preserve  the  MO-levcl  pattern  indices. 
LPi  of  h.  that  is. 


Si„.„  U  SU 


where  IT  =  U  '  and 


^1  luij*.. 


0 


Next  apply  the  nonunitary  transform 

/  b'  ■' 


B 


,S 


I  ' 


0 


yielding 


I  =  B'lrSlJB 


The  full  nonunitarv  transform  is 


I  =  X'SX 


h  =  h .  (2iq) 

In  this  case  ( unlike  in  Step  1 ).  the  i  E, }  mo  levels  arc  also  numerically  the  same 
whether  calculated  from  Eq.  (21p)  or  from  Eq.  (12')  with  S  explicit  as  in  CK  i . 
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Note  however  that  even  in  oao  basis  Eqs.  (20).  (21 ).  it  is  the  original  non-O.N. 
basis  a  that  is  subtracted  out  from  the  { E, }  to  get  the  chemically  meaningful  {  E, } 
relative  to  separated  atoms. 

R  -  h«^«  -  «I 
and 

E,  =  (22) 

One  would  have  thought  on  the  basis  of  the  original  oaO  justification  [  1 1 , 1 2  ]  of 
the  pi-HMO  theory  [10]  vis-a-vis  dropping  of  overlaps,  that  ooao  would  be  subtracted 
from  the  E,  and  the  As  we  see  this  is  not  true.  The  starting  non-O.N.  ao 
basis’  a  is  taken  out.  Just  as  well,  since  ooao  values  greatly  vary  for  the  same  atom 
in  different  locations  (even  in  H3)  and  they  are  difficult  to  calculate. 

The  proof  for  the  invariance  of  the  vif  method  vis-a-vis  overlaps  is  still  not 
complete.  The  two  pictorial  vif  rules  applied  to  the  initial  vif  in  any  combination 
and  succession  amount  to  generating  various  basis  set  transformations  T  on  the 
same  molecule  or  to  transforming  molecules  into  other  molecules  in  the  same 
equivalence  class  with  all  such  T  G  L{n).  As  most  of  these  T  are  nonunitary,  at 
each  step  of  the  vif  manipulations  new  overlap  integrals  will  arise  in  the  transformed 
versions  of  Eq.  (12).  That  the  lpi  remains  invariant  under  all  such  nonunitary 
transformations  is  proved  in  Step  3. 

Step  3.  Let  us  demonstrate  the  problem  with  a  simple  example.  Take  a  square 
configuration  of  H4  or  the  isomorphic  system,  the  pi-system  of  cyclobutadiene. 
Divided  out  by  the  single  0^,.  =  0,  and  the  single  a  =  o^„  taken  out 

h"  =  h  -  al  ~  VIF"  (23) 


VIF" 


where  there  are  no  loops  at  each  vp  as  a  has  been  taken  out  making  the  reference 
zero  of  energy  at  a  -♦  ref.  zero. 

The  line  strengths  are  0^J0  =  1 .  However  Step  1  showed  that  the  vif  and  the 
LPI  that  will  result  are  the  same  with  0„^,  {0^„  -  aS^^)  =  (0  -  aS)  -  0;  k  - 

0nJ0  =  1  and  VIF"  ~  VIF  ( ~  isomorphic). 

The  VIF  is  "reduced”  by  the  viF-rules  to  get  iso-LPi  structures  as  well  as  the  lpi 
itself  (for  the  details  cf.  Ref.  [4])  as  follows: 
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with  the  MO  level  pattern: 


The  two  nonbonding  levels  are  found.  Assigning  the  four  electrons  for  the  neutral 
species,  we  see  the  antiaromaticity  for  the  cyclobutadiene  pi-case,  or  the  unstable 
nature  of  a  square  H4  (or  the  high  activation  barrier  in  a  reaction  like  Hi  -E  D3  -* 
2HD  with  a  square  activated  complex).  (In  this  example  the  LPl  could  also  be 
obtained  of  course,  with  the  Frost-Musulin  mnemonic,  cf,  e.g..  Ref.  [10],  which 
is  applicable  only  to  single  rings.  viF  however  gives  such  results  for  any  polycyclics, 
branched,  bridged,  side-chained  hydrocarbons  [13]). 

Principle  of  linear  covariance  allows  us  to  interpret  each  step  in  Eq.  (24)  either 
in  the  MO-basis  (thus  MO  lpi  is  read  oflf  directly  from  the  last  picture  (No.  of  free 
dots  =  no.  of  nonbonding  overall  MO’s),  or  in  a  localized  orbital  LO  basis.  In  the 
latter  reading  of  Eq.  (24),  for  the  H4  case,  ones  sees  the  reactions 

H4 Hj  (linear) -E  H  ^  Hi  +  H  +  H  (25) 

to  be  “allowed”  having  the  same  lpi’s  and  in  the  same  L-equivalence  class  (thereby 
called  structurally  covariant  (sc)  [4]). 

Each  picture  in  Eq.  ( 24 )  corresponds  to  a  { hm.,]  written  in  a  new  basis-set  frame. 
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transtor.nations  from  one  to  the  next  in  general  being  nonunitarv'  thereby  generating 
new  overlap  matrices  in  the  full  equation  (h^,  -  E5^,)c‘  =  0. 

During  the  reactions.  Eq.  (25).  MO  composite  levels  { E, }  change,  but  the  level 
patterns,  lpi  remain  the  same.  This  is  proved  as 

h;,.  h„-,'  —  h^v  -♦  •  •  •  ( 26  ) 

Each  basis  and  hamiltonian  transformation  occurs  by  an  T  G  L{n)  and  an  adjoint 
transform,  for  example. 

6'  =  T‘hT  (27) 

in  each  step  of  Eq.  (24).  By  the  fundamental  theorem  [3.4],  these  h'%  all  have  the 
same  lpi  .  Further  for  each  step,  as  new  overlaps  arise,  the  nonunitary  transform 
X  shows  the  S  term  does  not  affect  the  lpi  as  in  Eqs.  ( 20.  2 1 ). 

(h'-  ES')  —  (X^h'X  -  El) 

-  sc^  s.-  sc  (28) 

h'  =  h'  =  h  =  h" 

(q.e.d.) 

This  completes  the  three-steps  proof  and  we  state  the  proved  theorem. 

Theorem  on  the  Conservation  of  MO  Energy  Level  Patterns 
Under  the  Effect  of  Overlaps 

Theorem 

The  viF  picture  of  a  molecule  (or  reacting  isomeric  assembly)  drawn  without 
regard  to  the  large  non-O.N.  ao  basis  overlaps  yields  the  same  MO  level  pattern. 
LPI  =  { «+ .  n„,  «- } ,  numbers  of  bonding,  nonbonding,  and  antibonding  MO  levels 
(relative  to  a  chosen  free  atom  ao  self-energy)  as  if  the  overlaps  were  included  in 
a  full  (h  -  £S)  calculation.  The  chemical  viF-rules  transformations  or  the  viF 
pictorial  changes  in  deducing  lpi,  while  they  imply  nonunitary  transformations 
(among  non-O.N.  bases)  leading  to  new  overlaps  still  retain  the  same  lpi.  (Proof 
was  given  above.) 

Remark.  The  simplest  and  qualitatively  most  useful  vif’s  for  blackboard  type 
chemical  deductions  are  drawn  with  nearest  neighbor  or  proximity  h  elements  only 
(with  the  corresponding  overlaps  in  S,  implied).  Next  nearest  neighbor  terms  in 
h  or  any  other  terms  of  h  may  be  drawn  in  more  elaborate  vif’s  to  explore  the 
effects  on  the  lpi,  if  any,  of  such  refinements.  A  computer  eht  calculation  (or,  e.g.. 
STO-3G)  normally  includes  all  j8„„’s  and  5,„,’s.  To  compare  such  an  eht  {E,} 
pattern  after  subtracting  out  the  chosen  a  from  each  -*•  E,  =  E,  —  a,  with  the 
LPI  predicted  by  a  certain  vif,  the  5,„,(/8„„)  terms  omitted  in  that  viF  can  be  deleted 
in  the  eht  calculation  using  the  input  option  L2  =  .TRUE,  in  the  program  [1], 

Some  Numerical  Examples 

( I )  Allyl  pi-system  or  Haf  linear) 
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This  n.n.  vif  omits  the  overlap  between  atoms  1  and  3.Jt  shows  clearly  the  presence 
of  one  nonbonding  level.  That  level  is  invariant  if  the  1 2  or  1 3  or  both  arc  changed 
by  any  amount  as  seen  with  the  vii-'  rule  1  (/c-rule): 


(  same  LPI  ) 

Thus  the  H;  +  D  -*  H  +  HI)  reaction  along  a  collinear  path  is  I  Pi  preserving, 
hence  “allowed"  with  a  small  activation  barrier  (H*  linear  or  nearly  so)  indicated 
relative  to  a  d  {  1  /2)D,,  of  H:). 
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Table  I.  Comparison  of  mo  energy  level  patterns  by  the  pictorial  vie  with  those  from  numerical 
EHT*  and  EEinC  calculations.  Linear  Hj  complex  Hi  -H2  — H3  with  /?{I2)  =•  /?(23)  -  0.85  A;  o,, 

=  - 13.6  eV.  .All  E,  in  electron  volts  (eV), 


1  =  MO  level  # 

(highest  energy  to  lowest) 

EHT* 

E.  =  E,  -  rtH 

ehtd'’ 

E?  =  F?  - 

M} 

direct  level 
paiiem,  i  Ph 

(1) 

+25.72 

+  39.72,' 

n  -  1 

(2) 

+2.07 

0.00 1 

n„  -  1 

(3) 

-4.79 

-4.52} 

It.  =  1 

•  The  E  (i)  MO  levels  from  full  Eht  calculation  (Ref.  (IJl.  The  an  -  13.6  is  the  invariant-subtraction 
yielding  E, . 

*'  The  E°  (i)  MO  levels  from  ehtd,  that  is,  eht  with  non-n.n.  overlaps  S, ,  deleted  in  the  input.  The 
(E®  -  «/,)  -  A'P  level  pattern  coincides  with  the  pictorial  vie  result.' 

'  Pictorially  deduced  [Eq.  (29)]  level  pattern  indices  lpi  =  { n,,  n„,  n.  J.  the  sinuiural anariani  invarianLs. 
also  #’s  of  bonding! -I- ),  nonbonding  (o),  and  antibonding  (-)  MO’s  which  agree  with  numerical  calculation 
after  the  proper  (covariant)  subtraction. 


A  complete  vif,  viFy  includes  the  13  overlap  (or  line: 


The  nonbonding  MO  level  is  expected  to  move  up  a  little  (dependent  on  magnitude 
of  X  <  1 ). 

The  same  picture  shows  what  happens  when  linear  Hy  is  bent  into  a  triangle. 
The  nonbonding  homo  moves  up  becoming  slightly  antibonding. 

Tables  1  and  II  show  two  eht  calculations,  for  linear  H,.  one  with  all  overlaps, 
another  with  13  overlap  deleted  (Ehtd).  The  a  =  -13.6  eV  substracted  E,  shows 
the  same  lpi’s  as  the  corresponding  vif’s. 

( 2 )  Cyclobutadiene  pi-system  or  square  H4 . 


With  the  weaker  (k  <  1 )  overlap  (and  /J„,  )  lines  13  and  24  included,  the  i.Pl  changes 
from  the  n.n.  only,  that  is,  square,  such  that  n„  -  2  nonbonding  levels  become 
slightly  antibonding. 

The  sa^  happens  if  the  square  Hj  is  distorted  to  become  .slightly  tetrahedral 
(squeeze  24,  lift  up  3  out  of  plane).  [One  caution,  however:  the  bonding  level  in 
the  quantitative  sense,  could  go  considerably  lower  affecting  stability  in  the  opposite 
way  of  the  HOMO] . 

Table  HI  shows  the  eht  computations  for  each  of  the  two  vit 's  and  the  /:,'s  with 
a  ==  - 1 3.6  eV  removed.  The  |  E, }  level  patterns  coincide  with  those  of  the  pictorial 
viF  deductions. 

These  examples  further  demonstrate  how  vir  implicitly  takes  into  account  the 
overlaps  in  —  ES). 
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Table  U.  mo  level  patterns  obtained  by  the  pictorial  vie  rules  compared  wiih  numerical  Elir/EHTD 
calculations.  Along  linear  Hj  reaction  siir'bce  HI  H2  —  H3  at  /f(l2)  -  0.81  A  and  R{2?i)  -  1.27 
A  (i.e..  along  H;  +  H).  The  o,,  =  -1,3.6  eV.  (  All  energies  in  electron  volts). 


i  =  mo  level  # 

(highest  energy  to  lowest) 

EHT* 

A',  =  A'.  =  «ii 

r-D  _  r  -D 

h,  ~  h,  - 

VIE* 

pictorially 
deduced  1  PI 

(1) 

-E  16.3.3 

+  18.85; 

n.  -  1 

(2) 

+0.78 

0.00 ; 

n,.  -  1 

(3) 

-4.15 

-4.01 1 

n,  =  1 

’  The  A' (()  MO  levels  from  full  fiit  calculation  (Ref.  [I]).  The  ou  =  -  13.6  is  the  invariant-subtraction 
yielding  A', . 

*’  The  A  "  (/)  MO  levels  from  EHIT>,  that  is.  fht  with  non-n.n.  overlaps  Su  delelcted  in  the  input.  The 
(A  P  -  «(,)  -  A’P  level  pattern  coincides  with  the  pictonal  VIF  result.'' 

Pictorially  deduced  [Eq.  (291]  level  pattern  indices  I  pi  =  ]  n*.  n„.  n_  ] .  the  struciural anarumt  invariants, 
also  p's  of  bonding  (  + 1,  nonlxtnding  (o).  and  antibonding  (-)  mo's  which  agree  with  numerical  calculation 
after  the  proper  (covariantl  subtraction. 

At  R(23  )  -  1.5  R  ( 12  );vii  relative  line  strength  (i,23)=  =  0.574  [cf.  Eq.  (.30)  showing =  >]. 


Conclusion 

This  article  has  shown  how  the  mo  energy  levels  obtained  from  computer  MO 
theory  computations  ( such  as  eht,  but  applicable  with  care  also  to  mndo,  and  ab 
intiio  e.g..  STO-3G)  may  be  converted  to  MO  energy  level  patterns  from  which 
important  qualitative  deductions  based  on  bonding,  nonbonding,  and  antibonding 


Tabi  I  111  MO  level  patterns  for  a  square  Hi  complex  with  R  ~  1.00  A.  EHT*  and  EHTd'’  calculation 
(t.hciatterwith  only  the  non-n.n  overlaps deleted)aftertheinvariant-subtractionof«H  =  -  13.6eV  coincide 
with  the  pictonally  deduced  vii  level  pattern,  i.pi  =  {rii,  n„.  n_}  which  implicitly  includes 

the  overlaps.  All  energies  in  eV. 


/  -  MO  level  * 

(highest  energy  to  lowest) 

EHT* 

Hi  Hf  ofH 

ehtd” 

f:Y  =  E?  ~  «H 

VIE* 

pictorially 
deduced  lpi 

(1) 

+  21.1 

+  153.2  1 

n.  =  1 

(2) 

+.3.65 

0.0  1 

(3) 

+  3.65 

0.0  1 

n..  2 

(4) 

-5.57 

-4.94) 

n-  =  1 

•  EHT  calcuation  with  PROGRAM  TORTICOl^fRef.  {!]). 

EHTD  calculation  with  only  the  5(13)  and  5(14)  overlaps  deleted  as  nonnearest  neighbors.  The  an 
is  invariant-subtracted. 

'  VIE  pictorially  deduces  [Eq.  (24)J  the  MO  level  pattern,  numbers  of  bonding,  nonbonding,  antibonding 
levels  relative  to  Ish  energy,  an. 
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MO  level  types  become  possible.  Correspondence  with  the  mo  level  patterns  deduced 
directly  from  the  vif  pictures  drawn  from  structural  formulas  or  ortep  diagrams 
using  the  pictorial  “blackboard”  type  vip-rules  is  established,  this  article  giving  the 
proof  that,  for  one  thing,  vif  implicitly  includes  overlaps.  viF-method  has  a  con¬ 
siderable  advantage  in  that  many  reactions,  distortion,  rearrangement  pathways 
can  be  readily  and  visually  examined.  Many  seemingly  different  molecules  also 
become  relatable  to  each  other  getting  classified  into  fundamental  classes,  each  class 
with  a  given  mo  level  pattern.  In  addition,  now  vif  selected  molecules  or  paths 
maybe  made  more  quantitative,  relationship  to  computation  having  been  dem¬ 
onstrated.  High-level  machine  computations  may  be  earned  out  once  certain  re¬ 
action  paths  or  species  are  readily  chosen  on  the  basis  of  pictorial  vu  -rules. 

Bibliography 

(UR,  Hoffmann.  J-  Chem.  Phvs.  39.  1397  <  1963);  (Program.  FORTICON8.  QCPE  344). 

[2]  VV,  J.  Hehre,  L.  Radom.  P.  V.  R.  Schleyer.  and  J.  A.  Poplc.  Ah  Initio  Molecular  Orhiial  Theory 
(Wiley.  New  York.  1986);  Gaussian  92.  M.  J.  Frisch  et  al.  (Gaussian,  Inc.,  Pittsburgh.  PA.  1992 ). 

[3]  O.  Sinanoglu,  Theo,  Chim.  Acta  68,  251  ( 1985):  Chem.  Phys.  Lett.  103.  315  ( 1984);  earlier  refs, 
therein  and  further  lit.  refs,  in  (13}. 

[4]  O.  Sinanoglu,  Theo.  Chim.  Acta  65,  24.3.  23.3.  249,  255.  and  267  ( 1984). 

[5]  O.  Sinano^u,  in  Chem.  Specir  and  FhoUKhem.  in  the  I'aeiiitm  I'ltraviolet.  C.  Sandorfy.  P,  J. 
Ausloos.  and  M.  Robin.  Eds.  (Dordrecht.  D,  Reidel.  1974). 

(6J  R.  Pariserand  R.  G.  Parr.  J,  Chem,  Phys.  21,  466.  767  ( 1953), 

[7]  J.  A.  Pople.  D.  P.  Santry,  and  G.  .A.  Segai.  J.  Chem.  Phys.  43.  S129  ( 1965 ). 

[8]  (a)  O.  Sinanoglu.  Adv.  Chem.  Phys.  XIV,  237  ( 1969);  (b)  O.  Sinanoglu  and  M.  K.  Orloff.  in 
Modern  Quantum  Chemistry.  I'ol  I.  O.  Sinanoglu.  Ed.  (Academic  Press.  New  York.  1965).  p. 
221. 

[91  M.  J.  S.  Dewar  and  W.  Thiel.  J.  Am.  Chem.  Sik.  99.  4899  ( 1977):  (  Program  MNDD.  QCPE  353). 

[10]  A.  Streitweiser,  Jr..  .Molecular  Orhttal  Theory  lor  Oryanie  Chemists  (Wiley.  New  York.  1961  ). 

[11]  P.  O.  Ldwdin.  J.  Chem  Phys.  18.  .<65  (  1950). 

[12]  R.  G.  Parr.  J.  Chem.  Phys.  33.  1 184  (  1960). 

(13'  O,  Sinanoglu.  Tetrahedron  Letts.  29,  889  (  1988);  Int.  J.  Quantum  Chem  S22,  143  ( 1988);  J. 
Math.  Chem.  2.  1 17-136  (  1988);  (hti/.  2.  137-154  (1988). 


Received  April  30,  1 992 


Energy  Levels  for  a  Quartic  Oscillator  Using 
Algebraic  Techniques 

JOSE  RECAMIER  A, 

Lahnrjiorio  de  Cuernavaca.  Inslilulo  de  Fisica.  Universidad  Sacional  Auldnoma  de  \te.\ico. 
.■ipariado  Postal  Ii9-B.  62/9/  Cuernavaca.  Morelos.  Mexico 

ROCI'O  JAUREGUI  R. 

Insiiino  de  Pfsica.  L'nhersidad  Sacional  .iutonoma  de  Mexico,  .ipariado  Postal  20364.  01000. 

.Mexico  I).  F..  Mexico 


Abstract 

In  this  work  use  is  made  oCalgebraic  techniques  developed  for  the  evaluation  of  Vibration-Translation 
energy  transfer  in  atom-diatom  collisions  to  obtain  the  energy  eigenvalues  of  the  one-dimensional  quartic 
oscillator.  We  have  found  that  even  our  zero  order  approximation  results  are  very  close  to  the  exact  ones 
and  when  second-order  perturbation  theory  is  used,  they  improve  even  for  high  values  of  the  anharmonicity 
parameter.  John  Wiley  &  Sons.  Inc. 

Introduction 

The  one-dimensional  harmonic  oscillator  potential  has  been  used  extensively  in 
nuclear  physics,  high-energy  physics,  solid-state  physics,  and  in  atomic  and  molec¬ 
ular  physics  1 1  ] .  Among  this  model’s  many  favorable  characteristics,  is  that  it  is  a 
rather  simple  mode!  and  allows  testing  of  different  levels  of  approximations  against 
exact  results.  On  the  other  hand,  the  evaluation  of  accurate  energy  levels  of  a  quan¬ 
tum  mechanical  anharmonic  oscillator  has  received  renewed  interest  since  it  can 
be  seen  as  a  field  theory  in  one  dimension  and  it  has  become  the  testing  ground 
for  new  methods  in  quantum  field  theory  (2],  Different  techniques  have  been 
applied  to  that  end,  optimized  variational  method  [3],  variational  and  coupled 
cluster  calculations  [4],  and  matrix  diagonalization  techniques  [5]  to  name  a  few. 
Rayleigh-Schrddinger  perturbation  theory  has  proved  to  give  good  results  when  the 
nature  of  the  unperturbed  Hamiltonian  is  changed  to  that  of  a  squared  harmonic 
oscillator  Hamiltonian  with  an  adjustable  frequency  [6]. 

In  atomic  and  molecular  physics,  in  those  cases  where  heteronuclear  diatomics 
are  involved,  the  harmonic  oscillator  model  has  severe  limitations  since  the  presence 
of  anharmonicities  cannot  be  included,  nor  can  one  study  rearrangement  collisions 
because  the  potential  supports  an  infinite  number  of  vibrational  bound  states.  For 
homonuclear  diatomics,  when  the  collision  energy  is  large  compared  with  the  energy 
level  spacing  of  the  vibrational  states  of  the  molecule,  anharmonic  terms  play  an 
important  role,  this  is  also  the  case  for  heteronuclear  diatomics  where  the  anhar¬ 
monic  terms  are  important  even  for  low-lying  transitions  and  low  collision  energies. 
Some  time  ago,  a  study  of  the  0  -►  I  vibrational  transition  in  anharmonic  oscillators 
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was  made,  including  quadratic  and  cubic  terms  in  the  potential  function  [  7  ] .  more 
recently,  the  one-dimensional  anharmonic  oscillator  including  quadratic,  cubic, 
and  quartic  terms  in  the  potential  function  was  used  for  the  evaluation  of  vibrational 
transition  probabilities  in  collisions  between  an  atom  and  a  diatomic  molecule 
[8.9],  The  anharmonicity  parameters  were  fitted  to  adjust  a  Morse  oscillator.  The 
results  obtained  with  this  model  could  be  compared  favorably  with  exact  quantum 
results  [10]  in  a  large  energy  range  and  for  several  transitions. 

In  this  work,  we  evaluate  the  energy  spectra  of  a  quartic  oscillator  using  an 
extension  of  the  algebraic  method  developed  for  the  study  of  TV  energy  transfer. 
We  apply  a  sequence  of  Bogoliubov  transformations  to  the  Hamiltonian  in  order 
to  obtain  a  set  of  transformed  basis  functions  such  that,  after  each  iteration,  they 
contain  information  from  the  quartic  part  of  the  potential  in  the  previous  iteration. 
In  the  next  section  we  describe  the  method,  then  w'e  obtain  the  energy  eigenvalues 
for  different  anharmonicity  constants  X  within  two  simple  approximations.  The 
first  consists  in  the  evaluation  of  the  eigenenergies  for  the  transformed  diagonal 
Hamiltonian  and  the  second,  in  the  use  of  second-order  perturbation  theory'  to 
treat  that  part  of  the  transformed  Hamiltonian  which  is  not  diagonal  in  the  trans¬ 
formed  basis.  We  compare  our  approximations  with  exact  numerical  results  [4, 1 3] 
and  we  also  show  the  behavior  of  the  coefficients  of  the  Hamiltonian  as  a  function 
of  the  iteration  number. 


Theory 

Consider  the  one-dimensional  anharmonic  oscillator  Hamiltonian 

1,1. 

^  =-/>■  +  :^  A"  +  Xa'*  .  ( 1) 

now  we  express  the  displacement  operator  a  in  terms  of  boson  creation  and  an- 
hilation  operators  axi' 


V 


1/2 


{o  +  o') . 


(2) 


then  we  get 

+  -(«■’  +  4a^a^  +  6a’  +  ba*\r  +  12a^a  +  6a^“  +  4a^  a  +  +  3) .  (3) 

4 

with  =  {u^a  +1/2)  and  we  have  written  the  Hamiltonian  in  normal  order. 
Now  wc  decompose  the  Hamiltonian  as  the  sum  of  two  parts. 

»  =  V  * 


(4) 
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where 

+  7(6a' +  +  3)  =  Z  a„a*‘a'  (5) 

forms  a  closed  set  under  the  operation  of  commutation,  and  V  *  =  >  - 
The  Hamiltonian  >  V '  is  a  bilinear  form  in  the  operators  a. a*,  so  it  is  convenient 
to  apply  a  generalized  Bogoliubov  transformation  to  obtain  a  new  set  of  operators 
a'  £/'  ‘  *  such  that  the  Hamiltonian  >  o’  is  diagonal  in  the  new  basis  [S.9].  The 
transformation  is  canonical  and  thus  must  preserve  the  commutation  relations 
betw^een  the  boson  operators.  Consequently,  we  get  the  condition  that  the  deter¬ 
minant  of  the  transformation  must  be  equal  to  one.  The  required  transformation 
has  the  form  [1 1]  (  /  =  0  for  the  first  time  we  apply  the  transformation) 


+  /z’rr'"' 

(fi) 

(7) 

and  the  transformation  coefficients  are  given  by: 

II 

-1- 

(8) 

/"V-- 

.(!}  M  v/h: 

(9) 

G'iVi’  =  -  (-(f'n  +  2G(ki  +  t/G'ii  —  4G’ri;)  . 

1 

(10) 

..It) 

1  1 

■"  G(i(V  =  -  (G'li  “  2Go(i  +  VG'Ti  -  4G’ri:)  • 

(11) 

and  the  transformed  Hamiltonian  has  been  expressed  as 

H  ~  \  \  <^  O  ^  V/,K)  , 

(12) 

When  we  apply  the  transformation  to  \  we  get  a  new  Hamiltonian  which 
contains  the  same  set  of  operators  as  the  original  one  with  coefficients  dependent 
upon  the  t]''‘ .  The  Hamiltonian  w-e  obtain  after  k  transformations  has  the  form 

Z  (/■',;*  .  (13) 

O-  /  '  4 

and.  since  it  is  hermitean  we  have  the  restriction  G',',*’*  =  G,'/  ’.  In  the  case  of  a 
quartic  oscillator,  the  coefficients  G,‘/’  arc  real  and  we  have  the  condition  = 
G„  The  series  of  transformations  mentioned  above  is  done  as  many  times  as 
necessary  until  the  matrix  of  the  transformation  is  as  close  as  we  want  to  the  identity 
matrix,  indicating  that  we  have  minimized  the  anharmonic  part  of  the  oscillator. 
As  will  be  seen  in  the  next  section,  the  sequence  of  transformations  has  a  very  fast 
convergence. 

!n  Figure  1  we  show  the  behavior  of  the  coefficient  G’n'  as  a  function  of  the 
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number  of  iterations  performed  for  A  =  1.  Notice  that  after  a  few  transformations 
(say  5  or  6).  f/'n'  attains  a  fixed  value,  corresponding  to  the  iVctfuency  that  a 
harmonic  oscillator  should  have  in  order  to  rcpre.sent  the  anharmonic  oscillator. 
It  is  a  characteristic  value  associated  to  the  potential  function  as  a  whole,  not  only 


iteration 

f  igurc  2.  Behaviour  of  the  coefficients  6';V(  full  line)  and  broken  line  las  a  function 
of  the  number  of  iterations  for  a  fixed  value  of  A  ■  10. 
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near  the  minimum.  The  final  frequency  for  the  oscillator  is  smaller  than  the  original 
one  indicating  that  the  corresponding  harmonic  oscillator  should  be  softer  than  the 
anharmonic  one.  All  the  d]  ’  show  a  similar  behavior  for  all  the  values  of 
X  we  have  tested,  they  change  significantly  from  their  initial  values  during  the  lirst 
few  iterations  and  after  that,  they  all  attain  fi.xed  values,  generallv  dilferent  from 
zero.  .As  an  e.xample  in  Figure  2  we  show  (/'i*’.  and  for  X  10.  Notice  that 
the  asymptotic  values  of  the  are  smaller  than  originally,  an  indication  that  one 
can  try  to  apply  perturbation  theory  to  this  transformed  I  lamiltonian  and  hopel'ulK 
obtain  improved  results. 


Knergy  Eigenvalues 

With  the  boson  operators  we  obtained  after  k  transformations,  vve  evalu¬ 
ated  the  energy  spectrum  of  the  corresponding  diagonal  Hamiltonian 

a'^'  a'*’’.  We  show  in  Table  I  this  zeroth  order  appro.ximation  after 
10  transformations,  the  results  obtained  when  we  use  second-order  perturbation 
theory  [12]  after  the  same  10  transformations,  and  the  exact  results  of  Msuc  and 
<  lern  [13]  for  the  ground  and  the  first  four  e.xcited  states  of  a  quartic  oscillator  with 
X  =  1. 

It  can  be  seen  that  the  zero-order  approximation  gives  very  reasonable  results 
when  compared  with  the  exact,  not  only  for  the  ground  but  also  for  the  excited 
states.  The  percentage  difference 

=  lOOx-^^^— — ^  (14) 

h,., 

being  a  few  percent  at  most.  W'hcn  w-e  apply  second-order  perturbation  theory  to 
the  transformed  oscillator,  we  improve  the  results  significantly  and  it  is  interesting 
to  notice  that  this  is  so  even  for  the  excited  states  where  simple  perturbation  theory- 
is  known  to  fail  badly.  Notice  that  the  percentage  difference 

A,,,-  lOOX  ^  (15) 

“'('K 

is  in  this  case  less  than  3T  in  the  worst  case,  that  is.  for  n  =  4. 


Tahli  I. 

Fnergy  eigenvalues  Cor  a 

quartic  oscillator  (X 

1.0). 

n 

.  .f  M>) 

() 

iT 

FV. 

AAV, 

AA,. 

(i 

.81250 

.80410 

.80.)  77 

1,1 

.04 

1 

2.8125 

2.722.) 

2.7)789 

^  7 

.6 

-) 

5.5625 

5.0994 

5.17929 

7.4 

1,5 

3 

9  0625 

7,75.)7 

7,94240 

14  1 

2.4 

4 

I,t,.tl25 

10.6485 

10.96)6 

214 

2.9 
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Table  11  shows  the  results  obtained  with  perturbation  theory  (after  10  translbr- 
mations)  as  a  function  of  A  for  the  ground  and  first  four  excited  states  of  the 
oscillator  and  compare  these  with  exact  results  113],  Notice  that  (xaturbation  theory 
can  be  safely  applied  for  the  whole  range  of  values  of  the  anharmonicity  parameter 
.1  <  A  <  lOOO.O.  We  also  show  the  percentage  dilference  A/  ,,  defined  above. 

Finally,  Table  111  shows  the  convergence  behavior  of  the  ground  state  energy 
eigenvalue  in  the  zewth  approximation  ill  when  we  have  applied  second-order 
perturbation  theory  to  the  transformed  Hamiltonian  i'.\.  .  and  the  value  of  the 
perturbation  correction  A'/’  for  dilFerent  values  of  A.  For  A  =  1.0,  the  eigenvalue 
changes  dra.stically  during  the  first  few  iterations  but.  after  about  4  or  5.  tltc  un¬ 
perturbed  results  hardly  change  and  the  contribution  due  to  the  perturbation  ap¬ 
proaches  a  fixed  value.  When  we  increase  the  strength  of  the  anharmonicity  to 
A  =  10.0,  we  have  to  make  more  transformations  before  attaining  convergence; 


T  VHI I  II.  Fncrg\  eigenvalues  for  a  quanic  oscillator. 


n 

A/:,. 

.v* 

(,) 

.55415 

.55420 

.004 

.10 

1 
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.10 

,10 

3. 1 3X63 
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6.::o.3o 
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I.OI 
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0 

.X()377 

.805(H) 
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1.0 

1 
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2.72226 
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1,0 

T 

5.17424 

5.04434 

1.54 

1.0 

3 

7.44240 

7.75.367 

2.38 

ID 

4 

1 0.4636 

10.6485 

2.87 

1.0 

0 

1.50447 

1,50474 

,32 

10.0 

1 

5.32161 

5.27441 

.88 

lO.U 

10,3471 

lO.I  141 

-)  *1 
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3 
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10,0 

4 

22.4088 

21.6278 

3,44 

10.0 
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3.131.38 
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1 1.1872 
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2 1 .4064 
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3 
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4 
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3.62 
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0 
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6.72184 

,41 
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1 

23.4722 
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KKW.O 

T 

47.0173 

45.4061 
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10(K).0 

3 
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4 

102.516 

48.7767 
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0 

1  1 ,4308 

11,475  3 

.34 
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1 

40.45  1  7 

40  5462 
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T 
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78  . 3404 
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5(KX3.0 

3 

125,475 

121.262 

3.. 36 

5(K)0.0 

4 

175.218 

168.816 

3.65 

5(K)0.0 

“  For  X  5000  A.  ,  was  lakcn  from  Ref  15. 
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however,  the  importance  of  the  perturbation  term  decreases  signiheantiy  during 
the  first  few  transformations.  Notice  also  that  the  ground-state  energy  obtained 
after  convergence  is  not  necessarily  the  closest  to  the  exact  value;  this  indicates  that 
we  are  modelling  the  w  hole  of  the  potential  function,  not  only  the  region  near  the 
minimum.  For  example,  for  A  =  1,0.  the  result  obtained  with  second-order  per¬ 
turbation  theory  after  four  iterations  differs  from  the  exact  in  0,0009.  less  than 
.1  F>.  while  the  difference  between  the  second-order  perturbation  results  after  nine 
iterations  and  the  exact  is  .0012.  The  same  kind  of  behavior  occurs  for  X  =  1 0.0 
where  again,  the  closest  result  is  obtained  after  four  iterations.  One  could  also  make 
the  transformations  state  dependent  and  thus  obtain  enhanced  energy  for  a  given 
state.  If  one  requires  more  accuracy  that  can  be  obtained  with  a  variational  cal¬ 
culation  which  uses  the  transformed  states  as  a  basis  [  14] . 


Conclusions 

We  have  shown  an  algebraic  methw!  to  evaluate  the  energy  eigenvalues  of  a 
quartic  oscillator.  After  transforming  the  quartic  oscillator's  Hamiltonian,  we  can 
safely  use  perturbation  theory.  The  results  we  have  obtained  even  before  the  use 
of  perturbation  theory  are  close  to  the  exact  in  a  large  range  of  values  of  the  an- 
harmonicity  parameter  and  the  use  of  second-order  perturbation  theory  improves 
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the  results  significantly.  The  same  happens  for  the  excited  states  of  the  oscillator. 
The  extension  of  the  method  to  the  double  well  and  to  the  anharmonic  oscillator 
with  cubic  and  quartic  terms  present  is  under  study  as  well  as  the  implementation 
of  a  variational  calculation  using  as  a  basis  the  A;-iransformed  states  and  will  be 
published  elsewhere  [14], 
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Abstract 

The  paired  orbital  method  deals  with  the  problem  how  to  obtain  the  best  pairing  scheme  in  the 
different  orbitals  for  the  different  spins  ( txjDS )  method.  Once  one  has  found  those  virtual  orbitals  which 
are  the  best  pairs  of  the  occupied  orbitals,  one  can  use  the  same  formalism  for  the  energy  expression 
as  used  earlier  in  the  alternant  molecular  orbital  (amo)  method.  Starting  from  the  canonical  orbitals, 
one  performs  orthogonal  transformations  in  the  virtual  space  until  the  minimum  of  the  total  energy  is 
obtained.  An  illustrative  calculation  on  the  water  molecule  for  three  intcrnuclear  distances  shows  that 
the  method  yields  25-60‘?r  of  the  energy  improvement  obtained  by  a  full  configuration  interaction  method. 
The  percentage  of  improvement  increases  with  the  increase  of  the  intcrnuclear  distance.  <  iw:  John 
Wiley  &  Sons.  Inc. 


Introduction 

In  the  theoretical  treatment  of  atoms  and  molecules,  the  self-consistent  field 
method  (SCF)  is  an  excellent  starting  point.  The  wavefunction  is  given  in  the  form 
of  a  single  determinant  in  which  n  orbitals  are  doubly  occupied.  For  the  sake  of 
simplicity  we  shall  restrict  our  treatment  to  the  case  where  the  number  of  electrons 
is  even  (N  =  2n).  The  orbitals  are  determined  from  the  minimization  of  the  total 
energy  of  this  wavefunction.  In  most  of  the  applications,  the  orbitals  are  given  as 
linear  combinations  of  given  basic  orbitals,  and  let  us  denote  the  number  of  basic 
orbHals  by  M.  The  corresponding  variational  equations  for  the  best  coefficients 
have  been  derived  by  Roothaan  [I]  and  Hall [2].  After  solving  the  equations  one 
obtains  n  orbitals  which  are  doubly  occupied  and.  in  addition,  =  M  -  n  orbitals, 
which  do  not  have  immediate  physical  significance.  The  latter  are  called  virtual 
orbitals. 

The  SCF  solution  gives  good  results  for  the  total  energy,  bond  lengths,  and  some 
other  properties  of  the  molecules.  The  small  error  in  the  total  energy  (O.S'r  )  is  still 
too  large  when  we  would  like  to  calculate  transition  energies,  dissociation  energies, 
and  so  on.  It  is  necessary  to  go  beyond  the  scF  method.  The  difference  between 
the  SCF  energy  and  the  best  energy  obtained  in  the  given  basis  using  the  nonrela- 
tivistic  Hamiltonian  is  called  the  correlation  energy.  Several  methods  have  been 
suggested  to  treat  the  electronic  correlation  problem.  One  should  remember  that 
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the  single  determinantal  approach  already  takes  into  account,  to  some  extent,  the 
correlation  between  electrons  with  parallel  spins  because  the  wavefunction  is  an¬ 
tisymmetric.  and  therelbre.  the  probability  of  finding  two  electrons  with  the  same 
spin  in  the  neighborhood  of  the  .same  point  is  zero.  The  single  determinant  does 
not  describe  properly  the  correlation  between  electrons  with  antiparallei  spins. 

Lowdin  [.3]  suggested  a  simple  method  for  the  improvement  of  the  one  deter¬ 
minantal  representation.  One  should  relax  the  restriction  that  each  of  the  n  orbitals 
occurs  twice  in  the  wavefunction.  One  can  assign  different  .sets  of  orbitals  to  be 
associated  with  (v  and  d  spins.  The  method  is  called  Jifjcivnl  orhUals  for  JiJ/en-n! 
spins  (DODS).  The  single  determinant  constructed  in  this  way  is  not  a  pure  spin 
eigenfunction,  but  a  definite  spin  state  is  obtained  using  the  projection  operator  of 
Lowdin  [4  j.  This  method  is  also  called  the  spin-projected  extended  Hartrce-Fock 
(HF)  method.  An  excellent  review  is  given  by  Mayer  [5].  In  a  recent  article.  V 
adakov  [6]  derived  equations  for  obtaining  the  best  orbitals  in  this  scheme. 

A  simple  variant  of  the  TODS  method  is  the  a/nrnani  moU’citlcir  orhiial  mcihod 
( .4MO )  suggested  bv  Lowdin  ( 7  ] .  The  basis  of  the  method  and  its  early  developments 
are  given  in  a  book  by  Paunez  [8].  The  amo  method  was  quite  succes.sful  for 
alternant  conjugated  systems. 

The  paired  orbital  method  ( PO)  is  also  a  variant  of  the  different  orbitals  for  the 
DODS  approach.  It  can  be  considered  as  a  generalization  of  the  amo  method.  The 
wavefunction  is  formally  similar  to  the  one  used  in  the  amo  method,  and  the 
corresponding  energy  expression  is  identical  with  one  derived  by  Paunez  et  al.  [9] 
and  de  Heer  and  Paunez  [10].  The  difference  between  the  two  approaches  is  in  the 
selection  of  the  orbital  pairs.  In  the  case  of  amo.  Ldwdin's  suggestion  was  very 
successful  because  it  used  the  special  properties  of  alternant  conjugated  systems  in 
which  occupied  and  virtual  orbitals  are  paired  according  to  the  Coulson-Rushbroke 
theorem  [11].  The  PO  method  seeks  the  answer  to  the  question  of  how  to  obtain 
the  best  pairing  of  the  occupied  and  virtual  orbitals  for  a  general  system. 

Paunez  et  al.  [12]  have  given  an  algorithm  for  the  determination  of  orbital  pairs 
in  a  general  system  using  the  idea  that  these  orbitals  should  be  close  to  each  other 
spatially.  The  sum  of  coulomb  integrals  between  the  corresponding  orbitals  was 
maximized.  The  method  was  tested  for  the  case  of  water  molecule.  Harrison  and 
Handy  [13]  performed  a  full  configuration  interaction  calculation  for  this  case  so 
one  can  compare  the  result  with  the  best  possible  treatment  in  the  given  basis.  The 
PO  method,  using  five  nonlinear  parameters,  recovered  about  20%  of  the  correlation 
energy  obtained  with  the  full  c  i  treatment  (256,473  configurations).  Paunez  [14] 
has  derived  the  expre.ssions  for  the  derivatives  of  the  energy  with  respect  to  the 
nonlinear  parameters,  and  he  proved  that  the  SCF  energy  is  a  maximum  with  respect 
to  the  nonlinear  parameters  in  the  PO  method.  The  .structure  of  the  PO  wavefunction 
and  its  relation  to  a  limited  configuration  interaction  method  was  investigated  by 
Paunez  [15].  Refs.  [12],  [14],  and  [15]  will  be  referred  as  1, 11.  and  111.  respectively. 

The  aim  of  the  present  approach  is  to  obtain  the  orbitals  by  minimizing  the  total 
energy  instead  of  maximizing  the  sum  of  coulomb  integrals  between  the  corre¬ 
sponding  orbitals.  Orthogonal  transformation  among  the  virtual  orbitals  will  be 
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performed  to  achieve  this  goal.  First,  we  shall  discuss  the  structure  of  the  po  wave- 
function  and  the  energy  expression,  and  then  consider  in  detail  the  method  of 
orthogonal  transformations  in  the  virtual  space. 

The  Paired  Orbital  VVavefunction  and  the  Energy  Expression 

The  wavefunction  used  in  the  PO  method  is  of  the  following  form: 

^  =  i\A<^Osa{  1 ) •  •  •  (v(A/)/i( n  +  1) •  •  •  d( 3«)  ( I ) 


where  cA.  is  the  anlisymmetrizer.  A'  is  a  normalization  constant,  and  0v  is  the  spin 
projection  operator.  We  shall  consider  the  singlet  state  only  (A'  =  0).  <i>  is  a  spatial 
(freeon)  wavefunction  which  is  a  product  of  one-electron  orbitals; 

4*  =  i(,(  1  +  1  )•  •  •  (2) 

In  the  PO  {and  in  the  amo)  method,  the  j/,’s  and  I’/s  form  a  set  of  orthogonal 
one-electron  orbitals  in  the  following  way; 

u,  =  0,4^,  •+  h,4,' 

V,  =  a,4,  -  h4,'  (3) 

where  a,  =  cos  6,  and  A,  ^  sin  f),.  4,,{i  =  1 . n)  is  a  doubly  occupied  orbital  in 

the  single  determinantal  SCF  wavefunction,  and  4r ’s  a  virtual  orbital  with  which 
it  is  paired. 

Let  us  introduce  the  overlap  integral  between  it,  and  i',: 

=-■  A,  =  cos  2fl,  (4) 

There  are  three  important  functions  of  the  A,  w  hich  appear  in  the  energy  expres¬ 
sion; 

II  ti 

\  =  Z  (-1  )*r(  A,  k  +  v)AH.V| . V,,).  (q  =  0.  1.  2)  (5) 

k  ■■  (i 

where  .v,  =  Af .  C'(A,  k)  are  the  spin  projection  (Sanibel )  coefficients  [16],  For  the 
singlet  state  they  are  given  as  follows; 


no.  A)  =  ( 


and  A*(.V|  ..... .v„)  ( abbreviated  as  .S* )  is  the  Ath  symmetric  sum  formed  from  the 

.\  1 .  .  .  .  .  A  ^ . 


A„  =  1. 


=  Z  A-„ 

J  I 
/» 

•S’:  =  Z  a^a',. 


S„  =  .V,  •  •  •  A 


(7) 
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A,)  is  the  normalization  integral: 

A„  =  <>}'„ I (8) 

Let  us  divide  the  energy  expression  into  two  parts.  The  first  one  corresponds  to 
the  one-electron  operators  in  the  Hamiltonian  ( kinetic  energy  and  nuclear-electron 
attraction),  the  second  one  to  the  two-electron  operators  (electron-electron  repul¬ 
sion).  The  one-electron  part  is: 


E\  -  Exa  +  /•-l/./Ao 

d 

=  T  «•,  -  A,,' Aiv,x,  — (A,  +  A„) 

1 

(9) 

Here 

If,  =  h,  +  /r,-.  Aif,  =  /;,  - 

(10) 

and 

h,  =  J  dv,  h,-  =  J 

(11) 

that  is.  they  are  diagonal  elements  of  the  one-electron  Hamiltonian  over  the  occupied 
orbitals  and  their  virtual  pairs,  respectively. 

The  two-electron  part  reads  as  follows: 

=  ( E2a  +  +  /i;, )  Ai) '  (12) 

where 

n 

/- 1 

n 

^  z  in/.i)  -  A(/, /)] 

n 

E..-- -I,  Z{i,j) .  (13) 

A. ,  =  (1/4)(1  T  X,)=^{A,  +  A„). 

dx, 

A,;-  =  (l/4)(l  -  X,)-^(A,  +  A„). 

dx, 

B.  =  (t/2)(l  -  -  Xo). 

dx, 

C  =  (1  -Xf)^A,  (14) 

dx, 
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Hi, ;).  A(/,  j),  and  Z{i,j)  are  defined  as  follows: 

r(/,y)  =  r,;7„  +  r„'7„-  +  r,'^7,',  + 

A( i , y )  "E  "E  T  A, -^'6,'^', 

Z(/.y)  =  (15) 

The  basic  two-electron  integrals,  7,;,  o,„  and  i’,,,  are  respectively  the  coulomb, 
exchange,  and  a  new  kind  of  integral  which  is  characteristic  of  the  amo  and  po 
methods: 


7„  =  (i(Uj)  5„  =  (;/l//).  f„-=(OI/'/') 


(;/|/:/)=  [J  .^r(l)fr(l)(l//-,:)>^,(2)v^/(2)r/i',  r/f.,  (16) 

The  X(6)-dependent  factors  in  eqs.  (15)  are  given  as  follows: 


r„  =  ( I  +  \,)(  1  +  A,,)(r/  +  /-(X,  +  X,)  +  cX,X,), 

A, -(1  +  X,)(1  T  X,Ka  +  6{2(X,-E  X,)-  1  -  X,X,1  +  eX,X,)/2  .  (17) 

Z„  =  sin  2ff,  sin  20j{a  +  6)  -  ( 1/4)  sin  M),  sin  40, (b  +  c) 

=  sin  20,  sin  20, {a  +  />)  +  (  1 /4)  sin  40,  sin  4  Oj(h  +  c)  (18) 

where 


a  = 


d- 


d.\idx, 


A:,  h  = 


d- 


A,. 


d- 


c  = 


dx,  bx, 


(19) 


From  the  expressions  in  eqs,  (17)  one  obtains  the  corresponding  factors  involving 
/'  and/or  j'  by  reversing  the  sign  of  the  X,  and/or  X,, 


Orthogonal  Transformations  in  the  Virtual  Space 

The  main  problem  in  the  PO  method  is  how  to  choose  the  paired  orbitals  [eq. 
(3)],  We  shall  leave  the  occupied  orbitals  unchanged,  these  orbitals  have  been 
determined  from  the  SCT  procedure,  they  minimize  the  energy  of  the  single  deter¬ 
minant  with  doubly  occupied  orbitals.  For  a  concrete  example,  let  us  choose  the 
water  molecule  in  a  double-zeta  basis.  The  number  of  basis  orbitals.  A/  =  14;  the 
number  of  occupied  orbitals,  n  =  5:  the  dimension  of  the  virtual  space,  Hi  =  9.  We 
are  looking  for  a  set  of  molecular  orbitals  in  the  virtual  space  which  are  the  pairs 
of  the  occupied  orbitals.  The  original  occupied  and  virtual  orbitals  form  an  ortho¬ 
normal  set,  and  we  want  to  preserve  this  property  ,  so  we  are  looking  for  an  orthogonal 
transformation  in  the  virtual  space  which  will  provide  the  5  virtual  orbitals. 

14 

-z  =  1.5)  (20) 

/  ^  A  I 


166 


l‘AUNC'7 


Tabi  (  1.  S\mmelncs  of  the  canonical  orbitals  in  the  water  molecule. 


Occupied 

lu, 

2a, 

3/'; 

4eit 

5bi 

Virtual 

7/., 

8/), 

HI/’: 

1  la, 

1  :/); 

1  .till 

14u, 

The  D  matrix  has  rows  and  n  columns.  From  the  orthogonality  of  the  n 
columns,  and  from  the  normalization  conditions,  follows  that  the  number  of  in¬ 
dependent  parameters,  rip  =  «,.//  -  («  +  n(n  -  1  )/2)  ==  n(2n,  -  {n  +  I  ))/2.  In 
the  case  of  the  water  molecule  we  have  30  independent  parameters. 

The  first  8  parameters  determine  a  9-dimensional  unit  vector: 

r/ii  =  cos(/t,)  (21) 

=  sin(/?,)  cos(/)2) 

dxt  =  sin(/?t)  sin(p2)  cos(/j,) 


=  sin(pi)  sin(/J2)-  •  'sinipi)  cos(p^) 
d^i  =  sin(p,)  sin(p2)*  *  •sin(/77)  sinipx) 

The  next  7  parameters  determine  8  elements  of  the  second  column,  starting 
from  the  second  element  and  using  the  same  algorithm  as  given  in  eq.  ( 2 1 ) .  The 
first  element  is  determined  from  the  orthogonality  of  the  second  column  to  the 
first  one.  and  finally,  the  second  column  is  normalized.  One  can  continue  this 
algorithm,  which  is  essentially  a  Schmidt  orthogonalization  procedure.  It  is  an 
essential  point  in  this  procedure  that,  if  all  the  parameters  are  zeros,  th^r,  ^e 
obtain  9  columns  in  which  the  diagonal  elements  are  equal  to  one  an,*  ..c  rest 
are  zeros. 

Beside  the  30  parameters  which  determine  the  5  orbital  pairs,  we  have  5  more 
variational  parameters  (0,,  i  =  1,5,  if  all  the  B's  are  zero  then  we  have  a  single 
determinant  with  doubly  occupied  orbitals).  The  total  energy  is  a  function  of  the 
30  +  5  variational  parameters.  Using  the  energy  expression  given  in  section  2.  one 
can  minimize  the  total  energy  by  the  variation  of  the  nonlinear  parameters.  In  the 
calculation  we  used  the  DUMCGF  program  of  the  IMSL  library  ,  this  is  a  mini¬ 
mization  program  using  a  conjugate  gradient  algorithm  and  a  finite-difference 
gradient. 

The  procedure  outlined  so  far  deals  with  the  case  if  the  molecular  orbitals  do  not 
belong  to  certain  irreducible  representations  of  the  symmetry  group  of  the  molecule. 
This  is  the  case  when  we  use  localized  molecular  orbitals  which  correspond  to  inner 
shells,  bonds,  and  lone  pairs.  These  type  of  orbitals  have  been  used  in  the  calculations 
reported  in  I. 

The  calculation  needs  less  variational  parameters  if  we  use  canonical  orbitals 
which  belong  to  the  different  irreducible  representations  of  the  symmetry  group 
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T  \hi  i  11.  Paired  orbital  calculations  tor  the  water  molecule. 


R, 

I.5R,, 

2R, 

SCF 

75,80.5529 

75.59.5 180 

FCl 

-76.157866 

76.014521 

-75.905247 

AE(FCI) 

-0.148028 

-0.210992 

0.51006,5 

AE(PO) 

-0.040704 

0.08,5576 

-0.191607 

CJ. 

27,5 

.59.6 

61.8 

All  energies  in  atomic  units. 


(In  the  case  of  water  molecule  the  group  is  Q,).  In  this  case,  the  occupied  orbital 
and  its  pair  should  belong  to  the  same  irreducible  representation.  Table  1  shows 
the  symmetries  of  the  canonical  orbitals. 

Inspection  of  Table  I  shows  that  there  are  3  orbitals  of  symmetry  a,  among  the 
occupied  orbitals  and  5  orbitals  of  the  same  symmetry  among  the  virtuals.  That 
means  that  we  have  to  form  3  paired  orbitals  as  a  linear  combination  of  the  5 
virtuals,  all  belonging  to  the  ai  symmetry.  There  is  only  one  orbital  among  the 
occupied  and  3  orbitals  in  the  virtual  set  which  belong  to  symmetry  h2,  and  finally, 
one  orbital  both  in  the  occupied  and  in  the  virtual  set  which  belongs  to  h) .  We 
have  to  form  three  orthonormal  vectors  of  length  5  (symmetry  a\ )  and  one  vector 
of  length  3  (symmetry  b^).  The  number  of  parameters  determining  these  vectors 
using  the  same  algorithm  presented  above  is  9  +  2  =  11. 

Results  and  Discussion 

Illustrative  calculations  have  been  performed  for  the  water  molecule.  Here  we 
are  able  to  compare  the  results  with  the  best  possible  result  obtainable  in  the  same 
basis.  Harrison  and  Handy  [13]  have  performed  full  ci  ( FCl )  calculations  for  three 
bond  distances.  The  calculations  refer  to  the  O,  symmetry  at  the  O  —  H  distances; 

1.5R,.  and  2R,..  There  are  256,473  configurations. 

The  results  of  the  calculations  using  the  canonical  orbitals  are  given  in  Table  II. 
Table  111  contains  the  6,  values  for  the  optimum  orbitals. 


Tabi  r  HI-  The  0,  values  for  optimum  orbitals. 


9, 

If, 

Ih 

If, 

IR,. 

0.00124 

0.16014 

0.25203 

0,21120 

0.18852 

1 ,5R, 

-0.03126 

0.01968 

0.42355 

0.42497 

0.07295 

2R, 

0.0(X)4I 

-0.00037 

-0.58337 

0.59572 

-0.04.:-  .■’4 

Sym, 

a, 

a, 

62 

Ui 

6i 
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Comparing  the  results  with  those  obtained  in  1  we  see  a  substantial  improvement 
in  the  quality  of  the  approximation.  In  the  earlier  calculation,  where  the  paired 
orbitals  were  determined  by  maximizing  the  sum  of  the  interelectronic  repulsion 
between  paired  orbitals,  we  obtained  only  about  of  the  energy  improvement 
of  the  FCI.  In  the  present  treatment  where  we  optimize  the  total  energy  of  the  PO 
wavefunction  the  results  are  much  better  and  the  percentage  of  the  energy  im* 
provement  increases  with  increasing  internuclear  distance.  The  number  of  param¬ 
eters  determining  the  orbitals  is  1 1 .  It  was  a  quite  surprising  result  that  when  localized 
orbitals  were  used  instead  of  the  canonical  ones,  the  results  were  quite  close  to  the 
results  obtained  with  the  canonical  orbitals,  but  slightly  inferior.  This  is  surprising 
because,  in  the  latter  calculations.  30  parameters  have  been  varied  for  optimizing 
the  orbitals. 

On  the  one  hand,  the  results  are  satisfying,  as  we  obtain  using  11+5  nonlinear 
variational  parameters  27-60%  of  the  energy  improvement  obtained  by  the  FC  l 
(256,473  linear  parameters),  and  the  wavefunction  has  a  relatively  simple 
meaning  as  contrasted  with  the  sum  of  256,473  configurations;  on  the  other 
hand,  this  is  still  far  from  the  accuracy  one  can  obtain  with  alternative  methods 
(e.g..  coupled  cluster  method).  We  have  to  remember  that  our  solution  is  still 
not  the  best  phf  solution.  Lbwdin  [17]  pointed  out  that  we  do  not  have  to  retain 
the  occupied  orbitals  as  unchanged;  by  forming  the  paired  orbitals,  we  can  use 
orthogonal  transformations  in  the  full  basis  (in  our  case  14  orbitals).  There  is 
still  another  approach  in  which  one  uses  general  spin-orbitals.  See  Takatsuka  et 
al.  [18]  and  Mayer  and  Lowdin  [19].  We  emphasize  that,  in  our  treatment,  the 
pairing  theorem  [20]  was  used  consistently  as  an  essential  part  of  the  theory. 
The  problem  o^how  to  obtain  the  best  phf  solution  by  a  practical  algorithm  is 
still  an  open  question. 
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Abstract 

A  procedure  to  obtain  the  operational  solutions  of  second  order  ddlerential  equations  related  with 
Sturm-l.iouville  problems  is  presented.  1  he  method  is  based  on  the  commutation  relation  between  the 
ladder  operators  themselves,  with  a  certain  structure,  and  the  position  and  momentum  operators.  H'en 
though  the  creation  and  annihilation  operators,  derived  by  the  proposed  approach,  f'aciori/e  as  especied 
the  corresponding  differential  equation,  the  methixJ  does  not  use,  as  original  premise  factoring,  the 
dilfcrential  relation  under  consideration.  That  is,  the  displayed  procedure  is  quite  different,  simple,  and 
direct  when  compared  with  other  procedures  such  as  the  factorization  method  of  Infeld  and  Hull.  To 
illustrate  the  above,  the  usefulness  of  the  proposed  procedure  is  shown  by  finding  the  ladder  operators 
assiK'iated  to  the  quantum  numbers  n  and  /  for  various  potential  wave  functions.  «  IW2  John  Wiley  & 
Stins.  Inc 


Introduction 

Since  von  Neumann  introduced  the  operator  algebra  theory  in  1929  [i],  it  has 
played  an  important  role  in  diverse  fields  of  mathematical  physics.  Probably  the 
most  important  improvement  brought  about  by  the  algebraic  procedures  has  been 
the  factorization  method  of  Infeld  and  Hull  (2,3J,  which  permits  one  to  obtain 
ladder  operators  for  Sturm-Liouville  problems.  For  many  years,  the  operational 
methods  have  shown  their  usefulness  in  quantum  mechanics  problems,  mostly  in 
the  algebraic  calculation  of  matri.x  elements  where  the  factorization  method  has 
been  used  along  with  other  mathematical  techniques  such  as  the  hypervirial  theorem 
[4]  and  parameter  differentiation  [5]  method. 

Recently  Morales  et  al.  [6]  have  proposed  an  alternative  approach  to  obtain 
ladder  operators  for  potential  wavefunctions  from  the  algebraic  representation  of 
the  orthogonal  polynomials  with  which  the  wavefunction  is  directly  involved.  Also, 
that  method  was  used  to  obtain,  algebraically,  generalized  recurrence  relations  and 
closed-form  expressions  for  multipoie  matrix  elements  of  hydrogen-like  wavefunc¬ 
tions  [7],  However,  in  spite  of  its  simplicity  and  usefulness,  it  seems  at  first  glance 
that  such  a  procedure  necessarily  needs  the  previous  knowledge  of  the  wavefunction 
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under  consideration,  which  is  contrary-  to  the  virtue  of  the  usual  facton/ation 
method.  This  tx'curs  because  their  procedure  was  applied  to  solve,  operationally, 
differential  equations  of  orthogonal  polynomials.  Thus,  in  order  to  overcome  that 
apparent  deficiency,  in  the  present  work  we  consider  the  operational  solutions  of 
the  Schrddingei  equation  for  various  potential  wavcfunctions  by  means  of  an  al¬ 
ternative  procedure  to  the  usual  factorization  method.  That  objective  is  achieved 
by  finding  two  kinds  of  ladder  operators;  those  shifting  the  n  quantum  number  and 
the  ones  acting  on  the  /  orbital  number,  or  equivalent  numbers,  for  the  Coulomb, 
Morse,  and  Pdschl-Teller  equations. 

Alternative  .Approach  to  the  Factorization  Method 

As  stated  above,  in  order  to  include  the  most  general  case  of  second  order  dif¬ 
ferential  equations  containing  first  order  derivatives,  let  us  consider  the  relationship 

«(.v)./;;  +  d(.v.  «)/■;,  +  a-v. «)./,,  =  o  in 

into  its  operational  form 

//„/,  =  0  (2) 

which  is  appropriate  for  obtaining  its  algebraic  solutions.  In  that  case,  by  assuming 
the  existence  of  the  ladder  operators  ipl  such  that 

^ nfn  ~  jn (  3  ) 


Eq.  (2)  transforms  to 

//„]  + //nV’J  =  0  (4) 

where  it  should  be  noted  that  the/i  functions  were  dropped  in  order  to  leave  the 
operators  alone.  At  this  point,  by  defining 

0(x,  n)  =  0(x,  H  ±  1)  -I-  0-{x.  n)  (5a) 

and 


^(.v,  n)  =  f(x.  «  ±  1)  +  ^{-v.  «)  (5b) 

one  obtains 


~,H„]  =  -^0Hx,n)^  +  r{x,n)yi 


(6) 


where  we  have  used  the  identity  -  0.  Thus,  by  commuting  ipl  and  0' {x, 

n)d/dx  in  the  above  equation,  and  reordering  it,  we  get  finally 


H„  -  0~{x,  rt) 


dx 


=  -<Pn0-{x,  n)~  -  ^*(x,  n)<pl 
dx 


(7) 


In  order  to  solve  this  relationship  for  .  it  is  necessary  to  propose  some  structure 
for  the  ladder  operator  solutions.  For  example,  if  these  are  considered  to  be  linear 
according  to 


alternative  approach  ro  factorization 


173 


iPn  =  n)  +  h'(.\\  n) 


dx 


(8) 


Eq.  ( 7 )  becomes 


,  ^d-a-{x,n)  ^^da-(x,n)  ^  ^d^(x,n) 

-a(.v) - 7-:: - ^(x,  /I  ±  1) - - - +  h  (X,  n) 


dx' 
b-  (x.  n) 


dx 


dx 


d^{x,n±\)  I  da^x,  n)  d'b'(x,n) 

- «(.»  2— ^  +  — 


-  «  ±  1) 


dx 

dh' (x.  n) 

Ik 


,  da{x) 

n)  — - 2a(.v) 


_d 
dx 

dh-(x.n)\  d 


dx 


dx 


ti-(x,  ii)a-(x,  n)  +  b' 


N-V, 


I  'jp  =  (  V.  n)a~{x. 

d(i'{x,  n) 


n) 


n)  + 


dx 


_c/ 

dx 


d‘ 

-  (l3-(x,  «)A*(a-,  n))  -r^  . 

dx- 


(9) 


Thus,  matching  term  by  term  in  the  above  relation  one  gets  the  differential  equations 
system 

d^a--(x,n)  ^  da-  d^(x,n) 

a(.v) - - -  +  0(.v,  n  ±  1 )  — - h  (X.  n) - - - 

dx  dx  dx 


-  |"(t,  n)a-(x.  n)  =  0 

,  ■»,  ,  ,  ^  /  ^da-[x.n)  .  ^  ^d-bHx.n) 

■(i-{x,  n)a-(x,  n)  +  2a(,v) - 7^ - +  «(a') 


(  lOa) 


b^{ 


X, 


«)  + 


dl3{x.  n) 
dx 


dx 


+  n  ±  I ) 


dx- 

dh-(x.  n) 

d^ 


2a(A) 


db-(x,  n)  I  da{x) 


dx 


\  dx 


c  «)  j 


+  ^-(.v,  n)  )/>*  (a.  n)  =  0 


0  (lOb) 


(10c) 


which  can  be  easily  solved.  In  fact,  b~{x,  n)  comes  from  Eq.  { 10c)  as 
bHx.  n)-A’  e.p(  J  ^  +  HHx.  »))*) 


(11) 


On  the  other  hand,  in  order  to  avoid  the  apparent  redundance  that  comes  from 
Eqs.  (10a)  and  ( 10b),  the  latter  is  rewritten  as 


da-(x,  n) 
dx 


P-  {x,  n)  +  Q- (a,  n)a"(A,  n) 


(12) 
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where 


2rt(-v) 


PHx.  n) 


1  ci'b'{x,n)  ,  h"(x,  n)  (  d(i(x.  n) 


+  (x.  n) 


‘  . . .  2  dx~  2a{x)  \  dx  "  . . 

I3(x,  ±  1)  db-{x,  n) 

2a(A)  dx 

Thus,  the  a-  {x,  n)  solutions  are  straightforwardly  obtained  by  using  Eq.  (12) 
into  Eq.  ( 10a)  by  means  of 

a-(x.  n)  +  (Q-(x.  n))'j  +  QUx.  n)d(x.  n  ±  1 )  -  £‘(-v.  n) 

d^(  V,  tt) 

=  /?- (.V,  n) - - P-{x,  n){a{x)QHx.  n)  +  d(  v,  n  ±  1 )) 

dx 

^  dP-{x,n) 


That  is,  the  iff,  ladder  operators  specified  by  Eq.  (8)  are  then  given  from  Eqs.  (11) 
and  (15). 

Applications 

In  this  section  we  are  going  to  consider  the  algebraic  treatment  of  the  Schrodinger 
equation  for  the  Coulomb,  Morse,  and  Pdschl-Teller  potential  wavefunctions  by 
assuming  ,4  *  =  + 1  hereafter. 

Algebraic  Approach  to  the  Coulomb  Potential  Wavefunctions 

For  the  hydrogen  atom  potential,  the  differential  equation  containing  first  order 
derivative  is  given  by  [  8  ] ; 

C„jR„Ax)  =  0  (16) 


n  l{l+\)\ 
dx^  X  dx  V4  X  x^  ) 


where  x  =  vr  with  a"  =  -%mElh  ^  and  n  =  2mZe' / ah' .  There  are  two  cases  (o 
be  considered:  ladder  operators  ipfj  moving  /  and  the  ones  acting  over  n  according 
to  the  properties 

<fjR„Ax)  =  Rnj^i{x)  (18a) 
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and 


=  -K„.|,dv). 


(  18b) 


In  the  first  situation.  dM-v.  /)  =  0  and  ^ '  (a,  /)  =  ±2(/  +  1/2  ±  1  /  2)/a  \  for  which 
Q’{  \,  I)  =  0  and  P'(x.  I)  -  x{l+  1/2  +  1/2)/a'.  It  follows  that. 


h'{.\.l)  =  +\  and  a'{x,l)  =  ~ 


2{l  +  1/2  ±  1/2) 
That  is.  the  <^/  ladder  operators,  shifting  /.  are  then  given  by 


/  +  1/2  +  1/2 


-  ^ 


I 


2(/+l)  A  dx 


and 


n  /  +  1  J 

<Pi  “  “  T)  +  - - +  T 

21  X  dx 


(19a) 


(19b) 


that  are  equivalent  to  the  ladder  operators  published  by  Salburg  [9]. 

We  are  going  to  consider  the  second  case.  In  order  to  find  the  corresponding 
ifl  creation  and  annihilation  operators,  without  loss  of  generality.  Eq.  ( 16)  is  mul¬ 
tiplied  by  A'^  from  left  to  right.  In  that  case,  /3*(a-,  /t)  =  0  and  f  *(a-.  n)  =  +x  for 
which  QAx.  n)  =  0  and  P'{x,  n)  =  1  /2.  That  is,  hAx,  n)  =  +a'  and  n)  = 
x/2  -  n+  1.  Straightforwardly,  the  raising  and  lowering  operators  are  then 


and 


*Pn 


X 

1 


-  n  -  \ 


(20a) 


‘P>, 


X  d 


(20b) 


are  previously  obtained  by  Badawi  et  al.  (101.  It  should  be  noted  that  both  ladder 
operators,  factorize  the  corresponding  differential  equation  by  means  of 

+  j-^j/?„,/(A)  =  0  (21a) 

+/{/+  l)-«(w-  1  ))/?„.,(. X)  =  0  (21b) 

and  conversely,  from  \.h\<Pn.t  as  expected. 


Algebraic  Approach  to  the  Morse  Potential  Wave  functions 

The  Schrodinger  equation  for  this  potential,  according  to  Infeld  and  Hull  [3]. 
is  given  by 

M.„«,.„(a-)  =  0  (22) 
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with 


where  the  variable  changes  a  =  -a(r  -  ro)  +  log[{8A//))''V(aft  )).  s  +  i  = 
(2MD)''- /(ah),  n~  =  -2XfE/(a~h  ').  and  .v  —  n  =  0.  1,  2  •  •  ■  let  us  recover  the 
original  Morse  differential  equation  as  well  as  the  corresponding  energy  spectra. 

It  should  be  noted  that  we  have  used  a  differential  equation  that  does  not  contain 
a  first  order  derivative,  that  is.  ii(x)  =  0  and  G>*(.v.  .v,  n)  =  0.  Then,  similar  to  the 
above  case,  two  types  of  ladder  operators  will  be  considered:  0; acting  on  .v  and 
n,  respectively,  according  to  equivalent  properties  of  Eqs.  (18). 

For  those  creation  and  annihilation  operators,  df,  s  related,  one  has 
i)  =  +1,  s)  =  +e'.  and  P~ix,  s)  =  ^e'  leading  to  v)  =  je'  -  {.?  + 

2  ±  ^ ) .  That  is,  the  corresponding  ladder  operators  are 

1  d 

(?;  =  tc' -  (i- +  1 )  -  —  (24a) 

2  dx 

and 

1  d 

e:  -  s  +  —  (24b) 

2  dr 


as  reporteo  by  Infeld  and  Hull  (3],  The  0/,  case  is  worked  out  as  before.  That  is, 
by  making 

e--'A/,„/?,.„(.v)  =  0,  (25) 

one  gets  a(A)  =  e“^',  ^-(x.  n)  =  (±2n  +  1  )e'’'  and  P-(x,  n)  =  -«e  '.  Conse¬ 
quently.  a-  (x,  n)  =  ne"'  -  (s  +  \ /2)/(2n  ±  1 )  and  h'  ix,  n)  =  Te  '.  Therefore, 
the  corresponding  ladder  operators  shifting  n  are  then  given  by 


ne  ^ 


•v+  1/2  _  _  ,  d 

- -t-  e  — 

2n  ±  1  dx 


(26) 


as  obtained  by  Huffaker  and  Dwivedi  {1 1],  after  multiple  variable  changes,  in  order 
to  use  factorization  type  P.  Finally,  the  Morse  potential  equation  is  factorized 
according  to 

-E  n*  -  i')/?..„(.v)  =  0  (27a) 

and,  conversely,  from  OJt  i,„+  |02.n  as  expected. 


Algebraic  Approach  to  the  Pdschl-Tetler  Potential  Wave/unctions 
The  Pdschl-Teller  (PT)  equation  is 

PT„_„R„,_„ix)  =  0 


(28) 
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with 


PT  - - 

^  *  m.n  j 

dx^ 

(29) 

where  x  =  r  -  and  E„  =  4p'{m  +  n  +  I )'.  Simitar  lo  the  Morse  potential  case. 
Eq.  (28)  does  not  contain  a  first  order  derivative  for  which  ti(x)  =  0.  and  (x, 
m,  n)  =  0.  In  consequence,  for  the  creation  and  annihilation  operators,  with 
equivalent  properties  to  those  given  in  Eqs.  ( 18),  h’(.v.  w)  =  +1  and 


p-(w  +  g){ni  +  A'  +  1 )  ^  p'jm  -  .e)(m  -  ,e  +  1  ^ 


sin‘  px 


COS'  p.v 


|-(x,  m)  =  ±2/3' 


J  m  +  g  +  1/2  ±  1/: 


sin'  px 


m  -  g  -i-  I /2  ±  1/2 
COS'  px 


and 


w  ±  g  +  1/2  ±  1/2  w  -  g  ±  1/2  ±  1/2 
sin'p.v  COS' p.v 

That  is, 

a^(x,  m)  =  p{m  ±  g  ±  1/2  ±  l/2)c''tp.v  -  p(m  -  g  ±  1/2  ±  1/2)  tan  px 
in  order  to  obtain  straightforwardly 


P-(x,  m)  =  -p'l 


i}%  =  p(w  +  g  +  1/2  ±  1/2)  COS  p.v  -  p(m  -  g  +  1  /2  ±  1/2)  tan  px  + 

ax 

(30) 

in  good  agreement  with  Barut  et  al.  [  1 2],  Therefore,  one  can  factor  the  PT  equation 
by  means  of 

+  4pW  -  E„)R„_„{x)  =  0  (31a) 

-f  4p‘(m  -  1 )'  -  E„)R„,,„[x)  =  0  (31b) 

depending  on  the  choice  of  Tjmn  i;™. 

Finally,  in  order  to  get  the  rj^  ladder  operators  acting  over  n,  Eq.  (28)  is  trans¬ 
formed  to 


sin^  pxcos'  pxPT^  „R„  „{,x)  =  0.  (32) 

In  that  case,  i3'(x,  «)  =  0  and  f'(x,  n)  =  T8p^(m  +  n  +  I  ±  |)  sin^  px  cos'  px 
for  which  Q'(x,  n)  =  0  and  P-(x,  n)  =  4p'{m  +  n  +  1 )  sin  px  cos  px.  That  is. 
b"(x,  n)  =  +sin  px  cos  px  and 

a±(x  „)  =  -  P  +  g  +  1 )  -  (w  -  g)im  -  g  +  1 ) 

'  2  ^  2(w  +  n  +  1  ±  i) 

+  2(nj  +  «  +  1  ){cos^  px  -  sin'  px))  . 


Thus,  as  the  above  cases,  the  ij/,  ladder  operators  are  then  given  by 
'{m  +  g){m  +  g  +  I )  -  (//(  -  g){m  -  g  +  1 ) 


-  -  P/' 


2{m  +  n  +  1  ±  5 ) 

\  _  d 

+  2(/n  +  n  +  1  )(cos'  p.v  -  sin  -  p.v)  j  +  sin  p.v  cos  p.v  —  .  ( 33 ) 

I  J\ 

It  is  interesting  to  point  out  that  the  latter  creation  and  annihilation  operators, 
as  far  as  we  know,  have  not  been  published  elsewhere.  However,  due  to  the  fact 
that  factorize  Eq.  (32)  through 

(w  +  g){m  +  g  +  I )  -  (w  -  g){m  -  ,1,'  +  1  )\' 

+  1  ^  ft 


and 
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4  \\  2(m  +  «  +  3/2) 

—  2(/«  +  g)(m  +  g  +  1 )  +  4(/n  +  n  +  1 )( w  +  n  +  2) 

-  2(m  -  g){m  -  g  +  1  )|  /?„,.„(-v)  =  0 
‘  '{m  +  g)(m  +  g  +  1)  -  (w  -  g)(m  -  g  +  I  )\‘ 


(34a) 


2(w  +  n  +  1/2) 

+  4{m  +  n  +  l){m  +  n)  -  2(m  +  g){m  +  g  +  1 ) 


-  2(m  -  g)(m  -  g  +  1) 


/?„,.„(.x-)  =  0. 


(34b) 


these  ladder  operators  also  could  be  obtained  using  the  standard  factorization 
method. 


Concluding  Remarks 

In  the  present  work,  an  alternative  procedure  to  the  usual  factorization  method 
has  been  proposed.  That  approach  is  generalized  in  the  sense  that  it  can  be  also 
applied  directly  to  second  order  differential  equations  containing  first  order  deriv¬ 
atives.  That  is,  although  it  is  always  possible  to  eliminate  the  first  order  derivative, 
by  a  change  of  variable  or  a  change  in  the  function,  the  proposed  method  avoids 
such  kinds  of  unnecessary  transformations.  The  method  is  simplified  because  it  is 
reduced  to  solve  the  commutation  relation  between  the  operator  related  with  the 
differential  equation  and  a  trial  structure  for  the  ladder  operators  under  consider¬ 
ation.  As  exemplified,  for  creation  and  annihilation  operators  with  linear  structure 
on  the  derivative,  the  method  applied  to  various  useful  potential  wavefunctions 
gives  rise,  adequately,  to  previously  accomplished  equivalent  results.  Advanta¬ 
geously,  the  proposed  procedure  also  permits  determination  of  the  two  kinds  of 
ladder  operators  that  characterize  any  potential  wavefunction  by  means  of  a  single 
multiplicative  factor  in  the  original  differential  equation.  Although  finding  such  a 
multiplicative  factor  is  not  trivial,  the  price  to  pay  is  comparatively  inexpensive  vis 
a  vis  more  cumbersome  procedures  that  require  the  transformation  of  the  equation 
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according  to  a  structure  ad  hoc  to  the  different  classes  and  types  specified  by  the 
factorization  method.  Thus,  our  approach  is  quite  simple  and  direct  when  compared 
with  other  published  methods.  Also,  it  can  be  easily  extended  to  obtain  the  algebraic 
representation  of  other  potential  wavefunctions  as  well  as  nonlinear  structures  for 
ladder  operators. 
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Abstract 

In  this  article  we  discuss  several  pnnciplosand  nxils  which  should  espodite  description  of  the  electrostatic 
potentials  and  electrostatic  interactions  of  molecules,  and  show  that  these  also  lead  to  some  rather  re¬ 
markable  results  in  the  theors  of  the  irredueible  representations  of  the  full  rotation  group  sol  .t ) ,  f-irst, 
by  representing  a  molecules  charge -density  matrix  over  a  basis  of  atomic-like  orbitals  (on  the  various 
atoms),  we  observe  that  outside  its  charge  distribution  the  molecule's  electrostatic  potential  is  i'.xadly 
the  same  as  if  that  charge  distribution  were  merely  a  sum  (and  in  the  case  of  a  tinite  orbital  basis,  this 
is  a  sum)  of  point  multipoles  on  each  of  the  atomic  cemers  and  line  multipoles  on  the  line  segments 
joining  each  of  those  atomic  centers.  Possible  methods  of  approximating  the  held  of  these  line  charges 
and  line  multipoles,  as  if  they  were  due  to  point  charges  and  point  multipoles,  arc  discussed,  I  he  calculation 
of  the  interaction  of  point  multipoles  of  high  order,  as  is  necessary  for  this  procedure  to  successfully 
calculate  the  interaction  of  arbitrarily  oriented  molecules,  motivates  our  second  topic.  Here  we  present 
a  differential  operator  which,  when  acting  on  the  3-dimensional  delta  function,  produces  the  source 
density  for  a  scalar  field  that  is  exactly  an  l/.m)  multipole  field.  Using  the  Hermiiian  adjoint  of  this 
operator,  we  express  the  interaction  of  this  (/,m)  multipole  with  an  external  scalar  field  as  the  result  of 
this  differential  operator  acting  on  that  external  field  at  the  location  of  this  multipolc  source.  Irreducible 
representation  matrices  of  the  full  rotation  group  are  then  used,  together  with  these  relations,  to  simplify 
the  interaction  of  two  arbitranly  oriented  multipoles  of  any  orders.  Finally,  we  use  the  representation  of 
the  Condon  and  Shortley  "raising  and  lowering"  relations  on  eigenstates  of  the  c-componcnl  of  angular 
momentum,  in  an  orientation  that  is  not  aligned  with  its  fundamental  basis  states,  to  generate  ree  rsion 
relations  that  allow  simple  calculations  of  the  irreducible  representation  matrices  of  the  full  rotation 
group,  sol  3).  and  the  special  unitary  group,  su(2).  From  these  recursion  relations  we  display  some 
useful  symmetry  properties  of  our  parameterization  of  these  matrices,  that  allow  the  entire  matrix  to  be 
very  simply  generated  from  an  explicit  calculation  of  only  about  I  /8  of  its  elements,  e  1993  John  Wiicy 
&  Sons.  Inc. 


Introduction 

This  article  presents  a  number  of  concepts  (1-28]  which  should  prove  useful  in 
the  efficient  calculation  of  molecular  electrostatic  potentials  and  their  associated 
intermolecular  forces  and  intermolecular  interaction  energies. 

The  electrostatic  potential  of  a  molecule  has  been  shown  to  be  very  useful  in 
calculating  the  forces  of  this  molecule,  at  medium-to-long  distances,  upon  other 
molecules  [29].  Forces  at  this  range  are  very  important  in  determining  the  kine¬ 
matics  of  a  molecule  [2,29-33,59],  which  become  important  in  many  aspects  of 
molecular  physics,  including  biochemistry  [2,7,31-42,59],  The  knowledge  of  the 
electric  field  and  the  charge  density  [7,35-45,59]  of  such  an  electrostatic  potential 
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is  also  useful  in  determining  the  chemical  reacti\it\  at  the  reactise  sites  ofa  molecule 
[  7.3 1-46. ssj  ],  which  is  \ery  important  in  predicting  drug  acli\it>  (  7.3 1 -39..s4  ] . 

Simple  representations  of  the  electrostatic  potential  ofa  molecule,  in  terms  of 
point  charges  at  the  centers  of  the  atoms  [2,31-5(1!.  while  providing  simpK  cal¬ 
culated  values'  for  the  field,  are  not  of  high-qualitv;  and  dilferent  methods  for 
computing  these  charges  lead  todillerent  values  for  them  [2.37,3.S.45-,sO].  .Allowing 
for  point  multipoles,  either  on  the  atomsf  7.37.38,42.5 1-53]  or  on  the  bonds 
[7.42.44.51}.  improves  the  numerical  accuracy  of  the  calculated  potentials 
[37.38.5 1  ];  but  gcnerallv  diminishes  the  stability  of  the  mathematical  representation 
[38.51];  and  experience  has  shown  that,  for  the  model  to  be  stable  and  accurate 
(especially  globally  accurate),  it  must  also  include  charges  ( 7  ]  ( or  preferably,  charges 
and  multipolcs  [7.51.421')  on  the  “bond  axes"  between  the  atoms. 

Yet.  how  should  we  determine  the  proper  positions  and  values  of  the  charges 
and  charge  multipoles  to  be  used?  How  can  we  most  simply  calculate  the  interaction 
energies  of  these  electrostatic  potentials?  .And,  are  there  any  auxiliary  mathematical 
functions  or  relations  that  will  expedite  these  calculations?  In  the  course  of  this 
article  we  present  information  that  we  hope  will  be  helpful  in  obtaining  appropriate 
answers  to  these  questions. 

First,  we  present  a  parameterization  of  the  electrostatic  potential  that  is  uniquely 
determined  by  the  density  matrix  over  the  atomic-like  orbitals  that  are  the  primitive 
basis  orbitals  for  the  molecular  wavcfunction.  For  Slater-type  orbitals  (svds) 
[2 1.54.46. 47. .30.34.],  such  a  description  leads  to  an  electrostatic  potential  which, 
for  field  points  out.side  ofa  volume  ( of  appropriate  shape)  which  is  large  enough 
to  [essentially  ']  contain  the  charge  distribution,  is  [almost']  e.xactly  represented  by 
point  charges  and  point  multipolcs.  on  the  atomic  centers,  together  with  line  charges 
and  line  multipoles  on  the  line  segments  ( i.c..  bond  lines)  connecting  each  pair  of 
atoms  [  3-9,54.55  ].  It  is  the  field  of  the  point  multipolcs  on  the  atomic  centers  and 
the  line  charges  along  the  bond  lines  which,  when  represented  bv  charges  on  the 
atomic  centers,  leads  to  inconsistency  and  instability  in  the  calculated  values  of  the 
atomic  charges  used  to  represent  the  molecular  electrostatic  potential  [38.42.29].'' 
However,  a  representation  of  these  line  charges  and  line  multipolcs  by  point  charges 
and  point  multipolcs  at  suitably  chosen  points  along  the  bond  line  [29]  is  adequate; 


‘  Simple  mcthixis  ha.scd  solclv  on  point  thargev  invoke  a  caleulation  algonlhm  that  leads  lo  numcriealiv 
unsalisf’aetorv  held  values  ai  lar  distances,  since  these  field  values  are  obtained  as  tins  diU'erences  of  large, 
nearly  equal  numbers;  also,  because  ol  the  long  range  of  the  field  ol'a  point  charge,  all  source  points  are 
needed  lo  calculate  the  value  of  the  field  at  any  field  point  |  51], 

'  W  here  more  than  one  rcl'ercnce  occurs  in  the  same  citation,  we  have  endevored  to  have  the  references 
most  relevant  to  that  topic  listed  first. 

’  Here  we  are  dealing  with  an  asymptotic  relationship  that  is  exponentially  convergent  and  is  com¬ 
putationally  useful  for  distances  beyond  about  two  bond  lengths  17.42.461. 

"  1  or  ('aussian-type  orbitals  (fiios).  the  line  charges  and  line  muUipoles  become  replaced  by  many 
point  charges  and  point  muilipoles  distributed  along  the  bond  lines  |  7,1  1 ,42.54-.s61,  A  more  etlicient 
parameten/ation  of  the  potential  of  the  set  of  point  charges  .md  point  multipolcs  along  a  given  bond 
line  may  be  a  much  smaller  set  of  line  charges  and  line  nmUipoles,  which  parametcri/alion  is  likely  also 
much  less  affected  by  a  change  to  a  quite  difi'erent  I  but  .till  valid  I  choice  of  basis  i  iios  than  is  ihc  set  of 
point  charges  and  point  multipoles  along  the  bond  line. 
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and  vvi.'  show  liow  sut  h  an  i>ptinialK  chnson  ''fi  t'i  pmnt  liKHiR's  and  niuiiipoU-^ 
nia\  be  obtained. 

Next,  we  show  how  ue  can  use  this  repivsentaiion  of  the  I'noleeiilar  poteniiai  to 
calculate  interaction  energies'  ot'a  nu'lecule  with  an  external  |ioiential  and  with 
other  molecules.  Such  ealctilalir'ns  are  expedited  h\  a  ktiiiw  ledge  |Sli)|  ot  the 
source  charge  densities  ofihe  '‘stilid  spherietil  harmonic"  point  multipole  fioleniiais. 
and  bx  a  simple  tilgorilhm  lor  riuickK  computing  matrices  of  each  irreducible  rep¬ 
resentation  “carried  by"  these  spherical  harmonics  under  the  full  rotation  g:oii[i 
so(  3). 

We  introdus'C  a  basis  lor  such  rapid  computational  algorithms  for  the  mcduciblc 
representatii'n  matrices  of  st )(.')( and  si  ( 2  )]  by  irnoking  the  (  ondon  and  SIk  iriicx 
“raising  and  lowering  relations"  [  1 .3. 1  .s- 1 7,22  |  on  spherical  harmonics  |l.vl4- 
17.22]  in  a  Cartesian  coordinate  frame  aligned  in  an  arbiirarx  orientation 
[  1 1,  P,  16. 1 ,3  j  with  respect  to  the  frame  of  the  originally  chosen  spheric;il  harmonic 
basis.  This  procedure  y  ields  recursion  relations  amone  the  mtitrix  elements  of  tiny 
chosen  irreducible  representation,  which  are  useful  ft'r  constructing  compact  an¬ 
alytical  formulas  for  each  of  these  elements,  and  pttrticularK  suited  for  .eeneraiing 
their  numerical  xaliies  for  any  gi\en  rotation,  from  this  we  tiKo  obtain  a  new  three- 
term  recursion  relation  f  16]  for  generating  all  ofihe  spherictil  harmonics  of  a  goen 
/-value  from  the  ni  /spherical  harmonic,  without  dill'crentiation.  1  inalK.  using 
the  sy  mmetry  prstperties  of  the  recursion  relations  antong  the  matrix  elemcms  n| 
an  irreducible  representation,  we  derixe  some  symmetry  iiroperiies  |  lo.l  3,ss|  ,,i 
these  irreducible  representation  malricvs  that  alUm  me  algebraic  cxprcsxionx  loi 
all  of  the  elements  to  be  obtained  from  explicit  kiu'wlcxlgc  of  slightly  more  than 
I  /<S  of  them. 


The  Klectrostatic  Potential  of  a  Molecule  Outside  of  Its  (  harge  Distribution 

'I'hc  electrostatic  potential.  I '( /'  I.  due  to  the  electronic'  cfiarec  density  ol  a  mol¬ 
ecule.  may  be  xvritten  as  [I  2] 

f  />(  '"'I  ,1  - 

I  (  r,  )  I  -  (/  r-  (  M 

J 

xxhcrc  the  charge  density  /A  >~)  may  be  expressed  as  a  bilinetir  fiMivi  oxer  the  atomic 
orbital  basis  j  X  j  ;  as  follows  [2-6]: 


'  Such  cak'ulalions  uf  the  inkTuclion  energies  neglect  the  etlcsic  I'l  pui.m/.iuwu  |  ‘M  S  '  -  ;  |  .  iinli  cs 
the  input  information  has  alreactx  taken  that  into  account),  hut  iieccnheic".s  .ue  ,ila1  ii;  the  we.g  uci-.l 
limit,  prondmi!  that  the  source  ofihe  external  potential  txxhieh  here  max  he  ilie  >  harae  aciou'.  ,.|  ..ii-,- 
moiccute)  does  not  significantly  penetrate  the  appropriate  colunie  arouiul  ihc  other  molci  ule 

'■  Here  we  are  primarily  concerned  with  lepresenting  Ihe  charge  densitc  ol  the  cks  irons,  and  wc  .irc 
adopting  Ihe  sign  convention  in  which  ihe  eleclromc  charge  densiiv  is  negative  .iiu!  ihc  ct-.i  ii. aih  .  h.ii;'!- 
density  matrix  is  ncgtitive  detinue  Of  course.  Ihe  negative  eleelronicch.iri’c  vieusiiv  musi  K- ;  ompleni,  "led 
by  the  positive  charges  on  the  mielei.  reducing  the  ultimate  ranee  ol  the  'oi.il  poicnii.i!  lor  n,  liu.i! 
molecules  to  at  most  that  of  a  dipole  ( 1 1 
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x„'(7)/V(x"( ?)>*  o 

<.*«».  .t  /#.»-*  tf 

Here.  .1  and  H  each  label  atoms,  n  labels  an  atomic  orbital  on  atom  .1 .  and  i'  labels 
an  atomic  orbital  on  atom  B.  The  expansion  eoetiicients  i  l\,)  form  the  electror  c 
charge  density  matrix  of  the  molecule  in  this  basis  of  atomic  orbitals.  The  charge 
density,  of  ?).  may  be  decomposed  into  a  sum  of  intra-atomic  parts  |  pj,(  r)  |  and 
pairwise  interatomic  parts  |  r )  j  as  follows 

n(  L)  "=  S  '•')  +  ^  ''I  <  3) 

I  ^  /iv^ 

with  [3-5] 

V  V  r))* 

«(  I  I 

pi"=  I  S  [X„'(r)P„..(xf'(r)i*  +  x."(r>/\„(x;(?))*l 

i  H 

=  2  Rej  I  Z  xj(r)/UX."(r))*|  (4) 

Note  that  the  intra-atomic  piece,  pj,!  r ).  is  expressed  solely  in  terms  of  the  orbitals 
on  atom  .1.  whereas  the  interatomic  piece,  p,!/(  r).  is  expressed  using  terms  in¬ 
volving  one  atomic  orbital  on  .4,  and  another  atomic  orbital  on  B.  Thus, 
Pai(r)  represents  an  atomic  charge  density  on  atom  ,1.  and  p„V'<  r)  represents 
the  "overlap  charge”  connecting  atoms  .1  and  B.  We  shall  find  that,  for  field 
points  everywhere  outside  of  a  sphere'  (centered  on  the  appropriate  atom)  large 
enough  to  contain  **  that  part  of  the  charge  distribution,  each  intra-atomic  charge- 
density  term,  p  aV^)  -  produces  an  electrostatic  potential  that  is  exactly  expressible 
in  terms  of  a  point  charge  and  a  ( small )  finite  number  of  point  multipoles  centered 
on  atom  -4  [7],  However,  tie  interatomic  part.  po:*(7),  produces  an  electrostatic 
potential  that  is  best  expressible  in  terms  of  a  line  charge  and  a  (small)  finite 
number  of  line  multipoles  along  the  line  segment  joining  the  centers  of  atoms  .4 
and  [3-5,8-11.7], 


r/it  Atom-Centered  Charge  Density  and  Its  Electrostatic  Potential 

The  electrostatic  potential.  Fa,,  due  to  the  charge  density,  p^(  7).  that  involves 
only  the  atomic  orbitals  on  atom  A,  may  be  written 


'a^(?,)  =  J  ^ 

=  J  ’ 


(''2)  ,1- 
- t/V: 

Ui 

Ur  2) 

r,2 


(r2)^dr2  sin  Diddidtpz 


(5) 


’  Nott  that  for  pidt  r).  this  region  generalizes  to  a  prolate  ellipsoid  ( i.c.,  the  region  formed  by  spinning 
an  ellipse  about  its  major  axis)  with  foci  on  A  and  B. 

*  See  footnotes  9  and  .t. 
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i.h:^ 


and  we  ma\  represent  !  /ti_-  h\  [  l?-16.1 1  ] 

1  '  47r  ( )' 

^  '1.  T, — 7 1  (6) 

where  the  i  l>.  if ) '  are  the  standard  spherical  harmtinies  1 1 2- 1 7  ] ,  Substituting 
Eq.  (6)  into  Eq.  (5).  we  find  that  for''  r,  >  ma\(  r.:  )~i,e..  for  r,  outside  of  the 
smallest  sphere  ( centered  at  .1 )  containing'"  the  charge  distribution — this  sields  an 
expansion  of  the  atomic  charge  pc  tential  !  /", )  in  the  form 

/  II  O  I  )  i  -/  *  I 

We  rccogni/e  this  as  a  point  multipole  expansion  [7.12.14]  of  this  electrostatic 
potential  about  the  center  of  atom  I.  with  as  the  value  of  the  il.ni  )-muliipole 
moment. 


Tlu‘  Intcraiiunii-  Overlap  Charge  Density  and  hs  I.'hrirnsuau  1‘iilennal 

The  electrostatic  potential.  I  due  to  the  interatomic  overlap  charge  densitv. 
p,n"(  f).  of  the  pair  of  atoms,  .1  and  B,  may  be  written  (  I.S..7-.s  | 

<';t  ,5^ 


I  7, )  = 


J 


t/7. 


ri: 

oV'(r>) 


'"i; 


i ij'j )</£;(/»?: 


(H! 


where  ^  =  (r,  4  r,,)/ R.  rj  =  (r,  -  rn)/R.  and  [the  a/imulhal  angle  about  the 
bond  axis]  are  prolate  ellipsoidal"  coordinates  {.7-5.KS.U>].  (1  -  g  <  /  . 
-  1  <  r?  <  1.0  ?:  f  <  2ir).  and  R  is  the  internucicar  distance.  VVe  can  represent 
by'"  the  Neumann  expansion  [  IS, .75) 


_1_ 


1 


1  • 
Z.  M 

R 


V  {  -  )"'( 2/  f  1 )('![-: 

(  /  +  ;/n!)! 


X  /7  ’  (^  .)/7"'  (i?i)/’/  (i?:)c  ""--' 


(9) 


For  ^1  >  max{^:) — i.e..  for  r,  outside  of  the  smallest  ellipsoid  (vvith  foci  i  and  B) 


VX'hat  we  mean  here  by  mas(  r. )  is  the  lowest  permissible  value  ot  the  upper  limit  ul  r;  to  w  hich  the 
integral  in  F,a.  t.S)  needs  to  be  taken  (to  obtain  ihe  desired  accuracy  ol"  the  result)  Mow  evactly  we 
interpret  this  influences  how  exactly  we  can  interpret  many  ol  our  subsepueni  staiements  [e  g  .  Fq  ( "?  I) 
concerning  !  and  pit  r ). 

"’See  footnotes  d  and  .V 

'  We  prefer  the  term  "prolate  ellipsoidal"  to  the  more  indefinite  term  "prolate  spheroidal"  used  by 
Abramowit/-  and  Siegun  [19]  and  several  other  authors. 

W’e  are  using  the  Abramowitz  and  Siegun  [12.19,2(']  definitions  of  the  /T  and  QT  functions, 
which,  for  argument  (  I  c  ii  c  I  I.  differ  by  a  factor  of  (  I"  from  the  standard  definitions  used  by 
many  other  authors  [  1  .f- 1 5 1 . 
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containing"  the  charge  distribution — this  yields  an  expansion  of  the  overlap  charge 
potential  I  r  i )  in  the  form 


(  10) 


The  part  ol'  this  potential  belonging  to  a  given  ///-value  has.  as  its  source,  the  singular 
volume  charge  density  [8,9. .T1  ] 

—  +  /  sgn(//t)  ^ I  [i^(.v)<)(  r)j  (11) 

where  the  6's  are  Dirac  delta  functions  and  X,„(>?)  is  (by  definition)  the  line 
(///,//;) -pole  density''*  [i.e.,  the  (//;,/// )-multipole  moment  per  unit  length)  at  the 
point  on  the  bond  axis  (the  r-axis)  paramctri;/ed  by  (^  =  1.  -  1  <  17  <  1 )  with 


\  -  n-) . .  I  a„„Pr  (n) 


(12) 


where  iii,„  is  the  same  coefficient  as  that  which  appears  in  Eq.  ( 10), 

Thus,  outside  of  the  charge  distribution,  the  electrostatic  potential  due  to  the 
( distributed  )  charge  density  of  a  molecule  may  be  repre.scnted  as  if  it  were  produced 
by  the  following  sources: 

1 .  Point  charges  and  point  mullipoles  on  each  atom.  (These  represent  the  intra- 
atomic  terms  in  the  charge  density  [  18.3-5].) 

2.  Line  charges  and  line  multipolcs  along  each  of  the  line  segments  joining  two 
nuclei.  (These  represent  the  interatomic  terms  (i.e.,  the  "overlap"  terms)  in  the 
charge  density  [  18.3-5].) 

For  a  given  finite  atomic  orbital  basis,  the  intra-atomic  terms  in  the  charge  density 
lead  to  a  potential  that,  outside  the  charge  distribution,  is  expressible  in  terms  of  a 
point  charge  and  a  (small)  finite  number  of  point  multipoles  on  each  atom  [7], 
For  this  same  basis,  the  interatomic  terms  in  the  charge  density  lead  to  a  potential 
that,  outside  of  the  charge  distribution,  is  e.xactly  expressible  as  that  due  to  line 
charges  and  line  multipoles  of  order  less  than  or  equal  to  some  (small)  finite  //tmn 
[5],  This  point  charge,  point  multipole,  line  charge,  line  multipole  representation 
of  the  potential  is  uniquely  determined  by  the  representation  of  the  charge  density 
as  a  bilinear  form  over  the  given  atomic  orbital  basis  [2-5.51].  Any  valid  simpler 
representation  [29,51]  of  the  potential  is  appropriately  obtainable  as  a  canonical 
reduction  of  the  potential  due  to  these  point  and  line  sources. 

Possible  ways  to  reduce  the  above  representation 


”  See  footnotes  9  and  3. 

For  sro  bases,  or  any  basis  with  the  correct  asymptotic  behavior  at  the  nucleus  and  at  infinity. 
is  a  continuous  fonction  of  tj.  However,  for  a  Gaussian  orbital  ba.sis,  this  "line-multipole  density"  becomes 
a  set  of  point  multipoles,  “strewn"  over  the  line  segment  joining  atoms  .3  and  il  [7.1 1.42,54-57].  so 
that  \„{  ri)  becomes  a  linear  combination  of  delta  functions. 

''  Ciaussian  orbitals  do  not  produce  a  line-charge  or  line  multipoles  but.  rather,  produce  point  charges 
and  point  multipolcs  along  the  “bond"  line  [7.1 1.42.54-57).  Still,  reduction  of  their  number,  in  these 
ways,  may  be  appropriate. 
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1 .  Replace  the  line  charge  and  line  multipole  potentials  tor  the  pair  ot  atoms  .  1 
and  B  ( from  the  corresponding  interatomic  terms  in  the  charge  densitv  )  h\  a  [toint 
multipole  expansion  about  e  g.  the  center  ol'the  line  segment  (oining  the  nuclei  ot 
atoms  .1  and  /?  (i.e.,  about  the  center  ol'the  "bond" )  [7.2y  J,  (  I  his  is  mathemalicalK 
simple  and  I'airK  rapidly  converging  tor  most  Held  points  of  interest.) 

2.  "Sever"  the  line  charge  and  line  multipole  densities  joining  atoms  .1  and  B 
at  e.g.  the  point  equidistant  from  these  atoms,  and  express  the  potential  of  each  ot 
these  two  "pieces"  as  a  point  multipole  expansion  about  its  corresponding  atom 
[7,2'^].  (This  leads  to  a  canonical  representation  of  the  total  electrostatic  potential 
solely  in  terms  of  point  multipoles  centered  on  each  atom  (7.2‘')].  Howeser.  it  is 
less  rapidly  converging  than  the  procedure  outlined  in  (  I )  above,  and  the  calculated 
values  of  the  "atomic"  charges  and  muliipoles  can  be  overK  sensitive  to  small 
changes  in  the  wavefunction  [7.29]  if  the  bond  is  asymmetrical  and  there  is  a  large 
absolute  value  of  the  effective  line  charge  density  at  or  in  the  vicimtv  of  the  midpoint 
of  the  “bond".) 

.1.  Replace  the  line  charge  density  joining  atoms  I  and  B  h'  a  pviint  charge  (  at 
the  center  of  charge)  and  its  complement  (7.29).  f  his  complement  thus  contains 
no  monopole  component  and  no  dipole  component.  It  therefore  can  be  replaced 
by  an  m  ~  0  point  quadrupolc  (aligned  along  the  bond  line)  and  its  complement, 
with  the  quadrupole  eentered  at  the  particular  point  on  the  bond  line  such  tlial  its 
complement  contains  no  poles  of  order  les,s  than  or  equal  to  that  of  an  octopole. 
One  may  represent  this  latter  complement  by  a  point  hexadekapole  centered  at  the 
point  such  that  its  complement  contains  no  pole  of  order  less  than  or  equal  to  .^2; 
and  the  procedure  may  be  continued,  with  all  generated  point  muitipoles  Ivmg  on 
the  bond  line  and  being  aligned  in  the  direction  of  the  bond  line.  Analogous  pro¬ 
cedures  are  possible  for  each  line  multipolc  density  joining  atoms  .  I  and  B.  (  I  his 
should  be  the  most  rapidly  convergent  method  of  these  that  we  have  suggested.) 

Methods  (  1 )  and  ( .f )  are  appropriate  when  atoms  .  I  and  B  arc  close  neighbors, 
since  they  require  fewer  terms  for  a  given  accuracy  ol'the  Held  values.  When  atoms 
.  I  and  B  are  far  apart,  the  line  source  being  representeo  s  of  very  small  magnitude, 
so  method  (2)  may  be  preferred,  since  it  does  not  place  charges  and  muitipoles 
anywhere  except  on  the  atomic  centers. 

Point  .Multipole  F’otentials,  I  lieir  Source  Charge  Distributions, 
and  I  heir  Interaction  Knergies 

fhe  above  description  for  the  electrostatic  potential  of  a  molecule,  in  terms  of 
point  charges  and  point  muitipoles  on  the  atomic  centers  and  line  charges  and  line 
multipoles  along  the  "bond"  axes,  is  accurate  and  compact,  leading  to  simple  eval¬ 
uations  of  the  potential  in  the  region  outside  of  the  sources.  However,  the  interaction 
energy  of  twir  line  muitipoles  of  arbitrary  orientation  is  presently  aw  kward  to  cal¬ 
culate.  fhus.  for  the  purpose  of  calculating  interaction  energies  of  molecules,  it  is 
presently  appropriate  to  re-express  the  molecular  electrostatic  potential  ol  at  least 
one  of  the  two  interacting  molecules  solely  in  terms  of  point  charges  and  point 
muitipoles  centered  on  appropriate  centers,  in  a  manner  akin  to  the  reductions 
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suggested  in  the  previous  section.  When  this  is  accomplished,  the  interaction  energy 
of  two  molecules  may  be  calculated  using  a  procedure  based  uptm  the  follow  ing 
discussion. 


The  Charge  Distribuikm  of  a  Point  Multipole  Potential 
The  electrostatic  potential  of  a  charge  distribution  r)  may  be  written  [  12.1,5  ] 


iCr)  =  J  G(r.  r')p{r')d^T 


(13) 


where  the  Green's  function,  6’(  r.  r'),  has  the  representation  [12-16] 

1 


Gir.  T)  = 


■  r  -  r 


=  I  z 


4ir 


/  V  t  O'  w* 


^  7/  4.  I  i  r  I  ^  ^  ^  0  ■  )) 

1-0  m  /  f  >  t'>  I 


(14) 


From  this,  one  can  show  that  one  source  charge  distribution  that  will  produce  the 
potential  [11] 


=  \ 


4Tr 
\  21  +  1 


F/ 


i.n,{6.  ip)  -j: 

r 


may  be  written  [8,9] 


=  jCl‘'5fr  -  o) 


<  15) 


(16) 


where 


ni 


(-)' 


V  (/  -  m)!(/  +  m)l 


: _ 1 _ 

(/  -  iw|)!(/  +  |wl)! 


(If'"' 


d.Y  ^  By 


for  0  <  m  <  I: 


for  -/  <  w  <  0 
(17) 


We  note  that  (Xii’)\  the  Hcrmitian  adjoint  of  the  operator  X}„'’,  may  be  written 


Follow  the  appropnate  footnotes  in  this  discussion  to  be  apprai.sed  of  some  of  the  relevant  applications 
of  this  approach,  as  well  as  its  limitations. 
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f  1 

/  Ifi 

(f 

(/  -  >11)01  +  »t)[  \(9r, 

(t\ 

1 

r  .... 

(/  --  tui!)!(/  +  lufi)! 

Id-- 

tor  0  <  in  ! 

■  d 

d  1 

for  /  >» 

+  t 

d.x 

O.vj 

(  18) 


Expressions  for  the  generating  operators  for  the  source  charge  distributions  of  the 
corresponding  "nonorthogonal”  Cartesian  multipolc  potentials  arc  of  an  even  sim¬ 
pler  form  [8],' 

The  Interaction  Energy  of  a  Point  Muitipole  \\  ith  an  E-xternal  Potential 


The  (complex)  energy  of  interaction  of  the  (complex)  multipole  potential 
(produced  by  the  point  source  charge  density  r )]  and  a  (complex ) 
external  potential  <t'(7)  may  be  written  (29) 

^  J  r)cf'r 

^  J  (i'i'iiN  f  -  o))*<E(?)J'r 
=  J  5'(r  -  r>)(i;, '')’<!>( 


-  ((/!,(')*<l>(  r ))?  ,-,  (19) 

( In  any  physical  situation,  the  total  interaction  energy  will,  of  course,  be  real.) 

It  is  easy  to  show  that  if  we  translate  the  potential  ^!,(’(r)  from  the  origin 
r  =  o  to  the  origin  7  =  7„.  A ’(7  -  T>)  becomes  replaced  by  «'(  r  --  7„)  and  we 
have  the  generalization  [15] 

(20) 

Also,  providing  the  orientation  of  the  Cartesian  axes  with  respect  to  the  axes  of 
defi’iition  of  the  polar  angles  (0.  is  preserved,  our  differential  operators  may  be 
expressed  m  terms  of  spherical  coordinates  with  respect  to  any  origin  '  as  [  1 5  ] 

cl  d  sin  I)  <9 

—  =  cos  fl~ - — 


(9  d  ,  „  <5  ,  cos  II  <9  /(•  -  d 

-  +  /  —  =- 1'  sin  0  T —  c  ‘ - -r-  +  — ^ - 

dx  dy  dr  r  dft  r  sm  D  rt<f 

d  d  .  d  cos  II  a  ic"^  d 

—  +  ;  —  --  e  sin  II  —  +  - -  + - — 

d.x  dy  dr  r  dll  rsinWf9(^ 


(21  ) 


'  Such  "nonorthogonar'  Cartesian  tnuliipole  potentials  (Ktur  in  the  far-held  representations  [  S7,sf,,4’  | 
of  the  fields  of  charge  distributions  arising  from  molecular  charge  densities  represented  in  terms  of 
f  artesian  Gaussian  orbitals  [57.56.42]. 

'"Transformation  to  other  coordinate  systems,  such  as  prolate  ellipsoidal  n't. )X]  (known  in  these 
references  as  'prolate  spheroidal” ).  is  also  straightforward  and  can  c.xpcdite  such  things  as  the  calculation 
of  the  interaction  energy  of  our  point  multipole  with  a  line  multipolc 
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Simplihcations  occur  if  the  Cartesian  axes  defining  the  splierical  coordinate  sxsiem 
for  the  potential  <i'(  r)  are  parallel''*  to  the  Cartesian  axes  defining  the  spherical 
coordinate  system  for  the  multipole  potential  ^i,A  r).  for  then  we  may  choose  the 
spherical  coordinate  system  representing  our  differential  operators  to  be  the  spherical 
coordinate  system  natural  to  our  potential  ‘I’f  r  ). 

To  illustrate  this,  we  might  choose  'hf  r )  to  be  an  untranslated  point  multifK)le 
potential  r).  and  let  ( r,„  fl...  i^.,)  be  the  spherical  coordinates  of  r„  {the  center 
of  the  translated  1/ !,{'(?).  potential]  in  the  coordinate  system  natural  to  In 

this  case,  the  mathematical  representation  of  the  interaction  energy,  derived  from 
the  above  procedure,  is  exemplified  by  the  following  expressions.  ’"  valid  for  /  /' 

2  with  01  =  m'  -■  ±2  and  -/»/  -  »i'  =  ±2,  respectively. 


(1  .11 9  4  20  cos  2W,,  f  .7.x  cos  411,, 

-  )m  III'  •  •'  — - T - 

'  *  -  -  64r,' 

(22a) 

,  .1"  '  ^>1’'"^'"  sin'*  0,. 

. .  . " 

(22b) 

(where  the  ±  signs  are  correlated  in  Eq.  (22b)l, 

When  the  interacting  potential.  ■K  r).  does  not  have  its  Cartesian  axes  aligned 
parallel  to  those  of  the  multipole  potential  r).  it  may  be  appropriate  that  we 
express  r )  in  terms  of  potentials  aligned  to  the  coordinate  system  of  ‘K  r  )  via 
the  relations  [  17.16,1,T1 1  ] 

I 

r,n'rr)-  'z  i':j'Ar)iy,!,\„AR)  (2.f) 

m'  { 

[1  he  corresponding  source  charge  densities.  r)  and  ]  r ) ; .  arc  related  in 
exactly  the  same  way.  j  Here  J  is  the  set  of  mullipole  potentials  whose 

Cartesian  axes  arc  aligned  parallel  to  those  of  <t(  r ).  /?  is  the  operator  which  rotates 
the  Cartesian  axes  of  <{>(  r )  to  be  parallel  with  those  of  yfm'f  r).  and  D'*’(/^)is  the 
irreducible  representation  matrix,  of  the  full  rotation  group,  appropriate  to  this 
rotation.  ;  1  his  is  the  same  irreducible  representation  matrix  for  which  the  substi¬ 
tution  of  }■/,„(  0.  if )  for  i^!i'(  r )  and  )), „■{()'.  tp')  for  1^ ;!/-’(  7 )  in  Eq.  ( 2,f )  yields  a  true 
relation.  [  Here  (0.  <p)  and  ( O',  i^')  are  the  spherical  polar  angles  with  respect  to  the 
Cartesian  axes  of  and  of  >I>(  r ),  re.spectively .]  *  Because  their  natural  Cartesian 
coordinate  systems  are  mutually  parallel,  the  interaction  energies  between  each 
member  of  the  basis  set  of  potentials.  [  ^ r )  ] .  and  the  external  potential.  •Ef  r ), 


Such  "parallel  axis"  representations  are  vers  common  m  the  representation  of  the  atomic  orbital 
basis  of  molecules,  and  propagate  to  the  rcprevntalion  of  the  charge  distributions  appearing  in  the  two- 
electron  integrals  of  the  I  /r,,  interaction.  Thus,  this  simplihealion  is  valid  and  relevant  to  the  multipole 
interaction  representation  of  these  integrals  under  conditions  in  which  the  interpenetration  of  the  two 
relevant  charge  regions  may  K’  neglected  (-^-5]. 

W  e  have  obtained  expressions  for  all  I /.  in.  I',  in')  w.th  /  and  /  in  the  range  tl  through  S,  using  the 
symbolic  manipulation  facility  of  the  Mulhctnalit  a  program  I2.S|,  Some  of  these  results  arc  reported 
elsew  here  ( 24 1 . 
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may  be  easily  ealculated  in  the!  II'.  i^'ieoordinaie  system,  using  our  former  proeesiure. 
T  his  feature  expedites  the  evaluation  of  the  interaetion  energy  hetxseen  d-,' ( '* )  und 
<{>(>*)  (whose  natural  coordinate  systems  are  here  not  mutually  parallel)  via  the 
principle  of  linear  superposition. 

It  is  al.so  often  convenient  to  represent  the  orientation  of  the  axes  of  each  of  the 
potentials,  and  T>(  r).  with  respect  to  a  laboratory  coordinate  system.  ' 

via  the  rotation  operators,  R"'"’ '  and  R'",  which  rotate  the  laboratory  coordinate 
system,  about  its  origin,  into  the  coordinate  system  parallel  to  that  of  and  of 
Tx  respectively  [  17,16,1  3.1 1  j.  Now.  consider  <!'  itself  to  be  a  point  muitipole  po¬ 
tential.  Trl.r'.  with  its  own  orientation  for  its  Cartesian  axes,  and  let  R'"'  be  the 
operator  that  rotates  the  laboratory  coordinate  system  (about  its  origin  1  such  as  to 
make  its  new  r-axis  parallel  to  the  line  through  the  centers  of  y!  nnd  'i'l!,  '.  T  hen 
we  may  detine  the  sets  of  potentials  i  i^  |  and  ;  'i','/,  ' ; .  hav  ing  the  same  centers 
as  yil,!'  and  '1'!/,  '.  restx’ctively  ,  but  aligned  with  their  common  r-axis  through  the 
centers  of  and  'I'),!-',  as  follows; 


r 


)  =  R''HR'-')  'ili'in 


:M  r  )l>', A  R"'{ ')  (24a) 


'i','!''(  r] 


---  R'-'iR 


(S'..,  u 
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')  ') 


(24b) 


Let  6  H, r,:)  be  the  interaction  energy  between  the  aligned  multipoles,  ill.'ir) 
and  x  ).  It  is  easy  to  show  that 


r))*^ T)cJ'P 


-  /^  >/  VI 

fu.ni\  '  \2 

and  we  have  just  recently  succeeded  in  proving’-  that 

(/'  +  /)! 


V(/'  ~  in )'.{/'  +  /«)!(/  -  in)UI  +  m)! 


I'l: 


I 


( 25a  1 


(25b) 


Here.  r^2  is  the  distance  between  the  multipoles,  and  /,  is  the  /-value  of  the  potential 
centered  at  the  point  having  the  larger  value  of  the  r-coordinale  in  the  coordinate 
system  obtained  by  rotating  the  laboratory  coordinate  system  about  its  origin  by 
the  operator  R‘‘  \  These  interaction  energies  are  zero  unlc,ss  in'  -  in.  making  the 


I  Ins  is  parlituliirlv  rclcvanl  it' one  is  following  the  classical  clvnamical  interaction  of  molecules, 
represented  I  in  part )  h>  such  electrostatic  multipoles,  in  a  laboralorv  coordinate  system. 

' '  After  one  of  us  I  M.I.  j  had  verified  this  h>  c.xplicil  evaluation  via  f.qs.  (  I X )-(  2 1  )  [through  their 
analogs  of  fqs.  (22l.  with  «„  ()[  for  all  integer  /  and  /'  values  in  the  range  tl  through  5  (and  their 
allowed  values  of  m  l.  another  (fi.f.l  )  managed  lo  hnalK  prove  it  for  all  integer  I  and  i'  (and  their 
allowed  1)1 ) 
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rectangular  matri.x.  t'"  ’(O:).  defined  below,  zero  except  for  its  diagonal,  sym¬ 
metrically  placed,  maximal  square  submatrix. 

Let  S'-'-'  ’(re)  be  the  (2/  +  1)  by  (2/'  +  1)  matrix  whose  {mjn’)  element  is 
•S’w.n’-Co.'),  and  let  be  the  (2/  +  1)  by  (2/  +  1)  matrix  whose  (/n"./n) 

element  is  /?)•  Then,  it  is  easy  to  show  that  the  interaction  energy  between 

the  original  point  multipole.  ^),(’(7).  and  the  point  multipole.  r).  is  given 
by’"' 


(/') 


(26) 


The  <?  matrices  are  simply  calculated  using  Eq.  ( 25 ).  All  of  the  heavy  orientational 
information  is  contained  in  the  D  matnees.  Symbolic  programming  [2.^]  can  al¬ 
gebraically  simplify  the  final  expression  and  make  it  reasonably  easy  to  compute 
for  values  of  /  and  /'  less  than  or  equal  to  6.  Most  quantum  chemical  calculations 
can  be  virtually  exactly  managed  with  /  values  less  than  or  equal  to  4.  so  this 
represents  a  feasible  route  toward  calculating  the  interaction  energies  of  molecules 
of  moderate  size.  However,  satisfactory-  implementation  of  this  procedure,  for  the 
evaluation  of  intermolecular  forces  in  a  dynamical  setting,  requires  evaluating  spatial 
derivatives  of  such  interaction  energies  for  many  different  intermolecular  confor¬ 
mations.  This  is  often  best  expedited  by  simple  and  rapid  numerical  calculation  of 
the  D  matrices  (and  their  derivatives)  for  many  different  orientations.  The  foun¬ 
dations  of  a  method  for  accomplishing  such  calculations  of  these  D  matrices  are 
presented  in  the  following  sections. 

Angular  Momentum  Operators,  Rotations,  E^uler  Angles,  Spherical  Harmonics, 
Pauli  Spinors,  and  the  Irreducible  Representations 
of  the  Full  Rotation  Group  [Also  of -Si  (2)| 

Starting  with  the  quantum  mechanical  definition  of  the  positi-  ■  operator.  7  = 
r,  and  the  momentunv  operator.  />  =  the  quantum  mechanical  angular 

momentum  operator.  7..  is  derived  to  be:  {15,17] 

-  ■  -  ft  -* 

/.  =  f  X  75  =  -  (  r  X  T)  (27) 


(Hereafter  we  shall  take  ft  -  1.)  From  the  commutation  relations  between  the 
components  of  r  and  the  components  ofp  one  derives  the.  corrjmut<|tion  relations 
among  the  components  of  /,  that  may  be  summarized  as  LX  L  -  iL.  From  these 
commutation  relations  on  L  one  may  derive  the  Condon  and  Shortiey  relations 
[22.17.15.1.1]: 


‘’The  careful  reader  will  niite  that  the  left-hand  side  of  tq.  <26)  [upon  substituting  the  definition 
from  Lq,  (  19)|  csplieitls  shows  the  necevsar>  transformation  properties  required  by  the  laws  of  physics 
(e.g..  it  IS  invariant  under  any  global  rotation  or  translation),  whereas  the  nght-hand  side  is  expressed 
in  terms  of  coordinate-dependent  parameters  and.  therefore,  does  not  display  the.se  transformation 
prtiperties  i-x/’Iii  illv.  (However,  the  reader  is  invited  to  test  that  it  does  in  fact  transform  correctly. 
Asan  example,  we  point  out  that  interchanging  ^ and  which  is  equivalent  to  the  transformation 
(/»’»/')( ni  m' ) ,  transforms  each  side  of  F.q.  ( 26 )  into  its  complex  con  jugate. 
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ly.T 


=  ni\t.my  (28a) 

L.  1  /.  ») )  =  V/(/  4  i )  —  m( m  ±  \)\l.  m  ±  i  ( 28b.c ) 

Here  A*  =  A,  ±  A,  ,  and  {  |/,  niY,  is  an\  set  of  states  or  functions  that  satisfy 
these  relations  (e.g..  the  set  of  spherical  harmonics  J  >'/.,„(((,  belonging  to  a 
given  /-value). 

Whereas  uniqueness  of  the  scalar  wavefunction  requires  /  to  be  a  nonnegaiive 
integer,  the  formal  algebra  that  derives  the  Condon  and  Shorties  relations  requires 
only  that  2/ be  a  nonnegative  ipteger.  When  we  allow  for  the  possibility  that  "I"  is 
a  half-integer,  we  denote  L  as  J  and  / as  /  to  remind  us  that,  when  y  is  a  half-integer, 
every  component  of  J  has  no  single-valued  scalar  eigenfunctions  [  2.4  ] .  The  Condon 
and  Shortley  relations  are  uniquely  determined  by  the  algebra,  to  within  multipli¬ 
cative  phase  factors  on  the  results  of  A  .  from  which  the  corresponding  unimodular 
phase  factors  on  the  results  of  A,  are  determined  (17).  The  Condon  and  Shortley 
convention  sets  all  of  these  phase  factors  equal  to  unity  {17]. 

Now  the  /?(<j).  n)  rotation  operator  for  a  counterclockwise  rotation  by  an  angle 
(ft  about  an  axis  labeled  by  its  unit  vector.  /?,  when  acting  on  an  entity  upon  which 
J  can  operate,  may  be  represented  ( 1 7  ]  as 

/?(<i>. =  exp( -/</>«•  7)|\/>  (29) 

From  this  and  the  Condon  and  Shortley  relations,  wc  derive  that  [17] 


/?(</).  t'l)  =  lut.  I't) 


a 

-h* 


h  ■ 

a* 


(.40) 


where  a  -  cos(0/2)  -  itu  sin(</)/2)  and  h  =  -(/i,  4-  ///, )  sin(0/2). 

Here  {  in }  are  the  Pauli  spinors  (often  denoted  by  { a.  d!  ).  and  the  matrix 
involving  {a.  h,  ~h*,  a*  [  is  the  corresponding  element  of  the  special  unitary 
group,  su(2).  The  elements  { a,  h,  ~h*.  a*  }  play  a  dominant  role  in  describing 
the  irreducible  representations  of  su(2)  and  so(3)  (the  full  rotation  group),  and 
may  be  expressed  as  shown  above  [17],  or  in  any  of  several  other  ways  that  par¬ 
ametrize  the  rotations  [  1 7. 1 1 . 1 3  j . 

In  particular.  Rotations  may  also  be  parameterized  by  the  Euler  angles 
{  a,  d.  7 } .  which  have  each  of  the  following  two  interpretations. 

Body-fixed  interpretaiUm  ( 1 1.58]:  ( I )  Rotate  the  system  counterclockwise  about 
the  body-fixed  z-axis  by  the  angle  a.  (2)  Then,  rotate  the  system  counterclockwise 
about  the  present  orientation  of  the  body-fixed  y-axis  by  angle  )3.  (3)  Finally, 
rotate  the  system  counterclockwise  about  the  present  orientation  of  the  body- 
fixed  2-axis  by  the  angle  7. 

Space-fixed  interprelation  [  17,58];  ( I )  Rotate  the  system  counterclockwise  about 
the  space-fixed  z-axis  by  7.  (2)  Then,  rotate  the  system  counterclockwise  about 
the  space-fixed  y-axis  by  /?•  ( 3 )  Finally,  rotate  the  system  counterclockwise  about 
the  space-fixed  z-axis  by  «. 

In  either  of  these  representations,  the  above-introduced  parameters,  a  and  h. 
take  on  the  values  [17]; 
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We  now  consider  the  normalized  spherical  harmonics  1  )'/  ,„(  ( 1 7. 1 5. 1 3.22  ] . 

For  any  given /.  the  set ^1.  V?)  I ‘  -/.-/+  I.  •  ■  •  /-  I./;  may  be  obtained 
[  17.15.13.22]  by  the  repeated  action  of  L  acting  on  }'/,/(«.  >p)  =  C  '/(sin  Hye''"'. 
choosing  the  magnitude  of  the  constant  ()  by  the  requirement  of  normalization, 
and  the  phase  of  C)  by  the  requirement  that  <f)  =  l//’(cos  f>).  where  ,1/  is  a 

positive  constant.  It  is  easy  to  show  (17.15.1 3.22  ]  that  this  set  forms  a  basis  for  an 
irreducible  representation  of  the  full  rotation  group,  and  we  may  write 
as  shorthand  for  the  rosv  array  [28]  formed  by  the  set  of  spherical  harmonics 
belonging  to  this  /-value.  Thus, 

VP).  >'/./  ,(//.  vf)--  -  V,, ^).  yy /(if  VP))  (32) 

which  allows  us  to  wnte 

/ 

R(4>.n)Yi,„,((i,^)=  1'  Y,,„At>.  >h  {33a) 

m'  / 


in  the  form  [28] 


V?)  -  R(4>.  «)¥'"(«.  V?)  =  Y"'(//.  v?)D'''((A.  n)  (3.3b) 


where  n)  is  the  irreducible  representation  matrix  [16.17]  associated  with 

the  basis  Y'''{//.  <f)  and  the  rotation  operator  /?((/>.  n)  in  the  full  rotation  group 
SO(3).  [Here  we  need  to  distinguish  between  4>  as  an  angle  of  rotation  and  (p  as 
the  spherical  azimuthal  angle.]  It  is  easy  to  show  that  the  basis  vectors  [17] 


f2 


0 


e"’  =  (tN.  e  )  =  {e,,  c-) 


7=  0 


J_ 

V2 

( 

'Ti 

0 


(34) 


(where  tv.  t"-  are  the  unit  vectors  along  the  Cartesian  axes)  have  the  property 
that  [17] 


where  also  [17] 


R{(t>,  «)c"*  =  c‘'>D"’(0,  n) 


R{4>.  «)V"’(0.^)  -  Y"*{0,  y5)D"’(</).  n) 


(35a) 

(35b)  I 


Thus,  e' '  ’  transforms  according  to  the  same  irreducible  representation,  D' ' of  the 
full  rotation  group,  as  does  the  set  of  spherical  harmonics  belonging  to  /  =  1 .  This 
irreducible  representation  may  be  written  in  terms  of  the  parameters 
la,  h.  a*,  -h*  }  as  [  17] 


i  1 1  (  I  Rosi  \ri(  I’on  \  1 1  \i 

cr  \2c,h  h- 

l)''''.;., /;)  /•*)  (hi*  Uh  h*)  \2.i*h  (3(0 

(  />*)•'  \2a*{  />*!  (<;*)■'. 

It  IS  s'as\  to  slniw  that  under  |■|>(at^on,  the  (artesian  eoniptuients  (  /  , .  I  I  )  of 
the  sector  angular  nninientum  operator  f.  iransldrm  in  the  same  v\a>  as  the  utiit 
sectors  (i\.  c  .  (•).  Because  ssi'lhe  'vlationship  ol'(<\.  <3.  <"  )  to  ( t’  .  c  )  this 
means  that  [17.13] 

r  I  -  ■  1-1  -  ,  r  I  •  ■  I  -  1  -  .  , 

i  \2  ■  12  J  V2  12  j 


1  •  -  I  T 

•  A  . .  /  ---  /  D' •  (.//.  n)  (  s7) 

[  12  12  J 

Noss  the  Condon  and  .Shorties  relations  [Hgs.  (28)].  sshen  usesi  in  conjunction 
ssiih  the  spherical  harmonics.  ;  >,.„..(((.  v^) ; .  gise 

i  II,  if )  1)1  )  ii.if)  (  38a  ) 

/  g-' I  ■  V/(/  i  1)  ll){l»  I  I  )  .  I  ( (f  c' )  (38b.c) 

I  ^mg  our  delinitions  of  the  !  I'.,.,  i  gisen  in  litis.  (  33 ).  together  ss  ith  our  deliniiions 
of  :  A  .  A ' .  /  '  !  gisen  in  litj.  ( 3"  ).  the  insariance  of  the  "lasss  of  phssics"  (  here, 
the  Condon  and  Shorties  relatissns)  to  the  orientation  (sfour  reference  frame  requires 
that  also  [  lh.l3] 

i  ^  (.ni(  (f )  'll  I  ',..3 II.  <r)  ( 3da ) 


Writing 


i.'.)'„.{ii.if)  v/(/t  I)  unii)  t  1  I  (((,  V' ) 


,A.  I  d.A,  t  >  A 


I  -  ooA.  +  ,f„A,  -  ■),,/  (4()h) 

A'  -  o  A.  )  d  i ,  t  1  A  (4()e) 

sse  mas  read  the  "salucs”  of  the  (o.  d.  •>  )  cisellicienls  from  the  detinitions  of 
(  A'. .  /.' .  A'  )  and  the  matrix  elements  ori)'"(f/<.  I'l). 

The  (dndon  and  Shorties  relation  for  Ai  [liq.  (3s)al]  may  he  scritten  as 

I 

((tiiA.  f  +  ')i\L  )  ^  >/„,  (((.  y )/3 1, '2' ,,,( i/).  )1 ) 


III  ^  }/.„,•(((.  gr )/),'”. „3  0. /i)  (41) 

which,  upon  substituting  the  entities  on  the  right-hand  side  of  b.qs.  (  38)  for  the 
products  silos'  n  on  the  left-hand  side  oflitis.  (38  ).  as  (lies  appear  m  liq,  (41  ).  and 
then  comparing  the  eoctlicients  of  the  ;  }  /,„,■  1  on  each  side  of  the  equation,  yields 
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«oV7(/  +  1)  - 

+■  7oV/(/  +  1 )  -  m’( m'  +  ! )  i.,„  =  ( 42 ) 

with 

«(i  =  ~ah.  ii()  =  {aa*  +  h(-h*)),  7,,  =  «*(  -  Z^*) 

This  equation  allov/s  one  to  obtain  the  element  D^.m  ( for  any  row  n  in  column  m ) 
from  the  elements  and  Dlll2.m)  or  from  the  elements  (DVi.,,,  and 

Dl,''2.m)  or  (except  for  n  =  m  =  0)  from  the  elements  (DV’i.m  and  [all 

of  these  elements  belonging  to  the  same  column  m  of  D''*].  As  implied  by  the 
coefficients,  in  using  these  relations,  one  may  take  the  elements  whose  indices  lie 
outside  of  the  range  of  the  matrix  to  be  zero.  By  this  means  every  clement  in  column 
m  of  D*'*  may  be  generated  from  either  or  Condon  and  Shortley 

relation  for  L\  may  be  written  as 

/ 

(aii,  I  +  7,1,  )  2  n) 

m‘-  I 

_  / 

=  V/(/+  [)-  mini  ±1)2  n)  (43) 

m'^-l 

which,  upon  substituting  the  entities  on  the  right-hand  side  of  Eqs.  ( 38 )  for  the 
products  shown  on  the  left-hand  side  of  Eqs.  (38),  as  they  appear  in  Eqs.  (43), 
and  then  comparing  the  coefficients  of  the  {  }  on  each  side  of  the  equation, 

yields 

a -)//(/  +  \  )-  m'im'  -  1  +  jgjW'Z) 

+  7,W(/  +  1 )  -  m'im'  +  =  V/(/  +  1)  -  mim  ±  1  )/)w>,,:i  (44) 

with 

a.  =  a\l3,  =  -2ai-b*).y.  =  -i-h*f 
=  -b^,  /3_  =  2a*b,  7-  =  ia* 

The  T+  relation  [with  (a*.  /3+,  7+)]  allows  element  tc  be  obtained  from 

the  elements  {  } ,  thereby  generating  an  element  in  the  column 

m  +  1  from  its  three  closest  neighboring  elements  of  column  m.  The  L'-  relation 
(with  (a-,  7_)]  allows  element  to  be  obtained  from  the  elements 

I  D'rll  i.m.  b)^n]n,  i,m } ,  thereby  generating  an  element  in  the  column  m  -  1  from 
its  three  closest  neighboring  elements  of  column  m.  Thus,  using  each  of  the 
Z,'. ,  L'  }  relations  one  may  obtain  every  element  of  the  D'^’  matrix  by  any  element 
on  its  perimeter.  In  particular,  using  only  the  relations  {  Z-;,  L  | .  one  may  generate 
every  element  of  from  the  element  d\‘j  =  a^' . 

As  will  be  shown  in  the  next  section,  the  symmetry  of  the  D'^'  matrix  requires 
also  that  the  following  relations  hold.  These  relations  are  images  of  the  i  L'-,  L', , 
L'  }  relations  under  the  symmetry  operation  of  simultaneously  reflecting  both  the 
matrix  D*''  and  the  matrix  D‘'\  each  about  its  main  diagonal. 


H.I  C  I  RdSl  \I  If  POT  I  N  1 1 Al 


197 


The  image  of  Eq.  ( 42 )  under  this  symmetr\  operation  is; 

(\o\HI  +  1  )  -  m'{m'  -  I  1  +  mi ■ 

+  ->i,v/(7  A  \  )~  ^  miyj:,.,-  (45) 

with 

«,')  =■  -u{  ~h*  ).  ii[,  =  (an*  (  h*  )h).  =  a*!’ 

This  relation -■'  does  for  the  rows  of  the  matrix  D“  '  w  hat  the  relation  given  in  Eq. 
(  42)  does  for  the  columns  of  D"'. 

The  image  of  Eqs.  (44)  under  this  symmetry  operation  is: 

«’.V7(/  +  1 )  -  m'(m'  -  1  ,  +  ii'.  m'ly, ■ 

+  y',  V/(/  +  1 )  --  m‘(ni'  +  1  VVl/  +  1  )  --  »Hm  ±  I  )  D'J.'.  ^  (46) 

with 

o',  =  -  ~2ah,  y'.  -  —h- 

a’  -  -(-/)*  )-.  iV .  =  2r/*(  -/>*).  ■)'  {u*  )' 

These  relations  do  for  the  rows  of  the  matrix  D*''  what  the  relations  given  in  Eqs. 
(44)  do  for  the  columns  of  the  matrix  D"'. 


The  Retationship  nl  Column  m  ~  0  of  D"’  (T/7//  the  Spherical  Harmonies 
The  so-called  "addition  theorem"  for  spherical  harmonics  may  be  written  [  1 5, 14]; 

47r  ' 

^/icos7)  =  :^  S  >7,,„(«.  sc)()7.„,(fl'.  vr'))*  (47) 

where  7  is  the  angle  between  a  vector  from  the  origin,  pointing  toward  (//.  y?)  and 
a  vector,  from  the  origin,  pointing  toward  (O',  ip).  Now.  for  any  p". 


4n’ 

P/{cos  7)  =  'f") 

and 


>7.o(  y^'p")  =  R(  o.  (T  7  )  17.()(  V? )  ( 48 ) 

where  the  Euler  angles  («.  d.  7)  are  such  as  to  define  a  rotation  R(a.  ji,  7)  that 
will  carry  the  original  r-axis  into  the  direction  of  ( O'.  <p‘).  This  may  be  accomplished 
by  choosing  «  =  p.  0  ■-  O'.  7  arbitrary.  Thus,  we  may  now  rewrite  the  “addition 
theorem" 


A  reduction  oC  (  q.  ( d.': ;  for  a  rolalion  about  (he  r-a.\is  is  given  as  Pq.  ( 3  X4  )  of  Ref'  1 6 
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R(a.  fi.  -y  ‘f)  ■  Vi. „,(>>■  V?) 


47r 

Yrv] 


(49) 


Since  the  coefficient  of  J if)  in  this  equation  is,  b>  dctiniiion,  9.  i  ) 

we  have  [13] 


4ir 


i(  tit,  ■> )  -  3T"'T  I  ^  •  "'*  *’•  "  *  1 

2/  -t  1 


Also,  since  [15] 


then  [17] 


,  VC/)!  ,,  2/  f  1 


47: 


(sm 


<»,  ii,  Y )  =  ( --  I )'  ( sin  ii  Vc 


but,  from  Eq.  ( 3 1 ): 


c  sin  d  -  -2(ih 


{ 50 ) 


(5!  ) 


(52) 


(53) 


so 


/> 


lit 

/.O  “ 


V?2/)' 

(7!) 


(tt-'>)‘' 


(.54) 


This  is  the  same  result  as  is  obtainable  from  stepping  down  /it-wisc  [using  [;q.  ( 44 )  ] 
from  which  is  the  D'/]  value  obtained  [17]  from  a  ^  which 

the  m  =  /  function  is  (Cf)-',  where  v.  is  the  Pauli  spinor  i\.  Thi  c;  s'arung  [15] 
with  T/.o(0,  <p)  =  .■l/f';(cos  (I).  with  .1,-3  positive  no’-m,i7,.aiion  constant,  and  gen¬ 
erating  the  rest  of  the  spherical  harmonics  via  ih;  uci  )n  of  the  Condon  and  Shortley 
L*  operators  upon  }'/.o.  establishes, ''  via  the  connection  of  Di,,  ,,  to  [as  given 
in  Eq.  ( 50)].  exactly  the  same  irreducible  represcntai.'/n  cnx  a  .  is  ‘stained  from 
our  recursion  procedure  based  upon  Eqs.  (42)  and  (44)-(46)  (or  the  traditional 
SU(2)-based  procedure  [16.17]),  starting  from  /))/'  =  Our  recursion  procedure 
is  capable  of  generating  D*''  matrices  for  all  y-valucs  (including  the  half-integral 
ones).  Recognizing  the  proportionality  [Eq.  (.‘'0)]  between  /7, d.  y  )  and 
{  a})*,  we  may  use  the  L'.  relation  [as expressed  in  Eqs.  (39a).  (4()b),  (41  ). 

and  (42)]  to  derive  the  following  recursion  relation  for  spherical  harmonics’'’: 


rompletion  of  the  O  '’  matrix  from  this  starting  point  mas  proceed  by  using  this  column  ni  1) 
of  D'”  and  the  re  ursion  relations  (given  in  Eqs.  (44)],  to  obtain  the  adjacent  columns,  then  iterating 
with  these  relations  to  generate  the  remaining  columns  of  the  matrix.  T  his  requires  a  knowledge  of  the 
coefficients  (a,  if,,  y, )  -which  are  directly  obtainable  from  either  the  matnx  D'  or  the  primitive  set  2) 
matrix.  For  corisistcncy,  ail  elements  of  D'  and  D'  should  here  be  represented  in  terms  of  the  liulcr 
angles  (a.  0.  y)  with  a-if.0  ~  D.  [  Note  that  the  m  -  0  column  of  l>'(  o,  d,  ■>  )  docs  not  depend  upon 
the  Euler  angle  y.] 

“  With  care,  this  re’.ation  is  also  derivable  from  some  well-known  properties  and  recursion  relations 
[19,  using  Eq,  (8,.VI  )  in  Eqs.  (8.5.1  ).  (f  .5.2).  and  (8.5.4))  on  the  |  /Ttcos  i>)',  .  Nevertheless,  a  search 
of  the  available  literature  failed  to  reveal  any  citing  of  this  relation  [  Eq.  ( 55 )  j . 
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1M9 


. . 

W(/  t  i )  imiii  I ) 

X[2»;cot^V  'X  yr)  t  V7(/  t  1)  nnin  t  Mi'  yr  >  I 


One  may  generate  the  entire  set  of  spherical  harmonies  h\  stepping  do\\n  /;/-vvise 
from 

,V(2/)!  2/  +  !  , 

(  >  )  )„•  /  =  > ».  yc )  -  (  I  )'  -r-  '-  -  ^  ( ,,,n  fi  I  s(, , 

_  (  /' )  4?: 

using  this  relation.’  Because  I  q.  (55)  does  not  involve  ditl'erentiatimi. it  is  es¬ 
pecially  vsell  adapted  to  gei. crating  numerical'  values  (at  fixed  0  and  yr)  for  all  of 
the  spherical  harmonics  belonging  to  the  same  /-xalue. 


Symmetry  Properties  of  the  Irreducible  Representation  Matrices  of  the  l  ull 
Rotation  Cilroup,  s{)(3).  and  of  the  Special  I  nitary  Croup,  st  (  2 ) 

Because  the  spherical  harmonics  1  >  /.,„(d.  <0  |  are  expressible  solely  in  term-  of 
the  factors  |  cos  d.  sin  d.  o'  ",  e  "'j .  and  cannot  involve  irreducible  factors  such  as 
I  I'..  :>  <;os  (d/2 ).  sin  ( d/-).  t'  c  ,  the  elements  of  column 

f>i  -  0  of  D' ■'  ( which  are  expressible  in  terms  of  the  )'(,„(  d.  o ) )  are  invariant  to 
the  transformation  ( a  «=»  h )(  -h*  ^  a* ).  such  as  is  induced  b\  reflecting  the  prim- 

a  h 

_-/>♦  a* 

metrv ’''of  the  operators  and  /.'  ,  which,  via  l:q.  (44).  generate  the  nt  >  0  and 
ni  <  0  columns,  respectively,  of  from  the  fu  -  0  column.  '"  show  that  the 
clement  D'J,[  (the  image,  under  reflection  about  the  vertical  midlinc.  of  the 
element  /7|, may  be  obtained  from  the  element  by  the  transformation 

(a  <=»  /’)(  -h*  <=>  Cl*  )  of  the  primitive  elements  ;  </.  />,  -  />*,  a*  1  appearing  in  the 
expression  for  the  clement  D', This  shows  that  the  matrix  elements  of  D"'(  R). 
related  to  each  other  by  reflection  about  the  vertical  midlinc.  display  the  same 


itive  St  (2)  matrix  D  '’(/^) 


about  its  vertical  midlinc.  The  svm- 


'  Aniilylital  pertormance  of  this  priKcdurc  is  always  passible.  However,  in  the  above  lorm.  it  may 
have  numerieal  dilfieulties  ( i.e  .  it  may  lack  suttieienl  preelsionl  when  sin  H  is  w  y  liny.  (Ol  eourse.  we 
should  expect  ihis.  because  when  sin  H  is  Iruly  /ent.  all  ol'lhe  >,■„  except  }/n  are  exactly  rero  I  t  o  avoid 
this  problem,  it  may  be  preferable  to  rewrite  tig  l.s.S)  directly  in  terms  of  /’;  (cos  /(|  ? 
(£/"’/(/( cos  (()'”)/’(eos  II)  (  sin  «)  '"/'f’lcos  «1.  which  are  numerically  more  stable  than  the 
:  II.  If  >  near  sin  D  0. 

I.  nlike  the  standard  procedure  tor  geneiating  the  through  the  action  of  the  linear  diHeretitial 
[  Ih.  I  .t.  1 7  ]  operalor /.  . 

''  t  o  show  this  symmetry,  it  is  approoriate  to  insert  the  laclor  I  in  the  form  ( i;)(  w*  )  ( />!(  b*  I  on 

the  right-hand  side  of  I'qs,  (44). 

This  sy  mmetry  may  be  also  seen  by  starting  with  the  »'  r/ columns  and.  symmelrically,  stepping 
toward  the  center  column  from  these  (after  first  examining  ihe  symmetrical  relalionship  of  the  generation 
of  the /n  /  column  from  /tj/'  <;*' and  them  /  column  from  />'/’,  using  lig.  (42)]  and 

observing  that  this  generation  procedure  ascribes  Ihe  proper  vertical  rctloclion  interchange  symmetries 
to  the  elements  of  these  columns. 
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TaBI-K  I.  The  irreducible  reprcsenLition  mainx.  ly’'.  oT  the  full  rotation  group.  six  O.  exprexscd  in 


terms  of  the  elements  |ii. 

/>.  />*.  u*;  o‘ 

the  prim  line 

St  (2 

matrix 

m  2 

m  -  1 

nt 

<1 

ni  ! 

: 

m  : 

'H  =  1 

'tj  N  -  h*\ 

*  bt 

Mlj 

/r-'i/n 

'■•l  •  lcW*t 

2f''u* 

m'  0 

--/i* 

*  h*)h\ 

[UJ* 

w'  •  1 

:a(  ■  />•>' 

if'  " 

(j*r< 

.»«  "  2 

( 

tM  A’lxa'i’ 

Ul*\* 

interchanges  of  the  elements  Ir;.  />.  -/>*,  a*  |  as  are  obtained  by  reilecting  the 


primitive  sr( 2 )  matrix  D'  -’{ /? ) 


-/>*, 

(t*  i 

a 

h  ■ 

-h* 

a* 

about  its  vertical  midline.’ 


,  <1 


Also,  because  of  the  homomorphism  between  the  irreducible  representation  ma¬ 
trices  {  D^'\R)}  and  the  rotation  operators  1  R  [.together  with  the  homomorphism 


between  the  rotation  operators  and  the  primitive  SU(2)  matrices 
and  the  fact  that  all  of  these  entities  are  unitary,  we  have  the  following'' 


a 

^2 


D''>|  R 


a 

-h* 


jmjn' 


-h*) 

*  i 


Thus,  is  obtained  from  by  the  interchange  (/t  « 

in  the  expression  for  ,/«  in  terms  of  the  parameters  [  a.  h.  -h”.  a 

This  shows  that  the  matrix  elements  of  related  to  each  other  by  reflection 

about  the  main  diagonal,  display  the  same  interchanges  of  the  elements 


{a 


h.  -b* 


a*}  as  are  obtained  by  reflecting  the  primitive  SLJ(2)  matrix 


-h* 


about  its  main  diagonal. 


Here,  the  elements  Ui.h.  -b*.  a*  }  must  be  treated  as  being  totally  independent,  since  thi.s  symmetry 
property  is  lost  when  the  algebraic  expressions  for  the  elements  of  the  D"'  matrix  arc  reduced  1 1.1.16,1 1 1. 
such  as  by  expressing  I  a.  b.  -h”.  a*  [  in  terms  of  the  Euler  angles  (tr.  d,  y)  and  then  algebraically 
reducing  these  expressions  using  the  trigonometnc  identities. 

’’  Here,  (D"'(1?(s))]„-  „,  denotes  the  im'.  m)  element  of  the  irreducible  representation  matrix  D''* 
for  that  operator  R  whose  primitive  su(2)  matrix  is  [s|.  Also,  R  '(s)  is  the  inverse  of  the  operator  Rfs). 
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:oi 

By  combining  the  reflection  about  the  vertical  midlinc  with  the  reflection  about 
the  main  diagonal,  we  can  show  that  " 


a*  I 


(reflection  about  vertical  midline  1 


( reflection  about  main  diagonal ) 


a 

-h* 


( reflection  about  horizontal  midline ) 


D 


1/1 


. I 


( reflection  about  cross  diagonal ) 


These  symmetries  are  illustrated  by  the  matrix  D"’  shown  in  Etj.  (36)  and  the 
matrix  D'-'  shown  in  Table  I.  Using  these  symmetries,  we  can  reduce  the  number 
of  matrix  elements  that  need  to  be  explicitly  calculated  to  a  fraction  only  modestly 
greater  than  ^  of  the  total  number  of  elements  in  the  matrix  The 

( i.'..  .  L‘  )  rotations  given  above,  together  with  the  above  symmetry  properties, 

are  equally  valid  for  (i’.,  J'. .  J'  )  (with  the  substitution  of/  for  /),  and  half-integral 
values  of/.  Thus,  this  procedure  also  generates  the  irreducible  representation  ma¬ 
trices  D'  'H  R).  for  all  values  of  /.  for  the  special  unitary  group  SU(  2). 

Although  not  widely  known,  these  symmetries  have  also  been  observed  by  certain 
other  authors  [  16,58].  Whereas  in  Ref.  58  these  symmetries  are  described  in  their 
Euler  angle  representation,  in  Ref  16  they  are  described  by  means  of  an  analysis 
of  the  range  of  the  index  A  in  the  traditional  representation  of  the  elements  of  the 
matrix  D"',  namely  [16,13.17]: 


D"'  R 


a 

-h* 
X  V 


J,.,. 


--  V{./  4  J  -  /  +  ///):(  /  -  m)'. 


)'  "'**(  -6*  )* 


( /  4  m  -  A)!(  /  -  /?/'  —  A)!{m'  -  m  +  A)!A! 


(58) 


These  authors  have  used  these  symmetries  to  display  some  otherwise-hidden  sym¬ 
metries  of  the  W'igner  symbols  [16.26].  We  believe  that  these  symmetries  are  at 
least  equally  transparent  in  our  approach.  We  also  believe  that  the  recursion  relations 
given  in  Eqs.  (42)  and  (44) -(46)  offer  some  distinct  advantages  [over  the  explicit 
expression  of  Eq.  (  58)]  for  obtaining  complete  columns  (or  complete  rows)  of  a 
D  matrix  either  in  parametric^'*  form  (as  functions  of  ] «.  h.  ~h*,  a*  }  or  the 


”  .As  a  sliorthand.  wc  arc  omitting  the  intermediate  “functkin.''  R.  and  writing  D''’{  /?(s))  simply  as 
D'''(s). 

’■*  For  parametric  calculations,  it  seems  best  to  multiply  the  right-hand  sides  of  Fqs.  ( 42 )  and  ( 44  )- 
( 46)  by  unity,  in  the  form  ( aa*  h{  />*)).  to  bring  all  coetficients  to  the  same  degree  in  the  parameters 
\  a.  h,  6*.  (/*  ! . 
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parameters  that  define  them)  or  in  numerical  form.  F  or  parametric  calculations, 
both  procedures  are  enhanced  by  the  use  ofa  symbolic  manipulation  program  such 
as  Marhanaticu  (25],  and  both  benefit  by  the  use  of  the  symmetry  properties 
discussed  above.  However,  the  recursion  relations  produce  the  more  efficient  al¬ 
gorithm.  This  is  especially  true  for  large  values  of;,  where  often  several  A-values 
are  needed  and  the  evaluation  and  processing  of  the  factorials  can  become  a  burden. 
For  numerical  calculations,  it  is  very  easy  to  construct,  from  the  recursion  relations, 
efficient  algorithms  that  arc  also  optimally  numerically  accurate.  Whereas  numerical 
calculations  using  the  explicit  expression  of  Eq.  ( 58 )  may  be  organized  to  be  accurate 
and  moderately  efficient,  numerical  algorithms  based  upon  the  recursion  relations 
presented  here  have  a  distinct  computational  advantage.'' 

Conclusions 

In  this  work,  we  described  some  concepts  which  should  prove  to  be  relevant  to 
algorithms  for  the  efficient  calculation  of  molecular  electrostatic  potentials  and 
their  associated  intermolecular  forces  and  interaction  energies.  Our  approach  is 
very  similar,  in  spirit,  to  that  ofSrebrenik,  et  al.  [42].  in  that  we  find  an  expression 
for  the  solution  to  Poisson’s  equation  for  the  region  outside  of  the  charge  distribution, 
using,  as  input,  the  density  matrix  over  the  orbital  basis.  We  explicitly  emphasized 
the  representation  in  terms  of  point  charges  and  point  multipoles  whose  potentials 
are  expressed  as  “solid  spherical  harmonics"  specified  cither  in  terms  of  their  mutual 
orientation  or  in  terms  of  each  of  their  arbitrary  orientations  with  respect  to  a 
laboratory  frame.’^  The  mathematical  foundations  for  a  complete  quantum  me¬ 
chanical  description  of  a  molecule  whose  atomic  orbitals  have  their  orientations 
described  in  this  manner  have  been  given  earlier  by  Harris  (11).  Whereas  the  specifics 
of  our  results  are  expressed  from  this  perspective,  the  general  methodology  is  hope¬ 
fully  also  relevant  to  the  description  based  upon  a  global  Cartesian  coordinate 
system,  with  Cartesian  Gaussian  orbitals  centered  on  each  of  the  atoms  of  the 
complete  system,  as  the  reference  basis  (57,56..1 1 J.  Using  the  source  charge  densities 
for  the  Cartesian  point  multipole  potentials,  many  of  the  two-electron  integrals  of 
the  Coulomb  interaction  may  be  simply  calculated  as  point-multipole  interactions 
[  57  ] .  For  the  interactions  of  two  separate  molecules,  each  in  its  separate  Cartesian 
coordinate  system  [57.56,.'?  I  ],  some  of  the  methods  described  here  for  dealing  with 
multipoles  of  arbitrary  mutual  orientation  may  also  be  useful. 

Our  expressions  for  the  multipole  interaction  energy  rest  upon  a  knowledge  of 
the  source  charge  densities  of  the  "solid  .spherical  harmonic"  multipole  potentials; 
and  their  effective  implementation  requires  either  a  "parallel  axis"  orientation  of 
the  potentials,  or  an  efficient  way  of  calculating  the  matrices  of  the  irreducible 


’'The  authors  of  Ref.  16  present,  as  their  Lq.  (.1.84),  a  verv  restricted  version  of  our  Fiq.  (45),  and 
state  that  it  has  .  .  been  found  to  be  particularly  useful  in  numerical  calculations  I 'sed  together, 
our  set  of  six  such  relations  [Lqs.  ( 42 )  and  (44)-(  46))  should  be  even  more  clfective. 

**  Such  a  parameteri/ation  is  especially  relevant  to  a  "ngKl  molecule  "  [  52  ]  representation  of  molecular 
dynamics,  in  which  the  eleclroslalic  interactions  can  play  a  very  important  role  and  lead  to  the  timc- 
dependent  mutual  orientations  of  the  interacting  molecules. 
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representations  (ot  the  full  rotation  group)  “earned  h>“  tlie  spheneal  harmonies. 
Such  an  etlicient  algorithm  can  be  based  upon  the  recursion  relations  (among  the 
elements  of  these  matrices )  presented  here,  vshich  ma\  be  implemented  to  generate 
the  reduced  algebraic  Idrniulas  tor  these  elements,  or  to  \er>  elhcientb  calculate 
their  numerical  \alues.  Irom  the  formula  or  numerical  \aluc  of  onK  one  element 
on  the  perimeter  of  the  matri.v. 

Our  procedure  for  representing  the  electrostatic  potential  of  a  molecule  in  terms 
of  point  multipoles  on  each  ofthe  atoms  and  line  multipoles  on  each  of  the  “bond" 
axes  is  uniqueK  determined  bs  the  representation  of  the  electronic  charge  densits 
matrix  in  terms  of  its  basis  of  atomie  orbitals,  \siih  orbitals  on  each  atom.  One 
weakness  of  this  procedure  is  the  dependence  ofthe  \  abacs  ofthe  atomic  point 
multipoles  and  “bond"  line  multipoles  on  the  partitioning  of  this  orbital  basis 
among  the  various  atoms  ofthe  molecule.  .An  extreme  of  this  dependence  ma>  be 
illustrated  by  a  one-center  orbital  expansion  ( w  hich.  although  grossK  melficient.  is 
possible),  which  would  yield  a  point  multipole  expansion  ofthe  electrostatic  potential 
ofthe  molecule  about  that  center.  Such  a  point  niultipole  expansion  would  be  valid 
only  outside  of  a  sphere  that  would  “enclose"  the  charge  distribution  ofthe  entire 
molecule,  and  it  would  serve  only  a  very  small  fraction  of  our  needs,  fortunately . 
experienced  quantum  chemists  have  learned  how  to  optimally  partition  the  atomic 
orbital  basis  of  a  molecule  among  the  various  atoms,  and  it  is  their  work  which 
gives  stability  to  our  calculated  values  for  the  atomic  point  multipoles  and  bond 
line  multipoles  and  contributes  greatly  to  the  integrity  of  our  method. 
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Abstract 

We  extend  the  validity  of  the  virial  theorem  for  complex  scaling  to  the  case  in  which  a  molecule  is 
partitioned  in  ditfereni  regions  fulfilling  certain  prescribed  conditions.  There  is  a  parallelism  between 
our  results  for  complex  scaling  and  thisse  of  the  literature  for  real  scaling.  Therefore,  we  extend  regional 
virial  relations  useful  to  the  treatment  of  bound  slates  to  the  case  of  melastable  stales.  «  John  Wilcv 
&  Sons,  Inc. 

Introduction 

If  the  electronic  density  of  a  molecule  in  a  stationary  state  is  partitioned  in  several 
regions  separated  by  "zero  one-particle  density  flux”  surfaces,  the  virial-type  relations 
are  found  to  be  valid  in  each  of  these  regions  with  a  high  degree  of  approximation 
[1.2],  On  the  other  hand,  the  use  of  real-scaled  molecular  coodinates  with  fixed 
nuclei,  produces  a  formally  different  variational  condition  for  these  relations  [3]. 
The  importance  of  this  difference  has  been  discussed  recently  using  a  very  simple 
model  wave  function  for  homonuclear  and  heteronuclear  diatomic  molecules  with 
fixed  nuclei  [4], 

Moreover,  using  a  real  scaling  technique,  a  general  condition  fulfilled  by  the 
regional  virial  relations  for  a  molecule  in  a  stationary  state  with  nuclei  quantum 
mechanically  described,  has  been  found  151-  Here  we  extend  these  results  to  the 
case  of  a  molecule  in  a  metastablc  state  [6-8]. 

According  to  our  results  we  can  classify  the  molecular  virial-type  relation  in  the 
following  way:  there  is  a  first  type  that  we  may  call  global,  which  is  obtained  when 
all  the  coordinates,  quantum  mechanically  described,  are  multiplied  by  a  real  scaling 
factor  and  the  physical  space  of  the  molecule  is  not  partitioned  [  9- 1 2 1 .  These  virial 
relations  are  the  more  usual  ones,  and  have  been  of  great  utility  in  the  description 
of  the  global  properties  of  molecules  in  stationary  states  [13],  A  second  type  is 
obtained  in  the  same  way  as  in  the  preceding  case,  except  that  now.  the  scaling 
factor  is  complex  instead  of  real  [14-16],  This  type  has  also  proved  of  great  utility 
in  the  calculation  of  resonances  in  molecular  systems  [16-18],  Recently,  a  third 
type  has  been  obtained  using  a  scaling  procedure  in  which  only  some  of  the  co- 
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ordinates,  quantum  mechanically  described,  are  modified  by  a  scaling  factor:  real 
for  the  description  of  stationary  states  [19],  and  complex  for  metastablc  states  [  20  ] . 
In  these  two  cases,  a  restricted  number  of  the  system  variables  is  included  in  the 
virial-type  relations  obtained,  yielding  more  detailed  information  about  the  relation 
between  kinetic  and  potential  energies  of  the  particles  than  that  provided  by  the 
global  virial  relations  [19,20].  In  contrast  with  these  two  cases,  in  the  present  study, 
we  consider  the  physical  space  of  the  molecule  partitioned,  while  complex  scaling 
factors  modify  all  the  coordinates  of  the  system  that  are  quantum  mechanically 
described. 

Complex  Regional  Virial  Relations 
Let  us  consider  a  molecule  described  by  the  Schrodinger  equation: 

=  L'(»7)I '!'{>?)>  (I) 

where  H{r})  is  the  resulting  Hamiltonian,  after  all  coordinates  had  been  modified 
by  the  complex  factor  jj  =  e'“ .  Assume  that  (r;  =  1 ))  describes  a  metastable 
state  of  the  molecule  such  that  for  angles  0s  fulfilling  0'  <  0  <  vr/2.  where  0  < 
0'  <1  jr/2.  the  ket  i '!'( t?)>  becomes  normalizable  (for  an  introductory'  view  of  the 
complex  scaling  method,  see.  for  instance.  Ref.  21 ).  Assuming  that  //(»?=  1 )  is 
real,  the  extremum  principle  can  be  written  under  the  form  [14]: 


(2) 


and  we  have  the  equalities  H*(  rj)  =  ).  L'*(  77)  =  E{rj* ),  and  rj)  -  ), 

where  //(  j?)  is.  in  general,  non-self-adjoint,  and,  £(??)  may  be  complex  (for  a  study 
on  the  change  of  spectra  associated  with  complex  scaling  transformation  see  Refs. 
21  and  22). 

Let  us  now  define  the  quantity 


<>I>(,;*)|//(T;)|>k(.?))^, 

<'I'(n*)l'I'(77)>«, 


(3) 


where  the  subscript.  R,,  in  the  right-hand  side  of  Eq,  ( 3 )  means  that  the  coordinates 
of  the  particle  i  are  integrated  only  in  the  region  R,. 

The  restricted  region,  R,,  may  be  associated  to  either  an  electron  or  a  nucleus  in 
the  case  that  both  kinds  of  particles  are  quantum  mechanically  described.  On  the 
other  hand,  when  the  nuclei  are  considered  to  occupy  successive  fixed  positions, 
the  region  R,  can  be  associated  to  electrons  only.  Here,  we  will  consider  the  case 
in  which  electrons  and  nuclei  are  quantum  mechanically  described.  In  general,  the 
region.  R, ,  depends  on  the  scaling  parameter  77.  Taking  into  account  this  dependence, 
and  the  fact  that  in  the  present  problem  the  Hamiltonian  also  depends  on  77,  we 
have 


VIRIAL  RELATIONS 


209 


dE'^' 

On 


dn 


dr) 


Mv) 


('i'(r,*)l^(r,)%,  (4) 


where  S,{n),  appearing  in  the  last  term  of  Eq.  (4),  is  the  surface  surrounding  the 
region.  R,(n).  Now,  from  Eqs.  (1)  and  (3),  one  immediately  finds  £(n)  = 
Ef(ri),  which  implies  that  the  first  and  the  last  terms  in  Eq.  (4)  equal  zero.  On 
the  other  hand,  the  third  term  in  Eq.  (4)  yields; 


<'l^(n*)|a///0nl>t^(n)V 

<'I'(n*)|^(n)>. 


--(27'''-(n)+  !■«■(;,)) 

n 


(5) 


where  ^^(n)  and  Kf(n)  are,  respectively,  the  mean  kinetic  and  potential  energies 
which  contribute  to  the  energy,  £f  ( n ).  according  to  Eq.  ( 3 ) .  Therefore,  from  Eqs. 
(4)  and  (5),  and  the  condition  of  stationarity  of  the  energy,  Ef,  with  respect  to 
the  scaling  parameter,  tj,  one  obtains 


2r'’‘(n)+  Vir,) 

Thus, 


t;  nv*)\Ii  -  E‘^‘[ 


0^<t))\ 
^’1  /«, 


< I 'T( 


(6) 


=0  (7) 

will  be  the  condition  for  the  complex  regional  virial  relation 

2r«‘(T,)  = (8) 

Equation  (7)  reduces  to  the  condition  of  the  real  scaling  case  in  the  limit  t)  -*  1 
{5].  Even  in  this  situation,  Eq.  (7)  is  not  an  identity  for  any  /?.,  but  a  relation  only 
fulfilled  by  certain  regions,  because  of  the  non-Hermitian  character  of//,  which 
arises  from  the  fact  that  for  the  particule,  i.  the  space  of  integration  is  truncated 
(5 ).  Another  source  of  non-Hermiticity  arises  in  our  case  of  complex  scaling  from 
the  fact  that  the  Hamiltonian,  //(jj),  is  itself  a  non-self*adjoint  operator  when  0  < 
0  <  ir/2. 

■^iie  condition  for  the  boundary  of  the  region,  /?.,  given  in  Eq.  (7),  has  to  have 
the  same  form  as  the  condition  for  approximate  wave  functions  in  order  to  be 
compatible  with  the  regional  virial  relations  associated  to  real  scaling  [3].  This 
condition  has  been  derived  in  Ref.  3  for  the  fixed  nuclei  case  and,  by  following  the 
same  steps  detailed  in  Ref.  5,  it  can  be  generalized  to  the  case  in  which  the  nuclei 
are  quantum  mechanically  described.  In  both  the  case  of  virial  relations  for  ap¬ 
proximate  wave  functions  [3],  and  our  case,  the  energy  may  be  complex. 
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Moreover,  adding  a  term  equal  to  zero  to  Hq.  (  7 ).  we  obtain 

'}'(»,*)  I  //  -  I  I  //  ..  I  ^ ) 

I K.  \  ^7 

which  can  be  interpreted  as  a  Hurley-type  condition  [  1 3.22]  I'or  the  t'ulfillmenl  of 
a  Hellmann-Freynman  type  relation,  which  will  follow  from  Eqs.  (4)  and  (4): 


dr) 


=  (  '!'(>?* ) 


an 


Sj) 


{  10) 


Similar  to  the  case  of  real  scaling  [3].  we  can  also  write  the  complex  scaling 
relations  in  the  form  given  in  Eqs.  { 3)-(  8 ).  but  now  for  approximate  wave  functions. 
Given  an  approximate  wave  function,  the  condition.  dK'^  jdr)  =  0.  will  determine 
an  optimal  value,  r;,,.  for  rj.  Then,  a  relation  of  the  same  form  as  Eiq.  (9)  for  tj  == 
J?o,  i.e.. 


dr) 


dr) 


--=0  (11) 


will  determine  the  region.  /?,  =  R'’.  for  which  the  virial  relation.  2  /  ,''"(»7(i)  - 
-  1'  f'"!  f?ii).  holds,  according  to  Eqs.  (5).  ( 10).  and  01)  and  the  stalionarity  con¬ 
dition,  dF^  fdr)  -  0. 


Conclusions 

Experiinentally,  it  is  found  that  ionization  or  dissociation  processes  in  a  relatively 
large  molecule  can  be  frequently  interpreted  as  occurring  locally,  in  a  small  part  of 
a  molecule.  The  region,  R,,  determined  by  Eq.  ( 1 1  ).  is  a  precise  criterion  to  select 
such  localized  regions  where  the  process,  responsible  for  the  nonbonding  character 
of  the  molecular  state,  actually  occurs.  For  instance  the  method  of  the  (^-trajectory 
of  the  complex  energy  [21],  which  is  based  in  the  virial  theorem,  could  be  applied 
to  the  fragment  of  the  molecule  enclosed  by  a  region,  /?,,  fulfilling  Eq.  (11). 

Given  an  approximate  wave  function  fora  bound  state,  it  is  well  known  that  the 
global  virial  relations  associated  to  real  scalings  hold,  independently  of  the  quality 
of  the  wave  function  considered,  provided  that  this  wave  function  is  optimized 
variationally  with  respect  to  the  real  scaling  parameter  [12|.  This  property  implies 
that  the  fulfillment  of  virial  relations  cannot  be  invoked  as  a  criterion  to  test  the 
quality  of  a  given  wave  function  [12]. 

When  one  introduces  the  partition  of  the  physical  space,  the  fulfillment  of  regional 
virial  relations  requires  both  the  stationarity  of  with  respect  to  t)  and  that  the 
partition  of  the  physical  space  be  such  that  Eq.  ( 1 1 )  holds.  Thus,  in  this  case, 
although  the  stationarity  of  with  respect  to  r)  can  be  obtained  for  a  low-quality 
wave  function,  the  corresponding  partition  of  the  physical  space  induced  by  Eq. 
(11)  may  be  a  criterion  for  the  quality  of  the  approximate  wave  function  used. 
This  argument  applies  to  both  real  regional  virial  relations  [  3.5  ]  and  to  the  complex 
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regional  viria!  relations  considered  here.  For  instance,  a  partition  incompatible  with 
the  symmctrs  or  other  well-know  n  structural  features  of  the  molecule  will  serve  as 
a  criterion  to  discard  a  given  approximate  wave  function. 
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Calculating  Atomic  and  Molecular  Properties  Using 
Variational  Monte  Carlo  Methods 
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Abstract 

Wc  compute  a  number  of  propenics  for  the  I 'S.  2  'S.  and  Z  'S  states  of  helium  as  ssell  as  the  ground 
states  of  H:  and  M  f  using  Vanaiionai  Monte  C  arlo.  I'hcse  are  in  good  agreenienl  sulh  pres  lous  calculations 
( where  available).  Electric-response  constants  for  the  ground  states  of  helium.  H- and  HI  are  computed 
as  derivatives  of  the  total  energy.  T  he  method  used  to  calculate  these  uuantiiies  is  discussed  in  detail, 
1.  1942  John  Wiley  &  Sons.  Inc. 

Introduction 

Variational  Monte  ,'arlo  is  a  method  of  computing  the  expectation  value  of  an 
operator  (such  as  th  ■,  Hamiltonian)  and  a  trial  wavefunction.  '1',,  using  Monte 
Carlo  integration  [1-14],  Typically  the  adjustable  parameters  in  'E,  are  chosen  so 
as  to  minimize  some  combination  of  the  total  energy  and  its  variance.  In  Ref  ( 14  ] 
we  computed  a  number  of  Hylleraas-type  wavefunctions  by  minimizing  the  vanance 
functional 

.7=  =  2  [(//'I',  -  ('!'?/«, ]1‘  (1) 

where  'I',  =  and  where 

//  =  -  i  Z  Vf, -  y  ^  +  V  1  +  V  ^  (2) 

-  a  at  „</,  i'lih  fi  I’m 

is  the  molecular  Hamiltonian  (A./i  denote  nuclei;  a.h  denote  electrons).  Unless 
otherwise  indicated,  all  values  in  this  article  are  given  in  atomic  units.  In  Eq.  (  1  ) 
the  weight  function,  >v,  =  vt  (x,),  is  the  relative  probability  of  choo.sing  the  /th 
configuration,  x,,  and  exactly  compensates  for  not  having  chosen  it  randomly.  The 
constant  h',„  is  fixed  at  a  value  close  to  the  desired  slate  in  order  to  start  the  opti- 

*  .'Xlso  at  Institute  for  .Xstrophysies  and  Planetary  E.vpioration.  One  Progress  Blvd.,  Box  13.  Alachua, 
n,  12615. 

’  Also  at  Cuantum  fheorv  Project.  University  of  l-lorida.  fjainesville.  I'l.  1261 1 . 
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mi/aiion  in  the  proper  region.  With  these  uaveruneiit>ns  ac  \\ere  able  to  aceuraleK 
determine  the  total  energs 

/  / 

of  several  simple  systems.  Onee  a  trial  wavefunction  has  been  opiimi/ed.  however, 
a  number  of  properties  of  physical  interest  ean  he  eimipuled  using  exaetly  the  same 
techniques  which  were  developed  to  evaluate  the  total  energy.  In  fact,  the  expectation 
value 


I  /:i  (4'; /u,]  (4) 

and  vananco 

ff-,  -  1'  (i.i'l',  -  <.i;^.)’'i';/"7]y^|s  l'^r/'',]|  <?) 

of  simple  operators  (  .  ()  which  act  only  on  a  single,  previously-optimi/ed  wave- 
function  can  be  evaluated  at  the  same  time  as  the  total  energy  and  with  little  ad¬ 
ditional  cost.  Because  all  integrals  arc  done  numerically.  Variational  Monte  Carlo 
enables  relatively  complicated  expectation  values  to  be  evaluated  easily.  Unlike 
analy  tic  calculations,  explicitly  correlated  wavefunctions  present  no  more  of  a 
problem  than  traditional  wavefunction  forms.  When  the  Biased  Selection  Method 
[4-9.1 1.14]  is  used  to  compute  the  Monte  Carlo  integration  points,  the  value  and 
error  of  an  expectation  value  converges  independently  of  the  weight  function  for 
a  sufficiently  large  number  of  configurations.  There  is  no  time  step  bias.  Unlike 
Diffusion  .Monte  Carlo  [15-19).  Variational  Monte  Carlo  is  only  capable  of  cal¬ 
culating  properties  involving  the  Inal  wavefunction;  expectation  values  involving 
the  exact  wavefun 'lion  cannot  be  made,  in  practice,  however.  Diffusion  Monte 
Carlo  most  naturally  calculates  mixed  expectation  values  involving  both  the  exact 
and  the  trial  wavefunction. 

In  this  article  v  e  show  that  a  number  of  properties  can  be  accurately  computed 
using  Variational  Monte  Carlo  methods.  Besides  being  of  general  physical  interest, 
these  properties  provide  an  important  check  on  the  accuracy  of  the  Biased  Selection 
Method.  Because  our  trial  wavefunctions  were  computed  by  minimizing  the  de¬ 
viations  in  //'h/'h.  an  aev^.ate  value  for  the  expectation  value  of  the  Hamiltonian 
does  not  automatically  mean  that  other  properties  are  sampled  correctly  .  In  the 
next  section  we  consider  several  expectation  values  of  a  number  of  simple  atomic 
and  molecular  systems.  Both  ground  and  excited  states  are  examined.  The  third 
section  describes  our  calculations  of 'he  dipole  polarizability  and  the  second  dipole 
hyperpolari/abilities  for  the  ground  states  of  helium,  Hj,  and  H  > .  Since  electric- 
response  constants  arc  derivatives  of  the  total  energy,  their  evaluation  is  considered 
in  some  detail. 
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Simple  Properlies 
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The  Hylleraas-llkc  trial  wavet'unctions  uc  computed  in  Rcl.  jUj  lor  \aruHts 
states  of  the  helium  atom  have  the  Idrm 


-  (  1  ±  P, 


ch  ;  <■ 


iM 


where  Ti:  is  the  operator  which  interchanges  the  coordinates  ol  the  two  electrons 
( +  1  for  singlets.  -  1  tor  triplets);  a,  d.  and  (u  arc  the  parameters  to  he  optimized 
with  the  minimization  functional;  and  />*.  a.  and  </,  are  predelerminei.1  integer 
constants.  Tor  comparison  we  also  optimized  a  set  of  Inal  \sasefiineiions  based  mi 
Slater-type  geminals  ( see.  for  example.  Refs.  (20-22  ] ) 

'I',  ==  (  1  ± /’o)  I  ('t 

k 

The  predetermined  constants  hi.  and  <y  allow  ihe  wasefunetion  ii'  be  rlisiortcd  in 
the  r  direction;  a  flexibility  which  will  be  needed  in  the  fourth  section  to  stud> 
electric-response  properties. 

Table  I  shows  that  both  a  50-term  Hylleraas  expansion  and  a  set  of  Ss  Slater 
functions  ( hi.  -  ty  =  0)  produce  a  number  of  helium  ground  (  I'S )  stale  properties 


1  \HI  I  I,  Sdcelotl  properties  on  .1.11  1  m  ine  heluini  I  S  siale. 


Property 

llylleraas'' 

Slater'' 

1  Uor.iiurc' 

O'' 

U.Oll) 

(1  mi 

t; 

2.S0.f'l(l) 

2.903724(51 

p-  p\  T  pi 

5-X|S!(f>i 

5.S  1115(3) 

^  sn‘^44 

r  ^  r,  +  f; 

I.XSfili) 

I.X55X(5l 

1.SSS9446 

r  '  -  r, '  -  rd 

3  .1X1(4! 

3. 3X0(2) 

3.3'(9.3.''6 

r  ^  rj  *  r; 

2  t7S(2) 

2  375(1 1 

2 

p  *  r,  ‘  r:* 

12.02(41 

12.05(5) 

!2.n,34x 

'‘r 

I  41X5(9) 

1.41X9(5) 

1.422li'0 

r,:’ 

0  94X(1) 

O.sM^TOi) 

r;’; 

2.501(3) 

2..S04(  1 ) 

2  516439 

1,49(4) 

1.49(2) 

!,464'' 

v,.r. 

-0.157(2) 

0  |S7(|| 

0. 1590 

pi 

.S4(2) 

•yi 

54  nxxo: 

2  'Mr,),. 

3.631(4) 

3.621(2) 

3.620.S.34 

■''Mr,,). 

0.1070(2) 

0. 1066(  1 ) 

(! 

‘  f-valuated  esing  l.()24.()0()  contiguralions, 

''  Hvalualed  using  4,0%,(KK)  contiguralions. 

'  Reference  [2aj. 
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which  arc  in  good  agreement  with  the  literature  [ 20.23.24 ] .  A  tew  quantities,  how¬ 
ever,  differ  from  the  "exact"  results  by  several  standard  deviations.  I  he  Hyllcraas 
and  Slater  wavcfunctions  give  values  for  vxhich  are  (0.13  t  0.01  )'(  and 

(0.053  ±  0.vJ05)'«'  larger  than  the  exact  result.  This  behavior  is  consistent  with 
these  wavcfunctions  being  optimized  to  slightly  too  high  a  value  near  the  origin 
(where  r  1  /f).  It  also  indicates  that  wedo  not  exactly  sati.sty  the  virial  theorem. 
To  do  so  would  require  a  scale  change  in  the  expectation  values.  While  this  would 
correct  the  virial  theorem,  it  would  also  increase  the  statistical  error  in  the  cnergv . 
The  values  for  (r-)  and  yrj:)  are  about  0.5';  too  low  which  shows  that  the  trial 
wavcfunctions  drop  a  little  too  fast  at  large  r.  These  small  discrepancies  are  due  to 
the  fact  that  variance  minimization  does  not  completely  optimize  the  edge  of  any 
wavefunction  and  to  inadequacies  in  our  sampling  technique.  This  last  problem 
can  probably  be  corrected  by  minimizing  over  more  than  the  4000  conhgurations 
used  in  these  calculations  and  by  changing  the  form  of  the  guiding  function  so  as 
to  place  more  Monte  Carlo  integration  points  just  beyond  the  edge  of  the  wave- 
function. 

In  Ref  [16]  Caffarel  and  Claverie  computed  values  of /f  =  -2.9()4(  I )  and  (  r' )  ~ 
237(2 )  for  the  helium  ground  state  using  Diffusion  Monte  Carlo.  This  calculation 
was  performed  with  400  trajectories  and  40.000  time  steps  for  each  trajectorx  .  that 
is.  a  set  of  16  million  conhgurations  Since  the  statistical  error  in  each  property 
behaves  like  ty  /Va'  (where  .V  is  the  number  of  conhgurations).  c;  is  a  constant 
whose  value  depends  on  the  method  used  to  generate  each  configuration,  on  the 
method  used  to  estimate  the  property,  and  on  the  quality  of  the  trial  wavefunction 
( especially  in  the  case  of  the  total  energy ) .  This  error  per  conhguration  is  400  times 
smaller  in  our  energy  and  almost  80  times  smaller  in  our  evaluation  offr';.  Al¬ 
though  our  Variational  Monte  Carlo  results  converge  to  expectation  values  of  the 
trial  wavefunction  rather  than  the  exact  result.  Table  1  shows  that  for  this  system 
these  expectation  values  are  well  within  d  of  the  exact  result  and  can  be  calculated 
using  a  much  smaller  number  of  conhgurations. 

Table  11  shows  that  the  properties  of  the  triplet  ground  (2'S)  state  of  helium  are 
in  generally  good  agreement  with  the  literature  [21.24.35],  It  should  be  pointed 
out  that  the  34-term  Hylleraas  expansion  which  we  use  has  an  energy  limit  of 
-2.1752253  [14],  In  contrast,  the  set  of  8s  functions  which  constitutes  the  Slater 
wavefunction  produces  a  total  energy  which  is  much  closer  to  the  "exact”  result. 
Both  trial  wavcfunctions  have  an  error  per  configuration  for  the  total  energy  which 
is  over  three  times  better  than  that  of  the  singlet  ground  state.  This  is  because  the 
antisymmetry  of  the  (2  'S)  state  makes  the  wavefunction  small  when  is  small. 
Like  the  calculations  in  Table  1.  a  few  expectation  values  differ  from  the  results  in 
the  literature  by  several  standard  deviations.  The  quantity  (/’■)  differs  by  (0.08  ± 
0.01 )%  when  computed  with  the  Hylleraas  wavefunction  and  by  ( -0. 1 1  ±  0.01  >'^7 
when  computed  with  the  Slater  wavefunction.  The  results  for  (  r  )  show  a  similar 
behavior;  differences  of  ( -0. 1 7  ±  0.01 )%  and  (0.10  ±  0.02  )'7  ,  respectively. 

Unlike  the  wavcfunctions  used  in  Tables  I  and  11,  the  trial  wavcfunctions  for  the 
first  excited  singlet  (2'S)  state  of  helium  were  not  optimized  in  an  explicitly  vari¬ 
ational  manner.  Instead  they  were  found  by  simply  minimizing  the  variance.  Eq. 
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( 1 ).  with  =  -2, 143.  Orthogonality  with  the  ground  state  vsas  ehecked  a  paMeriori 
using  the  Rayleigh-Riu  method  dcseribed  in  Ref.  [14]  and  found  to  be  very  good. 
In  Table  III  we  show  that  the  properties  of  the  (2'S)  state  are  in  generally  good 
agreement  with  the  literature  [21.23.26].  The  Hylleraas  wavefunetion  eonsisis  of 
a  30-term  expansion  while  the  Slater  wavefunetion  is  again  constructed  from  8s 
functions.  The  values  of  C/  for  the  total  energy  show  that  for  this  system  the  quality 
of  Slater  wavefunetion  is  much  better  than  the  Hylleraas.  In  fact,  only  two  properties 
for  the  Slater  wavefunetion  differ  by  more  than  4f7  from  the  accepted  values:  ^  ) 

by  (  -0.080  ±  0.014 and  <  i5(ri:))  by  (  -  1.06  ±  0.2.1  )'V.  1  hese  two  values  suggest 
that  this  wavefunetion  is  spread  out  a  little  too  much  ( in  fact  the  smallest  exponent 
in  Eq.  (7)  was  optimized  to  0.452). 

For  the  H;  ground  state  at  the  internuclear  distance  i  .4  a.u..  the  Hylleraas  wave- 
function  in  Ref  [14]  has  the  form 
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where  .1  and  B  are  nuelear  positions.  Although  the  Slater  wavet'unetion  in  Eq.  { 7 ) 
is  for  atomie  systems,  one  generalization  of  this  expression  to  moleeular  systems  is 

'E,  =  ( I  +  Pr.)  2  (9) 

k 

These  basis  functions  are  added  on  whatever  combination  of  atoms  (.-1  and  B  both 
situated  on  the  same  atom;  .1  and  B  situated  on  different  atoms)  will  produce  the 
minimum  variance.  In  Table  iV  we  compare  the  properties  computed  with  these 
trial  wavefunctions  with  the  literature  [27-32].  Our  Slater  wavefunction  was  op¬ 
timized  with  a  set  of  9s  functions  and  7/).  functions  (since  the  internuclear  axis  is 
taken  to  be  in  the  r  direction)  and  yields  a  slightly  worse  o,  than  the  Hylleraas 
form.  As  a  result,  many  of  the  properties  computed  with  this  Slater  wavefunction 
are  also  less  accurate.  This  inaccuracy  is  partially  masked  by  the  fact  that  the  form 
of  the  Slater  wavefunction  (because  it  has  fewer  basis  functions)  enables  us  to 
calculate  expectation  values  with  more  configurations  than  the  Hylleraas  wave- 
function  in  the  same  amount  of  CPU  time.  The  only  significantly  incorrect  value 
for  the  Hylleraas  wavefunction,  (<5{ri2)),  is  off  by  ( -0. 1 5  ±  0.04  )T..  Because  the 
electron-electron  correlation  is  less  important  in  this  system  than  it  is  in  helium 
[14],  properties  which  are  functions  of  ri:  are  also  more  accurate. 
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0.055(  1 ) 

0.0574(6) 

0.0551(1291,4 

1  , 

-  3(4;  s  ;5) 

1,017(2) 

1.0.40(1) 

1.0229686*' 

1  , 

-  -  (.V|  *  .Vj) 

0.764(2) 

0.7657(9) 

0.  "6 169285'’ 

1  , 

^  -  (fl  t  ri) 

2.54.4(41 

2  .'62(2) 

2.546454,4*’ 

0,4',4(5) 

0.450(4) 

0,4568444'* 

0.27(4) 

0.26(2) 

0.2826' 

0,102(2) 

0  1019(8) 

0.1008602' 

1 

1. 4.0(4) 

14,2(2) 

14,2490' 

red-' 

0  459(1) 

0.4600(51 

0,4601  5* 

ft;), 

0.0 1669(6) 

0.01684(4) 

0.016948' 

Fvaluated  using  256.000  crnligurulions. 

‘Fvaluatcd  using  1.024,000  contigu.ations. 

Frror  per  contiguraliiin  in  ihc  total  eni-rgy. 

'  Rcf'ercnct,’  (28]. 

.S( )  valuits  jrom  Ret’.  (,^2j. 

Thi;  clc'ftrii'  quadrupolc  momunt  lor  If;  is  tk'lincd  as 
Q:  R'/2  •  a]  s 

Reference  (.40], 

The  electric  hcsadecapolc  moment  lor  11;  is  delined  as 


Q.  RVX  *  .vt 


hl.ViCi 


Reference  (29), 
Reference  (27), 
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Earlier  Diffusion  Monte  Carlo  studies  have  computed  several  properties  ol  this 
system.  Because  they  sample  both  the  inal  wavefunction  and  the  exact  eigenfunction, 
their  results  should,  in  principle,  be  equal  to  the  exact  values  within  the  statistical 
error,  in  Ref.  [181  Barnett  et  al.  calculated  values  of  1.026(3)  for  (r‘)  and  2.549(6) 
for  (  r-  ■>  but  did  not  list  the  number  of  configurations  used  to  produce  these  results. 
Caffarel  and  Claverie  [16]  computed  values  of  -1.175(2)  for  the  total  energy. 
0.587(3)  for  <r,J>,  2.169(9)  for  <r,;>.  5.63(5)  for  <rr,>,  1.550(6)  for  <r,  ,). 
0.908 ( 4 )  for  ( r ,  [  > .  3.04(  2 )  for  ( r  T ,  > .  2.7 1  ( 2 )  for  < r, , r,;,) ,  2.33(  2 )  for  <  r, , ,  > . 
2.39(2)  for  <r,  -0.156(6)  for  <r,C:>.  -0.055(4)  for  (.V|.V:>.  1.02(2)  for 

(r'),  0.76(2)  for  (.v'),  and  2.55(4)  for  (r’).  These  properties  were  evaluated 
over  a  set  of  50,000.000  configurations  in  contrast  to  the  256.000  configurations 
our  Hylleraas  results  used. 

At  its  equilibrium  configuration  the  ground  state  of  the  H  [  ion  has  D,t,  symmetry 
and  a  bond  distance  of  1 .65  a.u.  For  this  reason  we  chose  our  Hylleraas  trial  wave- 
function  to  have  the  form  [14] 

i:o 

'I',  =  ( 1  +  Pr.)  1  -  r,B)“(r,4  + 

k-  I 

+  [.4  C]  +  [B*- C]!  (10) 

where  A.  B.  and  C  are  the  positions  of  the  three  nuclei.  Using  the  same  form  as  in 
Eq.  (9),  we  have  also  optimized  a  Slater  wavefunction  for  this  system.  When  the 
//}  ion  is  placed  in  the  .yi  plane,  a  set  of  1 8s  functions.  8/?,  functions,  and  9/?, 
functions  produces  a  reasonable  wavefunction.  In  Table  V  we  compare  the  properties 
computed  with  these  trial  wavefu notions.  For  this  system  we  could  find  no  published 
properties  except  for  the  energy.  This  value  has  been  recently  computed  to  be 
-1.3438279  [33]  and  -1.3438220  [34]  using  explicitly  correlated  basis  functions 
and  -1.343835(  1 )  using  Diffusion  Monte  Carlo  [35].  The  values  of  o  indicates 
that  the  Hylleraas  values  should  be  much  more  accurate  than  those  calculated  with 
the  Slater  trial  wavefunction  ( with  a  systematic  error  less  than  the  difference  between 
the  two  calculations). 

All  of  the  properties  computed  in  Tables  1  to  V  were  determined  using  Eq.  (4). 
Thus  they  require  only  that  the  wavefunction  or  its  derivatives  be  evaluated  ( both 
of  which  are  known ).  For  the  function  p'  vve  used  the  well-known  relation 

J  =  -  J  (  I ! ) 

and  for  p*  we  used  [36] 

j  dT^,piA',  =  j  (12) 

The  delta  functions  were  computed  simply  as 
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r\Hn  \  Selected  (iroix'nu's  (in  a  u.)  Ill  thi- ll;  liround  si.iic  I  he 
svsteni  IS  in  an  equilateral  triangle  eonliguration  in  the  a  r  plane  n  illi 
K  1.65  a  ll. 


Proper!  V 

Hylic  raasA 

.Slater" 

0.025 

0  202 

/. 

I.U.Kd) 

1.541(114) 

/’•  /’;  t  /'5 

2.6d(  1 ) 

2,70.5((.) 

/■;  ‘  />;,  ■»  /’i; 

0  742(4) 

().X04(2) 

/>i  ^  pi.  ^  Ph 

1.104(6) 

1.048(5) 

I-,: 

1 .44(  1 ) 

l.4S4(5) 

n: 

4.6I(2i 

4.601 1 ) 

r.  V 

0.652(.l) 

0.6251 2) 

rii 

1  572(X) 

1,564(4) 

rii 

2.47(21 

2,45.5(S) 

r  ‘ 

0.856(5) 

0  85''l2) 

2.54(1) 

2,58,5(7) 

rii'-.M 

2.42(1) 

2.402(6) 

2.44(1) 

2,464(6) 

'lA; 

-0.l()8(.1) 

0,106(1) 

-1 

-0.0.54(2) 

0,0.56(1) 

.  1  , 

A-  -  t.V]  A  .Vj) 

0.760(4) 

0.'5:i2) 

.  1  , 

c  “  ( r ;  *  r ! ) 

0.541(4) 

0.5.54(2) 

,  1  , 

t-  (r;  r  r;) 

2.06(  1 ) 

2.046(5) 

V,.V; 

0  1 15(4) 

-0.121(2) 

/>? 

7.7(1) 

8, ,5(5) 

'  '^(ri.i) 

0  562(2) 

().. 5866(8) 

6(r,;)) 

0.0185(1) 

0.0270(5) 

'  Hvaluated  using  64,000  conhgurations. 

Evaluated  using  256.0(K)  configurations. 

‘  Error  per  configuration  in  the  total  cnergs. 


=  J  ^  0,K.r2)" 

=  J  =  K.rv.O)’ 


(  13) 


(14) 
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In  both  Eqs.  (13)  and  (14)  the  Monte  Carlo  integration  is  onl\  over  the  r_>  eleetron 
and  the  weight  of  the  eontiguration  must  he  ehanged  so  as  to  relleet  the  fact  that 
r,  is  nt)  longer  ehosen  randomly. 

Electric-Response  Properties 

When  an  atomic  or  molecular  .system  is  placed  in  an  eiectrie  field.  E.  the  Ham¬ 
iltonian  becomes 


//(f  )  =//(/■'=  0)  -  E*r,  (15) 

where  r,  is  the  position  of  the  /th  electron.  The  total  energy  of  a  neutral  S-state 
atom  or  a  symmetric  molecule  upon  introduction  of  a  static,  axially  symmetric, 
homogeneous  held  E  is  thus 

/■;(/■)  =  /■.'(/•■  =  {))--  «„/./•'„/•■,.  -  /•■./-••■  (16) 

where  we  have  assumed  an  implicit  summation  over  repeated  indices  and  the  sub¬ 
scripts  run  over  the  Cartesian  coordinates  (.v.r.r).  In  Eq.  (  16)  (v  is  the  dipole 
polarizability  tensor  of  the  system  and  >  is  the  second  dipole  hyperpolari/ability 
tensor.  Eor  S-state  atoms  a  and  y  have  only  one  independent  component  so  we 
drop  these  subscripts  for  helium. 

To  calculate  the  electric-response  constants  for  helium  we  set  the  electric  held 
to  lie  along  the  r  Cartesian  axis.  Since  the  Hamiltonian  now  has  a  directional 
preference,  the  trial  vvavefunction  must  be  flexible  enough  to  respond  to  this  change. 
Our  Hylleraas  wavcfunctions  do  not  allow  one  coordinate  to  be  selectively  preferred 
but  our  Slater  wavcfunctions  do.  In  the  presence  of  small  electric  helds  (/■'  =  0.02 
and  /•■  =  0.04 ).  Slater  wavcfunctions  were  constructed  from  9s  functions.  .3p.  func¬ 
tions  (/>;  =  1.  Ca  -  0).  and  lt/_-_-  function  =  0.  ty  =  1 ).  Table  VI  shows  that  this 


1  AHi  1  VI  Convergence  of  the  energy,  polarizability,  and  hyperpolarizability  (in  a.u.)  of  helium,  .V  is 

the  numfier  of  configurations. 


A 

/.(/•  =  0) 

A,(f  =  0.02) 

-  0.04) 

-  2.90.W(II 

-2  9040(1) 

2.9(M8)!) 

-2.9(083(4) 

-2.9041  ((4) 

-2.90494(5) 

-2-90374(2) 

-2.90401(2) 

'2.90484(2) 

2. /■(/•■=  0  O2)> 

2<C(/'  =  0.02) 

<2/;(/-  -  0.04) 

-  HEiF  =  0)> 

~  K  a-  -0)) 

-  8/((/'  =  0.02)  +  6/-.  (C=  0),. 

\ 

c 

l..3(7) 

1  3.3(4) 

609(770) 

64.1X)() 

1.4(3) 

(..38(2) 

74(415) 

:‘'6.fXK) 

1 .4(  1 ) 

1.371(9) 

182(201) 

I  Hcratufc  (40.  41  j 

1.38319: 

41.9 
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basis  gUL’S  roughK  the  same  statistical  criiir  as  our  /•  D.O  result  With  tliese  trial 
uavetunelions,  we  eompuled  the  polan/abihts  and  the  hsperpoiari/ahihts  tor  he¬ 
lium  as  deri\  ati\es  of  the  energs 


a'l: 

ar- 


7  II 


/■(  1)  21M  (t)  i  I A  I  ) 


(17) 


and 
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I'hese  derisatives  can  be  numenealK  computed  m  a  number  ot  \va\s.  We  experi¬ 
mented  with  several  formulas  ( see,  lor  example.  Ref.  |  .^7 ) )  and  found  little  dilferenee 
between  them.  Once  a  particular  formula  has  been  chosen,  the  most  direct  x\av  of 
computing  the  derivative  is  to  simply  exaluate  the  total  energx  id  this  sxstem  at 
I'  =  0.0.  0.02,  and  0.04  and  then  subtract  the  appropriate  numbers,  fable  VI  shows 
that  this  approach  gives  reasonable  results  but  with  a  fairix  large  variance.  Since  a 
large  part  of  the  statistical  error  in  these  expectation  values  should  be  the  same  if 
the  value  of  the  electric  held  is  sutficiently  small  (i.e..  only  a  minor  perturbation  ). 
a  much  more  accurate  approach  is  to  compute  the  differences  directiv.  fhis  tech¬ 
nique  has  been  used  to  determine  the  dipole  moment  of  fill  [.f8].  molecular 
derivatives  [17).  and  differences  in  potential  energy  surfaces  [7, 12, .79).  When  ap¬ 
plied  to  our  calculation  of  the  polarizability,  this  method  decreases  the  v  ariance  by 
about  a  factor  of  15  and  gives  a  result  which  is  in  much  better  agreement  with  the 
accepted  value  of  1  ..78.1 192  [ 40.4 1  ] .  When  applied  to  the  calculation  of  the  second 
dipole  hyperpolarizability.  however,  we  .see  that  the  resulting  statistical  error  com¬ 
pletely  obscures  the  computed  value.  The  reason  for  this  may  be  that  the  optimized 
error  in  the  trial  vvavcfunclion  is  too  large  to  detect  the  intluence  of  this  constant. 
41.9  [41],  in  the  total  energy.  In  a  Variational  Monte  Carlo  calculation  the  effect 
of  the  electric  field  on  the  total  energy  has  to  be  larger  than  the  statistical  error  in 
the  trial  wavefunction  in  order  to  influence  the  optimization  of  the  ad  justable  pa¬ 
rameters.  If  the  strength  of  the  held  is  too  large,  however,  then  the  composition  of 
the  wavefunction  vvill  change  significantly  and  the  various  expectation  values  used 
to  calculate  the  derivatives  vvill  no  longer  be  strongly  correlated.  In  fact,  the  formulas 
we  have  chosen  may  themselves  become  inaccurate  because  of  contributions  from 
higher-order  terms.  While  we  have  tried  to  strike  a  balance  between  these  two 
limits,  a  closer  investigation  of  this  problem  is  clearly  in  order. 

If  the  Mellmann-Feynman  theorem  [42]  is  satisfied,  then  electric  response  prop¬ 
erties  can  also  be  obtained  from  the  induced  dipole  moment.  In  most  traditional 
calculations  this  automatically  occurs  because  the  parameters  in  the  wavefunction 
are  optimized  so  as  to  minimize  the  total  energy.  .Since  our  Variational  Monte 
C  arlo  procedure  adjusts  the  parameters  in  the  trial  wavefunctions  so  as  to  minimize 
the  variance,  the  Ilcllmann-Feynman  theorem  will  not  be  explicitly  satisfied.  For 
S-state  atoms  the  dipole  moment  alternative  to  Fq.  ( 16)  is 
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t  '  t  •  •  •  I  14) 

o 


where,  for  example. 


nAF)  -  iMl')  1'  r,'t'(/  ')> 

I 

Again  for  simplieity  we  drop  the  subscripts  and  obtain  the  expressions 


di¬ 


ll- 


U 


a 


P(  /■ )  -  Hi  /•  _0) 


and 


a/-' 


(20) 


(21  ) 


(22) 


Although  fj(  “  0 )  is  zero  for  the  systems  considered  here,  we  ft>und  that  computing 
this  operator  as  part  of  f:q.  ( 21 )  reduces  the  si/e  of  the  statistical  lluetuations.  fable 


I  AHl  I  \'ll.  (  irnuiKl  stale  polan/abilitios  (in  a.u  (  of  sanousss stems.  V  is  the  niinilvt  ol  eonlijiuralions. 


System 

,\ 

Dipole' 

(I  II.  (21)1 

1  nerjis 
(l.i),  117)1 

I  iteraiure 

He  (<0 

Ih.iKMI 

1.41(2) 

1.. 4,4(4) 

64,(KK) 

1  41(1) 

l.,4.S|2) 

|.4IX(()) 

l.,47l|U) 

1  .4X4'' 

H,  (.»,-) 

l(\(KI(l 

.S..S7((.) 

6.116) 

(i4,(l(H) 

S,s7(.t) 

6.2(4) 

;.S6,IMI0 

y57(i) 

6.4(2) 

6.  4X1)' 

H;  (o,,) 

l(>,(KI() 

4.|S(S) 

.4.7|X) 

(i4,(K)0 

4.()(>( ') 

4,6(4) 

2Sh.()()(l 

4.1  III) 

4.4(2) 

4,s7X' 

HI  (n ,.) 

I6.(HK) 

.t.4S(4) 

2.X(2) 

(.4,(M)() 

.4.44(2) 

.4.4(1) 

2S(,,0()() 

.t.44(  1 ) 

.4.4(4) 

.4.476X'' 

h; 

l(i.0(KI 

.4.46(4) 

.4.1(2) 

(i4,()(Mt 

.4  47(2) 

.4.4(1) 

2S(,,()()0 

,4.47(  1 ) 

.4  .S(.4) 

.4.47(,X'' 

1 1 1  ) 

Ih.(MM) 

2.14(4) 

1.4(2) 

(r4.(M»() 

2  l(>(2) 

1 .61 1 ) 

2.Sr),0(H) 

2.I(>')(XI 

2(1(4) 

2,()77S'' 

“  I  hese  numbi'is  ilo  not  agri-t  with  those  computixl  usiny  cnersiv  tlcrivatisos  heeaiise  our  ssavefunetions 
do  not  satisfy  the  llellmann  I  esnman  theorem. 

'■  Referenees  [4(1,  4 1 ) 

'  Reference  (4.t) 

'  Referenee  |44|. 
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Vli  shows  that  this  calciilali<m  produces  a  smaller  statistical  error  than  la|,  (17) 
(over  an  order  of  magnitude  in  most  systems)  but  not  the  correct  result.  Clearly 
our  calculations  do  not  sutViciently  satisfy  the  Hellmann-1  eynman  theorem  to 
justify  using  tq.  (  1^)  despite  the  faet  that  all  our  trial  wavefimctions  are  reasonably 
accurate  otherwise.  .Mlhough  not  shown,  the  calculation  of  the  second  dipole  hy¬ 
perpolarizability  using  bq.  (22)  is  again  inconclusive. 

For  the  H:  ground  state  polarizability  calculations  we  used  field  strengths  of 
/•'  0.01  and  F  0.02.  When  the  held  was  placed  parallel  to  the  molecular  axis 

(i.e..  along  the  r  direction),  we  simply  needed  to  reoptimize  our  field-free  wave- 
function  in  order  to  obtain  an  adequate  trial  wavefunetion.  that  is.  one  whose 
variance  is  comparable  to  the  held-free  value.  When  the  held  was  placed  perpen¬ 
dicular  to  the  molecular  axis  ( i.e.,  along  the  v  direction  ).  we  had  to  reoptimize  our 
held-free  wavefunetion  and  add  2p>  functions.  These  trial  vvavefunctions  produced 
polarizabilities  which  are  in  good  agreement  with  those  in  the  literature  [4.1].  Not 
surprisingly,  the  statistical  errors  for  this  system  are  larger  than  those  in  helium 
since  til-’  ‘^'nter  .vavefuiKdon  is  of  poorer  quality. 

For  the  H  ;  ground  state  we  used  a  held  strength  of/'  =  0.0.^  for  the  polarizability 
calculations  .since  the  error  per  conhguration  for  this  system  is  10  times  larger  than 
in  H;.  When  the  held  was  placed  along  the  .v  axis  or  the  r  axis,  we  simply  needed 
to  reoptimize  our  held-free  wavefunetion  in  order  to  obtain  an  adequate  trial  wave- 
function.  When  the  held  was  placed  along  the  r  axis  (perpendicular  to  the  plane 
of  the  molecule)  we  had  to  reoptimize  our  held-free  wavefunetion  and  add  6p.. 
functions.  These  trial  wavcfunctions  produced  polarizabilities  which  are  in  good 
agreement  with  some  unpublished  rpa  results  by  Sauer  and  Oddershede  [44]. 

Conclusions 

Variational  Monte  Carlo  enables  a  wide  variety  of  properties  to  be  computed  in 
a  straightforward  manner.  Since  the  wavefunetion  and  its  derivatives  must  be  com¬ 
puted  in  order  to  evaluate  the  total  energy,  many  other  expectation  values  can  be 
determined  at  the  same  time  and  with  little  additional  cost.  Although  all  the  cal¬ 
culations  presented  here  have  been  done  with  wavcfunctions  which  were  optimized 
using  the  variance  functional,  we  examined  the  influence  of  other  minimization 
functionals  [14]  and  found  only  slight  changes  in  the  values  of  these  properties.  In 
general,  most  of  the  properties  computed  here  agree  to  I'V  or  better  (two  or  three 
significant  figures)  with  those  values  determined  by  more  traditional  methods.  This 
success  verifies  the  accuracy  of  the  Biased  Selection  Method.  F'or  the  H 1  molecular 
ion.  our  calculations  prov  ide  the  first  look  at  the  properties  of  this  system. 

The  difference  between  our  Hylleraas  and  Slater  calculations  show  the  effect  that 
changes  in  the  trial  wavefunetion  can  have  on  the  accuracy  of  different  expectation 
values.  These  two  forms  also  illustrate  the  tradeoff  one  must  frequently  make  be¬ 
tween  the  complexity  of  a  wavefunetion  and  its  computational  cost.  Because  the 
Slater-gem inal  form  contains  a  large  number  of  nonlinear  parameters  per  basis 
function,  it  usually  takes  much  longer  to  optimize  than  the  Flylleraas  form  (which 
contains  almost  only  linear  parameters).  Once  these  parameters  are  optimized 
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howo\cr.  the  compiutatiunal  time  needed  to  esaluate  a  trial  v\a\et'iinelion  mer  a 
large  number  of  eontigurations  scales  as  the  number  of  basis  t'unetions.  l  or  this 
reason  a  compact  Slater-germinal  form  is  usualK  preferable  to  a  large  ilylleraas 
expansion  for  most  purposes.  Although  all  the  properties  cannputed  in  this  article 
were  evaluated  using  wav efu notions  optimized  bv  Monte  Carlo  technipues,  wave- 
functions  computed  by  more  traditional  methods  could  also  have  been  used.  I  his 
might  be  done,  for  example,  to  quickly  estimate  some  expectation  value  which 
would  otherwise  be  difficult  to  evaluate  analytically. 

To  obtain  even  more  accurate  expectation  values,  better  trial  wavefunclions  and 
guiding  functions  will  be  needed.  In  this  article  we  computed  all  properties  over 
the  same  set  of  configurations.  Although  the  guiding  function  which  generated 
these  configurations  was  chosen  to  produce  accurate  energies,  our  calculations  show 
that  it  also  gives  good  results  for  most  expectation  values.  Some  profterties.  however, 
(e.g.,  /)■')  are  large  (or  small)  in  quite  different  regions  than  the  total  energy  and 
might  be  more  accurately  computed  with  a  guiding  function  which  places  more 
(or  less)  configurations  in  these  regions. 

Previous  work  has  shown  that  the  selection  of  a  good  wavefunction  is  cs,sential 
to  the  calculation  of  accurate  electric-response  properties  [45-47  j.  Because  of  its 
ability  to  easily  evaluate  a  wide  variety  of  wavefunclions  ( including  those  containing 
interelectronic  coordinates).  Variational  Monte  Carlo  should  be  a  powerful  method 
with  which  to  calculate  these  properties.  While  all  our  polarizabilities  agree  with 
those  computed  by  traditional  methods  (within  the  statistical  error).  Table  VII 
shows  that  th^tatistical  error  of  these  results  do  not  alway  s  drop  by  the  expected 
factor  of  c/  /  V  A'.  This  suggests  that  the  guiding  functions  we  use  for  these  sy  stems 
are  reasonable  for  calculating  simple  properties  but  not  for  calculating  some  deriv¬ 
atives.  Future  work  in  this  area  must  first  concentrate  on  finding  better  guiding 
functions  and  wavefunctions.  Also  needed,  however,  arc  algorithmic  changes  which 
will  lower  the  statistical  error  of  taking  the  dift'crence  of  two  or  more  quantities. 
One  possibility  might  be  to  optimize  the  change  between  the  field  and  field-free 
solutions  directly.  Certainly  any  technique  which  enables  the  polarizabilities  to  be 
calculated  more  accurately  will  also  enable  higher  derivatives,  such  as  the  hyper- 
polarizabilities,  to  be  ultimately  computed. 
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Abstract 

An  algorithm  is  presented  which  produces  localized  cluster  region  orhituls  which  mas  tic  useful  in 
embedded  cluster  calculations,  (he  orbital  iKcunalion  number  mairis,  n.  tor  a  trial  set  ot' functions  is 
esaluated  using  the  densits  matnx  computed  from  an  extended  system  Surpnsingb.  when  using  Hartree- 
Fock  ( HI  )  orhitals  from  finite  cluster  calculations,  several  partially  occupied  orhiials  having  n.  different 
from  2  and  0  arc  found.  The  lo  ali/ation  is  accomplished  by  applying  Jacobi  iransformalion  to  n.  mixing 
surrounding  functions  with  the  duster  region,  so  that  the  final  set  of  localized  functions  have  /i„  with 
either  2  or  0,  Numerical  examples  of  the  algorithm  are  given  for  Li  clusters  simulating  the  Lit  KX)) 
surface.  C  1UU2  John  SN'iles  &  .Sons,  Inc. 


Introduction 

Cluster  calculations  in  combination  with  the  standard  tools  of'quantum  chemistry 
is  a  convenient  approach  to  modeling  Icxal  interactions  on  surfaces  [1],  Forc.\amptc. 
ab  initio  calculations  on  transition  metal  clusters  have  already  been  helpful  in 
rationalizing  a  number  of  surface  properties.  Recently  ,  we  have  even  found  Hartree- 
Fock  (HF)  calculations  on  clusters  composed  of  the  free  electron-like  A1  metal 
useful  for  proposing  structures  for  H  chemisorbed  on  the  Al(  111)  surface  [2], 
Neverti’.eless,  the  truncation  at  the  cluster  edge  is  a  drastic  approximation  to  the 
extended  substrate.  It  does  appear  that  properties  such  as  adsorbate-surface  ge¬ 
ometries  and  vibrational  frequencies  converge  rapidly  with  cluster  size  while  ad¬ 
sorbate  binding  energies  are  more  problematic  [3.4].  Siegbahn  and  co-workers 
have  recently  suggested  that  relatively  large  clusters  often  need  to  be  prepared  for 
chemisorption  bonding  by  making  an  excitation  to  the  proper  bonding  state  (5). 
On  the  surface,  such  an  excited  state  will  always  be  easily  accessible. 

An  alternative  to  »he  Siegbahn  et  al.  strategy  is  to  use  an  embedded  cluster  ap¬ 
proach  where  the  potential  on  the  edge  atoms  is  modified  lo  simulate  the  potential 
from  the  extended  surface.  There  arc  a  number  of  groups  developing  these  proce¬ 
dures  [6.7],  with  the  method  of  Whitten  et  al.  [8]  perhaps  being  the  simplest  to 
implement  into  existing  ah  initio  computer  codes.  The  Whitten  et  cl.  method  es¬ 
sentially  localizes  the  delocalized  functions  of  an  extended  substrate  into  functions 
spanning  mainly  the  cluster  of  interest.  These  localized  functions  are  then  taken 
to  form  a  basis  set  for  use  in  the  truncated  calculation.  Although  Whitten  et  al. 
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have  now  successfully  applied  their  method  to  several  applications  there  still  remain 
a  number  of  concerns,  including  the  localization  technn,iuc.  with  the  method  C?], 

In  this  article,  we  develop  a  better  procedure  for  obiaining  the  localized  clusier 
region  orbitals.  We  start  by  using  the  results  from  a  Hi  calculation  on  the  extended 
pericxlic  substrate,  performed  by  using  the  C'RY.STAL  program  developed  bv  Pisani 
et  al.  [9],  instead  of  the  very  large  finite  cluster  results  which  Whitten  et  al.  use. 
The  CRYST.AL  program  allows  one  to  use  the  same  basis  sets  in  both  the  extended 
substrate  and  the  cluster  calculations,  f'rom  the  den.sitv  matrix  computed  bv  the 
CRYST.AL  program  we  obtain  occupation  numbers  for  orbitals  located  in  the  cluster 
region.  The  cluster  orbital  occupation  numbers  are  obtained  in  a  manner  similar 
to  a  Davidson  population  analysis  {10].  in  such  a  population  anaivsis  one  might 
e.\pect  the  occupied  in  orbitals  from  a  finite  cluster  when  measured  a.gainst  the 
extended  substrate  density  matrix  to  have  an  orbital  occupation  number  of  2.  In 
the  results  section  we  show  this  docs  not  always  happen,  illustrating  another  feature 
to  be  considered  when  using  cluster  models  to  simulate  extended  systems.  In  the 
next  section,  we  describe  how  the  cluster  region  orbital  populations  are  computed. 
We  then  present  an  algorithm  which  transforms  the  cluster  region  orbitals  into  a 
new  set  of  functions  having  occupations  numbers  of  either  2  or  0.  Ihesc  transformed 
functions  are  like  the  Whitten  et  al.  localized  functions,  and  they  have  tails  which 
connect  the  cluster  to  the  surroundings.  Examples  of  generating  these  transformed 
functions  are  given  in  the  second  part  of  the  Results  section.  We  expect  these  new 
functions  to  be  useful  in  an  embedded  cluster  prcK’cdure  which  will  only  require 
minor  modiheations  of  existing  ah  iniiio  computer  packages. 

Method 

In  this  section,  we  present  an  algorithm  which  generates  a  set  of  localized  functions 
5  I  with  orbital  occupation  numbers  of  either  2  or  0  with  respect  to  the  density 
matrix  computed  in  an  extended  substrate  calculation.  The  functions  are  localized 
in  a  manner  similar  to  the  linear  combination  of  basis  functions  one  obtains  in  a 
cluster  calculation.  Wc  .start  with  cluster  orbitals.  </>{  .  which  have  the  form 

=■  s  (!) 

where  are  the  basis  functions  centered  on  the  atoms  composing  the  cluster.  The 
cluster  we  pick  initially  is  somewhat  arbitrary,  but  then  wc  can  similarly  define 
surrounding  functions  ijS '  which  have  on  the  surrounding  atoms  of  the  extended 
substrate  but  outside  of  the  cluster  region. 

The  occupation  number  for  a  cluster  function  is  computed  according  to 

z7„  =  C^SP\S^j  (2) 

where  is  the  dcn.sity  matrix  from  the  extended  substrate  calculation  spanning 
the  same  basis  function  types  X„,  as  used  in  the  cluster  region,  and  S  is  the  matrix 
of  the  basis  functions  overlaps.  Davidson  has  de.scribcd  how  the  n  matrix  can  be 
used  in  a  population  analysis  [lOj.  The  diagonal  clement.  n„.  is  the  occupation 
number  of  the  cluster  function  <t>]  ,  and  should  obey  the  inequality 
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0  «  //,.  2.  (  3  ) 

However,  the  occupation  number  can  only  he  used  to  assign  electrons  to  a  deliniie 
cluster  orbital  when  the  !  </>!  ;  set  is  orthonormal.  Presently,  we  Schmidt  ortho- 
gonali/e  the  <,s‘  .  starling  with  the  basis  tunciions  at  the  center  of  the  cluster  and 
working  outward,  but  we  expect  other  orlhogonali/ation  schemes  to  produce  equiv¬ 
alent  results,  til  Orbitals  from  finite  cluster  caleulations  also  automatice.llv  satisfv 
the  orthogonalitv  requirement  on  1  </>;  I .  In  the  first  part  of  the  Results  section  we 
discuss  the  n,,  computed  when  using  finite  cluster  lit  orbitals.  When  the  |  0]  \  is 
augmented  by  additional  functions  from  the  surroundings  set.  then  these  new  func¬ 
tions  are  also  Schmidt  orthogonali/.ed  to  the  existing  cluster  functions. 

The  localized  cluster  functio»vs  </>|  with  //„  either  0  or  2  are  produeed  by  performing 
Jacobi-like  unitary  transformations  which  mix  a  cluster  region  orbital  with  an  or¬ 
thonormal  surroundings  function 

0';  -  0]  cos  t)  +  0)  sin  11  ( 4 ) 

giving  the  resulting  orbital  occupation  number 

il,,  =  n„  cos’  0  -f-  sin’  (I  +  2n„  sin  0  cos  0  ( 5  ) 

We  use  a  </>;'  with  <  u,,)  to  reduce  (increase)  the  occupation  number 

of  <1)5  .  The  algorithm  consists  of  the  following  steps: 

1.  Pick  the  orbitals  to  be  included  in  the  cluster  region  basis  set  and  onhogonalize 
them  to  produce  {0'^,  } . 

2.  Select  the  extra  functions  ',0'  |  which  will  be  allowed  to  mix  with  the  |  0',  I 
from  the  surroundings  set.  Schmidt  onhogonalize  the  I  0',  1  to  the  ]  0’,  1 ,  The 
resulting  0'  correspond  to  the  0'^  used  in  eq.  (4). 

3.  Compute  the  orbital  occupation  matrix,  using  cq.  (2).  for  all  the  0',  and  0', 
functions  and  perform  a  Jacobi  diagona'i/.ation  f  1 ']  on  the  cluster-cluster.  n<( . 
block. 

4.  Determine  whether  the  final  n„  should  be  0  or  2.  We  use  the  scheme  if 

n„  <  h  then  ii,,  =  0  ( 6 ) 

or  if 

n„  >  2  -  (5  then  n„  =  2  ( 7 ) 

where  <5  can  be  varied,  but  is  taken  as  0.5  for  calculations  in  the  Results  section. 
When 

l>  <  n„  <2-0  ( 8 ) 

use  perturbation  theory  to  predict  whether  the  cluster  orbital  prefers  to  gain  or 
lose  electrons. 

5.  Perform  Jacobi  rotations  of  the  type  given  by  eqs.  (4)  and  (5)  between  the 
cluster  and  surrounding  orbitals.  This  step  is  performed  iteratively,  reducing  the 
«„  of  those  orbitals  which  want  n„  =  0  first,  and  then  increasing  for  the  n„  = 
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2-type  orbitals.  The  oeeupation  number  change  in  a  single  iteration  was  restricted 
to  0.25  electrons.  Convergence  is  achieved  when  no  changes  in  the  n,,  occur. 

In  the  Results  section,  we  d*'monsirate  the  utility  of  the  above  algorithm  by 
performing  monolayer  cluster  ^nd  slab  calculations  to  simulate  the  Lii  l(X) )  surface. 
The  ( 100)  surface  consists  of  Li  atoms  arranged  in  an  array  of  squares.  In  the 
calculations,  we  only  include  Li  I  ,v  and  2.v  orbitals  via  a  s  ro-3G  basis  [12],  but  we 
expect  the  algorithm  to  still  be  applicable  when  using  more  extended  basis  sets. 
The  density  matrix  for  the  extended  substrate,  P^,  was  computed  by  a  CRYSTAL 
[9  j  calculation  on  a  monolayer  of  Li(  100)atoms.  In  all  of  the  calculations  we  used 
a  Li-Li  distance  of  3.087  A,  which  was  obtained  by  optimizing  the  Li  monolayer 
lattice  spacing  in  the  CRYSTAL  calculation.  This  3.087-A  distance  matches  ckxsely 
the  nearest  neighbor  distance  (3.02  A)  for  bulk  Li  [13].  Since  CRYSTAL  only 
performs  closed-shell  HF  calculations,  all  of  the  cluster  calculations  w  ere  performed 
on  systems  containing  an  even  number  of  Li  atoms.  The  different-sized  clusters 
are  made  by  using  different  numbers  of  shells  of  symmetry-equivalent  atoms  around 
the  cluster  center;  the  coordinates  for  each  of  the  unique  atoms  are  listed  in  Table 
1.  Finite-cluster  hf  calculations  were  performed  on  Li*,  Liu,.  Lin,,  and  Li44  and 
the  resulting  n„,  computed  by  eq.  (2),  arc  discussed  in  the  Results  section.  Lix  is 
the  simplest  cluster,  it  has  2  central  atoms,  each  surrounded  by  all  their  nearest 
neighbor  atoms.  Li,,,  is  obtained  by  adding  the  shell  of  next  nearest  neighbor  atoms 
surrounding  Lij.  Lini  and  Li44  are  built  from  Li  ,6  by  adding  the  next  two  series  of 
neighboring  atom  shells.  Li44  and  the  component  clusters  are  shown  in  Figure  1. 

When  the  cluster  functions  are  being  localized  to  produce  n„  =  0  or  2.  we  use 
the  extra  functions  in  the  order  they  are  listed  in  Table  I.  For  example,  for  the 
(pj  from  Lix,  iO  extra  functions  would  come  from  the  lattice  positions  (2.5,0). 
(2.5,1),  and  (2.5,2). 

For  convenience,  apart  from  when  HF  orbitals  arc  used,  the  initial  cluster  orbitals 
are  taken  as  symmetry-adapted  combinations.  For  the  four  symmetry-equivalent 
atoms  at  the  ( ±(  /  +  0.5 ),  ±  j)  lattice  positions,  cluster  orbitals  which  transform  as 
a\,  a2,  bi,  and  b2  irreducible  representations  in  the  C’:,  point  group  are  obtained. 
For  the  two  symmetry-equivalent  atoms  at  (±(/  +  0.5 ),  0),  only  and  orbitals 
are  obtained.  All  of  the  cluster  calculations  have  been  performed  using  a  modified 
version  of  the  GAMESS  package  [14]. 

Results 

The  valence  orbital  occupation  number  obtained  by  using  closed-shell  hf  orbitals, 
in  eq.  (2),  from  the  Li*,  Li|6,  Li 30,  and  Li44  cluster  calculations,  are  illustrated 
graphically  by  Figures  2-5,  where  n„  is  plotted  against  the  hf  orbital  energy.  The 
total  sum  of  the  core  orbital  occupation  numbers,  given  in  Table  II,  reflect  that 
each  core  orbital,  as  expected,  is  completely  occupied  by  two  electrons.  .Similarly, 
Figures  2-5  show  the  low-lying  valence  orbitals  are  also  essentially  completely  filled. 
However,  Table  II  shows  that  the  total  occupation  number  for  the  valence  orbitals 
exceeds  the  number  of  valence  electrons  available  from  the  finite  cluster.  This  extra 
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I 

I  Mil  I  !  I  attHc  positions  tor  the  ssnimolrs 
uniqiis'  utoms.  at  incroasini:  distanco  from  the 
origin,  vsliich  aro  used  to  build  the  diflcrcnt  li 
clusters  and  lorni  the  ssmmetry-adapted 
siirriiundings  extra  lunctions.  o! . 
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1 

■> 

(0.5.0) 

6 

(0  5.h 

8 

(i.s.O) 

4 

12 

(l.s.h 

N 

16 

(0.5.21 

6 

20 

(1.5.2) 

7 

■>  ■> 

(2  5.01 

s 

26 
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1(1 
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(2..S.2) 

!  1 
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(1.5,1) 

i: 

40 

(1.5.0) 

i.t 

44 

(1.5.1) 

14 

48 

(2.5.1) 

15 

52 

(0.5.4) 

16 

56 

(15.2) 

1^ 

60 

(1.5.4) 

IS 

62 

(4.5.0) 

14 

66 

(1.5.1) 

20 

70 

(4.5,1) 

21 

74 

(2.5.4) 

78 

(4.5.2) 

2.t 

82 

(0.5,5) 

24 

86 

(1.5.5) 

25 

90 

(1  5.4) 

26 

94 

(4.5.1) 

1 7 

^6 

(5.5.0) 

28 

1(81 

(2.5.5) 

29 

104 

(5.5.1) 

,1(1 

108 

(5.5.2) 

valence  population  is  a  reflection  of  the  orihogonalization  procedure  we  use  for 
the  cluster  functions  (t>‘  .  The  have  the  correct  orthonormality  condition 
which  enables  using  n„  to  assign  orbital  populations,  but  the  (l>‘,  still  overlap 
with  orbitals  outside  the  cluster  region  resulting  in  contributions  to  n,,  from  the 
surroundings.  Perhaps  the  most  interesting  result  from  Figures  2-5  is  that  the 
high-lying  occupied  ni-  orbitals  have  u,,  significantly  less  than  2.  w  hile  the  virtual 
HI  orbitals  have  n„  much  greater  than  zero.  To  emphasize  this  result,  in  Table 
n,  we  list  the  occupation  numbers  for  the  highest  occupied  (  HOMO)  and  lowest 
unoccupied  ( I  t  MO)  molecular  orbitals.  In  a  cluster  calculation,  one  often  as¬ 
sumes  the  occupied  (virtual)  orbitals  are  representative  of  the  filled  (empty) 
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Figure  1.  The  Li44  cluster  and  its  compiincnts:  Li*  (central  dashed  lines).  Lii*  (solid 
lines),  and  Li „i ( outer  da.shed  lines). 


Bloch  functions  of  the  extended  substrate.  Our  results  here  suggest  that  cluster 
orbitals  may  not  be  as  good  an  approximation  to  the  extended  substrate  as  one 
would  like.  Below  we  show  how  our  localization  algorithm  can  produce  more 
favorable  occupation  numbers. 

In  Tables  III  and  IV  we  present  the  results  of  applying  our  localization  procedure 
to  cluster  functions  4>^  from  Lix  and  Lini,  respectively.  Instead  of  HF  orbitals,  the 
are  now  symmetry-adapted  combinations  of  the  l.v  and  2.s  STO-3G  orbitals 
centered  on  the  equivalent  atoms  sets  listed  in  Table  I.  For  example,  the  0^  functions 
9  and  10  in  Table  HI  correspond  to  the  symmetric  and  antisymmetric  combinations 
of  the  2.V  orbitals  at  the  (0.5,0)  and  (-0.5.0)  lattice  points.  Similarly,  functions 
II,  12,  13.  and  14  are  the  respective  tJi, ft2.and  hi  symmetry  adapted  2.v  functions 
generated  from  the  four  equivalent  lattice  points  (±0.5.±1 ).  The  first  eight  Lis 
0!  are  created  in  the  same  manner  using  symmetry-adapted  combinations  of  the 
I  s  orbitals.  The  numbers  of  extra  functions  0,'  used  in  Tables  III  and  IV  match 
taking  ail  symmetry-adapted  2s  orbitals  from  the  appropriate  set  of  equivalent 
atoms.  The  first  four  0f  used  with  Lix  are  derived  from  the  ( ±  1 .5.±  1 )  lattice  sites; 


further  0f  are  added  in  the  order  they  are  listed  in  Table  I.  Only  two  0f  are  added 
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between  12  and  14  because  these  additional  functions  are  centered  on  the  ( ±2.5,0) 
site.  The  nonorthogonality  of  the  l  .v  and  2.v  s  ro-3G  functions  is  removed  when  the 
{<!>';  }  and  {  }  are  Schmidt  orthogonalized. 

Since  the  initial  are  not  Ht-  orbitals  we  obtain  initial  orbital  occupation  num¬ 
bers  n'„  with  a  broad  range  of  values.  However,  the  trace  of  the  cluster-cluster  block 
n<  (  is  still  the  same  as  that  obtained  with  the  hf  orbitals,  since  both  sets  of  functions 
span  the  same  space.  The  in  Tables  III  and  IV  give  the  occupation  numbers 
after  the  Jacobi  diagonalization  of  the  cluster-cluster  block,  .  In  the  case  of  Li^ 
we  find  n',!  approaching  2  when  the  initial  n',,  are  greater  than  ~  1 . 1 .  Only  0^  14 
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Figure  3.  The  occupation  numbers,  n„.  from  the  hf  Li|„  finite-cluster  calculation  versus 

HF  orbital  energy. 


results  in  a  approaching  zero.  In  Table  IV,  the  (pf  for  functions  31-46  have 
very  close  to  either  2  or  0.  Initially,  these  31-46  only  span  the  Li  ih  cluster, 
the  remaining  <l>f  come  from  basis  functions  located  on  the  Li 30  edge  atoms,  con¬ 
nected  by  the  dashed  line  in  Figure  1,  vvhich  surround  the  central  Lii^.  Thus,  we 
find  the  orbitals  inside  the  cluster  edge  atoms  to  be  either  completely  filled  or 
completely  empty.  A  similar  trend  is  evident  for  the  Lift  calculation  in  Table  111. 
However,  the  total  occupation  number  for  the  valence  orbitals  of  these  two  atoms 
is  close  to  4  rather  than  the  2  expected  from  a  finite  cluster  calculation.  Perhaps 
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Figure  5.  The  occupation  numbers.  n„,  from  the  nr  Li4j  finite-cluster  calculation  versus 

nr  orbital  energy. 

are  due  to  our  algorithm  using  only  a  partial  Jacobi  diagonalization  to  transform 
the  Lix  0^  .  The  Lix  are  essentially  converged  when  22  0/'  are  used,  and  only 
slight  improvements  in  the  n„  are  found  when  the  2a  orbitals  from  the  next-next- 
nearest  shell  of  atoms  are  included  in  the  localization.  Having  36  0 '•  extra  functions 
corresponds  to  working  with  a  Li44  cluster. 

The  different  numbers  of  0;  listed  in  Table  IV  correspond  to  surrounding  the 
Lijo  cluster  with  1.2,  and  3  extra  shells  of  Li  valence  functions.  The  first  shell,  with 
14  0|  ,  clearly  improves  the  for  the  31-46  orbitals,  making  the  small  nH  closer 
to  zero.  These  16  0^  were  originally  derived  from  the  inner  Li|x  cluster.  Indeed, 
some  of  the  n,,  violate  slightly  the  0  <  «„  <  2  condition,  but  we  feel  this  a  reflection 
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I  ABi  1  II.  Orbital  ixxupatlon  nunilx-rs.  compuaxi  iVom 
tho  HI  calculations  on  the  linilc  clusters  illustrated  in  I  igure  I 


Cluster 

HOMO 

ftj, 

i  i  .\K) 
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Core 

Ik 

1 .1)64 

10..K)6 

1..  1 1  ^ 

1.197 

Tea.’ 

19.I.K) 

.4 1 .999 

I-iiti 

1.292 

1.288 

.44.474 

54.9^S 

1.144 

1.41 1 

1.275 

49,177 

87.997 

of  the  limitations  on  the  numerical  precision  of  our  algorithm.  When  the  second 
shell  with  30  0/  are  allowed  to  mix  with  the  the  /?„  for  the  Li 3,)  edge  atom 
functions  47-60  improve  considerably.  At  this  stage,  there  are  1 7  0  J  with  fi„  greater 
than  1.95  and  the  other  43  ,  with  the  exception  of  functions  50  and  59,  are  all 

close  to  zero.  Further  improvements  are  found  using  functions  from  a  Lixi,  cluster, 
except  for  if  55.  which  has  a  n„  reduced  to  1.480.  The  failure  of  orbital  55  is 
because  two  of  the  have  n,,  equal  to  1.557  and  1.495.  thereby  preventing  an 
increase  in  Presently,  we  are  performing  step  5  of  the  localization  algorithm  by 
allowing  mixing  with  all  of  the  simultaneously.  The  problem  we  find  with  orbital 
55  suggests  that  an  improvement  of  step  5  might  be  to  have  a  sequential  mixing  of 
the  successive  0/  shells  with  the  cluster  functions.  This  will  be  investigated  as  the 
algorithm  is  developed  further. 


Tabi  I  III.  I  he  valence  orbital  occupation  numbers.  n„.  obtained  alter  transformation  of  the  cluster 
function:,,  ip' ,  from  Li^  using  different  numbers  of  surrounding  functions.  </>/ .  The  n„.  are  initial  orbital 
occupations  for  the  0,  .  and  the  n„ ,  are  obtained  after  diagonali/ation  of  the  n<  c  block. 


Number  of  (bf- 
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U:  12 
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0.444 
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0.096 
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1.984 

1,984 

14 
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0.099 

0.049 

0.046 

0.046 
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a,  1 5 

1.465 

1.501 

1,794 

1,940 

1.947 

1.941 

1.999 

1.995 

2.004 

6,  16 

1.086 

0.784 

0.752 

0-444 

0,425 

0.242 

0.218 

0.145 

0.052 

2:“’"  ri„ 

15.990 

16.001 

15.998 

1 5.999 

1 5.999 

16.000 

16.002 

16.(K)0 

15.999 

10,.415 

10.404 

9.479 
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8.749 
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8.442 

8.422 

8  211 

n„ 

(Initial) 

4.422 

9.408 

1.4.740 

16.452 

20.847 

25,789 

41.770 

(Final) 

5.249 

10.564 

15.297 

18.106 

22.708 

27.774 

44.865 
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Tabu;  IV.  The  valence  orbital  occupation  numbers.  .  obtained  alter  transl'ormation  of  the  cluster 
functions  (p]  from  l.iw  using  different  numbers  of  surrounding  functions,  ip'.  .  The  i/,;  are  initial  orbital 
occupations  for  the  (p,  .  and  the  n',!  are  obtained  after  diagonali/ation  of  the  nt  c  block 
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Summary 

We  have  developed  an  algorithm  which  enables  the  localization  of  cluster  func¬ 
tions,  ,  which  have  orbital  occupation  numbers  of  either  2  or  0  with  respect  to 
the  density  matrix  obtained  from  a  calculation  on  an  extended  substrate.  These 
<t)‘  initially  consist  of  a  linear  combination  of  orbitals  centered  on  a  finite  cluster 
of  atoms.  Partial  Jacobi  transformations  of  the  occupation  number  matrix,  n,  are 
then  used  to  mix  the  cluster  functions  with  extra  orbitals,  </>' ,  on  the  surroundings 
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atoms  to  produce  the  required  n„.  We  are  presently  investigating  whether  these 
localized  basis  functions  are  suitable  for  use  in  an  embedded  cluster  procedure. 
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Abstract 

lmpro\ements  in  Mt)  programs  and  computer  speeds  havedramaueally  increased  the  si/e  of  molecules 
that  can  be  optimized  b\  Mo  methods.  This  has  pul  a  considerable  strain  on  esistnig  geometrs  optimization 
techniques.  For  a  given  molecular  svstem.  the  pert'ormance  ot  a  geometry  optimization  method  can  vary 
signiticantly  depending  on  the  coordinates  used.  Nonredundant  internal  coordinates  (eg.,  /-matrix 
coordinates)  arc  easily  constructed  and  behave  «cll  for  acyclic  molecules  hut  can  be  quite  troublesome 
for  cyclic  systems.  Cartesian  coordinates  behave  well  for  rigid,  cyclic  molecules  but  can  be  quite  poor 
for  flexible,  acyclic  systems.  Mixed  cartesian  and  internal  coordinates  have  been  suggested  as  a  means 
of  combining  the  best  of  both  approaches  and  are  particularly  convenient  for  cyclic  systems  with  flexible 
substituents.  The  etficiency  of  these  difl'erent  approaches  is  compared  for  a  number  ofmolecules.  '  iw: 
John  Wiley  &  Sons.  Inc. 


Introduction 

Geometry'  optimization  is  one  of  the  important  steps  in  almost  any  quantum 
chemical  study.  With  the  advent  of  efficient  methods  for  computing  energy  gradients 
for  ah  inilio  molecular  orbital  calculations  [1]  and  the  use  of  gradient-based  opti¬ 
mization  algorithms  [2  j,  finding  equilibrium  geometries  has  become  almost  routine 
for  many  simple  molecules  [3].  The  key  to  the  efficiency  of  any  optimization  is 
the  choice  of  a  suitable  coordinate  system.  Strong  coupling  between  coordinates, 
narrow  gullies,  and  curved  valleys  cause  serious  problems  for  even  the  best  optimizers 
[2].  Many  geometry  optimizations  in  quantum  chemical  calculations  are  carried 
out  using  nonredundant  internal  coordinates,  for  example,  Z-matrix  coordinates 
or  similar  definitions  of  internal  coordinates.  This  is  both  convenient  and  efficient 
for  many  small  molecules,  since  the  Z-matrix  is  constructed  from  the  natural  co¬ 
ordinates  of  a  molecule,  that  is.  bondlcngths,  valence  angles,  and  torsions  about 
bonds.  Such  internal  coordinates  are  normally  not  very  strongly  coupled,  and  the 
optimization  proceeds  efficiently  [3,4].  However  for  cyclic  molecules,  it  is  very 
difficult  to  set  up  a  nonredundant  coordinate  system  without  strong  coupling  [4]. 
There  are  a  number  of  ways  around  this  problem:  cartesian  coordinates,  redundant 
internal  coordinates,  or  a  nonredundant  linear  combination  of  cartesian  or  redun¬ 
dant  internal  coordinates  (e.g.,  symmetry  adapted  coordinates).  Pulay  [5]  recently 
demonstrated  that  suitable  combinations  of  redundant  coordinates  can  be  used 
very  efficiently  in  geometry  optimization.  Generating  an  appropriate  redundant 
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internal  coordinate  s\stem  that  minimi/cs  coupling  requiies  some  skill  or  a  siiiiabie 
program  (n).  I  he  etl'ort  m  constructing  such  a  coordinate  ssstem  is  reuanled  h\ 
signiticant  impnnements  in  the  ellicicncs  i>t' the  geo  metis  optimization  [s],  Ihe 
other  alternalise.  cartesian  coordinates,  is  routinels  usc-d  m  molecular  mechanics 
[  7  ] .  Cartesian  coordinates  are  unambiguous  and  easy  to  set  up.  but  are  moderately 
strongly  coupled.  Traditionally,  cartesian  coordinates  have  been  avoided  m  mo¬ 
lecular  orbital  calculations  because  it  was  thought  they  would  slow  down  optimi¬ 
zation  significantly.  Recently  Heine  ot  al.  [8]  showed  that  with  a  suitable  initial 
guess  for  the  hessian  and  the  geometry,  cartesian  coordinate-based  optimization 
could  be  quite  comparable  to  internal  coordinate-based  methods.  Cartesian  coor¬ 
dinates  vvere  better  for  cyclic  and  rigid  molecules,  but  were  poorer  for  (lesible. 
acyclic  systems.  Cartesian  coordinates  also  make  constraints  more  dilficult  to  im(vose 
( however,  sec  Rets.  [4  j -  [  1 1  ] ).  As  an  alternative  to  pure  cartesian  or  pure  internal 
coordinates.  Head  (llj  and  Obara  ct  al.  (12]  have  suggested  the  use  of  mived 
cartesian  and  internal  coordinates.  In  this  article  we  compare  the  efficiency  of  ge¬ 
ometry  optimization  based  on  internal,  cartesian,  and  mi.sed  coordinates. 

.Methodology 

All  molecular  orbital  calculations  were  carried  out  with  the  CiAT  SSl.AN  42  series 
of  programs  [l.^j.  The  Hartree-Fock  level  of  theory  wa‘-  used  with  the  sio-.^C 
basis  set  (14).  Geometries  were  optimized  with  two  difierent  sets  of  internal  co¬ 
ordinates,  cartesian  coordinates,  and  mi.xcd  cartesian /internal  coordinates.  Starting 
geometries  were  obtained  by  molecular  mechanics  minimization  using  MacroModel 
[1.5]  and  the  mm2  force  field  [7]  (the  C  —  H  bonds  were  shoitened  by  O.O.v  A  to 
take  into  account  the  systematic  dilTerence  between  mm2  and  ah  aininsu)  computed 
C  —  H  bondlengths ).  Internal,  cartesian,  and  mixed  internal /cartesian  coordinate 
optimizations  were  staned  from  the  same  geometry  The  initial  estimates  of  the 
hessians  were  generated  from  a  simple  valence  force  field  transformed  to  the  co¬ 
ordinate  system  used  in  the  optimization  [16].  The  standard  optimization  routine 
in  GAUSSIAN  was  used  for  all  minimizations  [17], 

For  optimizations  using  mixed  cartesian  and  internal  coordinates,  v  .  riahlc  carte¬ 
sian  coordinates  are  treated  analogous  to  variable  internal  coordinates.  The  ti  .ms- 
formations  for  the  coordinates  and  gradients  from  cartesian  to  internal  coordinates 
is 


hi)  -  Bbx  and  ,g„  =  (BMB')  'BMg, 

where  B  is  the  Wilson  B  matrix  [18j.  If  the  Z-matrix  orientation  is  used  for  the 
cartesian  coordinates  of  the  molecule,  M  is  an  identity  matrix  with  the  diagonal 
elements  for  .v,.  i  i .  c,,  .V:,  .vy.  vy  set  to  zero  (i.e.,  for  those  cartesian  coordinates 
that  arc  always  zero  in  the  Z-matrix  orientation ).  To  add  a  few  cartesian  coordinates 
to  the  internal  coordinates,  one  simply  defines  the  appropriate  //-matrix  elements 
for  cartesian  displacements  (i.e.,  an  identity  matrix  ).  This  approach  has  been  im¬ 
plemented  in  Gaussian  92  [13].  The  current  specification  of  the  /-matrix  ge¬ 
ometry  input  already  includes  the  possibility  of  defining  some  ( or  all )  of  the  atomv 
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by  cartesian  coordinates  and  the  remainder  by  internal  cooroinates.  Unlike  earlier 
implementations  of  mixed  coordinate  optimization  112|.  the  present  approach  al¬ 
lows"  full  coupling  between  the  cartesian  and  internal  coordinates. 

For  full  cartesian  coordinate  optimization,  the  structure  input  can  be  via  cartesian 
coordinates  or  Z-matrix  interna!  coordinates  ( the  cartesian  variable  names  are  gen¬ 
erated  automatically  and  passed  to  the  same  optimizer  used  for  internal  coordinates 
(17  J).  Fiven  though  translational  and  rotational  invariance  of  the  gradient  should 
assure  that  the  molecule  does  not  undergo  overall  translation  or  rotation  during 
the  optimization,  the  hessian  for  cartesian  coordinate  optimization  is  adjusted  so 
that  the  coordinates  for  overall  translation  or  .olation  have  large  positive  force 
constants,  effectively  freezing  these  degrees  of  freedom  ( this  is  similar  to  the  frozen 
coordinates  that  can  be  used  in  regular  geometry  optimizations  [  I 

Results  and  Discussion 

Table  I  presents  a  selection  of  some  monocyclic,  bicyclic.  and  tricyclic  molecules. 
A  number  of  these  have  been  used  in  previous  articles  [  5.8  ]  to  test  the  performance 
of  geometry  optimization  methods.  To  assess  the  variability  in  performance  of 
optimizations  in  internal  coordinates,  a  number  of  molecules  vvere  optimized  vvith 
two  different  sets  of  internal  coordinates.  Those  in  set  (a)  were  constructed  according 
to  the  suggestions  of  Ref.  [4]  so  as  to  minimize  the  coupling  between  coordinates 
and  to  maintain  the  symmetry  of  the  molecule  during  the  optimization.  These 
internal  coordinates,  along  with  the  starting  geometries  are  show  n  in  Figure  1 .  The 
internal  coordinates  of  set  (b)  were  chosen  in  a  more  cavalier  manner  without 
regard  to  problems  of  strong  coupling  (e.g..  a  six-membered  ring  is  constructed  as 
a  simple  chain  of  six  atoms).  For  cartesian  coordinates,  all  ?>  N  coordinates  arc 
allowed  to  vary.  For  mixed  coordinates,  the  n  atoms  in  the  rings  are  described  by 
-  6  cartesian  coordinates,  while  the  substituents  are  attached  using  internal 
coordinates. 


Tabu  1  Comparison  ofgcomctn.  optiniizalion  performance  using  iniernal.  canesian.  anJ  mixed  intcral/ 

cartesian  coordinates. 


Number  of  optimization  steps 


Molecule 

Number 

of 

atoms 

Symmetry 

Number  of 
variables 

Internal 
(a)  lb) 

Cartesian 

Mixed 

2  fluoro  furan 

9 

C. 

15 

7 

8 

7 

7 

norbornane 

19 

cy. 

15 

7 

6 

5 

s 

bicvclo|2.2.7]octane 

22 

D, 

1 1 

II 

25 

19 

14 

bicyclo[.T2. 1  joctane 

7"* 

c. 

33 

6 

s 

6 

7 

endo  hvdroxv  bicyclopcntane 

14 

c, 

,16 

8 

18 

9 

c  .o  hsdroxv  bicylopenlane 

14 

( , 

16 

10 

20 

1  1 

,A(  ruf  F’ 

16 

c, 

42 

65 

>81 

72 

l.-1.,s  inhsdroxs  anthroquinone 

27 

c\ 

51 

10 

1  1 

17 

histamine  tf 

IH 

c, 

48 

42 

>1'") 

47 
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2  fluoro  furan 


Starting  geometry  &  internal  coonnate  set  (a) 
C 

C  1  rt 
C  1  r2  2  a2 
C  2  r3  1  a3  3  0 
O  1  r4  2  a4  3  0 
F  1  r5  2a5  3  180 
H  2  r6  1  a6  3  100 
H3r71  a72  180 
H4r82a8  1  180 

Number  of  optimization  stops  r1=l  .455a'r2=l  3375/r3=1  3395 

- -  r4=2  1286/rS=1  3336/16=10721 

internal  coordinates  (a)  7  r7=1.0724/r8=1  0726/a2=l02  5826 

internal  coordinates  (b)  8  a3=101.6686/a4s  70  3774/a5=l28  8779 

cartesian  coordinates  7  a6=l29.0378/a7sl26  9982/a8=i26  7146 

mixed  coordinates  7 


The  table  shows  that  for  a  variety  of  systems  internal  coordinates  perform  as 
well  as  or  better  than  cartesian  coordinates,  in  agreement  with  Baker  and  Hehrc 
(8].  Secondly,  the  number  of  steps  taken  by  optimizations  using  mixed  cartesian 
and  internal  coordinates  is  generally  intermediate  between  pure  cartesian  coordinates 
and  well-chosen  internal  coordinates.  Since  mixed  coordinate  systems  do  not  require 
the  careful  crafting  of  good  internal  coordinates  for  rings  [4],  and  since  their  per¬ 
formance  is  equal  to  or  better  than  cartesian  coordinates,  there  is  some  merit  to 
using  mixed  coordinates. 

FTuorofuran.  hydroxybicyclopentane,  norbornane,  and  2  bicyclooctancs  arc  fairly 
rigid  and  are  well  represented  by  the  mm2  force  field.  Thus,  relatively  few  steps  are 
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bicycio  [3.2.1]  octane 


Starting  geometry  &  internal  coordinate  set  (a) 


c  1  r1 

c  1  r2  2  90 


c  1  f2  2  90.  3  teO 
c  3  r3  1  a3  2  d3 
c  4  r3  t  a3  2  -63 
C  3  f4  t  a4  2  64 
C  4  r4  1  a4  2  -64 
c  1  fS  2  as  3  90 
h2f€  3a6  4  a6-i 
h2r7  3a7  4  a7  1 
h  3  r8  2  a8  4  68 
h  4  r8  2  a8  3  -68 
b5r9  3a9  6  69 
h5r103a106  d10 
h  6  f9  4  a9  5  -69 
h6f104a106-dl0 
h7fn  3a11  9  611 
h7r123a129  612 
hSrll  4a11  9  -611 
h8f124al29-d12 
h9r137a138a13  1 
h  9n4  7a14  8  a14  -1 


Number  of  optimization  steps 

internal  coordinates  (a)  6 

internal  coordinates  (b)  5 

cartesian  coordinates  6 

mixed  coordinates  7 


r  t  =0.9863/f2= 1 . 1 768/r3= 1  5408 
r4=:1 .5404/f6=2,2660/(6=1 .0856 
r7=1.0871/r8=:1.0889/r9=:l  0871 
f 1 0=  1 .0855/ri  1=1 ,0865/r1 2=  1 . 0868 
f13=1.0872/r14=1.0859/a3=  74,7408 
a4=  93.5429/a5=130.0092/a6=1 13.4879 
a7=1 10-7039/a8=1 1 1.4780/a9=109.6191 
a10=112.0531/al1=108  8747/a12=109.9315 
a13=l10.3734/at4=l09  2114/d3=-132  2131 
d4=1l5.7902/d8=166.7660/d9=1 17  9400 
d10=-l23.l354/d11=-l2l  .1057/612=122  3794 


bicycio  [2.2.2]  octane 


Starting  geometry  &  inlemal  coordinate  set  (a) 
C 


C  1  r1 
C  1  t22a2 
C  1  r2  2  a2  3  120 
C  1  r2  2  a2  3  240 
C  2  r2  1  a2  3  d2 
C2r2  1  a26  120 
C  2  r2  1  a2  6  240 
-  1  1.2  90  3  0 
•2  1  1  90  6  0 
H  1  r3  9  90  2  180 
H2t3  10  90  1  180 
H  3  r4  1  a4  2  d4 
H  3  rS  1  a5  2  dS 
H  4  r4  1  a4  2  d4 
H  4  r5  1  a5  2  d5 
H  5  r4  1  a4  2  d4 
H  5  r5  1  a5  2  d5 
H  6  r4  2  a4  1  d4 
H  6  r5  2  a5  1  d5 
H  7  r4  2  a4  1  d4 


Number  of  optimization  steps 


H  7  rS  2  as  1  d5 
H  8  r4  2  a4  1  d4 


imemat  coordinates  (a)  1 1 

intemai  coordinates  (b)  25 

cartesian  coordinates  19 

mixed  coordinates  14 


H  8  rS  2  aS  1  dS 

r1  =2.579Wr2=i  .5396/r3=  1 .0895 
r4=1.0867/r5=1  0868/32=  70  0910 
34=109.2484/35=1 10  4824/d2=6  3053 
d4=1 14.9771/d5=-127  9986 
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2  hydroxy  bicyciopentane 


Starting  geometry  and  mtemat  coordinate  set  (a) 


Nurrtber  of  optimization  steps 


internal  coordinates  (a) 
cartesian  coordinates 
mixed  coordinates 


ACTHCP 


10 

20 

11 


Number  of  optimization  steps 


internal  coordinates  (a)  65 

cartesian  coordinates  >8t 
mixed  coordinates  72 


C 

C  1  r12 
C  1  t13 
C  1  r14 
C4f45 
0  4r46 
H  1  r17 
H2  r28 
H3r39 
H3r3A 
H4  r40 
H5r5C 
HSrSD 
H6t6E 


2a213 
2  a214  3 
1  a145  2 
1  a146  2 
2a217  3 
1  3128  3 
1  a139  2 
I  aI3A  2 
1  a14B  2 
4  a45C  1 
4  a45D  1 
4  a46E  1 


d3214 

d2145 

d2146 

d3217 

d3128 

d2139 

d213A 

d214B 

dl45C 

d145D 

d146E 


r12=1.5447/r13=1. 4892/114=1.5367 
r45=1  5374/r46=t  .4064/r1 7=1 .0875 
r28=1 .0877/r39=1  0845/r3A=1 .0839 
r4B=1  0877/r5C=  1  0854/r5D=  1 ,085 1 
i6E=0  9423/a213=58.7631/a214=89  4219 
a  1 45=90  6265/a 146=111 .3076/a2 1 7=  1 09  2699 
a  1 28=1 09. 1 552/a 139=11 6.0099/a  1 3A= 1 1 5  6587 
a1 46=1 1 3.6734/a45C=  114.71 76/a45D=  1 1 3,3309 
a46E=1 08.0277/d3214=1 25. 1 01 8/d2 1 45=-0  3599 
d2 146=  1 1 4 .432 1 /d32 1 7=- 1 1 3  9872/d3 1 28= 1 1 4 . 30 1 5 
d21 39=- 1 07.2585/d21 3A=1 07.0506/d21 4B=- 1 1 8  5685 
d145C=1 15.4893/d145D=-1 13.2697/d146E=177  3806 

Starting  geometry  &  internal  coordinate  se. 


c 

(h) 

N  1  r1 

C  1  r22a2 

N  1  13  2  a3  3  d3 

C  2  r4  1  a4  3  d4 

C  1  r5  2  a5  3  d5 

C  2  r6  1  a6  6  d6 

S  1  r7  2  a7  6  d7 

H  1  r8  2  a8  3  d8 

1  A 

O  3  r9  1  a9  2  d9 

H  4  rA  3  aA  1  dA 

V 

O  5  iB  2  aB  1  dB 
H  6  rC  1  aC  2  dC 
H  6  rO  1  aO  2  dD 
H  7  rE  2  aE  1  dE 
H  7  rF  2  aF  1  dF 

r1=1 .4763/12=1. 5142/f3=2.3316 
r4=1  3397/r5=  1 .5277/r6=  1 ,4667 
r7=2  6282/r8=  1  0872/i9=  1 ,2263 
rA=1. 01 41/r6=1. 2516/ rC=1  0851 
fO=1  .0841/rE=1 .0843/rF=1  0835 
a2=  99.1882/a3=  64.9195/a4=1 12.8177 
a5=101.7456/a6=122  6016/a7=  69.6216 
a8=1 10.1242/39=127  3698/aA=124.2840 
aB=126,5097/aC=1 10.4262/aD=1 1 1 .8364 
aE=1 10,9696/aF=1 1 1.1680/d3=-6.3596 
d4=5.31 0e/d5=1 22.7439/d6=-34,1 633 
d7=29. 1542/d8=- 1 1 5.5422/d9=1 73.4622 
dA=- 1 79.3990/dB=- 1 79.3990/dC=-75.3678 
dD=163.4138/dE=123.1421/dF=-1 13.1 194 


Figure  I.  iCotuimu'd) 


required  for  the  optimizations  for  any  of  the  coordinate  systems.  Bicyclo  {2.2.2  ] 
octane  can  twist  about  the  Ct,  axis  and  this  may  account  for  the  greater  number  of 
steps  taken  by  the  cartesian  based  optimization.  For  the  hydroxybicyclopentanes. 
optimization  of  the  rotation  of  the  hydroxyl  groups  may  be  more  difficult  in  cartesian 
coordinates.  Rigid  planar  molecules  such  as  fluorofuran  and  irihydroxyanthroqui- 
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24^) 


1,4,5  trihydroxy  anthroquinone 


Starling  geometry  A  internal  coordinate  r.ot  (a) 


H' 


cr^Sc^Sc'^' 


LH; 


Number  at  optimization  steps 

internal  coordinates  (a)  10 

cartesian  coordinates  1 1 

mixed  coordinates  17 


C  1  rl 

C  in?  a2 
C  3r3  1  a3  2  IBO 

C  4r4  3a4  1  180 

C  2  r5  1  a5  3  0 

C  6r6  2a6  1  180 
C  7r7  6a7  2  180 

C  1  r8  2a8  3  180 

C  9r9  1  a9  3  180 
C  10  rIO  9  a10  1  180 
C  2r11  1  all  3  180 
C  12  r12  2  a12  1  180 
C  13  r13  12a132  180 
O  1  r14  3  r14  2  180 
O  4  i15  3  a15  1  0 
H  16  rl6  4  a16  3  0 
H  5r17  4a173  180 
H  Brl8  7a18  6  180. 

O  7  r19  6a192  0 
H  20  120  7a20  6  0 
O  2  r21  6a21  7  0 
0  13r22  12  322  2  0 
H  23  r23  13  a23  12  0 
H  14  r24  13a24  12  180 
H  11  .25  10  325  9  180, 
H  10r26  1  0 


n  =2  8 1 28/r2=  1  4007/r3=  1 ,4025/r4= 1 ,3934 
r5=1 .4009/16=1 ,4025/r7=  1 ,3934,'r8=1  3998 
i9=  1 ,3986/11 0=  1 ,3926/11 1  =  1  3999/1 1 2=  1 ,4025 
r13=1. 3945/1 14=12122/1 15=1. 3656/116=0. 9757 
rl  7=  1 ,0735/r1 8=  1 , 0735/r  1 9=  1 .3653/120=0  9747 
i21=1 .2141/122=1 ,3652/123=0.9750/124=  1 .0734 
i25=1  0737/r26=1,0735/a2=  59.7891 
a3=  119.9130/34=1 19  8322/a5=  59.7502 
a6=1 19  9728/a7=1 19,8749/a8=  59.4339 
a9=  1 1 9.40 1 8/a  1 0=  1 20,5069/a  1 1  =  59.931 6 
312=120, 5476/a  13=1 19.9462/314=1 20. 1535 
al5=123.2100/a16=1 12  4815/317=1 19  9896 
a18=119.9769/al9=123.2140/a20=112  5473 
321  =  120  3804/322=  1 23,0024/323=  1 1 2,3739 
a24=1 19.9078/325=  1 20,2592/326=1 21 .6324 


I  iturc  I.  H  im:-, noli 


none  optimi/e  readily  in  all  three  coordinate  systems  since  there  are  no  Hexibie 
rings  or  internal  rotors  to  cause  problems.  For  trihydroxyanthroquinone.  Baker 
and  Hchre  were  unable  to  achieve  convergence  with  internal  coordinates,  but  the 
present  choice  of  internal  coordinates  performed  as  well  as  cartesian  coordinates. 
AcriK  H  and  protonated  histamine  were  the  most  troublesome  molecules  in  the 
present  study.  Both  contain  a  very  flexible  tivc-membered  ring  that  changes  con¬ 
formation  during  the  course  of  the  optimization.  Baker  and  Hchre  found  a  minimum 
for  A(  itK  [>  only  with  cartesian  coordinates  (90  cycles)  [8],  In  the  present  study, 
internal  and  mixed  coordinates  both  converged  in  somewhat  fewer  cycles  (65  and 
72.  respectively).  Internal  and  mixed  coordinates  behaved  similarly  for  histamine 
H  ‘ ;  cartesian  coordinate-based  optimization  had  difficulties  adjusting  the  flexible 
hydrogen-bonded  side  chain  and  did  not  converge  with  100  cycles. 

With  the  reduction  in  computational  cost  and  the  improvements  in  ah  iniiio  mo 
calculations  over  the  last  decade,  it  is  possible  to  contemplate  optimizing  the  gc- 
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Starling  geometry  &  internal  coordinate  set  (a) 


histamine 


'^tcV-:c')  'J'' 

•'  N  '  In 


N 

C  )  rt 
C  2  r2  1  a2 
Cl  r3  2  a3  3  d3 
N  2  r4  1  a4  3  d4 
C  2  i5  t  a5  3  dS 
C  6  «  2  a6  1  d6 
N  7  r7  6  a7  2  d7 
H  3  r8  2  aB  5  de 
H  5  i9  3  a9  4  d9 
H4  no  1  alOSdIO 
H6r11  2a11  7d11 
H6n22a127dl2 
H7r136a13ed13 
H7t146at48d14 
H8n57a156d15 
H8n67a16  I6d16 
H8n77a17  t6d17 


H 


n  =  1  3572/c2=1  3770/t3=1  3240/r4=>2. 1 863 
r5=1 .4995/16=1 .5363/r7=1 . 5050/(6=1 ,0704 
(9=1  0495/(10=1  0708/(1 1=1  0654/(12=1 .0851 
(13=1.0846/(14=1  0849/(15=1  0450/(16=1  0437 


Nu(nbe(  of  optimization  steps 

inle(nal  coo(dinates  (a)  42 

cartesian  coo(dirales  >100 
mixed  cooidinates  47 


(17=1 .0450/a2= 1 1 0.72 1 6/a3=  1 05  5982/a4=73. 1915 
a5=  1 20.8022/a6=  1 1 3  5238/a7=1 09  0633/a8=  1 3 1 .4886 
a9=126.3666/a10=126  3072/a1 1  =  108.7003/a12=108.1367 
a13=1 11.8514/a14=1 10  1194/a15=109.6284/al6=l  10.1589 
a17=109.329/d3=-0  2008/d4=0.0839/d5=- 179  6829 
d6=39  681 8/d7=-62.5378/d8=  1 79  9720/d9= 1 80,0000 
d1 0=1 79.8032/d  11=121  5462/d1 2=- 1 22  2758/d1 3=  1 20.61 63 
d14=- 1 1 8  2480/d1 5=-45.3540/d16=  1 20  989 1 /d1 7=- 1 1 9  7540 


Figure  1.  [Cummiud) 


ometn  for  each  point  on  a  potential  surface  scan.  Such  a  relaxed  surface  scan 
requires  ont  or  more  coordinates  to  be  constrained  ( i.e..  the  coordinate!  s)  defining 
the  surface )  while  the  remaining  coordinates  are  minimized.  Internal  coordinates 
such  as  bon'J  lengths  and  dihedral  angles  are  often  the  most  convenient  and  mean¬ 
ingful  for  surface  scans.  However,  constraints  on  internal  coordinates  are  more 
complicatcv.  to  impose  when  the  optimization  is  carried  out  in  cartesian  coordinates 
[9-1 1}.  Wi'ii  mixed  internal  and  cartesian  coordinates,  the  surface  coordinates  can 
be  express.  ,!  in  terms  of  internals,  whereas  cartesian  coordinates  can  be  used  for 
rings.  Figu.  e  2  shows  an  example  of  a  relaxed  scan  for  protonated  histamine  as  a 
function  o*  the  two  dihedral  angles  of  the  side  chain.  The  five-membered  ring  is 
defined  in  erms  of  cartesian  coordinates;  internal  coordinates  are  used  for  all  of 
the  substitu  ..Its.  I'he  dihedral  angles  were  stepped  in  60°  increments  and  the  relaxed 
energies  we  e  fitted  to  a  double  fouricr  expansion.  The  surface  shows  a  deep  diagonal 
valley  whe  ;  the  RNHi*  group  forms  a  strong  hydrogen  bond  to  the  imidazole 
nitrogen.  The  narrow,  diagonal  nature  of  the  valley  indicates  strong  coupling  between 
the  2  dihed  al  angles.  Provided  both  angles  change  in  a  concerted  manner,  the  ring 
formed  by  he  hydrogen-bonded  side  chain  can  flex  above  and  below  the  plane  of 
the  imidaz'  Ic  without  significant  change  in  energy.  This  deep,  narrow  valley  with 
a  flat  bottt  ,n  probably  is  the  reason  for  the  slow  convergence  in  the  geometry' 
optimizati'' 1  of  this  molecule  (Table  I). 

Conclusions 

Coordina'c  systems  with  a  mixture  of  interna!  and  cartesian  coordinates  are 
useful  alternatives  to  pure  cartesians  or  pure  internals  for  geometry  optimization 


I 
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Figure  2.  Poicntiai  energ;.  surface  scan  for  proionatcd  histamine,  fhe  dihedral  angles  o, 
and  (ii2  vsere  stepped  in  60‘’  internals  and  all  of  the  remaining  degrees  of  freedom  were 
optimized  using  mined  internal /cartesian  coordinates 


and  have  been  incorporated  in  GAUSSIAN  92.  Rings  can  be  represented  more 
easily  in  cartesian  coordinates;  side  chains  can  be  readily  described  by  internal 
coordinates.  The  performance  of  mixed  coordinate  optimizations  is  generally  in¬ 
termediate  between  cartesian  and  well-chosen  internal  coordinate  systems.  Well- 
chosen  internal  coordinates  and  mixed  coordinates  may  require  a  bit  more  work 
to  set  up  but  generally  performed  as  well  as  or  better  than  cartesian  coordinates  for 
the  examples  considered  in  this  study.  Internal  and  mixed  coordinates  also  have 
some  advantages  for  relaxed  potential  surface  scans. 
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Abstract 

Various  chemical  potenliaUclectronegativiiy  )-rolated  quaniilics.  gi\en  by  relevant  derivatives  of  the 
energy  with  respect  to  the  electron  occupation /density  variables,  are  examined  tor  the  model  one-di¬ 
mensional  system  consisting  of  «t-levels  occupied  by  electron  moving  in  a  common  one^hody  potential. 
The  previously  proposed  hypersphcrical  orbitals,  with  the  common  radial  factor,  x  where  p  is  the 
electron  density,  are  used  to  derive  explicit  expressions  for  approximations  to  the  ItKal.  global,  and  orbital 
“chemical  potentials"  (“electronegativities").  Relevant  Euler  equations  are  sum  mari/cd.  and  an  illustrative 
example  of  the  harmonic  oscillator  is  di.scussed  in  more  detail.  <  I'iy2  John  W  ilcy  &  Sons  Ine 


Introduction 


The  electronic  global  chemical  potential  ( negative  of  the  global  electronegativity ) . 
given  by  the  derivative  of  the  system  energy  with  respect  to  its  number  of  electrons. 


M,,  = -a;,  =  d£(A')/dA'.  (1) 

represents  a  key  concept  of  the  density  functional  theory  iuv\  )  [  1 .2  j  and  the  related 
charge  sensitivity  analysis  (CSa  )  [  1 .3-8],  in  which  some  of  its  derivatives  are  used. 
It  appears  as  the  Lagrange  multiplier  in  the  DFT  variational  formulation  [9]: 


I 


EM 


dr  -  A’„ 


=  0  . 


(2) 


incorporating  the  subsidiary  condition  of  the  specific  particle  number.  N„  =  f  p„ 
dT\  here  p  is  the  electron  density  and  the  subscript,  v,  indicates  the  fixed  external 
potential.  For  the  exact  ground-state  (equilibrium)  density,  p„.  the  local  chemical 
pofew/a/ (electronegativity)  equalizes  throughout  the  whole  electron  distribution 
[9a]: 


M„(r)  =  6£Jp]/Mr)U„  =  Mu(r')  =  •  •  •  =  M.  •  (3) 

The  properties  of  Py  and  the  orbital  electronegativity,  as  defined  by  Hinze  et  al. 
[10],  have  been  extensively  studied  [1,6,9,11-13].  It  has  been  pointed  out  that 
electronegativity  equalization  ( EE )  of  eq.  ( 3 )  cannot  take  place  in  the  Hartee-Fock 
( HF)  theory,  due  to  the  extreme  orbital  occupation  constraints.  Thus,  in  this  ap- 
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proximation,  only  an  approximate  ( average )  global  "chemical  potential"  level  can 
be  defined.  This  level  has  been  approximated  in  recent  studies  as  the  energy  per 
particle,  £/.V  [1 1.12  j.  or  as  the  average  orbital  energy. 

^  =  Z  P,e,  .  ( 4  ) 

/  f 

where  /;,  =  nJN  is  the  /th  orbital  occupation  probability,  n,  is  the  occupation 
number,  and  e,  is  the  orbital  energy  {6]. 

The  main  purpose  of  the  present  study  is  to  examine  properties  of  various  chemical 
potential-related  quantities,  local,  orbital,  and  global,  within  a  well-defined  and 
realistic  multilevel  model  system.  We  shall  consider  w-levels  occupied  by  electrons 
moving  in  a  common  one-body  potential  !  '( .v).  This  model  has  already  been  suc¬ 
cessfully  used  to  determine  p  =  p[l  ]  relation  and  to  investigate  properties  of  the 
so-called  Pauli  potential.  I  X-v).  originating  from  the  density  matrix  idempotency 
(orbital  orthonormality)  constraints  [14-16].  It  realistically  models,  for  example, 
a  multishell  spherical  atom  (.v  =  r),  with  the  one-dimensional  density  p(.v)  then 
being  related  to  the  radial  density  [1 5].  A  formally  exact  definition  of  such  an 
effective  one-body  potential  f  =  p]  was  given  by  Kohn  and  Sham  [17], 
though  it  involves  a  functional  derivative  of  yet  unknown  exchange-correlation 
functional.  As  in  the  previous  development,  we  adopt  the  hyperspherical  orbital 
representation  with  the  common  radial  function,  X  = 

Model 

Consider  the  /n-occupied  level  one-dimensional  system,  within  an  independent- 
particle  approximation,  in  which  electrons  move  in  a  common  one-body  potential, 
f  (.v).  The  canonical  orbitals  <t>  =  {(j>\ . must  satisfy  the  associated  one- 


body  Schrodinger  equations. 

0,"  +  2{c,  -  1')^,  =  0.  /=1,2 . m.  (5) 

As  done  previously  [16],  we  adopt  the  hyperspherical  function  frame  [14];  for  the 
doubly  occupied  orbitals: 

V20  =  XK,  (6a) 


where  X  determines  the  radial  function  "variable”  of  0,  and  the  angular  funciions, 
K, 


A'i(.v)  =  sin/,(,\-)  sin/2(.v)-  ■  -sin  /;,,  i(a)  , 
Kilx)  =  cos/i(.v)  sin  /2(a)-  •  -  sin  /,„  i(a)  . 
A'd.v)  =  cosy2(-v)-  •  -sin./;,,  ,(a)  , 


A'»,(a)  = 


cos./;,,  I  (A). 


(6b) 


depend  upon  the (m  -  I  )-angle  funetions  {  /,( a  )  j  and  satisfy  the  familiar  properties 
of  coordinates  of  a  unit  vector  in  the  ^-dimensional  vector  space.  The  corresponding 
Euler  equations,  "radial"  (associated  with  a  variation  of  X)  and  "angular”  (associated 
with  variations  of  K),  are  summarized  in  Appendix  A. 

Chemical  Potential  Quantities 

The  energy  functional  [eq.  ( A 14 )]  of  Appendix  A  can  be  expressed  as  a  function 
of  fractional  orbital  occupations  in  the  A’  <  2m  case,  by  an  appropriate  scaling 
procedure.  Let  us  consider  first  the  energy  function  of  orbital  occupations  n  =  («] . 
where  Z"'i  =  A'.  Rewriting  eq.  (6a)  as 

=  XA',,  /  =  1.  2,  •  •  •  ,  (7) 

allows  one  to  interpret  this  procedure  as  the  occupation-dependent  scaling  of  the 
angular  functions  K(2)  of  eq.  (6)  into 

A',(n)  =  A'(2)(«,/2)'/-.  /■  =  1,  2,  •  •  •  m  ,  (8) 

where  K(2)  refers  to  the  doubly  occupied  w-leve!s.  It  can,  therefore,  be  termed  the 
angular  orbital  occupalion  scaling.  It  preserves  a  common  radial  factor,  x.  essential 
for  the  hyperspherical  representation  (6),  and  thus,  p  and  its  derivatives.  The  scaled 
functional  ofeq.  (A  14}  now  becomes  the  following  function  of  orbital  occupations: 

A[p,  K(n)]  =  J  p'  +  2  dx  =  A(n) .  (9) 

giving  the  rigid  ( i.e.,  orbitally  unrela.xed )  orbital  chemical  potentials  ( negative  rigid 
orbiial  electronegativities ) , 

P,  =  -X,  =  [dE(n)ldn,]^  ~  J  ~  ’  /  =  1.  2,  •  •  •  m  ,  (10) 

equal  to  the  respective  orbital  energies  in  accordance  with  our  earlier  conjectures  [6]. 

In  order  to  obtain  the  working  function  E(N),  we  can  similarly  modify  eq.  (6a) 
to  reflect  the  uniform  (statistical)  occupations  of  all  m  orbitals. 

n,  =  h=  N/ m,  <  =  I,  2,  •  •  •  m  .  (11) 

However,  such  a  uniform  occupation  scaling  can  now  be  interpreted  as  performed 
on  either  the  angular  or  radial  factors  of  the  hyperspherical  orbitals.  First  consider 
the  angular  case  with  n  =  n,  to  which  eqs.  (7)-(9)  apply.  The  functional  E{p, 
K(n))  now  becomes  a  simple  function  of  A': 

A-(A’)  =  A’(n(A')).  (12) 

leading  to  a  measure  of  the  global  chemical  potential  given  by  the  average  orbital 
energy  (eq.  (4)]: 
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j  m  m 

M  =  -A'  =  dE(A')/d,\’  =  —  2  f/  =  Tr  2  Cl 


m 


N 


(13) 


Consider  now  the  case  of  the  radial  scaling  due  to  the  uniform  fractional  occupations 
of  orbitals 


n''^<t),  =  XK,, 

or.  by  comparison  with  eq.  (6a). 


/=  1.2, 


m  . 


x(n) =  X(2) 


f- 

\2a« 


2m) 


I/:: 


(14) 


(15) 


where,  again,  X(2)  is  the  “radial"  function  for  the  doubly  occupied  electron  con¬ 
figuration.  Such  a  radial  scaling  of  the  energy  functional  (A  14)  gives 


N 

E(N)^  —  E{2), 
2m 


(16) 


where  £'(2)  is  the  electronic  energy  for  the  fully  occupied  m-leveis  (A'  =  2m)  for 
which  the  scaling  factor  in  eq.  ( 1 5 )  is  equal  to  unity.  The  associated  measure  of 
the  global  chemical  potential  (electronegativity). 


il  =  -X  =  dE{N)/aN  ==  E(2)/2m  =  E/N  . 


(17) 


reproduces  the  earlier  findings  by  other  authors  [11,12]. 

This  scaling  procedure  can  be  easily  modified  to  account  for  any  electron 
configuration,  by  writing  the  orbital  occupation  numbers  in  terms  of  the  global 
number  of  electrons  and  occupation  probabilities,  rij  =  A'/;,,  with  the  subsequent 
A-scaling  being  attributed  to  the  radial  part  of  orbitals  and  the  p-scaling  affect¬ 
ing  the  angular  parts.  Such  a  more  general  case  is  briefly  summarized  in  Ap¬ 
pendix  B. 

Let  us  now  turn  to  the  kKal  chemical  potential  (electronegativity)  quantities. 
Taking  the  partial  functional  derivative  of  the  energy  functional  (A  14)  gives  the 
rigid  local  chemical  potential: 


m(^)  = 


hE 


[P.K]\ 

Mx) 


2A:r(x)€,-2p,(x)  =  -A:(,x), 

y  1  I  I 


where 


M,(x)  = 


mp>  K] 


\  ^Pi  /  K 

Its  space  average  gives  the  average  global  potential  [eqs.  (4)  and  ( 13)|: 


(18) 


( 18a) 


J  ii{x)(){x)  dx I  j  pix)  dx 


(19) 
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so  that 

JidN=  j  fi(x)  dp(x)  dx  .  ( 20 ) 

On  the  other  hand,  since  the  functional  (A  15)  already  includes  the  functional 
dependence  of  K  =  K[/o.  V]. 

£[p,  F]  =  £[p,K[p.  1']],  (21) 

its  functional  derivative  will  provide  the  ( orbitally )  relaxed  local  chemical  poleniial 
( electronegativity) : 

^  -  (22) 

Sp(.v) 


The  explicit  form  of  the  functional  derivative  (18),  obtained  by  using  the  expres¬ 
sion  (AlO)  is: 


p(x)  = 


I 

8 


+  I'  +  F,  —  f 


(18b) 


The  relaxed  quantity  of  eq.  (22 )  includes  an  additional  orbital  relaxation  term  due 
to  the  angular  potential, 


m'"(A-)  =  m(x)  + 


gF„[p,  F] 

Mx) 


(22a) 


where  the  functional  Fu[p,  F]  is  defined  by  eq.  (AlO).  It  directly  follows  from  this 
definition  that 


6p 


F'(.v) . 


since  the  contribution  from  the  remaining  terms  vanishes  identically. 


(23) 


Illustrative  Example:  Harmonic  Oscillator 

Consider  a  linear  harmonic  oscillator  with  units  in  which  the  Hamiltonian  takes 
the  form, 

=  +  (24) 

we  are  assuming  the  first  two  states  singly  occupied:  ci  =  1/2.  ci  =  3/2, 

p  =  </>i  -f  0?  =  p,  +  P2  =  rr  ''^exp(-x*)Z.  (25) 

where  Z  =  I  +  2 x^,  following  the  previous  analysis  [IS]. 

We  note  that,  for  a  single  occupied  level  only,  p,  =  =  ir  exp{-x‘).  one 

obtains  F^  =  0,  and  all  chemical  potential  quantities  assume  a  constant  value: 

p  -  Pi  -  p{x)  =  p'"‘'(x)  =  e,  . 


(26) 
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In  the  case  of  two  occupied  levels  w  ith  the  density  distribution  (  25 ) 


r,  -  /  ■ . 

which  gives  the  local  chemical  potential  function 

M(.v)  =  ;  ■  ■  /Z  : 


(27) 


(28) 


when  averaged  over  space  this  local  quantity  indeed  generates  the  global  chemical 
potential  measure: 

M  ^  J  ^(.v)MA)  ^/.v  =  b  1  .  ( 29 ) 

It  should  be  observed  that,  due  to  the  presence  of  the  space-depcndeni  "sw  itching 
function."  1//. 

Ai(0)  =  :|;  =  Cl  and  #/(  x  )  -  =  £2  ■  ( 30) 

The  integral  function,  t  (.v)  of  eq.  (23).  assumes  the  following  form: 

L'(.v)  =  (Z  +  2)/(4Z).  (31) 

For  the  purpose  of  calculating  the  orbitally  relaxed  potential  L'i.x)  should 

be  interpreted  as  functional  of  p  and  T.  in  order  to  calculate  the  orbital  relaxation 
correction  of  eqs.  ( 22a )  and  { 23 ).  This  can  be  formally  pursued  by  observing  that 
(see  eqs,  (6)  and  (25)] 

Z  =  ph)\  =  A't  ,  (32) 

whose  functional  dependence  on  p  and  I  follows  from  the  Schrddingcr  equa¬ 
tion  ( A8 ). 


Conclusions 


The  combination  formulas,  expressing  the  “chemical  potential”  of  the  whole 
electron  distribution  i.  1  rms  of  potentials  characterizing  its  constituent  fragments 
(spatial  or  functional),  involve  the  relevant  l-’ukui Junction  ( F)  data  as  the  weighting 
factors.  For  example: 


di:  ^  di:  dn, 

—  =  ^ - -  A  u.I-, 


<9  A'  ^  ,  dn,  dN  ,  , 

"I  f  oE  dp,ix)  ,  Z  , 

Z  T-— -r </-v  ^  Z  p,(x)h,{x)dx  , 

J  Sp,(x)  dE  ,  I  J 


(33a) 

(33b) 
( 3.3c ) 


CIIINIICM  I’lUI.MIM  l\  \  \lt  I  I II  [  \  I  I  S'lSIlAl 

anc)  similar  chain-transtorination  tbrnuilascan  I'ormalU  he  uriiteii  I'nr  vamuis  mo¬ 
lecular  fragmeiUs  e.g..  an  orbital  /  ora  Iragmem  >  /  collection  of  orbitals): 


M, 


1)1.  <)/i,t  V) 

7 - ^ - d\ 

i)l>,{.\)  (iir 


'  »/•  '  '(  V)  </v 


( .'4a ) 


/  dj-.'  \  C  ) 

\(“|  V,  J  op)(  V)  b,\  , 


Pi  (A  )/•"’(  A) //v  .  I.'4b) 


or  ;i  local  mlinitcsimal  "'olume''  clemem  at  v: 


\  Opt  V)  /  I  J  op  (  A  )  (//)(  A  ) 


p,(  v')/-‘'’tA'.  v)  d\'  .  t  45) 


Ihe  respccti'c  normali/ation  conditions  tor  the  global  1  -indices,  rel'ernng  to 
c  istituent  parts  of  the  "hole  svslem.  ofeqs.  (.4,').  are: 


( .46  ) 

vshile  the  iVagmcnt  ‘  -indices  in  eqs.  (.44)  and  (.45)  are  normali/ed  in  accordance 
"ith  the  requirements: 


/'.(  A  )  </v 


/•; 


I 


/■'(  .V )  (/.\ 


/•■'''(  v)//.v 


'(.V)  r/'  -  I  . 


( .47 ) 


:i  J  //v7-  ''’(.v,  .v') 


(,4S) 


rcsnecti'cK. 

\  comparison  between  the  formulas  ofeqs.  (.4.4)-(.45)  and  the  corresponiling 
espressions  for  the  chemical  potential  quantities  noted  presiousK  identifies  the 
associttied  1-intiices,  f  or  csample.  it  immediateh  follows  from  eqs.  (14)  and  ( .4.4a  ) 
that 


/  ~  -  —  const.,  /  1.  2,  •••///  .  (49) 

111  .\ 


for  the  closed-shell  configuration,  is  simply  the  orbital  occuiration  probabilitc  (6  J, 
.'\  corresponding  local  f-indc\  can  be  similarh  i'.ientiiicil  from  eqs.  (  19).  (4.4b). 
and  ( .'\2  )  as 
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It  should  also  he  observed  that,  since  /i;(.v)  -  =  e,  [compare  cqs.  ( 10)  and 

(18a)].  the  /acd/  orbital  clccirtmei’uliviiy  is  equalizal  throughout  the  space  at  the 
negative  orbital  energy  level.  The  orbital  local  F-inde.x, 


/■',(  v) 


pAx) 

N 


fAx)KUx) 

N 


(41  ) 


again  measuring  the  orbital  local  occupation  probability  and  appropriately  nor¬ 
malized. 


2  J  K(x)  d\  =  1  , 


automatically  satisfies  eq.  ( 33c).  Finally,  one  similarly  identifies 
F"Hx}  =  <A,-(a)  =  pAx)/n,  =  pix)K'Ax)/n, . 


r>Ax)  =  p,(.v)/A-,  - 


2  pAx) 

id  ) 


I 

Id  y 


which  automatically  satisfy  eqs.  (34)^  and 

/•"'>(A-.  A')  =  A';(.v)  6(a  -  a') 

fulfilling  eq.  (35). 


(42) 


(43a) 

(43b) 


(44) 
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Appendix  A:  Euler  Equations  in  Hyperspherical  Orbital  Representation 

Consider  a  general  /?j-level,  one-dimensional,  independent-particle  problem,  de¬ 
fined  by  an  external  potential,  T(  a).  We  assume  the  hyperspherical  function  frame 
of  eq.  { 6 )  for  a  closed-shell  system; 

V20,(a)  ==  x(.v)A',(a).  /  =  1.2,  ■  •  •  m  ,  (A1 ) 

where  =  p  =  2  Z,'2i  0r  is  the  electron  density.  Eqs.  (Al )  imply  that,  at  each 
point  in  space,  the  optimum  "angular”  functions.  K(a),  must  behave  as  components 
of  the  unit-vector  in  the  w-dimensional  vector  space: 

/n  m 

2  A^r(A)  =  1,  and  hence.  2  KAx)K'i{x)  =  0  .  (A2) 

The  remaining  subsidiary  conditions  are  the  usual  relations  of  the  orthonormality 
of  orbitals: 


(itiMicM  hvumim  i\  \\iiriiii\ii  svsiiM 


■‘'ij  '■  '  01 1  ‘P:  “■  ^  “  J  ^ 


A,  (/v  I),.,  1. 1 


m.  (A?) 


Therefore,  the  optimum  orbitals  eorrespoiul  to  the  minimum  of  the  au\iliar\  fiine- 
tional, 

f  A;'  I  U/\  *  \i2  '1.  A„(.V,  A).  (A4) 


where  the  energy  functional  is  [16]: 

/■;  =  /-.[X,  K]  f  ^  (X')‘  r  x  ’  r  -  ^  V  I  .  { A5  ) 

"'I-  L  -  ,  1  Jj 

X  groups  the  Lagrange  multipliers  associated  with  the  orthonormality  constraints 
(  As  ).  and  i'{.\ )  is  the  l.agrange  multiplier  function  corresponding  lt>  the  local  con¬ 
straints  ( A2 ). 

The  “radial"  and  “angular"  l:uler  equations,  obtained  by  taking  the  functional 
derivuioe  of  (  \4)  with  respect  to  X  and  A,,  respectively,  are: 


2(1-^  z  -  I  A,X„A,. 

/  1  '  i.y  1 


/  =  1.2.  •  •  •  /I!  .  (.A7 ) 

In  order  to  identify  the  Lagrange  multipliers,  we  shall  manipulate  the  one-body 
Schrodinger  equations  (  5  )  which,  when  expressed  in  terms  of  hyperspherical  func¬ 
tions.  become: 

A'/  i-  ^l^jA','  +  ^  O'  /  =  1.  2.  •  •  •  nt .  (A8) 

Multiplying  the  /th  Schrodinger  equation  by  A,-,  summing  over  ail  occupied 
orbitals,  and  using  the  property  ( A2 ).  gives  the  angular  potential  1 16]: 


V-  >  /X"\  . 


appearing  in  the  effective  potential  term  of  cq.  i.'\6).  As  demonstrated  presiously 
[15. 16).  the  explicit  functional  form.  I  „[X.  I  '],  resulting  from  tlte  one-dimensional 
virial  theorem,  is: 


i:4x.  I  ]  = 


if© -(01-7 


-  I ;,[/<.  I- 
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Inserting  eq.  { A9)  into  the  "radiar’  equation  ( A6)  gives 

nt  tn 

S  =  21  Ajf, . 


(All) 


Let  us  now  multiply  /th  “angular”  equation  (A7)  by  K,:  subsequent  summation 
over  all  occupied  orbitals  and  using  ofeqs.  ( A2).  ( A9).  and  (All)  allows  one  to 
identify  vix): 

i,  =  _rx--:^XX'=  (A12) 

2  4 

This  expression  transforms  eq.  ( A7)  into  the  following  equation: 

+  AT  +  2  ^  i:  KK,  -  ]  K,  =  0  . 

which  becomes  identical  with  the  corresponding  Schrodinger  equation  ( AS ).  when 


X)/  »  ' 


(A13) 


in  accordance  with  eq.  (Al  1 ). 

We  conclude  this  Appendix  with  the  explicit  energy  functionals  resulting  from 
inserting  the  angular  potential  expressions  (A9)  and  (AlO).  rcspectivelv.  into  eq. 
(A5): 

E[X.  K1  =  J[^(XX')'+  X-  Z  Arr,  dx 

=  J  p'  +  P  Z  A'rc,  j  dx  =  A{p.  K) .  ( A14) 

E[X,  F)  =  J  j^^(X')' +  ^(XX')' +  LX‘ -  J  x'l"  dl  dx 

"  J[^  Fp-^  J'pVV/Jrfv= /r[p,  F].  (AI5) 

These  functionals  provide  a  basis  for  deriving  in  the  Chemical  Potential  Quantities 
section,  and  in  Appendix  B,  various  derivative  quantities  related  to  the  global,  local, 
and  orbital  “chemical  potentials”  (“electronegativities”),  via  appropriate  electron 
popuiation  scaling  relations. 

Appendix  B;  General  Occupation  Scaling 

Consider  a  general  scaling  of  orbitals. 


=  XK,  , 


(IKMICM  I'OIIMIM  IN  \  Ml  1  III  I  \  !  I  S^SII\1 


26 


where p,  is  the  orbital  oeeupation  probability  ( n,  \p,).  e  assume  that  the  sealed 
orbitals  <p"  are  know  n  tor  the  eonfiguration  n  '  V'  p'  in  question: 

( A  </d,’  =  X(  A  ‘')A,,(/>;' )  X  K]  ,  (  B2  ) 

together  with  the  eigenvalues,  r".  1  he  orbitals  (Bit  tor  a  general  eonfiguration  n 
.V  I  p  now  consist  of  the  A -sealed  radial  part  [see  eq.  (  15  )]: 

X(A  )  -  X'tAVA")'-.  (B3) 


and  the  p-sca!ed  angular  parts  (see  eq.  (S)|: 

A',(p)  ~  ^'i'iP,/P',')'  '■  i  occupied  orbitals.  (B4l 

The  energy  function  resulting  from  such  a  combined  radial  and  angular  scaling 
of  the  functional  (A  14)  is; 


/•-'(.V.  p)  -  (.\7.V')/ax(,V").  K(p)] 
=  (A'/A’") 


where  the  summation  is  over  all  occupied  orbitals.  It  immediately  follows  from  the 
above  expression  that: 


I  ms 


'■iS-'.n)\  _  „ 

dn,  ''  ■ 


(B6) 

(B7) 


Therefore,  the  results  of  eqs.  (  10)  and  (  17)  remain  valid  for  any  assumed  scaled 
electron  configuration. 
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Restricted  Basis  Functions  for  HJ  With  Use  of 
Overlap  Integrals  of  Slater-Type  Orbitals 
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Abstract 

The  Lowclin  (i-l'unction  molhod.  augmented  b\  the  eomputer-generated  (  malri\.  is  appik-d  to  the 
11;  molecule.  A  it  \<)  (linear  combination  of  atomic  orbitals!  method  is  emplosed  using  seseral  i- 
orbitalsssith  equal  screening  constants.  Precautions  are  taken  to  avoid  canccllaiion  errors,  ihercbv  achieving 
convergence  vvith  increasmglv  higher  vrrbilal.s.  <  iw:  John  Wiiev  A;  Sons.  inc. 


Introduction 

We  make  an  application  of  the  Lowdin  o-function  method  to  the  determination 
of  the  ground  state  cnergv  of  the  hvdiogen  molecular  ion.  H : .  using  a  basis  set  of 
Slater-type  ,v-orbitals  with  equal  screening  constants.  Essentially,  only  overlap  in¬ 
tegrals  are  needed  for  this  task.  This  kind  of  problem  was  considered  by  Bishop 
and  Schneider  [1]  in  their  study  of  a  new  integral  transform,  namely 

e  I  .s(n)r'' Jfi 

Jo 

where  .s(n)  is  a  shape  function.  As  a  preliminary,  they  investigated  a  i  (  so  ( linear 
combination  of  atomic  orbitals)  using  I.v2v3,v4,v  STOS.  Stcinborn  and  W'eniger  [3] 
pointed  out.  in  their  study  of  H:  using  “B-functions."  that  there  was  probably  an 
error  in  Bishop  and  Schneider's  treatment  because  of  numerical  integration  diffi¬ 
culties. 

W'e  have  made  a  more  detailed  study  using  orbitals  from  1  v  to  Xs  with  analytic 
methods  [3]  employing  FORTRAN  and.  independently.  Muihvmalica  [4].  Since 
a  Mailu’maiica  program  for  overlap  integrals  with  unequal  screening  constants  has 
been  published  [5],  we  include  here  the  required  program  for  overlap  integrals 
with  equal  screening  constants  (Tabic  I ). 

a-Function  and  Overlap  Integral 

Eiverv  displaced  STO  may  be  c.spanded  in  an  infinite  scries  of  spherical  harmonics, 
the  functional  coefficients  being  designated  as  o-lunctions.  Assume  that  a  local 
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Tabl  e  1.  The  Maiheimtka  program  lor  overlap  integrals  with  equal  orbital  exponents 


azeta=a*2eta; 
nnp=  l;hhp=0;mm=0; 
nn=  l;hh=0:h  =  hhp 

cpolynomial  =  Sum(d'(nn  thh  +'2h-2pp-2vp~2v-k-kp)* 
r^(2pp+2v+2vp+kp)*( -l)''(v+qp+p+pp  +  hhr(-  1 )  '  hh* 
(2hh-2p)!*(2h-2pp)V4^(hh+h-p-pp)/((hh-p)!* 
p!*pp!*q!*qp!*v!*vp!*(hh+mm-2p-q-v)l)* 

(nn-hh  +  2p+2q  +  2qp)!/((h-pp)!*(h-mm  -  2pp-qp  vp)!* 
kpl*(nn-hh+2p+2q+2qp-k-kp)!). 

\  p.0.noor[(hh  +  mm)/2]l.Iq.0.hh+mm-2p|, 

{ v.O.hh  +  m  m -2p-q  1 , 1  pp.0.noor((  h -mm  )/2)  1 . 

{qp.O.h  -mm-2pp  ■,{'P-0.h-mm-2pp-qp;. 

J  k.0,nn-hh+2p+2q+2qpl. 
j  kp.0.nn-hh+2p+2q+2qp-  k  1  ]; 
cmatrix =CoetficientList[cpolynomial,  1  d,r  |  ]; 
c=cmatnx; 

kk=2'(nnp+nn)*(-  l)'mm*Sqrt[(2hh  +  l  )*(2hhp+  1  )*(hh  +  mm)!* 
(hhp-mm)!/((2nnp)!*(2nn)!*(hhp+mm)!*(hh-  mm)!)j. 

sel  =Sum[c[(i  +  l  j  +  l))*((-  l)'j*azeta^(  j+nnp-2hhp-hh+i)/(j  +  nnp-hhp+  1 ) 
-( j+nnp-hhp)!*azeta'(i-hhp-bh- 1  )I2'  ( j  +  nnp-  hhp+ 1 )). 
{i.O,nn+hh+hhp|.  j  j.O.nn+hhpJ); 

se2=SumicUi+ 1  j+1  )]*(-  i  j+nnp-hhp)’*a2eta' 
(j+nnp-2hhp-k+i-hh-l)/(j+nnp-hhp-k)!/2'(k+ 1). 

Ii,0,nn+hh+hhpi,l  j.0.nn+hhpl,;k.0.nnp-hhp+ji]; 

overlap=kk*Exp[-azcta)*(sel  +se2) 


coordinate  system  (R,  0,  ip)  is  displaced  a  distance  a  along  the  r-axis.  In  terms  of 
the  original  coordinate  system  (r,  61,  v?)  we  have  [6] 

X  =  4>), 

V  /I  U2L+  \)(L  + MV.V'-  >  r  47r(/+A/)!  F- 
r'-'i  47r(Z.-M)!  ,^,[(2/+  1)(6- A/)'.] 

where 


'(fa,  f/-) 


(2/+  !)(/-  A/)! 
2(/+  A/)! 


T  V  I 


X  //„(f«)'  '  '-'(fr)'  '  ' 


c  r<a 

c  -  e  r>a 


and 
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A  =  (2n'  '  ‘  [(2A')!]  '■  is  the  normalization  factor;  A',  L.  and  A/ are  the  quantum 
numbers  of  the  orbital:  and  f  is  the  screening  constant  or  orbital  exponent.  Most 
importantly,  for  our  developments,  the  elements  of  the  C  matrix  are  integers. 

The  overlap  integral  is  defined  as 


XjX,.  dv 


We  place  X^  at  the  origin  and  X/.  is  placed  at  (0,  0.  ^t). 

X„  =  .TV' '-'c 

Xf,  =  <p) 

Expanding  X/.  about  the  origin  and  invoking  orthogonality  of  spherical  harmonics, 
we  get  [  3  ] : 

s^i  ■ 

5(A'L'A/,  AL.W)  =  Ac-''  2  1 

1=0 


/  o'"  /’  ^  /*  \ 


where 


p= 

ti  -  j  +  N'  -  2  L'  -  L  +  i 
v  =  i-L'-L-l 
w-t-k+i-L  —  L'-  1 


and 


K  =  2'  "'(-1)' 


{2L  +  l)(2L'  +  \  ){L  +  M)\(L‘  -  .1/)! 
(2A')!(2A)'.(  A'  +  M)\{L  ~  M)! 


Also,  M'  =  M  and  f'  =  i". 

Table  I  shows  the  programming  of  this  formula  in  Maihemalica. 


Restricted  LCAO  Treatment  of 
In  atomic  units,  the  Hamiltonian  for  Hi  is 


H  = 


1  1 

ri,  a 
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We  place  i-orbital  trial  functions  at  each  nucleus,  i.e.: 


Setting  i/'  =  ^„  +  ^A^, 


W  = 


The  variational  principle  for  this  equation  leads  to  a  secular  determinant  for  the 
energy  (eigenvalues). 

The  kinetic  energy  between  a  N'  STO  at  the  origin  and  a  N  STO  at  a  displaced 
distance  is  [7] 


(KEU  =  -  ^  N)  + 


2^-N'S(N'-  ],N) 
H2N'-  l)(2A")]'''^ 


2f^Af'(A’'-  i)S'(A"-2,  iV) 

[{2N' -  3)(2N’ -  2){2N' -  1)(2A”)]'/^ 


The  matrix  elements  for  the  other  parts  of  the  Hamiltonian  are  standard,  with 
the  potential  energy  between  separated  orbitals  expressed  as  overlaps  [7], 


Results  and  Conclusion 

Table  I!  shows  the  energy  resulting  from  the  successive  addition  of  more  and 
more  5-orbitals  to  each  nucleus  of  the  molecule.  The  same  orbital  exponent  is 
used  in  each  case  and  it  is  varied  from  0.5  to  3.5:  these  results  are  plotted  in  Fig. 
I  for  n  =  1,  3,  5,  and  7.  It  clearly  shows  that,  as  the  number  of  orbitals  is  in  ,J 


Table  II.  LCAO  calculations  of  HJ  with  5-orbiIals  and  an  intemuclear 
distance  of  2.0  a.u. 


Trial  function 

Orbital 

exponent 

Energy  (a.u.) 

Authors 

1  STO 

-.590450 

Bishop  and  Schnieder 

1 2345  STO 

-.590502 

Bishop  and  Schnieder 

021 

-.59045 

Steinborn  and  Weniger 

031 

-.59082 

Steinborn  and  Weniger 

8  GTO 

-.59089 

Katriel  and  Adam 

l5  STO 

1.24 

-.586505 

This  article 

l52s  STO 

1.63 

-.590450 

1235  STO 

1.96 

-.590830 

1234.5  STO 

1.96 

-.590830 

1.  .  .55  STO 

1.59 

-.590893 

1 .  .  .6.5  STO 

2.05 

-.590935 

1 .  ,  .75  STO 

2.45 

-.590948 

1.  .  .85  STO 

2.78 

-.590951 

RESTRICTED  BASIS  FUNCTIONS  FOR  HI 


269 


Zeta 

Figure  1.  Energy  vs.  orbital  e.xponent  for  n  =  1.  3.  5,  7  (sum  of  n  orbitals). 


on  each  nucleus,  the  energy  is  less  dependent  on  the  precise  value  of  the  orbital 
exponent.  Also,  we  note  the  presence  of  local  minima  in  some  of  these  curves. 

Finkelstein  and  Horowitz  [8]  were  the  first  to  use  l5  orbitals  on  each  nucleus 
with  an  adjustable  orbital  exponent.  Geller  [9]  used  l5  and  23  orbitals  on  each 
nuclei  with  the  same  orbital  exponent. 

Referring  to  Table  11,  Bishop  and  Schneider  [1]  increased  the  orbitals  to  4i,  but 
obtained  an  answer  greater  than  our  152335  value.  Steinborn  and  Weniger,  using 
their  “B-function,”  spanned  the  1523  space  with  their  (pn  [2]  and  the  152535  space 
with  their  <^31 ,  obtaining  values  with  which  we  agree.  Katriel  and  Adam  [10]  placed 
eight  two-parameter  spherical  Gaussians  at  each  nucleus  and  claimed  convergence 
to  -0.59089  a.u.  As  expected,  we  achieve  this  result  with  only  five  STO  orbitals  that 
have  only  one  parameter.  We  converge  to  six  decimal  digits,  —0.59095 1,  with  eight 
orbitals  on  each  center. 

The  implementation  of  the  Lowdin  a-function  method  with  analytic  procedures, 
including  the  use  of  integer  arithmetic,  permits  us  to  work  with  high  quantum 
numbers  for  .v-orbitals  to  improve  convergence. 
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Abstract 

We  present  results  for  the  total  energs.  the  first  ionization  potential,  and  the  eleetron  atfinity  of  the 
Li.  Be.  B,  C,  N.  O.  F.  Mg.  Si,  Ca.  Fe,  and  Go  atoms  using  the  coupled-cluster  method  with  several 
standard  basis  sets,  including  correlation  consistent,  polanzed.  and  atomic  natural  orbital  bases.  V\  e  also 
consider  multiplet  splittings  in  Fe  and  the  activation  hr-rriers  of  the  reactions.  Hi  -►  FL  -t  H  and  F'H; 
-*  F  +  H;,  These  readily  generated  results  are  provided  for  companson  with  Quantum  Monte  Carlo 
values,  c  John  Wiles  &  Sons,  Ine. 

Introduction 

In  chemistry  there  are  several  requirements  that  a  theoretical  method  must  meet 
if  it  is  to  be  widely  applied  to  molecules  and  their  potential  surfaces.  These  include 
treating  different  moleculat  geometries  with  effectively  equal  accuracy  and  high 
precision;  routine  application  to  open-  as  well  as  closed-shell  systems;  treatment  of 
excited  as  well  as  ground  states;  predictions  of  accurate  energy  differences  between 
ions  and  neutral  systems;  and  predictions  of  other  properties  like  moments  and 
polarizabilities.  Powerful  correlated  basis  set  quantum  chemistry  methods  have 
been  developed  for  all  of  the  above  and  are  now  incorporated  into  several  readily- 
available.  easily-applied  program  packages,  such  as  ACES  11  [1],  Such  applications 
permeate  modern  chemistry  and  play  a  role  which  can  be  scarcely  overestimated. 
However,  there  are  two  fundamental  problems  which  limit  the  accuracy  of  these 
methods.  First,  there  is  an  inherent  inaccuracy  in  any  basis  set  (this  causes  about 
a  10%-50%,  error  in  absolute  correlation  energies  in  typical  correlated  calculations), 
while  the  highly  nonlinear  scaling  of  accurate  correlated  calculations  with  the  num¬ 
ber  of  basis  functions  (as  n*'  or  n^)  makes  it  effectively  impossible  to  converge  to 
the  basis  set  limit.  Second,  for  a  sufficiently  extended  basis  set,  the  treatment  of 
electron  correlation  is  inevitably  inexact. 

Monte  Carlo  methods  present  the  prospect  of  eliminating  both  ofthese  problems, 
however,  in  practice  these  calculations  are  more  limited.  In  a  Variational  Monte 
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Carlo  (VMC  )  calculation,  tor  e.xample,  an  analytic  wavefunction  (usually  with  ex¬ 
plicitly  correlated  coordinates)  is  optinii/ed  and  then  used  to  calculate  the  energy 
and  other  expectation  values  (2,3].  Just  as  in  basis  set  n'cihods.  the  error  in  this 
method  is  due  to  the  choice  of  wavefunction  form,  w  hile  Monte  Carlo  is  only  used 
to  perform  the  multidimensional  integration.  In  a  Quantum  Monte  Carlo  (QM(  ) 
calculation  the  Schrddinger  equation  is  reformulated  as  a  dift'usion  equation  and 
then  solved  stochastically  [4- 1 1  ].  This  method,  however,  suffers  from  errors  caused 
by  the  fixed  nodal  structure  of  the  importance  function.  As  a  result,  these  calculations 
cannot  obtain  the  "exact"  nonrelativistic  result  unless  one  eliminates  this  nodal 
error  (by  either  a  "released  node"  technique  [  1 2)  or  an  improved  weighting  algorithm 
[13,14]  both  of  which  have  only  been  applied  to  a  small  number  of  systems).  Sec¬ 
ondly.  the  different  time  scales  for  the  core  and  valence  electrons  make  it  difficult 
for  many  of  these  methods  to  get  accurate  results  for  high-/  systems  without  in¬ 
troducing  pseudopotentials  (15-22).  damped  core  methods  [23].  or  convergence 
acceleration  techniques  [24]. 

In  this  article  we  present  the  total  energies,  the  first  ionization  potentials  (IPs), 
and  the  electron  affinities  (EAs)  of  several  selected  atoms  and  molecules  of  interest 
to  the  QMC  community.  Our  objective  is  not  to  offer  "definitive"  basis  set  results. 
Instead,  using  a  variety  of  standard  basis  sets  and  established  "black-box"  coupled 
cluster  (cc)  methods  and  programs,  we  demonstrate  the  accuracy  obtained  (and 
the  CPU  time  required)  for  selected  systems.  These  provide  some  comparative  anal¬ 
ysis  of  the  quality  of  standard  basis  sets.  We  also  compare  our  results  with  a  number 
of  other  ah  initio  and  Monte  Carlo  results  which  have  been  taken  from  the  literature. 

Method 

The  wavefunction  in  a  coupled  cluster  calculation  is  based  on  the  exponential 
ansatz  [25] 


=  exp(r)<l>„  (1) 

where  T  is  expanded  in  terms  of  cluster  operators 

7=  r,  -f  7;  +  7, +•  •  •  (2) 

acting  on  the  reference  state  4>o.  In  a  CCSD  calculation  [26].  Eq.  (2)  contains  only 
the  amplitudes  from  7,  and  7^.  These  amplitudes  are  obtained  from  an  iterative 
procedure  which  contains  summations  over  no  more  than  six  indices  (the  worst 
step  is  The  CCSD  energy  incorporates  the  effects  from  single  and  double 

excitations  and  from  disconnected  triple  (i.e.,  7|  Ti)  and  quadruple  (i.e.,  ]  7y)  ex¬ 
citations.  Extending  CCSD  to  include  “connected”  triple  excitations,  that  is,  ccsdt 
[27],  is  much  more  time  consuming  (the  worst  step  is  niU-Wvjrt)-  To  avoid  this  cost, 
noniterative  methods  that  include  Ty  effects  through  fourth  order  were  developed. 
In  a  CCSD  +  TfCCSD)  calculation  [28],  the  effects  from  connected  triples  are  com¬ 
puted  in  a  noniterative  way  using  the  converged  amplitudes  from  a  CCSD  calculation. 
These  amplitudes  are  placed  in  expressions  analogous  to  fourth-order  mbpt  and 
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the  resulting  energy  is  then  added  to  the  ccsD  energy  so  this  adds  only  a  single 
step.  The  CCSD{T)  method  [29,30]  extends ct  SD  f  /'(ccsD)  hy  adding  one 
fifth-order  term  which  reflects  the  effect  of  triple  excitation  amplitudes  (as  estimated 
noniteratively  from  converged  ccsD  amplitudes)  on  single  excitation  amplitudes. 
Because  this  term  is  fifth-order,  its  contribution  to  the  energy  is  small,  except  in 
some  pathological  cases  where  it  might  offer  a  better  noniterative  approxi¬ 
mation  [29-32], 

In  most  open-shell  calculations  we  use  a  uhf  reference.  By  monitoring  the  cor¬ 
related  multiplicity  [33],  no  problems  with  spin  contamination  were  encountered 
at  the  CCSD  level  of  theory.  For  comparison,  we  also  report  several  results  using  a 
restricted  open-shell  Hartree  Fock  reference  (rohf)  coupled-cluster  method  that 
has  been  developed  in  our  laboratory  [34],  This  method  further  eliminates  spin 
contamination  in  uhf  based  cc  calculations  for  open-shell  systems,  rohf-cc  re¬ 
quires  that  contributions  due  to  ofl'-diagonal  Fock  operators  be  included.  In  the 
ROHF  cc  approach  the  term  which  extends  cesD  -I-  TfeesD)  to  ccst}(  T)  is  of  fourth- 
order.  The  addition  of  another  fourth-order  term,  along  with  a  necessary  restriction 
to  the  use  of  semicanonical  orbitals,  defines  the  ccsd(7^)  method.  We  refer  the 
reader  to  the  original  literature  for  a  full  discussion  [34b].  We  also  wish  to  note 
that  even  more  sophisticated  methods  have  been  developed  and  could  easily  be 
applied  to  most  of  the  atomic  calculations  examined  here.  However,  since  their 
applicability  to  large  molecular  systems  is  more  restricted  at  present,  they  are  not 
routine  enough  to  satisfy  our  current  purposes.  A  general  discussion  of  several  such 
methods  and  their  performance  can  be  found  in  recent  review  papers  [35].  All  new 
results  presented  here  have  been  obtained  from  the  ACES  II  program  [1].  For  the 
sake  of  brevity  we  do  not  present  separate  values  for  CCSD  -t-  TfcCSD)  unless  their 
IPs  and  HAS  differ  from  those  computed  with  CCSDfT)  by  more  than  0.02  eV  (we 
used  a  conversion  factor  1  a.u.  =  27.21 16  eV  throughout). 

Calculations 

As  the  aim  of  this  article  is  to  examine  the  performance  of  coupled-cluster  methods 
over  a  number  of  atoms,  we  have  chosen  to  use  mostly  standard  basis  sets  from 
the  literature.  No  attempt  to  optimize  these  basis  sets  for  the  specific  purpose  of 
achieving  the  best  has  or  iPs  was  made.  In  some  cases,  where  general  basis  sets  were 
not  available,  such  as  Fe,  we  have  added  selected  diffuse  functions  to  previously 
computed  basis  sets.  A  short  description  of  each  basis  set  is  presented  in  footnotes 
to  the  tables.  The  basis  sets  generally  employed  are  those  of  Dunning  [36,37],  the 
POL  basis  of  Sadlej  [38-42],  and  the  ano  basis  ofWidmark.  Malmquist,  and  Roos 
[43,44] — all  of  which  are  cataloged  in  ACES  II. 

There  are  several  observations  apparent  from  the  atomic  results  presented  in 
Tables  I-XII.  In  those  cases  where  the  nonrelativistic  energy  limit  is  available,  it  is 
clear  that  the  best  CC  calculations  have  errors  in  the  total  energy  of  less  than  0.2%. 
but  errors  in  the  more  relevant  correlation  energy  (E'crr  =  £nr — EVr)  is  as  much 
as  60%  for  Li  down  to  20%  for  F.  Most  of  the  error  in  the  correlation  energy  is  due 
to  an  inadequate  description  of  the  i/r,2  cusp  when  traditional  basis  sets  are  used. 
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1  .VBI I  1.  Ihc  lithium  (’S)  atom. 


Methixi 

Energy  (a.u  ) 

1  x  (cV) 

IP(cV) 

Rel'creiicc 

S('l 

7.4.t272b9 

0.122 

5. 342 

(59) 

Hyl!eraas 

0.609(7) 

160! 

Hyllcraas 

“7.478061)1 

5.39 18 

(61) 

VMC 

-  7.4768  (.1) 

IM 

QMC 

“7.47809  (241 

0.6(H)  (27) 

5.386  18) 

iior 

QMC' 

0.61 1  (20) 

5.412  (8) 

110]'’ 

(  ISt) 

0.617 

5. .342 

(43)' 

MC'SCI 

0.6 1 .8 

(62) 

MC'SC'F 

5.388 

163  )<= 

MBPl 

5..39175  (1) 

|64| 

CTS1> 

5..39204  (8) 

165) 

N.R.  Limit 

-7.478060326  110) 

IHf- 

-7.431696 

0.129 

5.322 

this  work' 

MBPI  (2) 

-7.444208 

0.316 

5,32.3 

this  work' 

CC'SO 

-7.446338 

0.605 

5  .323 

this  work' 

c  e  sn  ( T) 

-7.446.342 

0.608 

5,323 

this  work' 

l.'HF 

-7.4  .’.2733 

-0.127 

5..34.3 

this  work' 

M8PT  (2) 

-7.447606 

0.355 

5,. 364 

this  work' 

rcstv 

-7.45(X)62 

0.608 

5,370 

this  work' 

CC'SD  (7  ) 

-7.450089 

0.615 

5.371 

this  work' 

Exp. 

0.6180(5) 

5.. 392 

(67) 

’  Damped  core  used. 

*’  Pseudopotential  used. 

'  This  basis  set  is  the  uncontracted  version  of  the  one  described  m  footnote  f. 
Numerical  basis  set, 

'  pot.:  ( 10.6.4)/(5.-U2],  sphencal  basis.  Ref.  (401. 

^ANO:  ( 14.9.4. 4, 3.2).  spherical  basis.  Ref  (4.^). 


esffecially  for  the  inner-shell  electrons  (see,  for  example.  Ref.  [45])  where  most  of 
the  total  energy  resides.  The  different  percentages  obtained  reflect  the  percentage 
of  valence  to  inner-shell  electrons,  explaining  why  F  has  a  lower  error  than  Li. 
Correlation  among  the  valence  electrons  is  more  important  to  chemi.stry  but  less 
important  to  the  total  energy.  The  QMC  results  are  generally  better  by  tenths  of 
a.u.’s.  If  we  had  wanted  to  get  the  best  possible  energy  in  our  calculations,  our  basis 
set  would  have  been  chosen  to  be  more  like  those  used  by  Sasaki  and  Yoshimine 
[46]  or  by  Feller  and  Davidson  [47],  However,  since  the  inner-shell  correlation 
energy  is  largely  insensitive  to  the  addition  or  removal  of  valence  electrons,  the 
inner-shell  basis  set/correlation  error  has  little  effect  on  the  first  IPs  or  has. 

On  the  other  hand,  the  has  are  far  more  dependent  on  the  choice  of  basis  set  in 
the  valence  region  for  the  obvious  reason  that  an  anion  requires  a  better  description 
of  the  regions  of  space  farther  from  the  atomic  nucleus.  This  means  the  basis  set 
should  contain  a  number  of  relatively  diffuse  functions.  Note  that  those  Has  of 
carbon  which  were  computed  with  basis  sets  containing  few  diflfuse  basis  functions 
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Method 

Energy  (a.u  ) 

IP  (eV) 

Reference 

St  K 

14,57.502  3 

8045 

(59) 

Hvlleraas 

14.(i6h.S4 

168) 

\M( 

14.(ihh4  (3) 

FI 

0\u 

14.6671S  (3) 

[11] 

OMC 

9„54  ( 1 ) 

(20) 

ClSl) 

9  292 

(43)' 

.M(  SC  I 

-  14  (i6698 

1691" 

.MBPI  (2) 

14.6493''3 

(70) 

(  C  SD 

-  14.666690 

FU 

N.R.  I.imit 

••  14,66737  (3) 

(69) 

rur 

14.571128 

8.0.30 

this  w«rk‘ 

MHPI  (2) 

-14.607349 

8.677 

this  wwk' 

C  X  SD 

14.627694 

9.191 

this  work' 

<('SIM/) 

-14.627807 

9.194 

this  work' 

\  H\ 

-  14,572984 

8,044 

this  work'* 

MBPl  (2) 

-14.608905 

8.854 

this  work" 

<X'SI> 

-14.625471 

9.291 

this  work'* 

ceso (7) 

-14.625793 

9,299 

this  work'' 

Exp. 

9.  .322 

167) 

‘  This  basis  set  is  the  uneontracted  version  of  the  one  described  in  foot¬ 
note  d. 

Numerical  basis  set, 

'  Kit  :  ( 10.6.4)/[5,3.2}.  spherical  basis.  Ref  (40). 

ANO:  (14,9.4.31/(5.4.5.2).  spherical  basis.  Ref  (43). 


differ  from  the  experimental  value  by  up  to  0.4  to  0.8  eV.  However,  in  standard 
basis  sets  like  the  POL  basis  [38-42]  or  the  ano  basis  [43.44].  sufficient  diffuse 
character  is  included  to  provide  reasonable  eas. 

Good  agreement  with  experiment  for  both  the  IPs  and  eas  is  obtained  with  the 
POL  basis  [38-42]  considering  its  relatively  small  size.  Since  it  was  developed  for 
calculating  electric  dipole  moments  and  polarizabilities  the  POL  basis  allows  a  good 
description  of  the  outer  part  of  the  atomic  (or  molecular)  electronic  distribution 
and  so  produces  better  eas  than  other  basis  sets  of  comparable  size.  Another  ad¬ 
vantage  is  that  consistent  POL  basis  sets  are  available  for  a  number  of  atoms. 

The  ANO  basis  [43.44]  was  optimized  following  an  averaging  procedure  for  the 
correlated  density  matrix  of  the  neutral  atom,  the  atom  in  an  external  field,  and 
the  corresponding  positive  and  negative  ions.  For  this  reason  it  is  capable  of  providing 
good  EAS  and  IPs  for  several  first-row  atoms,  and  such  results  are  reported  using 
CTSD  [43,44],  Coupled-cluster  methods  as  shown  here,  further  improve  upon  these 
CTSD  results,  and  we  can  usually  obtain  atomic  IPs  and  eas  with  a  predictable 
accuracy  of  about  0. 1  to  0.05  eV  or  better.  For  example,  the  iPs  computed  with 
ceSD  +  TfeesD)  and  CC'SEHT)  agree  with  experiment  to  better  than  0.1  eV  for 
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Tabi  i  111.  1  ho  boron  c’D  atom 


Method 

Energy  (a.u.) 

1  A  (cV) 

IP  (eVt 

Rclcrcncc 

scr 

24.329061 

-0.268 

159] 

VMC 

-24.6156  (6) 

13] 

CISD 

0.154 

8.174 

|4.3b 

C'l 

-24.6500 

0.15 

|46] 

MRCI  (so) 

0.278 

|72) 

MCSCF 

0.2668  (.3()( 

173)'' 

N.R.  Limit 

-24.65.393 

174] 

t'HF 

-  24.531929 

0.463 

8.036 

this  work' 

CeSD  (D 

-24.510829 

-0.1.37 

8  161 

Ihis  work' 

UHF 

-24.532068 

-0.600 

8.038 

this  work'* 

CeSD  ( T) 

-24.605382 

-0.196 

8.228 

this  stork'' 

UHF 

-24.524003 

-0.300 

8.047 

this  work' 

MBPT  (2) 

-24.574888 

0.143 

8.180 

Ihis  work' 

CeSD 

-24.599022 

0.1 15 

8.100 

this  work' 

CeSD ( 7) 

-  24.600009 

0.158 

8.123 

Ihis  work' 

UHF 

-24.533044 

-0.310 

8.042 

Ihis  work' 

MBPT  (2) 

-24.584516 

0.213 

8.28.3 

Ihis  work' 

CeSD 

-24.604625 

0.172 

8.199 

Ihis  work' 

CeSD  (?) 

-24.6Q6205 

0.238 

8.235 

this  work' 

Exp. 

0.277(10) 

8.298 

167] 

*  This  basis  set  is  the  uncontracted  version  of  the  one  described  in  footnote  f. 
Numerical  basis  set. 

'TZ2P:  (l0,6..l)/(5.3.2],  spherical  basis.  Ref  {75]. 

PVTZ:  ( 10.5.2. 0/(4. .3. 2.1].  spherical  basis.  Ref.  [36]. 

'pol:  { 10.6.4)/[5.3,2].  spherical  basis.  Ref  (39). 

*^ANO:  (l4.9.4.3)/[5.4.3  2].  spherical  basis.  Ref  [43]. 


almost  all  of  the  atoms  considered— an  average  error  of  less  than  17; .  With  this 
same  method,  the  eas  typically  differ  from  experiment  by  0.05  eV — an  average 
error  of  about  5%.  and  it  is  only  that  high  because  of  the  14'Ti  error  in  boron  and 
an  8%  error  in  oxygen.  Of  course,  if  an  accuracy  of  0.01  eV  is  required  then  a 
careful  analysis  of  both  the  basis  set  and  the  method  of  including  electron  correlation 
is  needed. 

For  the  carbon  atom  we  examine  a  number  of  basis  sets.  Obviously  Cartesian 
basis  functions  (i.e.,  six  d-  and  10  f-functions)  will  produce  a  slightly  better  energy 
than  spherical  basis  functions  due  to  their  greater  flexibility.  Of  course,  this  slight 
improvement  comes  at  the  cost  of  a  larger  number  of  basis  functions  and  a  greater 
possibility  of  linear  dependence  problems.  Although  the  eas  are  clearly  influenced 
by  inclusion  of  diffuse  basis  functions,  the  extra  Cartesian  components  have  little 
added  benefit. 

In  addition  to  more  traditional  ah  initio  methods,  several  eas  and  IPs  have  recently 
been  calculated  using  Variational  Monte  Carlo  and  Quantum  Monte  Carlo  method' 
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0.461 

Ht,44> 

tilts  work' 

.47,69212,4 

0.417 

10. '98 

this  work( 

ft  SI)  ( 7  ) 

"■47.7929,44 

0.865 

1  1,104 

lh}s  vM>rK‘‘ 

tut 

-.47.6906,48 

0458 

10.815 

this  work" 

MAPI  (2) 

■47,759171 

I.I7I 

1  1,142 

this  work" 

(  (  SD 

■  .47,782747 

1070 

1  1.044 

this  work" 

t  e  st)  (7  ) 

.47.784008 

l.l  16 

1  1.058 

this  work" 

1 

■  47.690424 

0.464 

10.822 

this  work' 

.MBPT  (2) 

■47.758429 

1.177 

1  1.154 

Ihts  work' 

CeSD 

•-.4  7.78 1926 

1.077 

1  1  056 

this  work' 

((St)  (7) 

■■47,784175 

1.121 

1  1.068 

this  work' 

IHf 

-  .47,6904.44 

0.462 

10.822 

this  work' 

ff  SI)  ( 7  ) 

-.47,787744 

1  170 

111  .47 

this  work’ 

1  HF 

-37.691.569 

0-125 

10.798 

this  work‘ 

ffsn  (7  ) 

-.47,789527 

0.698 

1  1.184 

this  work" 

l.Hf 

.47.69.459,4 

0.45 1 

10.806 

this  work' 

MBPl  (2) 

47,771  189 

1.274 

1 1.279 

this  work' 

cesn 

37.790951 

1.154 

1  1.184 

this  work' 

1 1  St)  ( /■) 

■47.794.444 

1.226 

1  1,210 

this  work' 

Esp. 

1  2629(4) 

1  1.260 

[67! 

“  PM}/:  ( 1 26.^2  l)/[.‘'.4.3.2  I  ]■  sphcrital  basis.  Rel.  (.^1], 

PM}/  t  sp.  sphcrR'al  basis.  Rcl'.  [H  ]. 

'  The  energs  was  computed  with  the  standard  MSn  methiHl  but  the  i  \  and  if  were  computed  with 
the  damped  core  method 

''  This  basis  set  is  the  uncontracted  version  of  the  one  dessnbed  in  footnote  I 
'  Numcncal  basis  set 

'  n/:  Ref  f.''2]  +  d  0.28.  Cartesian  basis. 

«  TZ2P:  (lO  h  .t)./[‘>..T2!.  Cartesian  basis.  Ref,  (TS], 

''  ptil :  ( 10  b.T)/!.*!  .T2],  Cartesian  basis.  Ref  [38], 

'  KM  :  ( l0.6.4)/(.‘'  .t  2).  spherical  basis.  Ref.  [.^8.]. 

'  ( 10  6.4  I  )/[.■'. .t. 2. 1 ).  spherical  basis.  Same  ba.sis  set  as  the  one  described  m  footnote  i  but  with  f  0  76 1 
‘  pv  1/:  ( 10. .5. 2. 1  )/(4.  t  2. 1 ),  sphertcal  basis.  Ref  (.t6]. 

'  ami:  (I4.9.4..t)/[.‘'.4.t  2].  spherical  basis.  Ref  [4.41. 
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Method 

1  nergs  (a.u  i 

IP  (cV  i 

KctCUMUC 

S(  i 

54.4(H)>»34 

1  <  958 

1591 

V\k 

54.54.S6  16) 

IM 

QMi 

54  5765  1 12) 

n 

c  ISO 

14  451 

!41|' 

<  t 

54  S835 

14  51 

H'l 

N  R  l.miil 

54  ; 

r-ii 

t  HI 

54  402012 

1 1  896 

this  wiirk^' 

1  (  SI)  (  /  ) 

54.524049 

14  149 

Ihis  work" 

1  Hi' 

54.4(M)686 

11.89.t 

this  work' 

('(  SO  ( 7  ) 

54.S2487.t 

14.450 

this  work' 

I'Ml 

-  54.19X447 

11  925 

lliis  work'* 

MBPI  (2) 

-  54.487000 

14  471 

Ihis  work'' 

(  <  SO 

54.506555 

14.128 

this  work'' 

CCSD  (  /') 

54..S0777I 

14.117 

this  work'' 

1  HI 

54.404.166 

11.905 

this  woik' 

MBPI  (2) 

.S4  511296 

14.619 

Ihis  work' 

(  <  so 

.54.528691 

14.478 

this  work' 

CCSD  (  7  ) 

54.511441 

I4..502 

this  work' 

Exp. 

14.514 

167) 

“  This  basis  set  is  the  uneontracted  version  of  the  one  described  in  loot- 
note  0. 

''  TZ:P:  ( 10.6  .))/(?. 3.2),  spherical  basis.  Ref.  (75). 

pvr?:  (10.5,2.1  )/[4..T2. 1 ),  sphcncal  basis.  Ref.  (.36). 

‘‘  pot :  (t0.6.4)/[5..3  2|,  spherical  basis.  Ref.  [.38) 

'  ANO:  ( 14.9.4. ,3»/(5.4..3.21.  spherical  basis.  Ref.  (43), 


These  are  reported  in  the  tables.  There  is  no  doubt  that  at  least  for  small  systems 
QMC  can  obtain  highly  accurate  results  provided  that  adequate  computer  time  is 
available. 

The  Fe  atom,  whose  ip,  ea,  and  energy  splitting  has  been  calculated  with  several 
basis  set  ad  initio  methods  as  well  as  qmc,  requires  a  separate  discussion.  Fe  has  a 
complicated  open-.shell  structure,  with  interesting  multiplets.  Our  ceSD  calculation 
was  found  to  be  slowly  convergent.  An  analysis  of  the  amplitudes  (and  to  a  lesser 
extent  Tz)  showed  that  some  values  were  above  0.1.  The  sensitivity  of  CCSCX?")  to 
the  inclusion  of  a  single  fifth-order  contribution  which  arises  from  the  effect  of  Tj 
onto  Tt  amplitudes  (with  all  othe  ■  fifth-order  terms  neglected  [29])  is  demonstrated 
by  the  significant  difference  in  the  ea  ofiron  with  the  CCSD  +  TfrrsD)  and  CCSD(72) 
methods.  It  is  interesting  to  note  that  CCSD  +  TfeesD)  agrees  with  the  experimental 
EAs.  IPS,  and  the  (dV  -►  d^s')  multiplet  splittings  better  than  ccsd(T).  The  same 
holds  for  EAs  of  oxygen  and  fluorine.  We  do  not  want  to  overemphasize  this  point, 
however.  Previous  studies  [29-32]  have  shown  that  the  CCSD(  7)  energy  is  often  in 
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“  1  his  basis  SCI  is  ihc  uncnntractcsl  scrsion  ol  ihc  one  ilcscribcil  in  loolnotc  i,l 
Nunu-ricui  basis  sol. 

‘  pot :  ( lll.fv4)/j5..V’|,  spherical  basis.  Rcl'  |.'l<|. 

■'  .wo:  1 14.4,4, '),(?. 4.,'. 2|.  spherical  basis.  Rel'.  (4.^|. 

better  agreement  with  higher  levels  oft  t'  (e  g.  (  c  sdi)  than  is  ( (  SD  t  /(c  (  SD) 
because  the  latter  method  can  overestimate  the  ett'cct  oftHpies.  [!stx-cially  tor  anions, 
however,  one  often  encounters  difficulties  in  converging  the  correlation  energy  and 
in  saturating  the  basis  set.  Thus  a  slight  overestimation  of  the  correlation  energy 
by  tx  SI4  +  7((  (  so)  might  numerically  compensate  for  basis  set  problems  and  give 
better  agreement  with  experiment  through  error  cancellation.  .Another  possible  ex¬ 
planation  is  that  when  large  '/]  amplitudes  occur,  the  additional  term  included  in 
( (  SIX  /)  (which  is  usually  positive)  is  overestimated.  F-or  iron  (and  the  oxygen  and 
fluorine  atoms  as  well)  a  comparison  of  both  f  x  si>  +  /«  esn)  and  (XS[)(  7)  methods 
provides  valuable  information  about  the  convergence  of  the  ( x  wavcfunction  in 
these  cases.  As  there  arc  several  additional  fifth-order  correlation  corrections  being 
neglected  [29],  all  should  be  considered  in  assessing  the  reliability  of  such  noniterative 
methods,  as  well  as  other  higher-order  corrections. 
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3.210 

lb.995 

this  work' 

{  Ml- 

99,4 1 5792 

1,179 

1  5.b.s9 

this  work'' 

Mlll’l  (2) 

99. b4 1 24b 

.3.b47 

17.320 

this  work'’ 

<  (  SI) 

99.b5241 1 

3.147 

17,213 

this  work" 

(CSI)  1  /  ((  (  SO) 

99.b57l5S 

3.344 

17,275 

this  work" 

(  '(  SO  (  /  ) 

99.b57()()8 

,3.314 

17.272 

this  work'’ 

I'Ap. 

3.401 190(4) 

17.422 

[b71 

‘  Numerical  Basis  set 

1  his  basis  set  is  the  uiieentraeted  version  of  the  one  described  in  footnote  d. 
‘  POI :  ( l().6.4)/[5.3.2],  spherical  basis.  Ref  [.t8), 
and:  ( 14. 9. 4. .11/(5  4.3.2].  spherical  basis.  Ref.  [43]. 


For  the  IPs  and  the  multiplet  .splittings  of  iron  our  results  arc  ver\'  similar  to  those 
Raghavachari  and  Trucks  obtained  with  Of  isi>(7)  (an  approximation  to  c  f  SD(T)) 
[48.49].  These  authors  did  not  correlate  the  inner-shell  electrons.  In  our  calculations, 
we  have  correlated  all  electrons  and  performed  to  two  calculations  with  frozen 
orbitals.  A  calculation  with  the  (Is.  2s.  2p)  electrons  uncorrelated  clearly  shows 
that  the  K  and  L  shells  may  be  safely  removed  from  the  correlation  part  of  the 
calculation.  A  similar  calculation,  however,  with  the  (Is,  2s,  2p,  .Is,  .^p)  electrons 
uncorrelated  is  completely  inadequate  especially  for  the  RA.  Removing  the  ,1s  and 
.Ip  electrons  from  the  correlation  pan  of  the  calculation  produces  IPS  and  multiplet 
splittings  similar  to  those  observed  in  earlier  studies  [48-50].  This  suggests  that  the 
choice  of  pscudopotcntial.  which  is  of  interest  in  QNir  and  other  studies,  can  have 
an  important  influence  on  the  quality  of  results. 

In  addition  to  the  basis  set  used  by  Raghavachari  and  Trucks,  we  created  an 
extended  basis  set  by  adding  more  diffuse  functions.  No  significant  change  in  the 
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l  \Hli  \  111  I  he  ma(jni-sium  rSi  alum 


Mclhod 

Pnergs  la  u  ) 

llMcV  ! 

Rctcrcin.c 

sn 

ISW.(,|4hl 

0.0 1  5 

154] 

7.o.t:’  (20) 

|l5f 

gsK 

7.07.t  (XI 

IlOf 

gsu 

7,.S’I  (t2| 

|17|' 

7  ■’.St  iXl 

lixf 

.MBPI  (2) 

2(100.144 

|X2| 

(  1 

|44.X,t44S 

7  ^7 

IXtf 

nu 

144.000024 

0(4)5 

ih^s  svork' 

MBIT  (2» 

Ibis  «mk‘ 

t'rsi) 

1 44.7204  P 

(his  dork' 

<■(  so  (  7  ) 

144.727X74 

7.570 

(his  diirk' 

rm- 

l44.OOXO.t4 

0  000 

ihis  work’’ 

MBIT  (2) 

144.4  to  ■’22 

7.,t07 

this  vsiifk'' 

C'CSD 

1 44.44 12 14 

7,571 

this  uork'' 

((SO!  /  1 

7.0()S 

this  uork'' 

Ixp 

7.040 

fiPj 

“  Psoudopotontial  used. 

''  1  hts  basis  set  is  the  same  one  described  in  footnote  d. 

'  l>()( :  i  1 3.U).4)/p.s,2].  spherical  basis.  Ref.  140). 

''  BM  :  ( 1 2.4, 1 2.b)/(X,6.4.2).  spherical  basis.  Ref. 

IP  and  the  multiplet  splittings  of' the  F\'  atom  was  observed  but  the  i:a  was  signiti- 
eantly  improved  as  would  be  expected.  Although  good  basis  sets  for  Fc  arc  not  as 
commonly  available  as  for  other  atoms,  with  some  effort  at  their  determination, 
an  accuracy  of  about  0.05  eV  fort  c  methods  including  triples  seems  to  be  obtainable 
for  the  HAS.  IPs.  and  multiplet  splittings  of  this  system. 

In  Table  XIII  we  present  several  e.xamples  of  total  times  for  some  of  the  calcu¬ 
lations  performed  here.  The  time  required  for  the  correlation  part  ofthc.se  calcu¬ 
lations  is  large  compared  to  the  other  operations  only  for  the  largest  atoms  consid¬ 
ered.  that  is.  Fc  and  Ge.  It  should  be  stressed,  however,  that  all  electrons  were 
correlated  in  all  our  calculations  including  Fe.  except  as  indicated  for  the  second 
and  third  calculations  on  Fe.  so  these  timings  represent  the  worst  possible  case.  For 
example,  when  we  did  not  correlate  the  inner  shell  (Is,  2s.  2p)  in  Fe.  the  computer 
time  needed  for  the  C  (  part  of  the  calculation  was  40%  of  the  ail-cicetron  calculation. 
Not  correlating  the  3s  and  3p  electrons  reduces  the  fC'  part  of  the  calculation  by 
almost  90T  to  only  27s  but  the  results  arc  now  greatly  afi'ected. 

Unfortunately,  there  is  only  limited  information  available  about  the  computer 
time  needed  for  other  calculations.  Unpublished  OMC  studies  of  F'c  using  a  pseu¬ 
dopotential  which  correlates  only  the  4s  and  3d  electrons  required  several  hours 
on  an  IBM  RISC  60(10  [22].  These  produced  results,  however,  which  are  relatively 
far  from  experiment.  Using  a  Ne  pseudopotential  produced  much  better  results 
but  required  significantly  more  time. 
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1  \Bl  I  IX.  rite  Silicon  (’P)  alum. 


Method 

Tnorpy  (a  u.) 

1  A  (cV) 

ii>  (cV ) 

Rctefcncc 

S<'I 

288.S543() 

7.658 

[54 1 

QM( 

284.0  (5) 

1.3(2) 

8.3  (2) 

1151' 

1,34  (3) 

8.14(3) 

llSf 

QM(' 

1.42(2) 

8.25  (2) 

114f' 

MR(  I  (sn) 

288.4623 

I..30 

|84! 

I'Ht 

■288.85165.3 

0.8.34 

7.645 

this  v.ork‘ 

M8Pt  (2! 

-288.442521 

1  .3''4 

7.452 

this  v.virk‘ 

<'('sn 

288.462704 

1.251 

7.4.S4 

this  work* 

ccsdCT) 

-288.464624 

1.280 

8,(H)0 

this  work' 

1  HI 

■  288.8.S8016 

0.848 

7.638 

this  work*’ 

MBP1  (2) 

288.482414 

1,380 

8.044 

this  ssork*’ 

CeSD 

-284.000604 

1.316 

8.064 

this  nork'' 

ceso  ( 7) 

-284.004.355 

1..375 

8.108 

this  work'' 

Exp. 

1.385  (5) 

8.151 

1671 

"  Damped  core  used. 

*■  Pseudopotential  u.sed. 

'  P()l.;  ( I4.  l0.4)/(7.5.2).  spherical  basis.  Ref.  (4I]. 
ANO:  ( 17.  l2,5.4l/[7.6.3.2),  spherical  basis.  Ref  (44|. 


Because  they  have  attracted  the  attention  of  the  qmc  community,  and  also  because 
they  are  two  of  the  few  molecular  systems  which  are  amenable  to  accurate  exper¬ 
imental  and  theoretical  treatment,  we  report  cc  results  for  the  activation  barriers 


Table  X.  The  calcium  I'S)  atom. 


Method 

Energy  (a.u.) 

IP  (eV) 

Reference 

srr 

-676.75818 

5.120 

(.591 

OMC' 

5,878  (-32) 

[2 11“ 

MBPT  (2) 

-677.5565 

[45] 

MC.SC  K 

6.156 

[85r 

RHI 

-676.725485 

5.121 

this  work' 

UHK 

-676.725485 

5.:  00 

this  work'' 

MBPT  (?) 

-676  868157 

5.802 

this  work' 

('('SD 

-676.881440 

5.950 

this  work' 

rcso  ( T) 

-  76.884112 

5.976 

this  work' 

Exp. 

6. 1 1 3 

[67] 

"  Pscudopotcnlial  used. 

Numerical  basis  set. 

‘  tol:  ( l5.l3,4)/(9.7.2),  Cartesian  basis.  Ref  540], 
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I  -MU  I  XI.  I  he  iron  (’'[»  .iiirni. 


Method 

Energy  (a.u.) 

t.  \  (oV) 

3d  4\' 

IP  (oVl 

3il‘'4s' 

E  ('!>  —  T  )  (cVi 

3tJMs‘  -*■  .Hi  4s  ■ 

Kclcrcm-.' 

SC  I 

1262.443^ 

2.103 

6.052 

1.820 

1391 

OM( 

0.27  (8) 

7.65  (5) 

0-4  4  l5) 

QMC' 

7.(18  (8) 

0.9  1 1 ) 

1221’ 

CR  ISU  (  7  ) 

7.?  3 

0  K6 

(48.  -49 1- 

C  !SD 

I..34 

[.'01 

MC'SC  f 

■  1262.50(1.39 

7,069 

[86] 

VHi 

1262.370937 

1  988 

6.3(>9 

1.8  31 

this  work'' 

MBPI  (2) 

1263,045976 

0.228 

7:3(16 

0.205 

this  wiirk'’ 

C  C  SD 

-1263.032146 

0.277 

7.6(K) 

0,971 

this  wiirk'' 

erst.)  c  Ticeso) 

1263.048,305 

0.065 

7.7,38 

0.821 

this  work'' 

cesD ( 7 ) 

-1 263.04 :’266 

0.017 

7.728 

0.870 

this  wi'rk'' 

ROHh 

-1262, .364742 

2,081 

6. 308 

I,8l5 

this  wiiik*’ 

MBPT  (2) 

-126,3.045478 

0.279 

7.485 

(t.l65 

this  work'’ 

CC‘Sl> 

126,3,032079 

0.279 

7.600 

0.97  1 

this  work'’ 

(.  CSD  r  /'(C'CSD) 

■  1263.048324 

0.066 

7.7,39 

0,820 

this  work'' 

a  St)  (7) 

-1263,047269 

0  016 

7.T28 

0,869 

this  work'’ 

ast)  (7'*) 

1263.047259 

0.017 

7,728 

O.H(i9 

this  work'’ 

1  MF 

-1262.379979 

1.988 

6..36.S 

l.,8.3| 

this  work'  ’ 

MBPT  (2) 

-  1262.549.399 

0.100 

7.411 

0  552 

this  work" 

CC'SD 

1262.560155 

0.29.3 

7.3^4 

1.03.3 

this  work' ' 

erst.)  +  7' (C'CSD) 

-1262.566816 

0.030 

7,688 

0,895 

this  work" 

C'CSD  ( 7  ) 

-1262.566465 

-0.031 

7.683 

0.92.3 

this  work" 

t;Hr- 

-1262.370979 

- 1 .988 

6,368 

1.831 

this  work"' 

MBPT  (2) 

-1262.89.3.391 

0.257 

7.512 

0.217 

this  w  ork" 

rrsD 

-1262.884731 

-  0.244 

7.604 

().V74 

this  work'" 

C'CSD  +  7' (C'CSD) 

-1262.900067 

0.146 

7,741 

0.816 

this  work'" 

CCSD(7) 

-  1262.899048 

0043 

7.7.31 

0,868 

this  wo! 

FHF- 

. 1262,370979 

1.988 

6,368 

1.831 

this  work' 

MBPT  (2) 

-1263.0465,36 

0.262 

7.513 

0.212 

this  work' 

C'CSD 

--1763.0.32458 

-0.2.39 

7.602 

0  966 

this  work' 

rest)  +  /'(CeSD) 

-1263.048671 

0.151 

7.740 

().809 

this  work' 

ccsd(7) 

-1263.047628 

0.049 

7.7.30 

0.861 

this  work' 

Exp, 

0.151  (3) 

7,870 

0.87’' 

|67] 

”  Pseudopotentiai  used  which  includes  relativistic  cflccts—X  electrons  cvpIicitK  correlated. 

Neon  pseudopotential  used  which  includes  rclatisistic  ettects. 

"  7 his  basis  .set  is  the  same  one  described  in  footnote  d. 

•’  RT:  (15,1 1,6.3)/|  I0,7.4.,f),  spherical  basis.  Ref.  [48]. 

'  Ri  ext.:  ( 1 5. 1 1 .7.4)/[l().7.5.4].  spherical  basis.  Same  basis  .set  as  the  one  described  in  footnote  d  bu. 
with  an  extra  d  ~  0.0.34  and  f  -  0.0945. 

^With  (Is,  2s.  2p.  3s,  3p)  orbitals  frozen. 

*  With  (Is.  2.S,  2p)  orbitals  froiten. 

”  The  nonrelativistic  value  is  0.65  [48].  Most  calculations  here  should  be  compared  with  ..lis  value. 
Considering  the  rather  large  dilfcrencc.  however,  perhaps  the  relativistic  result  should  be  reconsidered. 
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ViHii  Nil 

the  germanium  ( 'PI  atom 

Method 

1  nergv  (.1  u  ) 

1  \  (eV  I 

O'  (eV  ) 

Kclcfcncc 

Sii 

-  2075. .1547 

0.452 

7  414 

1541 

QMC 

207.1  (S) 

1  ,t(ll 

8.0  (  .1) 

1251' 

i:\ii 

2075.27745,1 

O.SSl 

7,444 

ihis  uiirk' 

MBIM  (2) 

2076  1  106.14 

1.281 

7.76.5 

this 

n  SD 

2076,054.121 

1  224 

7.744 

this  work' 

(  I  SO  ( 7  ) 

-  2076.064444 

1.254 

7  764 

ihis  ^viirk^ 

i  Hi 

■  2075.1  I44,5!< 

0  871 

7.440 

this  work* 

MBi>r  (2) 

2075.547,144 

1  244 

7.848 

this  work* 

(  (  st> 

2075.52.1550 

I  246 

7  8,1 1 

this  work* 

Ct  SD  (  7  ) 

2075.5.tlS20 

1.277 

7.858 

this  work* 

1  HF 

-- 2075.1  l’4(K) 

0.872 

7  4U 

this  s.ork*' 

(  CSDl  7  ) 

■  2075.5-77S21 

1.276 

7.851 

this  work*' 

lAp. 

l.2.U(.t) 

1671 

‘  Damped  core  used. 

^  wil;  (15,1 2.d.4)/(d,7,4.:).  spherical  basis.  Ref.  (42|, 
BC:  ( 1 5. i:.b.  I )/( I0.7..V I  ],  spherical  ba,sis.  Ref  [«7|. 
BC.  (15  1 2.6. 1 )/(!(). 7., I,  I ),  Cartesian  basis.  Ref  [K7|, 


of  the  H  4-  H:  reaction  in  Table  X!V  and  the  interesting  F  4  H;  reaction  in  Table 
XV.  Diedrich  and  Anderson  [5]  obtained  an  energy  for  the  transition  state  of 
H  —  H  —  H  of  - 1 .659 1 54(  19)  a.u.  which  is  9.6 1  kcal/mo!  above  the  exact  value 
for  separated  H  +  Hj  This  calculation  took  about  80  machine  days  on  an  IBM 
RISC  6000.  Reducing  the  accuracy  from  0.01  kcal/mol  lo  0.10  kcal/mol  reduces 
the  computational  effort  by  a  factor  of  100.  Using  coupled-cluster  methods  and  a 
{6.4.2. 1]  basis  set  (120  cGifs)  with  no  effort  at  funher  optimization,  we  obtain  a 
ceSD  4-  TKccSD)  energy  of  - 1 .658531  a.u.  for  H  —  H  —  H  and  an  activation  barrier 
of  9.7 1  kcal/mol.  This  required  205  sof  CPU  time  on  a  CRAY-YMP  most  of  which 
was  spent  manipulating  the  large  number  of  4-index  virtual  orbital  integrals  (ab/ 
cd)  that  occur  for  a  calculation  with  few  electrons  but  a  large  number  of  basis 
functions.  The  cc  part  of  the  calculation  took  12  s.  Our  barrier  was  calculated 
relative  to  the  energy  of  H  +  H7  in  the  same  basis  set  (the  cesD  energy  of  H;  was 
-1.674004  a.u.)  and  is  only  slightly  different  from  Liu's  MRCl  result  (9.65  kcal/ 
mol)  which  used  a  superior  Slater  orbital  15.3.3.2]  basis  ( 1 56  STOs)  [51].  An  rohf 
reference  calculation  produced  almost  exactly  the  same  results  as  that  based  on  a 
i/(4F  reference.  To  improve  our  result  by  the  difference  of  0. 1  kcal/mol  from  the 
QVtc  result  or  0.05  kcal/mol  from  Liu's  result  would  take  some  effort.  In  other 
words,  it  is  the  error  bar  v/e  accept  as  the  price  of  a  routine  “black  box"  calculation. 

Like  the  Hi  reaction,  the  transition  barrier  of  F  4-  H^  -*  HF  +  F  has  been  studied 
using  a  number  of  different  methods  [8.52-57].  Until  a  few  years  ago,  the  best  ah 
initio  result  for  the  barrier  fell  in  the  range  of  3  to  4  kcal/mol  [58].  However,  as 
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I  \H1 1  \ltl  l\piv'ai  (  l‘i  lmH‘>  of  ihc  <  i''i>  (  /  i  cukul.itions  (trc'o.iila! 
here  <m  sccomts  on  a  (  ra\  \  Ml'!/ 


AlOM 

Basis  SCI 

1  otal 

( i  p.iri 

B  1  III 

\\o.  4()  spher 

44,: 

.;<> 

C  l  III 

Pol .  sphor. 

^.5 

2  0 

l‘x  I  /,  .x.x  spher 

r  6 

1  6 

WK  4f>  spher 

.rn  ! 

5.0 

Nd  in 

IHit .  24  spher 

1(1.; 

1.’ 

•\xo,  46  spher. 

4’  .! 

^  7 

l  .i  in 

1*01 . 24  spher. 

7  4 

■>  '• 

XNO,  46  spher 

5. ' 

Mg/KIII 

POl  .  .r2  spher 

111.2 

4  6 

H  \i  .  6(f  spher. 

,S4  0 

Mg-./l  HI 

roi .  .r4  Can 

2S.4 

IS  7 

Si.'i  III 

POl .  .^2  spher 

ns 

5.0 

SNO.  .'4  spher. 

4X  V 

150 

Ca,/KHi 

1*01 . 42  Can 

2''.0 

r  2 

I  C.'l  III 

Ri.  72  spher. 

2(W.7 

1  fO  6 

R I  ext..  K4  spher 

.t.w.n 

25s. 5 

RI  ext .  X4  spher.'' 

164.7 

nil  (1 

RI  ext..  H4  spher.' 

42.4 

27.0 

CitVl  III 

I’OI ,  64  spher. 

164.6 

124.2 

^  All  atomic  calculations  cmplos  l>;,,  svmmclry  I olal  limes  as  sicll 
as  (  f  limes  obsiousts  ik'iKtH)  on  Ihc  iiumK'r  of  ilcralions  needed  to 
reach  consergcnce.  Our  s<  i  equations  were  considered  converged  when 
the  maximum  change  in  densit>  matrix  elements  was  less  than  It)  ,  1 1 
equations  were  converged  when  the  maximum  change  in  amplitudes 
xxas  less  than  10  .  'I  xpicallx.  ci  sii  ealculalions  required  111  to  20  iter¬ 
ations  to  coinerge, 

W  iih  ( Is.  2s.  2p!  orhilals  frozen. 

'  With  ( Is.  2s.  2p.  .fs.  .!p)  orbitals  frozen. 


pointed  out  by  Schaefer  [58j.  the  e.xperimental  estimates,  which  then  ranged  from 
2.05  to  2.47  kcal/mol.  were  inconsistent  with  theory.  Stockier  ct  al.  later  estimated 
an  experimental  barrier  of  1 .6  kcal/moi  [52a].  The  first  theoretical  calculation  that 
supported  a  low  value  of  2.0  to  2.5  kcal/mol  was  the  ccs!)  +  7(c(  SD)  and  c  t  sdi- 
1  results  of  Bartlett  and  Rittby  [35a,5.1].  These  entirely  ah  laino  values  were  obtained 
in  the  same  basis  as  that  of  Truhlar  et  al.  [52].  Their  MR-ci  result  was  ,T69  which 
was  then  empirically  scaled  to  1.6  kcal.  Later,  large  scale  MR-c  i  calculations  of 
Bauschlicher  et  al.  [55]  led  to  a  barrier  of  2.89  kcal/mol.  but  adding  the  Davidson 
correction,  which  estimates  the  size-inextensivity  error  that  remains  in  the  mr-ci 
this  value  is  reduced  by  a  critical  0.75  kcal/mol.  giving  a  value  of  2.14  for  the 
barrier,  falling  between  the  Bartlett  and  Rittby  [.35a]  values.  Further  computed 
values  by  these  authors  [55b]  are  1 .8 1  and  1.85  kcal/mol  at  the  Davidson  corrected 
MRCl  level  and  averaged  coupled  pair  functional  level,  respectively.  Later  t  c  Sl}(7') 
results  of  Scuseria  [56]  in  an  even  larger  [7.7.5.4.2/6.5.4.2]  basis  set  gave  2.05  further 
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Tabu  XIV',  Fnorgv  harrier  lor  the  H  »  H;  reaction,  Ihis  energ>  is  m  atomic  units  and  the  barrier 

height  IS  in  keal/mol. 


Meihixi 

H  1  H:  energy 

H)  energy 

Barrier 

Reterence 

QM( 

<9,70(1.)) 

i9r 

QWV 

1.6617  (2) 

9.68  (81 

(I2]‘ 

QMf 

-1.674451  (2.5) 

1.659154(14) 

9,61  (1) 

|5!‘ 

CISD 

-!. 675977 

1.658018 

10.1  1 

1511*- 

MRCI 

-1,674142 

1,658755 

9.65 

(5  If 

Hylleraas 

•  1.675776 

1.6.I665’9 

9.68 

1881 

1  HK 

•  1.655597 

1.605521 

17,62 

Ihis  work''' 

MBPI  (2) 

-1.666784 

- 1 .646024 

1  5.05 

this  work*" 

C’C'SD 

-  1 .674004 

-1.657992 

10.05 

this  work*" 

CeSD  +  T  (CeSD) 

-  1.674004 

1.65855) 

9.71 

this  work*"' 

C  C  SD ( 7  ) 

- 1 .674(X)4 

-  1,658500 

9.75 

this  work*"' 

•  Barrier  height  calculated  relative  to  the  separated  H  +  energv 
Barrier  height  calculated  as  the  diH'erence  Hi  -  (H  +  Hi). 

(6.4.2. 1 ),  Cartesian  basis.  Constructed  from  Duijenvell's  hs  set  contracted  to  6s  IK')]  with  p  and  d 
functions  from  VVidmark,  Malmquist.  and  Roos  (4.4)  and  Dunning's  f  funclions  |.f6J.  The  bond  legnth 
of  the  linear  H  —  H  —  H  is  1 .759  a.u. 


supporting  the  2.02  result  of  Bartlett  and  Rittby  [35a].  The  most  recent  MRCi  +  Q 
calculations  [57]  also  support  these  results,  reporting  a  transition  barrier  of  1.93 
kcal/mol.  but  this  value  is  plagued  by  an  unacceptably  high  (26'7 )  Davidson's  cor¬ 
rection. 

To  be  consistent  with  the  philosophy  of  this  article,  we  repeat  the  F  +  H;  -♦ 
HF  +  F  barrier  using  the  standard  ano  basis  of  Widmark  et  al.  [43].  The  results 
are  in  Table  XV.  We  used  the  two  optimized  transition  state  geometries,  the  earlier 
cesD  +  7’(Ccsd)  optimized  geometry  of  Bartlett  and  Rittby  F35a,  53].  and  the 
CCSD(  D  geometry  ofScuseria  [56],  Due  to  the  flatness  of  the  surface,  the  computed 
barriers  are  nearly  indistinguishable,  causing  a  difference  of  only  0.02  kcal/mol. 

Our  calculations  were  performed  with  a(  l4.9.4.3/8.4.3)/[5.4.3.2/4.3.2]  spherical 
basis  (92  CGTFs).  The  calculation  at  the  transition  state  required  a  total  of  207.3  s 
of  CPU  time  on  a  CRAY-YMP,  of  which  79.0  s  was  spent  in  the  cc  part  of  the 
calculation.  At  the  CCSD(  T)  level  the  F  +  H;  transition  barrier  of  2. 1 1  kcal/mol  is 
in  excellent  agreement  with  the  prior  cc  results.  Our  exothcrmicity  differs  by  a 
kcal/mol  from  Scuseria's.  despite  his  use  of  a  larger  basis  set  [56].  We  find  a  0.3 
kcal/mol  difference  between  our  cesD  +  T(ccsD)  and  CCSD(7')  results,  with  the 
former  giving  the  lower,  value,  1.8  kcal/mole,  which  is  close  to  the  lowest  barrier 
estimates.  The  difference  between  a  uhf  and  an  rohf  open-shell  reference,  was 
found  to  be  inconsequential. 

In  contrast,  the  F  +  Hi  barrier  height  predicted  by  qmc  is  too  high  [8]  in  agreement 
with  the  older  ah  initio  results,  while  the  exothermicity  is  a  little  too  low  [8].  Some 
question  as  to  whether  the  transition  state  could  be  bent  [52b.  55a.  56.  57]  (it  is 
assumed  linear  in  ail  above  calculations)  has  been  raised,  also. 
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I  aBI  I  XV  I  ncrgs  harrier  lor  llie  I  ■  H,.  reaction  and  ihe  exoiherinictn.  lor  1  •  II  -»  I  II  -  H 
The  energv  ami  geometr>  are  given  in  atomic  units  while  ihe  harrier  height  and  Ihe  evoihermiviiv  are 

given  in  keal'mol 


Method 

Cieometry 

1  H  1  11 

I  II;  energy 

Hamer 

IxtUhcrmictl'F 

RctClCfKC 

MRr  1  ISO) 

2.81 

1,46 

sre* 

3.00 

1.46 

1.59 

|52a| 

l  llt-((M)l-l 

2.,S? 

1.46 

2..S0 

|,‘3,  3Sa! 

ORiit-r  tsi)\-l 

2.X71 

1 .455 

202 

153.  ysa| 

ersD ( 71 

2.913 

1.445 

2,0S 

31.6 

156] 

MRt  I 

1.45 

2.46 

MRC'I  Q 

2.95 

1.45 

1  93 

[7'1 

QMC 

2.5? 

1.48 

l(K).8S6l  1 1") 

3.2  11,3) 

29."  (1.6) 

IN 

ViU 

2.X71 

1 .455 

100  531402 

11.24 

:  3  0 

this  work’’' 

CX'SD 

2.871 

1.455 

-  1(H»808.363 

3.1 1 

28,6 

tins  work" 

erst)  +  7  ((  (  Sty) 

2.871 

1.455 

I(K).8I51 1 1 

1,80 

30  8 

tins  work' ' 

ceso  ( /') 

2.871 

1  455 

100.814455 

2.1 1 

30.7 

this  vvork''' 

ROHK 

2.871 

1.455 

-  I(K).52481 1 

12,33 

16  1 

this  work’"- 

C'C'SO 

2.871 

1,455 

-  1(X).808246 

3.13 

28,7 

this  work''' 

rest)  +  7'(cxsd) 

2.871 

1.455 

-  KKl.SI.Wl 

1.78 

30  9 

this  work'"' 

ceso  ( 7) 

2,871 

1.455 

100.814412 

2.1! 

.30. 

this  work'"' 

<c,sn(7'*) 

2.871 

1.455 

100.814407 

2.11 

.30," 

this  work*'' 

Estimated  limits 

1.6 

(54!'’ 

for  bamer 

1  65 

{>'] 

Expenmental 

exothermicity 

3l  7  |2l 

[90] 

'  SEC — Scaled  Enlemal  Corrclaiion  IcMrapolatcd  result). 

’’  ANO:  ( l4,9.4.3/8.4,.1)/{.‘'.4  3.7/4.3.2).  Cartesian  basis.  Ref  (43].  in  all  present  correlated  calculations 
the  inner-shell  electron  was  dropped.  Gcometrv  of  the  transition  slate  optimized  bv  Ritthv  and  Banictt 
[53].  The  geometry  optimized  by  Scuseria  changes  the  harrier  by  less  than  002  keal./mol. 

‘  Energy  of  R’P):  141)  Ct  str  +  7  (rc.st))  -99  644471;  tan  r<  si)  (V  )  99,64431":  ROllt  t  est)  •  / 

(CC'SK)  -99.644397;Ronf  c  cSD<7  )  -99  644265,  ROOK  csi)(7  *)  99.64426K  Energy  of  H.-(R  1.402): 

ceSD  -1.1 73506.  The  bond  length  of  II;  is  taken  from  e.xpcrimcnf,  our  optimized  bond  length  coincides 
with  this  value.  Energy  of  I  H  (77  -  1.7329):  <  <  si)  +•  7'((  <  si))  1(M).367I  32;  ( r  su  (  7  )  l(K).36673K 

The  bond  length  of  Fit  is  taken  from  experiment;  our  optimized  bond  lengths  are  almost  identical  with 
it:  /?(C(  SI5  -F  7  (t  <  SD))  ’  1.734;  /?(( CSDl /  ))  --  1.733. 

■’  Collincar  harrier. 


Note  added  in  proof:  Since  the  acceptance  of  this  manuscript  a  MRCt  study  by 
Kendall,  Dunning,  and  Harrison  on  the  electron  affinities  of  the  first-row  atoms 
(J.  Chem  Phys.  96,  6796  (1992))  appeared  as  has  a  VMC  study  by  Moskowitz  and 
Schmidt  (J.  Chem.  Phys,  97,  3382  (1992)). 
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Abstract 

Simpk’ analytic  approximations  lo  ihc  moments  of  electronic  momentum  i'^'[k  -2.  I.  I.  2.  3, 

4i  ol  the  neutral  atoms  from  hydntgen  through  uranium  are  presented.  These  approximations  arc  generated 
by  using  Thomas-Tcrmi-Dirac-Scott  and  hydrogenic  results  to  guess  suitable  lunctional  forms,  and 
then  htting  the  latter  to  tabulated  Hartree-f  tKk.  (in )  moments.  The  root  mean  square  (rms)  ptercent 
ernirs  of  our  best  functions  for  /f  with  A  >  I  are  less  than  0.6T  .  The  best  functions  for  /v  and  p  '  ■ 
have  a  rms  percent  error  of  less  than  2'i.  T  he  :.p  ' .  moments  exhibit  very  strong  shell  structure,  and 
our  best  function  has  a  rms  percent  error  as  large  as  1 2'« .  <  |U')2  John  Wiley  &  Sons.  Inc 


Introduction 

Atoms  arc  the  building  blocks  of  chemistry,  and  hence,  the  systcmatics  of  their 
properties  arc  of  interest  to  all  chemists.  Gross  systcmatics.  as  taught  in  introductory 
courses,  are  often  rationalized  by  qualitative  arguments.  A  semiquantitativc  account 
of  the  systcmatics  can  often  he  achieved  with  the  Thomas-Fcrmi  (Tf )  and  related 
mixjels  [  1  ].  The  TF  model  also  gives  the  correct  asymptotic  behavior  of  some  physical 
properties  of  an  atom  in  the  limit  of  a  large  number  of  electrons.  A  [2].  A  quantitative 
description  of  atomic  properties  requires  a  theory  at  least  as  sophisticated  as  the 
Hartree-Fock  (HF )  model  [3.4].  Tables  of  many  physical  properties  of  all  the  atoms 
computed  by  the  FFF  method  have  been  published  (4.5).  Obviously,  it  would  be 
nice  to  find  analytic  formulae  as  simple  as  those  of  the  i  F  model  and  as  accurate 
as  the  FIT  model.  Such  formulae  can  be  obtained  by  using  simple  mcxiels  to  guess 
analytic  forms  that  are  then  fitted  to  calculations  based  on  sophisticated  theories. 

We  focus  on  the  electronic  momentum  moments  (//).  which  are  finite  only 
[6.7]  for  -3  <  k  <  5.  These  moments  arc  rather  interesting,  (p  ')/2  is  the  peak 
height  of  the  Compton  profile  [8].  w(py  is  a  good  approximation  [9,10]  to  the 
Dirac-Slaler  exchange  energy  of  density  functional  theory  [11],  (p'}l2  is  the  elec¬ 
tronic  kinetic  energy.  (/?’)  is  roughly  proportional  [9,10]  to  the  initial  value  of 
the  Patterson  function  of  x-ray  crystallography  [12].  (//)  is  proportional  to  the 

Imernational  Journal  of  Quantum  Chemistry;  Quantum  (  hemistry  .Symposium  2b.  29 1  -2'IH  (1992) 
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Breit-Pauli  correction  to  the  energy  due  to  the  relativistic  variation  of  mass  with 
velocity  [  1 .1]. 

We  use  recent  work  (14-17)  on  the  [homas-Fcrmi-Scott  description  of  mo¬ 
mentum  moments  in  atoms  to  guess  suitable  analytic  forms  which  give  (// >  as  a 
function  of  A' and  fit  them  to  recent  tit  calculations  [18-20]  of  these  quantities.  In 
this  manner,  we  obtain  simple  formulae  for  (p‘‘)  which  have  root  mean  square 
errors  not  exceeding  0.6^7-  for  A-  >  1,  and  less  than  2'7  for  (p)  and  <  p  '). 

Method 

Dmitrieva  and  Plindov  (14.15]  have  used  the  i  i  model  including  the  exchange 
interaction,  and  the  Scott-Schwinger  correction  for  strongly  bound  electrons  [16.21]. 
to  find 

(p-*)  =  ^  A-*  -  16.60A’"  ’  (1) 

(p-)  =  —  A'\lnA'  +  0.5578)  +  1.720.V'  '  (2) 

9ir 

(r)  -  1.53749,V'  '  -  A'-  -h  0.5.^978,V'  ■'  (3) 

(p)  =  0.693747A'-  '  +  0.187.V  (4) 

Dmitrieva  and  Plindov  [14],  and  Buchwald  and  Englert  [17]  used  the  Thomas- 
Fermi-Scott  model  to  find 

(p-  ')  =  9. 1 759 A"  '  -I-  0.0283.V  '  (5) 

Note  that  eq.  (5),  unlike  eqs.  (l)-(4).  does  not  include  exchange  corrections;  the 
latter  behave  as  A’  '  ’  for  (p  ')■  The  normalization  cor  ition  requires  that 
</>  =  A'. 

We  used  eqs.  ( 1  )-(5)  to  guess  functional  forms  for  (p'')  and  then  fitted  them  to 
HF  data  [  1 8-20]  for  all  the  neutral  atoms  from  hydrogen  (A  =  1 )  through  uranium 
(A'  =  92).  by  minimizing  the  root  mean  square  percent  deviation,  .  using  Powell's 
conjugate  direction  algorithm  [22].  We  also  record  the  maximum  percent  deviation. 
62,  and  the  value  (A*)  of  A'  for  which  it  is  attained.  In  an  attempt  to  report  our 
parameters  to  the  "optimar'  number  [23]  of  significant  figures,  we  list  parameters 
rounded  as  much  as  possible  without  degrading  S,  by  Fi  or  more 

Results  and  Discussion 

Our  functional  forms  for  </?“)  are  listed  in  Table  I.  It  shows  that  eq.  (I)  is  a 
decent  starting  point  with  6|  =  14%.  Table  1  contains  six  functions  that  have  (^1  < 
1%,  We  recommend  the  penultimate  function  in  Table  1,  because  it  has  nearly  the 
lowest  5|  =  0.55%,  the  lowest  62  =  2.1%,  and  the  correct  behavior  in  the  limit  of 
large  A'. 

Table  ll  lists  our  approximations  to  (p'^)-  Eq.  (2)  is  a  fine  starting  point  with  6,  = 
4.2%.  Table  II  contains  eight  functions  with  6|  <  1%.  The  function  with  the  lowest 
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l  ABii  I.  -\nalvin.' approximations  to  />■*  ;  ti„  5r73  16  44S. /v  -  16  60 


function  Parameters  ft,  /).  \* 


— 

52, 

229, 

1 

u.\* 

a 

11.0 

19. 

120. 

1 

a.\- 

a 

6.498.  ..  - 

4.161 

4.4 

30. 

1 

t  6„V‘'  ' 

— 

14. 

103, 

1 

^  h\''  ' 

h 

13.3 

6.1 

37. 

1 

a.vS  ''  4  hX" 

h 

-^11  ..“lO.  ,i 

.3.742 

0.79 

2,8 

1 

£i.V-  +  />.V^ 

a 

18.05.6 
il  =  3  793 

-13.05, 

0  49 

2  2 

4 

u.V“  f  68" 

0 

12.252.  .r 

4.0.396. 

0.47 

2.5 

s 

6  7.2":’4 

,  ,i  3.6785 

rtivV-  ^  6, A"  '  ^  ‘ V"  ’ 

( 

5.26 

10 

4.3 

4 

tt,A  "  4  ^oV"-'  *  c.V' 

f 

5  226.  7 

3.331 

It) 

4.3 

4 

ttoA"*  +  h.\'  '  4  cV"  ' 

h 

16.7,33.  ( 

^  5.4349 

0.99 

4.5 

4 

tAA"  *  6.V" '  t  cV’ 

h 

25.61.3,  <• 

-  14.206. 

0.55 

2.1 

4 

7  ■  3,581 

U.V  a  '  4  C.V"’  ' 

a 

15.9.34.6 
i  •  3.6463 

14.556. 

0.60 

1  -? 

4 

Tablf  II.  Analytic  approximations  to  xp');  oo  =  32/(9)r)  =  1.1.318.6,,  ().63l3.<i,  ^  1.720. 


Function 

Parameters 

6, 

6: 

.V* 

a, A’  In  .V 

_ 

23 

l(X), 

1 

a.V’  In  ,V 

a  -  1.37 

15, 

100. 

1 

a.\"  In  A 

a  -  2.185.0  =  2.874 

12. 

100 

1 

aS" 

a  =  2.02.34.  -  3.2404 

2.8 

19. 

1 

OoiV’  In  A'  +  6(vV^ 

— 

10. 

63. 

1 

On-V'  In  A  +  6.\  ’ 

6  -  0.97 

6.5 

43. 

1 

'  In  A'  4  6.\  " 

6  =  1.684.  tl  =  2.797 

0.77 

2.1 

10 

a.v3  In  ,V  +  fix' 

a  -  0.919.  6  =  1.589 

1.5 

6.4 

1 

aX'  In  A'  +  6.V'" 

a  =  1.174,  6  =  1.721,  ,i  =  2.733 

0.59 

2.9 

4 

aX"  In  A’  4^  fiX^ 

a  =  0.45099.  a  =  2.9139,  6  -  1.7(K)7. 
ii  -  3.2140 

0.44 

2.0 

4 

a,A  ^  In  A'  +  6oA’’  +  CeyV’  ’ 

„ 

4.2 

38. 

1 

OoiV’  In  X  *•  hoX'  +  cA’’  ’ 

c  =  1.26 

2.1 

It. 

1 

OttX'  In  X  +  6(A  ’  +  cA'"'’ 

c  =  0  908 

2,3 

9.3 

1 

OftA  ’  In  X  +  h(yX'  +  C.V' 

c  =  1. 1 2.  7  =  2.51 

0.98 

4.5 

4 

OoX'  In  X  +  6,V’  +  cA’’'- 

6  =  0.7220.  c-  1.084 

1,5 

6.4 

1 

OtyX'  In  A'  4  6V'  +  C.V*'’ 

6  -  0.415,  c  =  1.31 

0.62 

3.1 

4 

aA”  In  X  +  6,V’  +  cA'"’ 

a  =  1.02.6=  1.17,  c=  0.557 

0.74 

3.3 

4 

OoX'  In  X  +  hX'  +  C.V' 

6  =  0.3714.  c=  1.348.7  =2.688 

0,61 

2.9 

4 

OoX'  In  .V  4  6 A'"  +  cA'' 

6  =0.0002478.  61  =4.353,  c=  1,714, 

0.50 

2,5 

4 

7  =  2.776 
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Tabi  i 

III. 

Analytic  approximations  to  /> 

■;  u„  1  5-V 

44,  />„ 

l.i,.  0,5  7' 

78, 

Iiinciion 

I’aramcti-rs 

_ 

21. 

54, 

aS' 

iJ 

l.:7s 

5..^ 

*1  "T 

1 

o.V- 

(/ 

l,()?-l.  « 

l.tsx 

0.80 

5.4 

'  - 

_ 

8.0 

46. 

1 

■'  +  />\' 

/> 

0-7t 

.7.6 

14. 

1 

Un-V 

'  ‘ 

h 

O.S.Vi. ,( 

2.i: 

0.41 

5.7 

u\"' 

+  /!.V- 

a 

l,4:7S.  h 

0.4S.tO| 

1,2 

6.0 

■> 

<rV’  ‘ 

f 

a 

2.4S.17,  h 

1  4228.  ii 

2.2784 

0  '0 

4  0 

■> 

'•  -  M  - 

c„.V' 

__ 

1.1 

7.T 

A,.\  ’ 

-  .  ,V‘ 

i 

0..S.A 

1.1 

7.0 

1 

iVii.V' 

'  *  /..V-  t 

c.V" 

h 

U.'IB').  c 

0484 

0,‘)8 

5.5 

-> 

'  '  h,A' 

c.V' 

i 

(I..S()64.  1 

1.711 

0.4,7 

5.5 

> 

'  (-  /'\-  f 

C.V’ 

h 

1.817.  <• 

1.708,  ■>  1 

.422 

(1,77 

5.0 

■> 

d„\' 

' '  h.y' 

*■ 

‘  ♦  </.V'  ' 

</ 

0.0:48 

1  0 

5_7 

*5 

f 

+  d.y ' 

( 

0.h478.  (/ 

-  0, 1 544 

0.84 

5  4 

•> 

t/(wV 

*  /i.v-  + 

C.V'  ' 

t  (A"*  ' 

/> 

-  1.105.  c 

1.041.  (I 

0,457 

0.67 

4.2 

a 

1.640.  h  - 

1.782.  <■  ■  2 

.7S|. 

«.\ ' ' 

+•  /i.V-  f 

<-.v' ' 

r/.V'  '■ 

c/ ■  -i.:oi 

0.50 

2  6 

*) 

6i  =  (>.44'’r  also  has  the  lowest  rt;  3.0'r.  but  not  the  right  asymptotic  behavior. 
We  favor  the  last  function  in  the  table;  it  gives  almost  as  good  a  lit  and  has  the 
right  asymptotic  behavior. 

Table  III  lists  our  approximations  to  </r).  Eq.  (3)  is  nearly  quantitative  with  Ai  = 
l.l'r  and  ^2  =  7.7'?.  Table  111  contains  nine  functions  with  <  I'?.  The  last 


Tabi  l  IV  Analytic  approximations  to  -  /> .;  </„  0  f'4.V747,  h,,  0. 187, 


Function 

Parameters 

A* 

«nA'' 

_ 

4.4 

21. 

*> 

<;,V7' 

a 

"  0.715 

3.2 

14. 

"> 

u.V" 

a 

---  0.745.  «  1.6.77,7 

1.4 

12. 

■> 

u,^'' 

/'„A' 

— 

1.4 

7.4 

“1 

’ 

4  /)A 

h 

=  0,187 

1,4 

8.2 

a.V-  ' 

4  />,V 

a 

-  0.645.  h  ^  0.177 

1,4 

8.5 

■7 

rtoA'" 

4  h.y 

h 

-  0,176.  i)  =■  1,07 

1.4 

8.5 

-V 

6,V" 

a 

=  0.626.  U  -  1,6877.  h  ---  0.241.  ,7 

1.2072 

1.4 

8.7 

■A 

4  FA'  4  r.V"-’ 

h 

■=  0. 1 7.  c  -  0.(«)7.7 

1.4 

8.5 

Cl\'' 

V  h\  +  c\‘'' 

a 

-  0,695.  h  0.173.  (  '  0,(X)752 

1.4 

8.5 

-A 

a,wV' ' 

+  F„A  4  cA-'" 

c 

~~  0.017 

1,4 

8.5 

n 

tv., A''" 

4  F.V  +  cA'-  ’ 

h 

=  0.145.  r  =  -0.0224 

1.4 

8,4 

<v..V’'' 

4  F„.V  t  (7!  2, 

( 

-  0.016.  7  2.0 

1.4 

8.5 

4  /lA  4  aii, 

h 

0.296.  c  -  -0.1  124.  7-2.21 

1.2 

4.7 

5 

w,)A  ''  ’ 

4  F.A'"  +  (■n7„ 

h 

0.472.  fj  ---  0.850.  <■  -  -0.266,  7 

1.46 

1.2 

4.7 

5 
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function  in  the  table  has  both  the  lowest  <5,  =  0.50'';  and  -  2.6';.  but  not  the 
right  asvmp'otic  behavior.  We  prefer  the  penultimate  function  because  it  gives  a 
similar  quality  fit  and  has  the  right  asymptotic  behavior. 

Table  IV  lists  our  appr  Mimations  to  y/f).  tq.  (4)  is  nearly  quantitative  with 
1.4',  and  h:  7.9',’.  Table  iV  shows  that  no  smooth  function  of  ,V  alone  is  able 
to  produce  a  better  (^, .  This  is  so  because  the  residual  discrepancies  of  eq.  (4)  show 
a  periodic  pattern.  Therefore,  we  tried  to  introduce  an  element  of  periodicity  by 
allowing  the  last  three  functions  to  include  a  term  in  n,„.  which  is  defined  to  be  the 
principal  quantum  number  of  the  valence  shell.  The  special  case  of  Pd  (.V  =  46) 
has  completely  filled  K.  L.  M.  and  N  shells  and  had  to  be  assigned  ih„  =  5  for  the 
sake  of  smoothness.  Similarly.  n,„  =  6  was  assigned  to  Pt  (,V  -  78).  VV'e  tried  very 
many  functions  containing  and  found  the  la.st  two  functions  in  Table  IV  which 
have  a  slightly  improved  5|,  a  substantially  reduced  and  the  right  asymptotic 
behavior.  The  penultimate  function  is  preferable  because  it  has  one  less  parameter 
than  the  last  function. 

Fitting  (p  ')  is  more  difficult.  Eq.  (5)  is  not  a  good  starting  point  (6|  =  1 17'i ). 
because  the  ill  (p  ')  values  are  strongly  periodic  as  Figure  I  shows.  Thus,  it  is 
necessary  to  use  functions  containing  variables  other  than  A',  such  as  n„,  defined 
above.  Guided  by  hydrogenic  formulas  ( 14. 1 5]  for  (/>  ').  we  also  used  as  variables 
A',,  and  A',,,,  the  numbers  of  s  and  p  electrons,  respectively,  in  the  valence  shell, 
and  an  effective  nuclear  charge 

~  A  A^.,,|.t.  (6) 

in  w  hich  is  the  number  of  electrons  in  the  largest  neutral  rare  gas  atom  w  ith 

atomic  number  less  than  .V.  Table  V  shows  a  .small  selection  of  the  functions  we 
tried.  It  contains  four  functions  with  <  2'>i.  Perhaps  the  last  function  should  be 
preferred,  because  it  includes  a  Tt-like  A"''’  term. 


f  igurc  I.  7'  ’>  as  a  (jnclion  of  electron  number.  ,V,  for  the  neutral  atoms  from  hydrogen 
through  uranium.  The  solid  circles  are  Hartrcc-f'ock  values,  and  the  solid  line  coi  responds 
to  the  penultimate  function  in  Table  V. 
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1  AHll  \  AnaKiic  approximatiom  u>  /> 


f  unction  (pjramcicrsi 

a, 

A  * 

anl,-  +  1.5r. />  -  0.6M.<-  -0.4Sd) 

7,1 

:'s 

(inl,-  *  /i.V,,  V  (u  I.fi.t.  h  0.?40.  (  0.05 IS) 

aiiir  ~  /)»„,•. Vf,  +  i/off  t.v  l..)06.  h  -  0.60S5.  J  0.‘)(H)7. 

46 

c  -  -0.076b05 

:\4 

>^.2 

1 

an-r,'  ^  ^  i..t46,  6  --  O  yStn.  .i  -  0.4.Tt4. 

c  »  -0,08104) 

.3.3 

‘).S 

uu-.,-  +  /uti,  r  c//,tf  (u  -  1.294.  />  -  0.5191.  ..t  0.95Sn. 

<.  =■  -0.01532) 

4,4 

ID 

|9 

ani,-  ^  hn„-  A,.  +  (.Vj.j,  t  eJ/^n  (a  -  1.374,  />  ^  0.5075,  ■  0.1  lf)4. 

c/  -  -0.10791 

uni,-  -  /i„,  ^  c.\;^)  I  ..  I.3K4,  /,  O..SO54,  c  0.05n92. 

2.9 

K 

4 

li  =  -0.1271) 

2.5 

10 

4 

u>C,  *  n„,  (/)  Vf,  +  (  .3';^)  +  1.96.  <1  -  1.33.  /)  0.393. 

d  -  1.25.  (■  --  0.0455.  -  1.01,  </  =  -0.574.  .5  0.566) 

ani;'  +  t  lAv)  +  d/lif  Ui  =  1.923.  />  =  0.3988. 

i.’ 

5.9 

4 

(•  -  0.03659.4  -  -0.6010) 

ant,'  +  n„  (fi.V;';-*  +  cS\^)  *  J/.’t  (a  -  1.955.  />  -  0.3878, 

1.9 

6.7 

4 

c  ='  0,05002.  J  -  -0.5.369) 

c.V  ’  f  ant,'  6  «„  (/i,V;'2  +  c.V.,,)  +  4/,V  (a  1-968.  h  -  0.391 1, 

1.8 

6.4 

1 

c  -  0,04799.  d  -  -0,5021.  c  -  -  0.07253) 

1.7 

6,0 

4 

Fitting  ( p"'}  is  even  more  difficult.  The  asymptotic  [  1 4. 1 5]  form  ( p  ■)  -  constant 
is  no  help  at  all.  Figure  2  shows  the  marked  periodic  variation  of  the  III  (p  -) 
moments.  We  used  the  hydrogenic  formula  for  (p  ■)  as  a  guide  to  generate  more 
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F-igure  2.  '  p-)z%d  function  of  electron  number,  .'V,  for  the  neutral  atoms  from  hydrogen 

through  uranium.  The  solid  circles  are  Hartrec-l-ock  values,  and  the  solid  line  corresponds 
to  the  second  function  in  Table  VI. 
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1  MU  J  VI.  AiiuImk' appro\ir»aiu»us  u>  /» 
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than  30  different  functions  containing  the  variables  used  for  (p  ''  .  and  the  \ariable 
A'l  j.  which  is  the  number  of  electrons  in  the  outermost  d-subsheil.  I  able  VI  lists 
the  best  of  our  functions  but.  unfortunately,  none  of  them  is  a  nuantitative  ap¬ 
proximation. 

Concluding  Remarks 

The  root  mean  square  percent  errors  of  our  best  functions  for  (/f  >  with  A  >  I 
are  less  than  0.6T.  The  best  functions  for  ( p)  and  (p  ')  have  a  rms  percent  error 
of  le.ss  than  291,  These  rms  v.  ors  are  less  than  the  errors  in  the  Hi-  moments  due 
to  neglect  of  electron  correlation  and  relativistic  etfccts.  Thus,  we  think  our  best 
phenomenok.gical  approximations  to  (/*'')  (A  =  -1.  1.  2,  3.  4)  have  real  value. 
More  thought  needs  to  be  devoted  to  finding  a  functional  form  for  {  p  ’). 
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AhstracI 

■\  or  iliMk'ivni  ihcoii'lioal  ptin.viUiiv'.  h.oo  lvci>  lo  (.IclctntiiH-  luiuK-linp  unK'..  1  Ik’h- 

itu'luik'  (  I  I  pliav  nine,  t  -  i  the  Siikciis  priKwIuiv:  (  >  i  I  .iiiiu>r  tiiiH's:  c  4  i  ,i  oompk-'.  ■  Iirm'”.  t  '  )  ilui-ll 
lliiK',  t  (’ )  Ilk’  Kullikkar  I  aiKkiuiT  iimc.  i  "  1 1  omiiimu  p.illi-iiiu-w.jiv,  i i  ■•umcriiii:  Ihcoio:  ('M  a  ••loi  iKklk 
loinuilalion;  i  ii' .  os^,llaloi>  iviUirKilaai  ot  llu'  I\iiik-i'.  (  I  i  i  kiiKlic  liiiK-:  aiul  i  I  ’  i  ilia  saniuia'.'kal 
vuiln.i'..  liucikoi  ri  luniiiiiua  liiiic'  i'  iiol  piiia'p  (Vila.ai'uical,  '-mac  aoiraatHin  lor  atianaa^  in  ll•■aaa 
poiaiui.ii  uui.ni:  iran'-i!  ix  ragmivtt  m  Jaiarnimini;  Ilia  -.-'iHlual.maa  ol  si'UTal  new  lii('h-xjxvil  xaniiioii- 
liiktoi  -lauaas  >  iicm  proaailma  loa'-iliiatc  iraiiMl  lima  ix  piaxaniail.  which  -ixMiniax  ih.il  aiiaitp  Hue- 
tualiiiris  keep  a  unmahna  p.irliata  above  lha  Kiiiiai  while  li.mxiliiii:  lha  a!.ixsia,illv  l.iihnUlan  lac'ioii  I  oi 
l.iiaa  faalanaular  l\irnaix.  ilia  nii>vi  prohabla  tUiaUKiliiiiix  miiinm/a  lha  pnHluai  ol  ihaii  iii-iaiiiliiila  aiut 
lha  uaiiMl  lima.  I  hix  raxulix  m  iha  xamiaUixxia-il  xoliitum  I  oi  iha  c.ixa  i>l  van  xniall  bainarx.  ihaia  ix  a 
xapji.iia  volulion  in  which  the  tiaiixil  nnia  n  iiivlalai miii.ila  I'm  i’lnmvta'il  I  ha  navv  xolulion  ix  vonip.iiail 
wiili  I.:  -tillaraiil  laxiillx  bv  oiliatx  \-i,-.iaiical  vaUiCx.  hniilmj!  loniix,  aiul  inlaipial.iiion  .  arc  piaxiiilaLi 
lor  lhasa  vanoiix  uimialiiis;  Umax  I )iiliauiliax  m  iixiiig  lima  viom.im  mimariv-il  xolmioiix  lo  -lalarrnma 
lha  Ir-ihxit  lima  !oi  a  wave  p.ickal  will  aK.v  Iv  vlaxanivvl  ■  l.  iin  v\  ,v.  s.,i:s  in. 


Introduction 

(^uaiiluiii  inccluiiiicx  [inn ivies  uscliil  rcsulls  icgartiini:  lunncling.  sucli  as  the 
iransniissuin  cocllicicnt  ind  the  tiansition  probabilils  per  unit  time.  Init  dires  not 
describe  the  inutinn  ol  a  panicle  iliiin  the  cUissicalK  I'orbidilen  reeiun.  In  paniciilar. 
the  vhir-ition  nl  tlie  transit  has  been  the  locus  of  much  interest  .mil  cimtro\ers\. 

Some  tests  eniitam  eonlusint;  eon.mcnts  on  nmnclinp.  I  or  esample.  it  is  said 
that  tunnehne  “is  nol  governed  bs  the  eonvcniional  transit  time  concept  '  [  M  -  ‘T 
that  the  selociis  o!  a  tunneling  panicle  is  intmiic  (2).  Cohen  | .' |  appears  to  base 
been  tile  tirsi  to  state  that  the  transit  lime  lor  tunneling  is  linite,  ami  lo  support 
thisetaim  hv  analssis  A  saricls  oi  dill'crcnt  theoretical  procedures  base  been  used 
to  determine  the  transit  time,  with  ditl'ering  results.  1  he  main  “contenders''  base 
been  listed  [4|  as  t'ollows.  (  1  )  phase  time;  (2)  the  Stevens  procedure;  ( ,1)  [.armor 
times:  ( 4  )  a  eomples  “time”;  ( .s  )  ilwcll  tine;  and  ( h  )  the  Biitliker-I  andauer  time. 
Several  irroeedures  not  considered  [41  max  be  arkied,  such  as:  ( 7  t  [  cvnman  path- 
mtegr.ils  |  | ;  I  S  i  scattering  tlieorv  [b  j;  ( M  i  a  siuehastie  form  illation  (  7 1;  {  10 )  os- 


Inlarn.ilHiiiul  IoiiumI  ol  (^li.muini  (  hamixiiv  l^ii.inium  <  hamixiiv  SvmpoxRim  -  .1)4  (  PI')’) 

'  P)')7  hihn  Wilav  .V  Soil',.  Iiiv  (  (  (  (HOO-’V.IIH  47  1)  1  il7'l''- 1  I 
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cillatorv  perturbation  of  the  barrier  ( 8  ] ;  (  1 1 )  kinetic  time  [  0 ) ;  and  ( i  2 )  the  semi- 
classical  solution  [10. 1 1]. 

Values  of  transit  time  have  been  calculated  using  numerical  solutions  for  tunneling 
by  a  wave  packet  in  the  time  domain  [12].  Some  consider  this  process  to  be  "without 
basis,"  because  it  is  not  possible  to  identify  a  particular  part  of  the  transmitted 
packet  (e.g.,  the  peak)  with  its  incident  counterpart  [13].  This  uncertainty  is  de¬ 
creased  by  reducing  the  breadth  of  the  wave  paeket,  but  then  the  spread  of  energy 
is  increased,  which  causes  other  errors. 

Interest  in  tunneling  times  is  not  purely  pedagogical.  In  devices,  the  charges  on 
both  .sides  of  a  barrier  move  in  response  to  a  particle  transiting  the  classically  for¬ 
bidden  region.  This  movement  of  charge,  which  alters  the  potential,  is  dependent 
upon  the  transit  time  [  1 4  ] .  Failure  to  correct  for  this  phenomenon  causes  calculated 
values  of  conductance  to  differ  from  measured  values  by  one  to  two  orders  of 
magnitude  [15].  Recent  advances  in  high-speed  devices  based  on  tunneling  in 
semiconductors  [16]  requires  a  greater  understanding  of  the  tunneling  process  for 
design  purposes. 


Analysis 

We  assume  tunneling  ciccurs  when  the  energy  of  a  particle  fluctuates  sufficiently 
to  be  above  the  barrier  while  crossing  the  clas.sically  forbidden  region.  Energy  is 
not  conserved  during  tunneling,  but  the  magnitude  and  duration  of  the  violation 
are  limited  by  the  uncertainty  principle. 

The  energy-time  uncertainty  relation  differs  from  the  uncertainty  relation  for 
momentum  and  position  regarding  both  derivation  and  interpretation.  It  is  known, 
however,  to  relate  the  uncertainty  of  energy  to  the  mean  lifetime  of  unstable  particles 

[17] .  Yukawa's  successful  prediction  of  the  mass  of  the  pi-meson  is  an  example 

[18] .  We  assume  the  most  probable  value  for  the  product  of  the  magnitude  A/i 
and  duration  A/  of  an  energy  fluctuation  i.s  /i/2.  where  h  -  1.05443  -<  10  Js/ 
radian,  is  Planck's  constant. 

Consider  a  particle  with  energy  E  incident  upon  a  rectangular  barrier  with  constant 
potential  1.  and  length  d.  as  shown  in  Figure  i.  We  assume  that  an  energy  fluc¬ 
tuation.  A/-,  causes  the  particle  to  pass  over  the  baoicr  wiih  kinetic  energy 
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2,  where  ni  is  the  mass  of  the  particle  and  f  is  the  \eloeit\  within  the  elassicalh 
forbidden  region.  Thus,  the  magnitude  of  the  energy  tluetuation  is 


mv 

si:  — -  t  (I  T ) 


( 1 ) 


If  A/-.'  is  not  constant  during  an  energy  tluetuation,  s^e  define  the  effective  energy- 
time  product  by 
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which  is  equoalent  to 

F  rom  eqs.  (  1  )  and  (  3 ) : 
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l.ar^c  liarri'jr  (  use 


If  (A/.A/ f, I  >  /i/2,  the  most  probable  value  for  the  magnitude  of  an  cncigy 
lluctuai(on  peniiitinig  tunnciiiig  is  found  by  niininii/ing  the  integrui  in  (4).  1  hus, 
f  and  r„„  the  value  which  miitimi/cs  the  integrand  and  is  given  by 


2(1  (  V)  -  /•,] 
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Setting  r  equal  lo  in  (4).  gives  the  minimum  eticclivc  energy-time  product 


as 
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From  cq.  (5),  the  transit  time  is  given  by 


-  r 


p/ 

ni 

Jo 
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</v 
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fiq.  (7 )  is  equivalent  to  the  classical  expression  for  nonlunneling  transit  time  (  /.' 
>  r ).  except  the  sign  of  the  argument  of  the  square  root  is  reversed,  1  hus,  eq.  (  7  ) 
is  referred  to  as  the  “semiclassicaf  solution,  but  is  considered  to  be  an  imaginary 
quantity  (11).  For  a  rectangular  barrier,  eq.  ( 7  )  reduces  to 
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Figure  2.  Energ>-time  prrxluct  vs.  vekwritv  for  the  large  barrier  ease. 


Fora  rectangular  barrier,  the  integral  in  (6)  may  be  evaluated  to  show  the  criterion 
( AEAflmetr  >  ^  /2  is  equivalent  to 

r/[2w(l'- >  —  (9) 

Since  (9)  sets  a  lower  limit  on  the  height-length  product  of  the  barrier,  we  call 
the  case  for  which  ( 7 )-(9 )  are  appropriate  the  “large  barrier"  case.  Figure  2  shows 
how  ( AF'A/  )cff  depends  on  velocity  for  a  “large”  rectangular  barrier  when  the  velocity 
is  constant,  and  the  duration  of  the  fluctuation  equals  the  transit  time.  The  bamer 
has  d[2rn(  V  ~  F.')]  =  h,  corresponding  to  </  =  6. 172  A  for  7.9  eV  electrons  and 

V  ~  8.0  eV.  The  horizontal  line  represents  a  value  of  ft  /  2.  The  energy-time  product 
has  a  broad  minimum  near  v  -■  t;„,. 


Figure  3.  Energy-time  product  vs.  velocity  for  the  small  barrier  case. 
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Snuill  liariur  ( \i\c 

1  here  is  also  a  small  barrier  ease  lor  uhieh  (  .i/  •  h  / 1.  1  leure  s  sliiius 

ho\s  (  A/;  A/ Xit  depends  on  \eloeity  tor  a  '  sniall  '  rectangular  barrier  uheii  ihe  velocity 
is  conslaiu.  and  the  duration  of  the  lluctuation  equals  ilie  transit  time.  I  he  barrier 
has  t/(2m{l  /■.')]'  ^  h /4.  correspvmding  to  </  I.y43  A  tor  7  n  e\  electrons 

and  1  S.O  e\  .  The  hori/ontal  line  represents  a  value  of  h  /2.  f  igure  s  slmvvs  that 
the  imvsi  probable  value  tor  energy  lluciuaiions,  ft  /2.  occuis  tor  two  dilterent  ve¬ 
locities.  i  /t'„.  0.2bS  and  .vV,v2.  ..iiniini/ing  the  energy-tune  protiuci  is  not  lequirevl 

for  this  case,  so 


iiin  \ ) 


|l  (_v^  1) 

ft  V) 


iix 


(  KM 


where  equality  pertains  when  the  duration  of  ilie  tluciuation  equals  ihe  tiansii  time 
It  is  cvinvenient  to  define 


o(  A ) 


rt  A) 
f„,l  V  ) 


from  (10)  and  (II) 

r 

from  ( -A  )  and  (II).  the  transit  time  is  given  by 


-  or  j'Mfl-i 

[  2<i(.\) 


dx 


r 

i>] 

L 

2(1  (  V) 

'  ■  d\ 

o(  V) 


f'or  a  rectangular  barrier.  (12)  and  (  I  .^ )  simplify  to 

io-'t  A)  +  1 


(2m(I  /•;)]' 


I, 


2<v(a1 

I  :  r./ 


_ m  V  -  r^  dv 

2(1  -  12)  o( A 


d\ 


(  I  I 


(  12) 


1  i.M 


14) 


(  l-S) 


for  a  rectangular  barrier,  the  criterion  for  the  small  harrier  case  simplifies  to  tlie 
following  inequality: 


(/12m(l  /;)!' 


,  h 


(lb) 


Numerical  solutions  ot  ( 14 )-( 16).  assuming  a  piecew  ise-constant  v  eiocity .  show 
that  the  transit  time  is  indeterminate  but  bounded.  Limits  for  the  transit  time  occur 
when  the  velocity  is  constant,  and  the  duration  of  a  fluctuation  equals  the  transit 
time  for  equality  in  (  14).  fhus.  (14)  reduces  to  a  quadratic  that  is  solved  for  <«. 
and  used  with  ( 5  )  and  (  I  1  )  to  obtain  the  following  interval  for  the  velocity. 
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h 

■ 

8/n(  I  ■  -  /•;)£/•” 

1  • :  ■ 

~  2  dm 

1  + 

1  - - - - 

h- 

From  (  15 )  and  (17).  the  interval  (or  the  transit  time  is 
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2nut' 


1  4- 

\  »m(l  -  Dd-^ 

1 , : ' 

1 

8m(  r  - /■;)£/-■ 

1  / :  ■ 

h- 

6  ’ 

(  18) 


The  two  limits  in  (  18)  have  the  scmielassical  time  (8)  as  their  geometric  mean, 
and  an  arithmetic  mean  of  h  /4  ( F  -  F ).  which  is  the  value  of  transit  time  at  which 
the  small  and  large  barrier  cases  meet.  For  extremely  small  barriers  (18)  may  be 
simplified  to  obtain 


md- 

~ 


(19) 


Figure  4  shows  the  dependence  of  transit  time  on  the  length  of  a  rectangular 
barrier  calculated  with  ( 8 )  and  ( 18 )  for  7.9  cV  electrons  and  1 '  =  8.0  eV.  The  large 
barrier  case,  where  d  >  3.086  k.  agrees  with  the  scmielassical  time.  At  shorter 
lengths,  requiring  the  small  barrier  case,  the  two  limits  for  the  interval  of  transit 
times  are  plotted. 

Figure  5  shows  the  dependence  of  transit  time  on  energy,  calculated  with  (8) 
and  (18),  for  electrons  with  1=  1.0  eV  and  d  =  1.7  A.  The  large  barrier  case, 
where  H  <  0.6704  eV.  agrees  with  the  scmielassical  time.  For  larger  values  of  energy, 
requiring  the  small  barrier  case,  the  two  limits  for  the  interval  of  transit  lime  are 
plotted. 


Figure  4.  Transit  time  vs.  barrier  length  for  fixed  barrier  height  and  particle  energy. 
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Mgurc  5.  Transit  time  ss.  particle  cnergs  for  a  barrier  v-nh  lised  iengili  and  height 


Comparison  W  ith  the  Results  of  Others 

Twelve  different  procedures  used  to  determine  tunneling  times  are  listed  in  the 
Introduction.  Of  these,  the  Stevens  procedure  [6j.  and  one  method  using  an  os- 
cillatorv  perturbation  of  the  barrier  [10],  both  result  in  the  semiclassical  solution. 
The  approach  using  Feynman  path-integrals  [5  j  results  in  the  Biittiker-Landauer 
time,  so  it  need  not  be  considered  separately.  The  scattering  theory  approach  [6]. 
reduces  to  the  phase  time  for  a  rectangular  barrier.  The  two  components  of  the 
complex  time  correspond  to  the  two  Larmor  times,  and  the.se  equal  the  dwell  lime 
for  a  rectangular  barrier  [4].  Thus,  for  a  rectangular  barrier,  only  six  values  of  time 
need  to  be  considered;  ( 1  )  phase  time  [19];  (2)  dwell  time  [19];  (.3)  Biittiker- 
Landauer  time  [20];  (4)  stochastic  time  [7];  (5)  kinetic  time  [9);  and  (6)  scmi- 
classica!  time  [10]. 

Table  1  gives  expressions  for  these  six  tunneling  times  for  the  cases  of;  (  1  )  a  very 
small  barrier  (d[2m{  I  -  £)] '  '  4  h  and  I  J  4  /t  [2  £/w]'  * );  v  ■* )  an  opaque 
barrier  (r/[2w(  r  -  £)]‘  ‘  ^  )•  and  (3)  a  delta-function  barrier.  1  he  latter  case 

is  defined  as  the  limit  for  infinite  potential  and  zero  barrier  length,  with  Vd  =  hhc, 
where  h  is  a  constant  and  c  is  the  velocity  of  light  in  a  vacuum  (4).  Particles 
sufficiently  close  to  the  top  of  the  barrier  satisfy!  16).  regardless  of  the  barrier  height 
and  length,  but  the  small  barrier  expressions  in  Table  I  are  only  appropriate  if  both 
of  the  requirements  given  above  are  satisfied.  F.ach  of  the  six  procedures  will  be 
considered  separately. 

Phase  Time 

It  is  seen  in  Table  I  that  only  the  phase  time  is  nonzero  for  a  delta-function 
barrier.  This  result,  considered  to  be  nonphysical,  has  been  explained  as  an  effect 
of  self-interference  between  the  incident  and  reflected  waves  in  front  of  the  barrier 
[4].  It  may  also  be  seen  in  Table  1  that  only  the  phase  time  and  dwell  time  are 
bounded  as  the  length  of  the  barrier  becomes  large,  which  is  also  nonphysical  [13]. 
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T\bi  t  1  !  \pre>>siiins  lor  tuniu'ling  times  nl  diticrent  lormul-ilions  tor  si-scral  hmilin^  cases  with 
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Thus,  phase  time  is  not  considered  to  represent  the  transit  lime.  Numerical  solutions 
for  tunneling  by  a  wave  packet  {12)  give  (apparent)  values  of  transit  lime  that 
approximate  the  phase  time,  but  are  not  simply  related  to  the  transit  time  [4.19], 

/?u  c//  V'imc 

The  dwell  time  is  claimed  to  be  a  measure  of  the  time  a  particle  spsnds  within 
the  classically  forbidden  region,  averaged  over  all  panicles  that  are  ultimately  cither 
transmitted  through  the  barrier,  or  rcllected  by  the  barrier  (19).  I  hus.  dwell  time 
is  only  equal  to  the  transit  time  for  very  small  harriers,  or  at  resonances,  when  the 
transmission  coefficient  is  near  unity  (4).  The  expression  for  opaque  barriers  in 
Table  1  shows  that  the  dwell  time  is  bounded  as  the  length  of  the  barrier  becomes 
large,  which  is  appropriate  because  it  is  then  a  measure  of  the  time  spent  in  the 
barrier  region  by  reflected  panicles. 


(,M  W  !  I  \I  It  \M  I  IN( .  I  l\ll  s 


>(l"' 

BliHikci'-l  iUhliiiiCr  I  ii>!(' 

\  particle  witli  nun/cro  spin  in  a  magnetic  Itclei  has  a  higher  (Mithahilu\  et  tun¬ 
neling  if' the  spin  IS  ahgnesi  parallel,  rather  than  antiparallel  lii  the  magnetic  tield 
Hits  prel'erenttal  trtinsmission  causes  an  elieettve  rutatum.  uhich  csceeds  that  due 
to  I. armor  precession  1  2(l].  I  his  etlectise  rotation  has  been  used  cspei imentalK  to 
produce  beams  ot'polan/ed  electrons  and  neutrons.  I  he  Biitttker  I  aiitlauei  time 
(2(1]  is  a  modilieation  ol  the  1  armor  times  in  which  the  eticctise  riUation  iiist 
described  is  combined  with  the  ( smaller  i  I  armor  precession  to  I'btain  the  total 
rotation,  which  is  used  as  a  clock  to  measure  the  lime  lor  a  particle  to  ira\erse  the 
barrier.  Seseral  objections  have  been  raiseil  regariling  the  iti'ittiker-1  andauer  time 
[  I  d.2 1 1 .  and  a  response  was  made  to  some  of'  tliem  ( I j 


Siihhii^lii  I /me 

A  stochastic  t'trrm Illation  of  quantum  mechanics  h;is  been  used  to  ctilculaie  the 
time  tor  a  tunneling  particle  to  traserse  a  rectangular  barrier  [ .  1  his  lormulaiion 
is  essential!)  a  classical  interpretation  in  vshieh  quantum  phenomena  are  ireateil 
as  random  tluetuations  similar  to  Brossnian  motion  [  22  j .  I’artieles  arc  assumed  to 
be  subject  to  a  stochastjc  t'oree.  generated  by  quantum  tluetuations  resulting  trom 
the  action  ol'a  sioehasiie  tnsariant  thermostat,  as  well  as  to  external  I'orces  It  may 
be  seen  in  l  able  1  that  the  limiting  hirms  of  the  s'ochasiii  time  lor  both  small  and 
large  bainersare  equal  those  tor  the  Biittiker-l  andauer  time.  Our  numerical  siuiiies 
haxe  shown  that  the  stochastic  time  is  generally  close  to  the  Butiikei-I  andauer 
time  for  other  \alues  of  the  parameters. 

Kme/u  Time 

de  Moura  and  de  Albuiiuerque  ('•]  haxe  described  xxhat  xxe  term  the  '  kmctic 
time.”  w  hich  they  define  as  the  ratio  of  the  density  of  ptiriicles  in  the  barrier  to  the 
total  (lux  vxiihin  that  region.  I  he  kinetic  time,  like  dwell  time,  is  axeraged  oxer  all 
particles  in  the  barrier  region  xxhether  they  are  ultimately  transmitted  through  the 
barrier  or  retleeted.  Huts,  the  kinetic  lime  eouki  not  equal  the  transit  time  except 
f(ir  xerx  small  barriers,  or  at  resonances,  when  the  tninsmission  coefficient  is  near 
units.  1  he  expression  in  fable  I  for  the  kinetic  time  for  opaque  btirriers  should  he 
the  time  spent  in  the  barrier  region  by  retleeted  particles,  hut  this  expression  does 
not  equal  that  for  the  dxxell  time.  f  urthiTmore.  this  expression  deix-nds  exponentially 
on  the  length  of  the  barrier,  xxhich  has  no  clear  phxsical  basis. 

SernK  a!  T/ine 

1  he  semiclassical  time  (  7  )  has  been  derixed  bx  studying  the  sensilix  itx  of  tunneling 
to:  (  I  )  oscillatory  fserturbation  ol  the  barrier  [  l(>] '.  (  2  )  modulation  of  the  incident 
waxe  [  2.1 1 ;  (  7 1  temperature  [  24 1 ;  ( 4 1  damping  1 21 1 ;  and  t  s  )  dx  namic  corrections 
to  the  image  potential  f  2b],  fhe  semiclassical  time  is  alsii  obi.iined  b\  the  Stexens 
procedure  [6].  and  by  minimi/ing  energy  tluetuations  ( ’>]. 
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The  previous  paragraphs  suggest  that,  of  the  12  priK-ediires  eonsidereil,  onl>  the 
Biittiker-Landaucr  time,  stochastic  time,  or  the  semiclassica!  lime  could  possibly 
represent  the  transit  time  for  tunneling.  Our  solution  for  the  large  barrier  case  is 
the  semiclassical  time,  and  it  also  agrees  with  the  Biittiker-I.andauer  lime  and 
stochastic  time  for  opaque  harriers. 

For  the  case  of  very  small  barriers,  the  Biiitiker-l  andauer  and  stochasiic  times 
correspond  to  tunneling  at  the  incident  velocils.  which  is  quite  ditrerent  from  the 
semiclassical  result,  and  each  of  these  times  ditfers  from  ihe  new  solution.  We 
question  the  validity  of  the  semiclassical  solution  for  the  small  barrier  case  because: 
( I  )  an  opaque  harrier  is  required  for  derivations  ol  the  semiclassical  time  ( 10.23.24  ]  ; 
and  (2)  the  semiclassical  time  diverges  for  energies  near  the  lop  of  the  barrier, 
contradicting  e.xperimcnls  (27), 

Discussion  and  Conclusions 

W'e  beliese  that  indeterminacy  of  the  transit  time  for  the  case  of  small  harriers, 
which  is  lirst  suggested  in  this  article,  is  reasonable  because  of  the  lower  limit  for 
energy  fluctuations  set  by  the  uncertainty  principle.  Others  have  suggested  there  is 
a  distribution  of  transit  times  [5.28.29 )  but  not  within  this  context.  Most  examples 
considered  by  others  correspond  to  the  large  barrier  case.  Typical  parameters  used 
for  Zener  tunneling,  tield-emission  of  electrons  from  a  metal,  and  losephson  junction 
circuits,  correspond  to  ( h  equal  to  20,  200.  and  1 000.  respectively  [  23  j . 

Figure  6  shows  the  boundary  between  the  large  and  small  barrier  cases,  calculated 
with  (9)  and  (16),  for  both  protons  and  electrons.  This  figure  shows  that  the  large 
barrier  case  is  generally  appropriate  when  the  length  of  the  barrier  exceeds  the  si/e 
of  an  atom,  but  the  small  barrier  case  may  be  required  for  problems  on  the  scale 
of  the  nucleus. 

We  acknowledge  that  the  problem  analyzed  in  this  study  is  idealized  in  that  a 
single  particle  with  known  momentum  is  incident  upon  a  one-dimensional  rectan- 

. . . . ? 

.,  ,,  , 

•  - . - 

r---4 


4 

4 


‘-■---7  :  't 


Figure  6.  Boundars  hciNvccn  the  large  and  small  barrier  cases  tor  prot'ms  and  olcctr-'ns 
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gular  barrier.  In  tunneling  phenomena,  a  parliele  is  injeelecl  into  ilte  barrier  with 
a  variable  energv  and  orientation,  and  must  go  from  one  allowed  state  to  another, 
so  a  variety  of  faetors  atfeets  the  transit  time  ( 1 5.23.30] . 
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Abstract 

We  use  the  eontinuous  formulation  for  the  matrix  Hartree-Foek  meth(xl.  called  the  generaior-eoor- 
dinate-Hartree-Foek  method,  to  rephrase  a  theorem  of  Nakatsuji  et  al.  concerning  the  improvement  ot 
the  Hellmann-Feynman  forces  calculated  with  nuclei-centcred  ftio  basis  functions.  W'e  show  that  we 
do  not  need  to  increase  the  size  of  the  basis  set  in  order  to  obtain  reliable  Hellmann-Feynman  forces, 
but  just  use  a  self-consistent  set  so  that,  starting  with  some  v-type  Gios.  the  /)-l\pe  c;  ros  are  a  subset  of 
the  derivatives  of  those  .'-type  Ciios.  and  so  on.  W'c  illustrate  this  feature  in  calculations  on  small  dyatomic 
molecules,  C  IW’  John  Wiles  &  Sons.  Ine. 


Introduction 

The  Hellmann-Feynman  (HF)  forces  for  nonexact  wave  functions  are  almost 
always  associated  to  floating  wave  functions  [1],  a  kind  of  function  which  is  not 
appropriate  to  most  quantum  chemical  calculations.  However,  more  than  a  decade 
ago.  Nakatsuji  et  al.  [2]  proved  a  theorem  for  the  improvement  of  the  HF  forces 
for  nuclei-centered  GTOs.  They  showed  that  starting  with  a  parent  standard  basis 
set,  the  inclusion  of  all  the  derivatives  of  those  basis  functions  related  to  their 
centers  lead  the  Pulay  corrections  [3]  to  the  HF  forces  to  vanish.  On  the  other 
hand,  even  if  the  process  is  stopped  after  getting  a  desired  accuracy,  this  procedure 
raises  the  size  of  the  basis  sets  in  a  undesirable  way,  which  is  why  we  think  that 
this  technique  has  been  receiving  little  attention  (4). 

The  geometry  optimization  of  molecules  in  ab  initio  calculations,  either  with 
standard  SCF  procedure  or  simulated  dynamics  (SD)  techniques  [5],  needs  an  ac¬ 
curate  evaluation  of  the  forces  on  nuclei,  within  the  Born-Oppenheimer  approxi¬ 
mation.  The  analytical  gradient  is  used  for  the  SCF  calculations,  though  being  very 
expensive  (the  only  SD  calculation  we  know  so  far  used  floating  Gaussians  within 
the  density  functional  theory  (6]).  The  analytical  gradient  has  two  terms.  One  is 
the  HF  force,  which  is  very  easy  to  calculate  since  it  docs  not  involve  two  electron 
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terms.  The  other  is  the  Pulay  correction,  whose  calculation  expends  a  lot  of  computer 
time.  In  order  to  have  an  economical  way  of  optimizing  geometrx  in  ah  initc 
calculations  of  large  systems,  which  includes  simultaneous  optimization  of  energv 
and  geometrx  b\  SD  [5],  we  need  to  use  reliable  HF-  forces  without  the  aforemen¬ 
tioned  drawback  concerning  Nakatsuji  et  al.’s  method.  Also,  owing  to  the  current 
tendency  of  doing  ah  initio  calculations  with  saturated  basis  sets  [4.7]  it  seems 
unreasonable  to  include  all  the  derivatives  or  to  have  two  different  sets,  i.e.,  a  parent 
set  and  a  derivative  set.  .A  solution  is  presented  in  this  work.  We  rephrase  the 
theorem  of  Nakatsuji  et  al.  in  the  scope  of  the  generator-coordinate-Ffartree-Tock 
(GCHt  )  method.  The  continuous  formulation  drives  us  to  new  conclusions  about 
how  to  choose  the  basis  sets  in  order  to  .satisfy  the  HP  theorem.  W’e  then  show  that 
there  are  self-consistent  sets,  of  almost  the  same  size  of  the  commonly  used  sets, 
which  lead  to  good  HP  forces.  We  conclude  with  illustrative  applications  to  the 
diatomic  molecules  H;..  LiH.  CO.  and  F_%. 


Theory 

As  in  the  applications  of  the  GCHI  method  to  clo.sed-shell  mole'ules  with  2>n- 
electrons  ["/b],  we  start  with  the  choice  of  the  MO  in  the  form 

=  2  Z  J  r/q/,;i„(<v)|0„(«,  r  ,)  >.  a  =  1.  •  ■  •  m  (  I  ) 


In  Eq.  (  n,  the  first  summation,  oxer  .4.  runs  over  the  atomic  nuclei,  and  the 
.second,  over  o.  runs  over  the  symmetries  of  the  basis  functions  is,  p.  cl  •  •  ■ ); 

are  the  unknown  weight  functions  ( u  / )  and  chAo.  T  i)  the  basis  functions 
(normally  Ctros)  svitf  fi-symmetry.  exponent  <».  and  centered  on  nucleus  A.  To 
.save  notation  we  will  drop  the  summation  over  the  nuclei,  since  it  does  not  affect 
our  conclusions. 

Instead  of  starting  with  a  complete  parent  basis  which  contains  functions  of 
various  symmetries  as  in  Nakatsuji  et  al.  [2],  wc  start  with  only  ,v-type  Gtos.  that 
is.  our  MO  are  written  as 


( «)</).(  o.  r  , )  . 


(2) 


Applying  the  variational  method,  the  it  /  will  obey  the  integral  equations 

J  [  / -•(  o .  d )  -  c„  Si  <v,  d )  ]  /„.  ( d )  dd  =  0  ( 3 ) 

where  c„  are  the  orbital  energies,  S(a.  d)  is  the  overlap  matrix,  and  the  Pock  matrix 
is 


/•'{tv.  d) 


(tvt//ld) 

+  f  c/y  J  d^l  y  f..Al)Uh) 


[  ( tvd  1 7/ ) 


l/2(a7ld»^)]  .  (4) 
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in  standard  notation. 

Being  the  Slater  determinant  formed  with  functions  (  2  I  and  R the  nuclear 
coordinates,  the  force  on  nuclei  .(  is  gi\en  by 


J"  r/cc  A,(  a  ) 


( (id, /()/<,) 


(5) 


where  r/ ,  is  the  center  of  the  ( ,  i  o.  and 


f  dd 

2 

J 

.  ti 

r 

cht 

f./, 

■%  r 

dd 

2  T 

«; 

!  ( a'  I  // 1  ti ) 


2  1  Li 


((a'dfoA)  -  l/2(a'yjdr))) 


(6) 


In  (6).  o'  stands  for  (t>'Aa.  r  ,  )  =  d/dR  ,‘pAa.  r  ,). 

ForoTOs.  these  derivatives  yield  /t-type  functions.  So.  laKing  R  ,  in  tne  /  aireciion 
for  instance,  wc  have 


»'■  —  <l>>(o.  r  i)  =  (}>,,. (a.  y  ,) 
oA 


(7) 


For  each  o.  Ado)  is  what  is  called  ao  error  by  NaKasuji  ei  al.  [2],  in  our  case, 
J  da  A.(«)  is  the  error  associated  to  the  hole  set  o(  s-iype  functions,  t.nat  is.  the  .v- 
lype  AO  error. 

Handling  Eq.  (6 ).  in  the  same  way  of  Ref.  .2  we  get 

db\2 


1«)  =  4  2./«,(a)  J  dtifuAii)  (o'Udd)  +  J  i/l  J 


X  ((a'dlT*^)  “  !/2(n7ld(^)]  -  c„A{a,  p)  . 

(8) 


This  equation,  with  the  use  of  (4),  becomes 

Ado)  =  4  Z./ado)|  J  c//3/„d/3)(Fd«'.  d)  -  f<,-V(n'',  d)]|  ■  (9) 

Now,  consider  the  MO  written  as  a  sum  of  terms  of  v  and  p  symmetry  . 

Z  J  r.,)>  (10) 


.>14 


Viww  I  I  \1 


In  this  case,  the  Hartree-t'oek  equation  will  be 

j  A)  -  e^S.,Ait.  >-i)]  0  (II) 

/).  (T  =  s.p 

For  'I  =  I’K  Fq.  (11)  has  two  terms  whieh  should  vanish  separately.  One  ol  them 
is  what  is  inside  the  brace  in  Fq.  (^)).  That  is.  as  for  (i  ros 

T..(o'.  )  =  />(<».  fi)  (12) 

the  inclusion  of  the  /'-type  symmetry  functions  will  lead  to  v  anishing  of  the  v-type 
.AO  error. 


Jt/oA.(o)  =  0.  (1.^) 

We  can  go  on  with  this  process  so  that  the  errors  associated  with /',  J  •  •  •  functions 
will  also  vanish.  The  derivative  of  a  /Mype  oro  is  a  (r/  -(  .v)-type  (iro.  but  as  the 
v-types  are  already  included  in  the  basis  we  include  only  the  r/-typc  ones.  This  is  a 
convergent  process,  and  we  can  stop  it  as  long  as  sontc  convergence  criterion  for 
FIF  forces  is  reached. 

In  order  to  solve  the  Hartree-Fock  equations  of  the  type  ( 1 1 )  we  should  discrcti/e 
them  in  the  space  of  the  gto  exponents,  therefore  getting  Roothan-tvpe  equations 
{7b].  This  discretization  may  be  guided  by  the  «  /  in  a  proce.ss  we  call  integral 
discretization  [8].  This  technique  allows  us  to  obtain  a  discrete  form  of  the  ly/ 
)  by  plotting  the  linear  coctticients  of  the  Gios  against  the  discrete  values 
of  the  exponents,  a,,  chosen  in  a  mesh.  [  o,  1 .  Our  development  above  is  kept, 
changing  integrals  over  a  by  summation  over  { <»,  j .  T  he  only  additional  condition 
is  that  the  exponents  of  the  v.  p.cl  •  •  •  Gtos  must  be  the  same,  so  that  the  disc,  e 
version  of(  14)  is  obeyed.  In  principle,  the  same  number  ofcnosofall  symmetries 
should  be  used.  This  seems  to  be  a  too-strong  condition,  however,  since  we  know 
that  a  /-type  G  IO  u  /  gets  narrower  as  /  increases.  Figure  I  illustrates  these  points. 
In  order  to  discretize  the  various  terms  of  the  Hartree-Fock  equations,  like  (  1 1 ). 
at  the  same  level  of  accuracy,  we  may  use  meshes  that  become  smaller  as  /  increa.ses. 

In  fact,  for  o  -  p,  the  two  terms  of  { 1 1  ).  which  must  vanish  separately,  have 
/u,(o)  and  /„,,(«)  as  unknowns,  respectively,  the  latter  being  narrower  than  the 
former. 

Summarizing  our  main  conclusions: 

1.  We  do  not  need  a  parent  s,  p.  d  •  •  •  basis  and  another  derivative  p.  d  -t-  ,v. 

-f  •  •  •  basis.  We  need  only  a  self-consistent  basis  where  the  p  functions  are 
tne  derivatives  of  the  .v  functions,  and  so  on.  Derivative  here  means  a 
function  with  the  same  exponent. 

2.  We  do  not  need  to  include  all  the  derivatives.  The  set  of  exponents  of  the  p 
functions  may  be  a  subset  of  the  exponents  of  the  .v  functions,  and  so  on. 
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Figure  I .  Ihc  weight  tunetions  tor  (a)  '-tvpc.  (b)  am)  ic )  (ilos  cemered 

on  nuctei  (or  the  )).-  moleeule 


These  points  permit  us  to  use  common  size  basis  sets  for  the  tirst-row  atoms. 
This  is  a  quite  different  procedure  of  that  of  N'akalsuji  et  al.  (2)  or  even  Custodio 
and  Godard  [4j.  For  instance,  the  total  basis  set  parent  plus  derivative  used  in  Ref, 
2  for  the  LiH  molecule  has  14.v.  14/>.  and  5r/functions  centered  on  the  Li  nucleus. 

We  have  to  say  here  that  conclusion  2  above  has  already  been  introduced  ad  hoc 
in  Ref.  4:  that  is.  they  use  the  HF  force  as  a  criterion  for  choosing  which  derivatives 
must  be  included  to  improve  the  wave  function. 


.Applications 

We  have  done  applications  of  these  ideas  to  some  diatomic  molecules.  First,  we 
use  H;  and  LiH  as  test  cases,  to  show  details  of  the  calculations,  and  also  to  compare 
with  the  results  obtained  by  Nakatsuji's  method.  As  in  previous  works  [7b.8]  the 
exponents  are  chosen  in  an  evenly  spaced  mesh  in  the  if-space. 

U,  =  ll„„n  +  ;A$2.  a,  =  exp(6.0n,)  [-x  <  S2  <  +  x  ]  (14) 

where  we  have  a  pair  of  discretization  parameters  (S2n.in.  A52)  for  each  symmetry 
of  the  G  ros  centered  in  each  different  nucleus.  These  parameters  are  not  optimized 
but  chosen  with  a  sight  on  the  iv/in  probe  calculations. 

We  set,  for  Hi: 


31(1 


vianna  f  I  \l 


f'igurc  2.  f-'orccs  at  ditt'ercnt  inlcrnuclcar  distances  ol  H;.  lor  (a)  gradient  with  s-t>pc 
c.i.'.s  only;  (  b)  gradient  with  v-  and  />-t>pc  filos;  (c)  llcllmann-l'eynman  Ibrcc  with  a- 
any  >>-t>i;e  ( .los;  ( d  I  gradient  with  v-.  and  t/-t\pe<it(>s;  (c)  Hellmann-I  eynman  lorce 
with  S-.  ft-,  and  ((-type  (ilos.  IThe  Hellmann-leynman  force  is  to  had  to  appear  in 

this  figure). 
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( Fig.  1  was  not  drawn  with  this  basis  but  it  illustrates  how  we  choose  the  discretization 
parameters.)  For  LiH: 
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2.  1  he  narem 

set  IS  cniiiracK'd 

We  base  calculated  the  total  Hartree-Fock  energv  and  the  HF  force  on  a  reduced- 
mass  nucleus  for  various  configurations  near  the  minimum  energv  distance.  K„. 
We  illustrate,  in  figure  2  and  Table  I.  the  improvement  of  the  HI  force  in  11;  as 
we  use  the  (6v).  (6v,  5/>).  and  (6v.  3/),  ?<d)  bases,  respectively,  fhis  improvement 
is  impressive,  since  the  force  decays  by  three  orders  ot  magnitude  from  the  smallest 
to  the  greatest  basis. 

In  this  calculation,  we  noted  that  it  is  not  an  accurate  procedure  to  calculate  the 
HF  force  at  a  minimum  geometry  provided  by  another  calculation  or  esperiment, 
since  each  basis  has  its  own  minimum  geometry. 

Results  of  our  calculation  on  l.iH  are  also  found  in  fable  1.  1  he  minimum  of 
the  energy  curve  is  at  R  ~  3.026  a.u.  and  there  the  HF  foice  is  X.31-4  a.u.  it  vanishes 
at  R  =  3.032  a.u.  Our  result  is  equivalent  in  accuracy  io  those  in  Rel.  2.  where  a 
much  greater  basis  set  is  used. 

In  order  to  .show  that  our  approach  applies  well  to  greater  wc  tested  it 

on  the  C'O  and  F;  molecules.  We  found  proper  to  start  with  a  siandard  set  of  n- 
type  rrios.  i.e..  from  the  D05  basis  [9).  and  complete  it  in  two  ways,  first,  taking 


I  \Hi  I  II.  Hcllmann-I onmati  force  IHI  );  cicetnc  field,  f.;  and  Hartree-I  ixk  unnind  slate  tolai  enerpv 
i;.  at  the  minimum  nuclear  distance.  R,j.  for  (  O  and  I ...  lor  the  basis  sols  displased. 
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Ihc  two  more  diH'use  tiios  as  if  lhe\  belonged  to  an  even-spaeed  set  and  use  the 
corresponding  increment  AS?  to  increase  the  set  of  v  functions,  when  ii  is  needed. 
Second,  introducing  the  derivatives  as  in  the  above  calculations.  In  this  wav.  we 
built  the  basis  sets  for  C.  O,  and  F.  shown  in  Table  II.  together  with  the  optimized 
equilibrium  distances  R,,.  the  total  energy,  the  elecirvrstatie  held  C  and  the  HF 
forces.  We  see  that  the  HF'  forces  are  very  accurate.  We  could  increase  the  basis  to 
get  the  E-3  accuracy  but  always  keeping  its  size  smaller  than  that  which  we  would 
get  by  Nakatsuji’s  method  ( 14v.  14/;,  1 1  d  plus  si.x  mi.xed  d  derivatives). 

The  total  energies  reported  in  Tables  1  and  11  show  that  our  self-consistent  basis 
sets  are  also  goexi  for  energy  calculations,  fherefore.  the  need  of  some  basis  functions 
to  have  the  same  exponent  of  others  seems  to  be  not  a  great  restriction.  In  fact,  the 
basis  sets  like  this  have  already  been  reported  {lOj.  though  not  in  the  context  of 
improving  HF  forces. 


Conclusions 

We  presented  here  a  way  of  constructing  self-consistent  basis  sets  of  standard 
size  so  that  the  HF  forces  are  very  good  approximations  to  the  forces  on  the  nuclei. 
Those  basis  sets  can  be  used  in  place  of  the  analytical  gradient  in  ,S(  I  geometry 
optimization,  with  a  great  economy  of  computation.  In  fact,  we  are  now  using 
these  HF  forces  for  doing  calculations  w  ith  simultaneous  optimization  of  geometry 
and  Hartrec-Fock  total  energy  by  so.  in  a  work  in  progress  [5b). 
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introduction 

Systematic  prediction  of  molecular  energy  by  quanlum  mechanical  methods  is 
one  of  the  principal  objectives  of  theoretical  chemistry.  In  the  last  few  years,  there 
has  been  some  success  in  deveUrping  methods  which  will  reproduce  experimental 
energies,  such  as  disstreiation  energies,  ioni/ation  potentials,  and  electron  allinities. 
to  an  accuracy  of±2kcal/mol  orO.l  eV'.  TheCi.Al'SSl.AN-l  ((jl  )  and  (i,M 'SSl.AN- 
2  ( (i2  )  models  [1.2]  achieve  this  by  uh  iniiio  procedures,  supplemented  by  a  single 
small  semiempirical  parameter  to  allow  for  higher-order  basis  functions  and  higher- 
order  correlation  corrections.  However,  this  level  of  accuracy  is  only  reached  at  a 
cost  that  rapidly  increases  with  the  si/e  of  the  system  (an  iterative  .V"  step  followed 
by  a  single  .V  step,  where  A  scales  as  the  molecular  si/c).  Ihere  is,  therefore, 
interest  in  methods  which  might  reach  similar  precision  more  elhciently , 

Density  functional  theory  has  recently  shown  promise  in  this  direction.  In  par¬ 
ticular.  Beeke  [.f]  has  proposed  an  algorithm  which,  when  applied  to  the  same 
experimental  data  set  as  u.sed  in  (il  theory,  gives  total  atomization  energies  of 
neutral  molecules  with  an  average  absolute  error  of  .J.7  kcal/mol,  I  his  result  com¬ 
pares  with  1.6  kcal/mol  for  G1  and  1.2  kcal/mol  for  (12  theory,  but  is  obtained 
at  lower  cost  and  is  more  easily  extendable  to  larger  molecules.  Other  density  tunc- 
tionai  theories  have  also  shown  promise  in  this  direction  [4,5], 

Most  density  functional  theories  attempt  to  express  the  exchange  and/tir  cor¬ 
relation  energies  as  functionals  of  the  one-electron  density  /j(r)  (or  of  the  o-  and 
d-densities  p,,(r),  /c,(r)  for  open-shell  sy.stems).  bxact  functionals  are  unknown. 
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but  some  general  propenies  have  been  elucidated  and  man>  e  olicit  I'orms  have 
been  tried.  The  densities  it,.,  it,,  arc  t'Htained  usuallv  v  ia  a  sell'-consisieni  procedure, 
based  on  the  potential  derived  from  the  exchange-correlation  lunciional  '  Kohn- 
Sham  equations  1.  However,  it  isquite  possible  to  apply  the  same  energy  I'unetionals 
to  electron  densities  derived  by  standard  (HF)  theory.  An  extensive  study  of  this 
sort,  using  several  tunctionals.  has  been  published  by  dementi  and  Chakravorty 
[6].  Such  comparative  studies  should  help  our  understanding  of  both  the  densities 
and  functionals  as  well  as  pointing  the  way  towards  improved  treatments. 

Our  principal  objective  is  to  apply  a  combination  of  energy  functionals  from  the 
recent  literature  to  a  large  set  of  Hartree-Fock  densities.  This  set  consists  of  the 
atoms,  molecules,  and  ions  used  in  the (i2  study  ( 2 ) .  w here  they  were  tested  against 
well-known  atomization  energies,  ionization  potentials,  electron  atlinities,  and  pro¬ 
ton  affinities.  Here  we  make  a  parallel  study,  using  a  Hartree-Fock  density  and  a 
combination  of  exchange-correlation  functionals  due  to  Becke  [7]  and  lee  et  al. 
[8].  Emphasis  is  on  the  development  of  a  unique  procedure  for  all  species,  with 
well-defined  total  energies,  which  may  be  compared  directly  with  Schrddinger  total 
energies,  insofar  as  they  are  known.  Such  total  energies,  which  are  rarely  reported 
in  the  current  density  functional  literature,  can  then  be  used  to  calculate  energy 
dilferences.  directly  comparable  to  experimental  data  (as  is  possible  with  Ci2  theory  ). 

Method 

In  order  to  facilitate  comparison  with  previous  calculations,  we  shall  use  molecular 
structures  and  frequencies  exactly  as  in  G2  theory.  All  geometrical  parameters  are 
found  at  the  MP2/6-.HG<  J)  level  and  harmonic  frequciicies  at  HE7b-.HG( t/). 
These  frequencies  (scaled  by  the  usual  0.8*1 .1  empirical  factor  [d])  are  used  to 
calculate  zero-point  vibrational  energies.  Single-point  Harirec-Fock  calculations 
are  then  carried  out  with  the  largest  basis  used  in  G2  theoiy.  6-^1  I  -f  G(.7//.2/?) 
[H)|.  Restricted  ( Rttf  )  and  unrestricted  Hartree-Fock  ( init  )  methods  arc  used  for 
closed  and  open  shell  systems,  respectively.  The  electron  density  .  i>.  may  be  described 
in  conventional  notation  as  lit  /b-.tll  -t  G(.^<//.2/i)//MP2/6-.HG(r/).  This  is 
then  used  for  density  functional  calculations. 

In  density  functionai  theory,  the  total  energy  is  written 

/;  =  +  TV  +  /7  +  hu  ( I  ) 

where  F,'/  is  the  kinetic  energy  of  independent  electrons  hav  ing  the  density  p.  /-.  i  is 
the  potential  energy  involving  nuclei  ( nuclear-electron  -r  nuclear-nuclear)  and  E, 
is  the  overall  coulomb  repulsive  energy 


'-5// 


t/r,  <//y 


The  remaining  term  /fu  is  the  exchange-correlation  energy,  representing  the  energy 
lowering  due  to  the  fact  that  the  complete  electron-electron  interaction  is  less  than 
Ej.  partly  because  this  incorrectly  includes  the  interaction  of  a  particular  electron 
with  its  ow  n  smoothed  distribution,  and  partly  because  the  relative  motion  of  other 
electrons  is  correlated,  not  independent  as  implicit  in  Eq.  (2). 
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In  Hartree-l-'ock  thcor\.  the  energy  is  calculated  as  the  expectation  value  of  the 
Hamiltonian  using  the  optimized  single-determinant  wavefunction  with  occupied 
spin  orbitals  X,, .  This  gives  an  energy 

/'.Ml  “  /■- /  t  A I  "I  A/  +  A>  (3) 

where  A\  is  the  exchange  energy 

J  I  x,(  1  )X,(  I  )ri;'x,(2)X,(2)^/T,'(/r:  (4) 

integration  being  over  cartesian  and  spin  coordinates.  1  his  expression  takes  some 
account  of  the  tendency  of  electrons  of' parallel  spin  to  be  kept  spatially  apart  by 
vinue  of  the  antisymmetry  principle.  Ihiwcver,  as  is  well  known,  the  Hartree-Fock 
energy  lun  takes  no  account  of  the  correlation  between  electrons  of  antiparallcl 
spin.  I'he  remaining  part  of  the  energy  is  the  correlation  energy  1%  .  which  deals 
with  <v-d  correlation  and  also  the  remaining  o-o  and  d-d  correlation  effects  not 
included  in  the  exchange  part  of  Am .  A',  is  difficult  and  frequently  expensive  to 
compute.  In  G2  theory  ,  it  is  treated  by  a  combination  of  Moller-Plesset  I MP)  and 
quadratic  configuration  interaction  methods. 

A  common  recommendation  in  density  functional  theory  is  to  treat  A\  and  A( 
together  as  a  single  correction  A'u  .  determined  by  a  functional  A'\t  [pi.  There  is 
some  point  to  this,  since  the  exchange  energy  bv  itself  is  not  clearly  defined  for 
densities  other  than  Hartree-Fock.  Nevertheless,  in  practice.  A'u  often  /v  split  into 
two  parts,  one  of  which  has  the  appearance  of  an  exchange  correction  and  the  other 
the  appearance  of  a  correlation  correction.  However,  the  two  do  not  necessarily 
correspond  to  exact  exchange  and  correlation,  in  the  normal  meaning  of  these 
terms.  Ziegler  [  I  1 1 .  for  example,  notes  that  poor  results  arc  often  obtained  if  exact 
(i.c..  Iff )  exchange  energies  are  used  in  conjunction  with  certain  functionals  for 
correlation.  Instead,  it  is  better  to  use  a  different  density  functional  theory  (DFl  ) 
functional  for  exchange  to  go  along  with  the  correlation  calculation.  Since  the 
exchange  energy  is  well-defined  (at  least  for  pm  ).  we  prefer  to  denote  this  partition 
of  A\(  as  a  division  into  a  parallel -^x>\n  (a«  +  iiii)  part  E,-  and  an  antiparallel - 
spin  ( )  part  A' , . 

Au  =  A/[p„]  +  A,4p,,]  +  A',[p„,  p.i]  (5) 

The  parallel  part,  which  is  exchange-like,  is  the  sum  of  an  o-  and  a  d-part.  determined 
solely  by  their  respective  densities  p,.  and  p,u  The  antiparallel  part,  which  is  cor¬ 
relation-like.  is  a  single  functional  A,  [p„.  p,,]  which  vanishes  unless  p„  and  p,i  are 
both  nonvanishing  and  overlapping.  A  possible  interpretation  is  that  A>  takes  ac¬ 
count  of  both  elimination  of  self-interaction  and  effects  of  full  correlation  of  parallel 
(««  -I-  dd)  electrons  (including  exchange),  while  A,,  takes  into  account  of  the 
remaining  correlation  between  antiparallel  (ad)  electrons.  We  shall  return  to  this 
hypothesis  in  a  later  section. 

We  now  (urn  in  specification,  of  the  functionals.  For  the  parallel  part,  we  use  the 
expression  introduced  by  Becke  in  1988  [7).  and  also  used  by  Becke  [3]  in  his 
recent  study  of  atomization  energies.  We  shall  write  this  as 
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T  ^  Ar{p  <l 


where 


'‘"I"' ■  "  5  (s) 


/U' 


1  +  hh\  sinh  '  V 


-  cJr 


A  -  f) 


( 6 1 

(7) 

(Kt 


The  first  term  in  (7)  is  designed  to  reproduce  the  exchange  energy  of  a  uniform 
electron  gas.  The  second  term  introduces  a  correction  for  nonuniformitx  through 
the  density  gradient  Vp,  the  particular  analytic  form  being  such  that  correct  asymp¬ 
totic  behaviour  is  achieved  far  from  the  molecular  centre.  The  parameter  b  is  chosen 
by  Becke  as  0.0042  to  fit  the  known  exchange  energies  for  the  inert  gas  atoms. 

The  Becke  functional  ( 7 )  is  parameterized  to  give  good  alonik  exchange  energies. 
However,  as  noted  above,  it  may  not  always  lead  to  good  exchange  energies  for 
molecules.  It  is  useful  to  introduce  a  quantity 


which  measures  the  “Becke  88  excess."  or  excess  exchange  energy  implied  by  ( 7  ). 
As  will  be  seen  in  the  next  section,  this  excess  is  quite  large  for  many  molecules. 
Since  we  arc  using  a  Hartree-Fock  density,  the  values  of  A'"'"'  and  are  both 
computable  and  AA"***  is  easily  obtained. 

It  remains  to  add  the  antiparallel  correlation  correction  A',  [p„.  p,,].  Here  we  use 
the  form  introduced  by  Lee,  Yang  and  Parr  ( l.y  p)  ( 8 ) .  This  originates  in  an  older 
study  of  afi  correlation  in  the  helium  atom  by  Colic  and  Salvetti  [12].  The  actual 
form  programmed  is  one  equivalent  to  i  YP  presented  by  Miehlich.  Savin.  Stoll, 
and  Preuss  (M.SSP)  [13],  It  is  given  fully  by  cq.  (2)  of  this  reference  and  need  not 
be  reproduced  in  full.  It  does  have  the  property  of  vanishing  if  cither  p,.  or  p.,  is 
nonexistent,  so  has  the  appearance  of  representing  only  aii  correlation.  We  denote 
it  by  A';". 

it  should  be  noted  that  both  i.yp  and  mssp  applied  the  I  yp  functional  to  a 
number  of  other  atomic  and  molecular  systems  and  sometimes  obtained  gotxi  results 
when  compared  with  known  total  correlation  energies.  Since  A'f  ''  does  not  incor¬ 
porate  effects  of  <vrt  or  (ili  correlation  in  any  direct  manner,  the  significance  of  this 
is  somewhat  unclear.  We  shall  use  A','’’  only  to  represent  the  antiparallcl  part. 

The  (  Becke  88  Lee.  Yang  and  Parr)  correlation  energy  is  then  given  by 

A?''"  =  AAT  +  A'V’  (10) 

and  the  corresponding  total  energy  Af,''’’  is  obtained  by  adding  the  Hf  and  zero- 
point  vibrational  energies 
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32.^ 

rtu'  ;k-!u;iI  pnvcduic  >s; 

1.  Obtain  tlK-  t ianriv-l  ivk  (.'iu-ig\  /.,|i; 

2.  Rcmd'o  the  1  iartrac-bock  ovOianuc  cni’iev  /. , ; 

3.  fiimpiitc  /.""and  b>  nunK-ncal  quadralinv  and  add  to  iiisa  /  f  ; 

d.  Compute  /•./.;  and  add  to  givx*  /  , 

Details  ot  the  tuimeneai  integration  seheme  are  given  in  the  Appemlis. 

Results  and  Disetissinn 

I  he  Hi  ^  I’  proeediire  just  deserihevl  has  been  applied  to  ilie  1  >2  atoms,  moleeiiles. 
and  ions  needed  for  eomparison  with  the  experimental  (i2  ilala  set  (  whieh  we  have 
estenvled  here  to  inelude  i  I  .  1 1  !  .  I  le.  1  le  .  Ne,  \e  .  Ar.  and  \r  )  using  a  modified 
version  vil  the  (iAl  'SSI  AN  92  suite  of  programs  [141.  1  he  source  data  listed  in 
l  ahle  I  are; 

1 .  I'he  proper  (  unrestrieied  Hartree-I'oek  )  exehange  energv.  /  \  .  with  the  large  h- 
,31  I  +(i(  3f//,2/’i  basis; 

2.  The  Beeke-(S.S  excess.  A/-./C.  given  by  I'q.  (9).  measuring  the  amount  by  whieh 
the  Reeke  functional  (  ~ )  gives  an  energy  contribution  additional  to  /.\  ; 

3.  1'he  estimate  of  the  total  correlation  energy.  /.T'''  .  given  in  this  theorv  as  the 
sum  of  ami  the  antiparallel  part  due  to  bee.  ^  ang  and  Parr; 

4.  The  total  energy  .  obtaineil  by  adding  the  correlation  to  the  I  lariree-I-ock 

energy,  to  give  and  then  furtlier  modilicd  by  addition  of  the  /ero-poini  energy, 
as  listed  elsewhere  [  1 .2  I , 

This  set  of  data  should  prove  of  value  in  assessing  the  role  of  various  energy  con¬ 
tributions;  it  is  more  comprehensive  than  most  of  the  data  published  in  the  density 
functional  literature. 

VK'e  begin  with  information  about  the  total  energies  of  atoms.  l  or  small  atoms, 
the  total  energy  (corresponding  to  full  solution  of  the  Schrddinger  equation)  is 
moderately  well  known,  either  by  higlt-level  theivry.  or  by  some  combination  of 
experimental  and  theoretical  ionization  potentials,  i  he  »i  x  i’  results  are  compared 
with  some  such  values  in  l  ahle  II.  Agreement  is  generally  achievevi  within  10  mil- 
lihartrees  (  mh  ).  although  there  is  some  variation.  The  Becke-8S  functional  fails  to 
give  the  correct  exchange  energy  for  the  hvdrogen  atom  (  312.''  mh)  by  2,.S  mh. 
leading  to  a  significant  error  of  3  mh.  For  the  heavier  atoms,  such  as  oxygen, 
fluorine,  and  neon,  there  are  some  partly  compensating  errvirs.  On  the  one  htind. 
incompleteness  of  the  orbital  basis  results  in  a  Hartree-Fock  energy  that  is  too 
positive  by  about  20  mh  for  the  neon  atom  (based  on  the  HF  limit  of  I2k.,s470 
given  by  Veillard  and  CIcmenti  [l,s|).  On  the  other  hand,  the  magnitude  of  the 
correlation  energy  is  overestimated  in  this  treatment.  Hi're.  we  have  31.1  mh 
from  A/a?'''  and  -38.3.4  mh  from  giving  a  total  of  -  4 1 4..'  mh.  The  actual 

correlation  energy  of  neon  is  close  to  390  mh  (16). 

Table  III  lists  the  total  atomization  energies.  l/)„.  from  the  present  theory,  to¬ 
gether  with  G2  and  experimental  data.  This  consists  of  the  ,'3  molecules  of  the  Ci2 
set  plus  H;.  The  mean  absolute  difference  between  hi  a  p  and  experiment  is  3.94 
kcal/mol.  which  may  be  compared  with  1.16  kcal/mol  for  C>2  theory.  The  Hi.x  p 
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reversed  in  sign  as  pointed  out  (  Ui|. 
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mean  accuracy  is  ouitc  ck^sc  lo  iliai  obtained  by  Bcckc  I  ').  .V'  kca!/mol.  ..used 
on  the  original  55  sompounds.  He  uses  a  eoniliinalion  of  nS<5  and  a  correlation 
correction  based  on  the  paramatri/alion  of  tlie  frec-eiectron  gas  b(  Vdsko  el  al 
[17],  V\'e  shall  refer  to  this  procedure  as  ib)2, 

A  detailed  examination  ol' the  entries  in  lablc  III  shows  little  cinrelaiion  with 
errors  reported  for  B‘)2,  even  though  the  overall  performance  is  comparable.  I  he 
HI  y  P  binding  energies  are  mostly  too  small,  whereas  Bd2  tends  to  overbind  A  large 
HI  y  P  error  occurs  for  the  CN  radical,  for  which  />,,  is  1  .v4  kcal/mol  too  low;  (502 
gives  a  value  6,1  kcal/mol  too  high.  I'his  radical  is  known  to  be  highh  spm-con- 
taminated  at  the  i  lit  level.  It  is  therefore  of  interest  to  note  that  the  restricted 
Roill  density  leads  to  a  Ht  y  i*  binding  of  174.0  kcal/mol.  in  much  better  agreement 
with  experiment.  Other  large  Ht  yp  errors  are  found  for  t  db,  and  .Si;H„.  the  latter 
gi\  ing  an  atomization  energy  1 7.2  kcal/  mol  too  small.  1  hesc  errors  are  spread  oxer 
seven  bonds,  however.  Hd2  gives  good  agreement  for  these  molecules. 


IMti  I  III,  I'oUil  aii>mi/alion  oncigics  tt/t,  (in  kcal,  inoll. 
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,587.2 
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1  76  0 
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!  able  l\  enes  uMii/alii'n  eiuaiae'-  l.'i  the  vime  ( i2  set  plu‘>  \aliieN  lnr  the  lutiiiuieii 
ati'ni  and  tlie  three  inert  eaeee  lielinm,  neini  aiul  aienn  1  iii-  mean  ahsolule  ditiereiiee 
between  Iti  "i  f  and  experiment  is  i).  1  n>  (  4.4')  keal  mol),  eompared  w  iili  n  (i.s4 
e\  (  1 .24  keal  moi  )  Iw  the  C  i2  proeedure.  \\  e  note  that  the  mainrilv  (  '()  ot  4,'  i  ,4 
ihe  HI  X  I'  lemi/ation  eneruies  -uv  smaller  titan  experiment.  In  pariieulai,  the  resnh 
lor  tile  hvdixte.en  viloni  is  sismineantix  too  small  l  h\  (iitSeV  i  I  his  mat  beliaeed 
to  the  taihire  of  the  Heeke-NN  tormiila  lo  nne  the  eorux  t  esr  hanee  enei.m  lot  the 
h\  liroiien  atom.  ( )n  the  I'lhei  ha  mi.  the  worst  error  in  1  able  I  k  is  lor .  ai  bon  mon.  >- 
snilide.  tor  w  hieh  the  m  x  f  xahie  is  I)  pm  e\  loo  lai.ee.  ( )tir  results  show  eomixirable 
aeeuraex  to  a  smaller  set  o!  loni/alion  energies  ot  .inoiher  iri  i  siudx  repoited  b\ 
/leuler  [  1  i  |.  iismt:  dill'ereni  I'uiistionals. 

I  able  \  lists  electron  alhnilies  toi  the  <  >.?  dat.iset.  I  he  mean  error  lor  Hi  X  i’  is 
lounit  to  be  H,  1 e^  f  , v  I p  keal  mol  t.  ci'mi'areil  with  i t.t is(i  ek  (  1 .2‘)  Leal  mol  i 
lor  (i2  thcorv,  I  Ik  maioritx  i2ft  ot  2.' >  ok  the  values  are  mimeneallv  too  small. 
I  h'wev er.  the  result  moie  seriouslv  m  error  is  the  evano  ratlkal,  ior  w  Inch  the  Hi  X  i‘ 
electron  allinilv  ix  (i,"4  e\  too  ineh.  I  his  larue  error  evidentlv  is  ihie  to  the  |xoor 
licseniriion  ok  the  neuiral  raihv  al.  .isalreaviv  noievi  m  the  viisi,  iission  ol  atomi/atum 
eneiities.  Our  result'  max  be  comixaretl  with  a  Di  i  shkIv  ol  eleetron  alhnities  vine 
to /leulei  ami  (lUtsev  (IM].  using  ililteient  tunelionais.  1  hex  stmliexl  manx  ol  the 
same  molecules  ami  also  kituiixi  an  axera.ee  error  ol  about  ii.2  e\  ilowexer.  lor  the 
exano  raxhcal.  thex  obtain  an  electron  alhmtx  which  is  too  small,  whereas  ours  is 
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1  \BI  1 

V  1  leetron  allinities  leV  i 

Molecule 

HI  >  P 

(i2 

l\pl. 

Molecule 

Hi  >  !‘ 

(i2 

i  \pl. 

C 

MS 

1  14 

1  2(1 

Si 

i.r 

1.’,' 

l-tSV 

CH 

1.17 

l.l.t 

1  24 

Sill 

MS 

1  2 

C'H, 

().(,9 

O.frO 

SiH, 

0.41 

0  9'; 

M24 

CH, 

-0.10 

l).()4 

o.os 

SiH, 

1  28 

1  42 

1.44 

CN 

4.,S(, 

.4.47 

.VS2 

P 

(}."H 

(.'.(>4 

(Im4H 

NH 

0.,G 

0..''0 

0.  ts 

PH 

0.44 

I  (III 

NH; 

0.62 

0.77 

0.74 

PH: 

1.08 

1  2s 

1,2(, 

NO 

0.0  i 

0.07 

002 

PO 

0.44 

1.04 

1,04 

O 

1.50 

1.40 

1  4(, 

S 

2.01! 

2  0” 

OH 

1.70 

I.S7 

I.S.t 

SH 

2.14 

2  tt) 

2  .'',4 

O; 

0.42 

0,4-’ 

0  44 

s.. 

1.51 

1 ,60 

1  6(,4 

r 

4  48 

.v40 

Cl 

160 

Cl.' 

2  .78 

2  14 

much  too  large.  Like  us.  they  use  spin-unrostricicd  methods.  I  he  reasons  tor  this 
anomaly  are  hard  to  pursue  further  as  Ziegler  and  Gutsev  do  not  report  their  detailed 
energy  components  for  the  separate  species  CN  and  CN  . 

Table  VI  gives  eight  proton  affinities  that  are  compared  with  G2  theory  and 
experiment.  Here  the  performance  of  Bi  v  p  is  quite  good,  the  mean  error  of  2. 1  I 
kcal/ mol  being  not  much  greater  than  the  value  of  1 .04  kcal/mol  obtained  at  the 
G2  level.  This  superior  performance  is  not  surprising,  since  no  change  in  the  number 
of  electrons  is  involved  and  the  electron  configurations  of  the  protonated  species 
are  closely  related  to  those  of  the  neutral  molecules. 

Combining  all  of  the  130  experimental  comparisons  in  Tables  III  to  VI,  we 
obtain  an  overall  mean  absolute  error  of  3.86  kcal/mol  for  the  Bi  s  p  model.  T  his 
is  not  much  greater  than  the  value  of  3.7  kcal/mol  obtained  by  Beeke  [3]  for 
atomization  energies  only. 

Parallel  and  Antiparallei  Contributions 

We  return  now  to  the  interpretation  of  the  separation  of  T'vc  into  parallel  and 
antiparallel  parts,  and  //*/'’•  As  noted  earlier,  one  possibility  is  that  the  parallel 


Tabu  VI.  Proton  affinities  (kcal/mol). 


Molecule 

B1  YP 

G2 

Expt 

Molecui 

HI  VP 

G2 

Txpl 

H; 

97.7 

99,7 

100.8 

SilH 

153.7 

153.0 

154. 

HCCH 

15.1.0 

153.6 

152.3 

PH, 

183,2 

186,2 

187.1 

NH, 

2(X/.5 

202,5 

202.5 

H;S 

166  5 

167.7 

168.8 

HjO 

162,1 

163.1 

165.1 

HCI 

132  0 

1  33.0 
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pan  ivprcscnls  ihc  tlill  c\Liuini.’o  imumux  plus  luriluT  (.•iktux  louci  inu  due  in  oMia 
( noti-l  larircc-l  oek  )  convlatioti  enciiix  Ivtvxcon  .m  aiul  .I’.i’  pairs  Inspceliuu  ol 
l  abic  1.  clcaih  shows  that  this  eannol  ho  oorrool  m  all  oases  Ixvauso  the  liooko-SN 
oxooss  A/  ;"  IS  soiiiolimos  pinanc.  iiulioating  an  onorgx  lowering  o!  /cw  than  the 
exehange  enetvx .  I  Ins  eannol  be  eoneet.  It  -hows  up  tor  the  huiroeen  atom,  vxheie 
there  is  no  eleetron  oi'i  relation.  but  the  Beeks'-S8  energx  fails  tii  eaneel  the  eoiilomli 
energx  I2i.  as  it  should.  1  his  max.  ofeourse.  |xe  a  lault  ot  the  partieulai  malxtie 
form  *if  the  Beeke-8N  energx  Indeoil.  the  e<xnslani  />  in  I  t|.  (  ^  )  eoulti  be  inereased 
so  iltat  A/.'^  '  is  zero  for  the  hxilrouen  atom;  all  xalues  ol  A/.'"' '  for  other  sx stems 
then  beoixme  negalixe.  Hoxxexer.  x\e  xxill  not  inxestigale  moxiificd  lunetionals  liere. 

Another  possibilitx  is  that  the  partitmn  xifeoi relation  into  A/-./'"  and  gixes 
the  breakdoxx  n  oU  (*ncIalion  htiuliii'^  into  parallel  and  antiparallel  parts,  exen  though 
this  does  not  work  fulK  tor  the  isolated  atoms.  W  e  haxe  tested  this  idea  by  exaliiating 
some  of  these  binding  eontrihulions  from  lable  I  (they  turn  (xut  alt  to  be  positixe  I 
and  com|xare  them  with  the  eorresponding  parallel  ( no  ^  do' )  and  antiparallel  ( od ) 
eontnbutions  from  an  \ii’2  treatment  ( fro/e n  etxre  or  xalenee  ek-etrons  only  xxitli 
the  same  basis ).  xxhere  the  paraltel-antiparallel  partitum  is  unextuixixea).  1  his  eom- 
parison  tis  displayed  in  fable  V  II  shoxxs  moderate  sueeess  for  the  simple  hydrides 
Cl  I.,.  Nil ;.  OH ..  and  III.  Hoxxexer.  Idr  the  ixxo  heaxy-atom  moleeules  N  ■  and  b. . 
the  eomparison  is  mueh  less  sueeessful.  I'or  1;.  the  satisfaetory  reprodueiion  of  the 
lota)  eorrelaiion  bimiing  (as  exideneed  by  the  good  xiissoeiatioti  energy  in  fable 
111 )  is  tiseribed  mainly  to  the  parallel  (  Beeke-gS )  jiatl  rather  than  to  the  antipartillel 
( I  'i  I’i  part.  \t  the  mI’2  lexel.  the  oppx>sile  is  true.  I  xidently.  the  sueeess  txt  the  m  V  I’ 
prxK'edure  eannol  be  tully  uinterstood  along  these  lines;  nexx  insight  is  neeiiexl. 


C  dndusiuns 

f  he  folloxxing  eonelusions  are  draxxn  from  this  work; 

i.  The  in  x  i’  proeedure  desertix'd.  based  on  existing  energy  lunetionals  ami  using 
the  Hartree-f'oek  density,  is  capable  x)l  gixing  total  energies  in  reasonable  agree¬ 
ment  (  '“20  mh  )  xxith  exact  Seltrddinger  energies,  insxifar  as  these  are  knoxxn. 
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2.  Various  diflerenccs  of  Bi  \  i>  total  energies  reproduce  good  experimental  data  on 
atomization  energies,  ionization  energies,  electron  aliinities  and  prtiton  allinitics 
to  an  accuracx  ol'ahout  •’  .cal / mol  or  0,2  eV'.  K\ en  though  this  does  not  match 
the  greater  accuracy  achieved  by  G2  theory  ,  it  is  a  signiticant  achievement  tor 
a  method  of  moderate  computational  cost.  1  he  use  of  a  single.  v\ell-dctincd. 
theoretical  procedure  for  all  of  these  physical  properties  gives  some  coherence 
to  the  theory. 

3.  The  partition  of  the  electron  correlation  into  parallel  (UHS)  and  antiparallel 
( l-X  P )  parts  docs  not  always  match  the  corresponding  partition  in  simple  Mollc:- 
Plesset  theory.  The  significance  of  the  individual  components  of  Bi  v  p  ( or  other 
comparable  density  functional  treatments)  is  not  fully  understood. 
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Appendix:  Numerical  integration  in  I'hree  Dimensions 

Our  preliminary  method  for  evaluating  density  funeticnals  such  as  ( 7 )  is  closely 
related  to  that  described  by  Becke  [19]  but.  for  various  reasons,  we  have  made  a 
number  of  modifications  to  his  scheme  which  we  now  describe. 

(  I )  Our  cell  functions  P,  ( r)  arc  identical  to  Becke's  for  homonuclear  systems,  but 
we  have  rtol  found  it  necessary  to  adopt  the  “atomic  size  adjustments"  which 
Becke  suggests  for  heteronuclear  systems. 

( 2 )  We  employ  Gauss-Laguerre,  rather  than  Gau.ss-Chebyshev.  quadrature  for  the 
single-center  radial  subintegrations.  This  choice  was  motivated  by  the  fact  that 
the  true  electron  density  is  known  to  decay  c.xponcntially  at  large  distances 
from  the  molecule. 

( 3 )  We  use  3 1  radial  points  on  each  center,  .scaled  so  that  the  16th  ( middle )  point 
lies  at  the  maximum  ofthe  radial  probability  function  4-Kr'<p-{  r)  of  the  valence 
atomic  orbital  v?(  r)  given  by  Slater's  well  known  rules  [20] .  For  example,  the 
1 6th  radial  point  for  a  hydrogen  atom  lies  at  z  =  1 .0  au  and  that  for  a  carbon 
atom  lies  at  r  =  16/13  au. 

(4)  We  use  72  angular  points  at  each  radial  point.  The  distribution  of  these  is 
given  by  a  special  set  of  12  points  corresponding  to  the  vertices  of  a  regular 
icosahedron  inscribed  in  the  sphere  (the  axes  of  the  icosahedron  follow  the 
“standard  orientation”  conventions  of  the  GAUSSIA.N  program),  plus  a  general 
set  of  60  points  generated  by  the  rotation  subgroup  of  the  icosahedral  group. 
Such  formulae,  based  on  finite  rotation  subgroups  of  the  sphere,  are  highly 
efficient  in  the  .sense  that  the  number  of  surface  harmonics  exactly  integrated 
by  them  is  close  to  one  per  angular  point.  A  clear  exposition  of  the  theory  of 
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this  approach  to  quadrature  on  the  surface  of  a  sphere  can  Iv  I’ound  in  the 
literature  [21]. 

If  the  electron  density  (>{  r)  itself  is  integrated  using  this  preliminary  scheme,  the 
results  agree  with  the  total  number  of  electrons  to  within  a  few  thousandths  of  an 
electron  for  all  of  the  molecules  studied.  Funhermore,  we  have  observed  that  both 
the  b88  and  in  I*  functional  values  are  comparatively  insensitive  to  further  im¬ 
provements  in  the  grid.  Nonetheless,  further  work  is  underway  to  construct  even 
more  efficient  integration  schemes. 
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Abstract 

In  recent  work,  we  have  provided  a  rigorous  physical  interpretation  for  the  exchange  energy  and 
potential  ( or  functional  derivative)  as  obtained  within  the  local-density  approximation  via  the  Harhola- 
Sahni  formulation  of  many-electrtin  theory  In  this  article  wc  analyze  the  gradient-expansion  approxi¬ 
mation  ( Cit  .\ )  for  these  properties  from  the  same  physical  perspective.  7 he  source  charge  distribution  in 
this  approximation  is  the  til  \  Permi  hole  to  O(r’).  This  charge  distribution  is  unphvsical.  so  that  the 
resulting  force  held  and  work  done  cannot  be  defined  in  a  physically  meaningful  manner,  and  the 
exchange  energy  is  singular.  Thus,  when  viewed  from  the  perspective  of  a  source  charge,  the  existence 
of  the  gradient  expansions  for  the  potential  and  energy  is  questionable.  Wc  next  discuss  the  conventional 
method  of  employing  a  screened-C'oulomb  interaction  to  eliminate  the  singularities  due  to  the  ta  \ 
source  charge,  and  show  that  tt  leads  to  ineonsislcnt  results.  These  inconsistencies  are  also  intrinsic  to  a 
proof  of  the  inequivalence  of  the  Harbola-Sahni  and  Kohn-Sham  exchange  potentials  within  the  (ii.x. 
T  hu.s.  although  the  inequivalence  of  these  potentials  has  been  established  by  other  analyses,  this  proof 
is  shown  not  to  be  ngorous.  Finally,  wc  demonstrate  that  when  the  physics  of  the  (it  \  exchange  source 
charge  is  corrected  by  the  satisfaction  of  sum  rules,  the  mtxJilicd  charge  distribution  then  leads  to  a  w  ell- 
behaved  local  exchange  potential  and  exchange  energy  density,  and  to  a  finite  exchange  energy.  The 
consequences  of  our  analysis  on  the  gradient  expansions  for  the  correlation  and  exchangc-corielation 
potential  and  energy  are  also  noted.  ■  ivic  John  Wilcy  &  Sons.  Inc. 


Introduction 

In  Eiohenberg-Kohn-Sham  density-functional  theory'  [1.2].  all  the  many-body 
effects,  including  those  of  the  correlation  contribution  to  the  kinetic  energy,  are 
incorporated  in  the  exchange-correlation  energy  functional  of  the  density.  The  cor¬ 
responding  local  many-body  potential  seen  by  the  nonintcracting  quasiparticles  is 
derived  by  application  of  the  variational  principle  for  the  energy  to  be  the  functional 
derivative  of  this  energy  functional.  Thus,  the  relalion.ship  between  the  energy  and 
potential  in  this  formalism  is  mathematical.  The  simplest  and  most  commonly 
employed  of  the  approximations  to  the  exchange-correlation  energy  functional  is 
that  of  the  local-density  approximation  (i  IM).  In  the  i  da.  each  point  of  the  non- 
uniform  electronic  system  is  treated  as  if  it  were  homogeneous,  but  w  ith  a  density 
corresponding  to  the  local  value  at  that  point.  Since  the  exchange  energy  per  electron 
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for  the  homogeneous  cleetron  gas  is  known,  the  exchange  component  ot  the  1 1)  \ 
energy  functional  of  the  density  and  its  functional  derivative  are  both  known  also. 

The  mathematical  framework  of  density-functional  theory  has  recenllv  been  pro¬ 
vided  a  physical  interpretation  in  the  work  of  Harbola  and  Sahni  [  3.4] .  Accordingly, 
the  exchange-correlation  potential  and  energy  are  unified  physically  in  that  both 
properties  are  desenbed  to  arise  from  the  same  source  charge  distribution.  This 
source  charge  is  the  Fermi-Coulomb  hole  which  represents  the  elfects  of  Pauli  and 
Coulomb  correlations  between  the  electrons.  As  such,  both  the  many-bodv  potential 
and  energy  are  derived  as  a  consequence  of  the  Coulomb  interaction  between  the 
electron  and  the  Fermi-Coulomb  hole  charge.  Based  on  this  formulation  ot  many- 
electron  theory,  we  have  in  recent  work  [5]  provided  a  rigorous  physical  interpre¬ 
tation  for  the  exchange  (Pauli-correlated)  component  of  the  potential  and  energy 
in  the  1.da  by  identifving  the  corresponding  source  charge  distribution.  .As  a  con¬ 
sequence.  we  have  also  explained  why  the  functional  derivative  of  the  l  da  exchange 
energy  functional  is  in  fact  a  /vwa  /nA’ potential  in  that  it  is  path  independent.  The 
IDA  exchange  energy  functional  and  its  functional  derivative  are.  of  course,  the 
leading  terms  in  the  a  prion  gradient-expansion  approximation  [  1.2.6]  (c;i  a)  for 
these  properties.  The  fact  that  the  leading  terms  of  these  expansions  can  be  rigorously 
interpreted  indicates  that  it  is  meaningful  to  examine  the  tii  A  for  exchange  from 
the  same  physical  perspective.  In  this  article,  we  therefore  analyze  the  exchange 
energy  and  potential  in  the  Of-A  from  the  viewpoint  of  the  Harbola-Sahni  inter¬ 
pretation. 

In  the  Harbola-Sahni  formulation,  the  Fermi  hole,  which  embodies  the  corre¬ 
lations  between  electrons  due  to  the  Pauli  exclusion  principle,  constitutes  the  source 
charge  distribution  for  the  local  exchange  potential  and  the  exchange  energy.  The 
Fermi  hole  p>(r.  r')  at  r'  for  an  electron  at  r  is  derived  in  terms  of  the  orbitals  0,  (r ) 
of  the  Slater  determinant  to  be  p,(r.  r')  =  l>(r.  r')|‘/2p(r).  where  -ylr.  r  )  = 
2;,0r(r)0,(r')  is  the  single  particle  density  matrix  and  where  the  density  p(r)  = 
-ylr,  r).  The  Fermi  hole  satisfies  the  physical  constraints  of  charge  neutrality 
f  p,(r.  r')r/r'  =  1.  positivity  p,(r.  r')  S-.  0.  and  value  at  electron  position  p>(  r.  r)  = 
p(r)/2.  The  source  charge  gives  rise  to  an  electric  field,  which  is 

<5\(r)  -  f  pjr,  r') 4:1  f/r' .  (1) 

J  Ir  -  r  1 

so  that  the  local  exchange  potential  M',(r)  is  the  work  done  to  bring  an  electron 
from  infinity  to  its  final  position  at  r  against  this  force  field: 

H\(r)  =  -  J  <5»(r')-r/r.  (2) 

The  exchange  energy,  A\,  in  turn,  is  the  energy  of  interaction  between  the  electron 
and  the  source  charge,  and  thus 


CIRAlillM  I  XPANSION  APPROXIM A  1 1( )\ 


335 


The  potential,  M  \(r).  is  well-detined  in  that  it  is  path-independent  for  symmetrical 
systems  such  as  jellium  metal  surfaces  (7)  and  spherically  symmetric  atoms  [8J, 
or  open-shell  atoms  [9]  in  the  central  field  approximation.  Eiquivalently,  for  these 
systems,  the  curl  of  the  electric  field  vanishes.  There  is  as  yet  no  rigorous  proof  that 
this  is  the  case  for  nonsymmetncal  density  systems,  flowever.  if  for  such  systems 
the  curl  of  the  field  does  not  vanish  [10].  an  accurate  local  exchange  potential  can 
be  obtained  [  3,4,6. 1 1]  from  the  irrotational  component  of  the  field,  since  it  has 
been  shown  [12]  that  the  solenoidal  component  is  negligible. 

The  CiPA  for  exchange  to  ()(V- )  was  originally  proposed  on  dimensional  grounds 
by  Herman  et  al  [13],  The  <it  a  exchange  energy  functional  and  its  functional 
derivative  arc  given  as 

■==  f  f , ] p(r) ]p(r)  +  C\  J  dr  |Vp(r)j  Vp'“'(r)  (4) 


W-.V  '  [P] 


[  p{  r ) !  +  C 


4  |rp(r)|-  __  ^  V>(r) 


./4  |rp(r) 
A3  P‘'’(r 


where  t,  =  -3A/./47r  is  the  exchange  energy  per  electron  for  the  homogeneous 
system  with  kj(T)  =  f37r-p(r)]'  ’  being  the  local  value  of  the  Fermi  momentum. 
The  leading  terms  of  these  expansions  correspond  to  the  i.r>A  exchange  energy 
functional  and  functional  derivative.  The  coefficient.  of  the  gradient  correction 
term  was  originally  determined  variationally  by  these  authors.  In  order  to  understand 
our  analysis  of  these  gradient  expansions  for  the  exchange  energy  and  functional 
derivative  from  the  unifying  perspective  of  a  source  charge  distribution,  we  first 
describe  how  the  leading  lda  terms  are  similarly  explained. 

Just  as  with  the  exchange  energy,  the  single-particle  density  matrix  and  conse¬ 
quently  the  Fermi  hole  can  also  be  expanded  [2.14. 15]  in  a  series  of  the  gradients 
of  the  density.  This  gradient  expansion  of  tbc  Fermi  hole  pV*(r.  r').  where  the 
superscript  ( /)  refers  [16]  to  the  order  of  the  gradient,  has  at  present  been  derived 
[17]  up  to  terms  of  O(V’).  An  analysis  of  the  Fermi  holes  of  this  expansion  to  each 
order  up  to  OlV’).  as  applied  to  atoms,  has  also  been  performed  [18].  We  refer 
the  reader  to  Refs.  1 7  and  1 8  for  the  expressions  of  this  expansion. 

Now  in  the  i.da  for  exchange,  the  source  charge  distribution  [5]  is  pl'Ar.  r  ). 
the  GKA  Fermi  hole  to  0{V).  It  satisfies  the  constraints  of  charge  neutrality  and 
value  at  the  electron  position,  hut  not  that  of  positivity.  This  source  charge  can  be 
decomposed  into  a  spherically  symmetric  component  pV”(r.  r').  (the  i.da  Fermi 
hole),  and  a  nonspherically  symmetric  component  which  is  comprised  of  a  term 
of  ()(V).  The  electric  field  due  to  this  source  charge  distribution  is  6’',"(r)  = 
rA/  (r)/7r,  and  therefore,  the  work  done  against  this  force  field  is  the  same  as  the 
leading  term  of  eq.  ( 5 )  for  the  functional  derivative.  Since  the  Vx  (S’  ',"(r)  =  0,  we 
understand,  from  a  physical  viewpoint,  why  the  functional  derivative  in  the  I IM 
is  a  potential.  Furthermore,  it  is  only  the  nonspherically  symmetric  component  of 
this  .source  charge  that  contributes  to  the  electric  field  and  thus  to  the  work  done. 
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In  turn,  the  exchange  energy  is  the  energy  of  interaction  of  the  electronic  density 
with  the  source  charge.  However,  it  is  only  the  sphericallv  symmetric  component 
of  this  source  charge  that  contributes  to  the  energy.  The  resulting  expression  is  thus 
the  same  as  the  lda  term  of  the  exchange  energy  functional  of  Eq.  (4).  We  em¬ 
phasize  that  the  orbitals  employed  for  the  determination  of  the  i  da  exchange  energy 
are  not  generated  by  the  i  da  Fermi  hole  f  )•  t’ut  by  the  nonsphericaliy 

symmetric  component  of  the  source  charge  distribution.  Thus,  the  Harbola-Sahni 
formulation  provides  a  rigorous  physical  interpretation  for  the  exchange  potential 
and  energy  in  the  Ida.  Furthermore,  the  accuracy  of  properties  derived  within  the 
LD.A  can  now  be  explained  by  a  study  [5]  of  the  source  charge  distribution  as  a 
function  of  electron  position. 

In  the  next  section  we  analyze  the  potential  and  energy  in  the  f.t- a  for  exchange 
from  the  physical  perspective  of  a  source  charge  distribution.  Our  analysis  shows 
that,  as  a  consequence  of  the  unphysicai  [18]  nature  of  the  oca  source  charge,  the 
results  for  the  force  field,  work  done,  and  exchange  energy  are  also  unphysical, 
thereby  raising  the  issue  of  the  existence  of  the  expansions  for  these  properties.  The 
conventional  screened-Coulomb  interaction  method  of  eliminating  the  various  sin¬ 
gularities  that  arise  due  to  the  otA  source  charge  is  discussed  later  in  this  study, 
and  shown  to  lead  to  inconsistent  results.  These  inconsistencies  are  also  intrinsic 
to  a  proof  by  Wang  et  al.  [17]  of  the  inequivalence  of  the  Harbola-Sahni  potential 
to  the  Kohn-Sham  exchange  potential,  Thus,  although  the  inequivalence 
of  these  potentials  has  been  established  by  other  analyses  [3.8.17  j.  the  proof  by 
these  authors  is  shown  not  to  be  rigorous.  We  will  also  demon.strate  that  when  the 
physics  of  the  gca  exchange  source  charge  distribution  is  corrected  [19]  by  the 
satisfaction  of  sum  rules,  the  modified  charge  distribution  then  gives  rise  to  a  well- 
behaved  local  exchange  potential  and  exchange  energy  density,  and  to  a  finite  ex¬ 
change  energy.  Finally,  we  summarize  our  conclusions  and  consequences  of  our 
analysis. 

The  Gradient  Expansion  .Approximation  From  a  Source  Charge  Perspective 

The  first  step  in  the  description  of  the  gka  for  exchange  to  O(V-)  from  the 
Harbola-Sahni  perspective  is  the  identification  of  the  corresponding  source  charge 
distribution.  Since  the  source  charge  in  the  lda  is  the  citA  Fermi  hole  to  ()(V).  and 
the  fact  that  only  odd-order  terms  [17]  contribute  to  the  electric  field  and  work 
done,  implies  that  the  source  charge  in  this  case  is  g  v’’(r.  r').  the  Cii  A  Fermi  hole 
to  ()(V').  In  contrast  to  the  lda  source  charge,  however,  this  charge  distribution 
does  not  satisfy  the  constraint  of  charge  neutrality.  In  fact,  the  total  charge  of  this 
distribution  is  infinite  [18].  In  addition,  it  violates  the  constraint  of  positivity  by 
possessing  growing  oscillations  [  1 7. 1 8  j  in  the  region  away  from  the  electron  position. 
The  only  constraint  it  does  satisfy  is  that  at  the  electron  position.  To  see  the  singular 
nature  of  the  GLA  source  charge  distribution.  Figure  1  plots  the  cross-section  in  the 
electron-nucleus  plane  of  //.''(r.  r')  for  the  neon  atom  employing  analytical  Har- 
tree-Fock  wave  functions  [20] .  The  electron  position  considered,  as  indicated  by 
the  arrow,  is  at  r  =  0.307  a.u.,  which  corresponds  to  the  intershell  minimum  of  the 
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Figure  I.  The  (U  a  source  charge  distribution.  r  ).  as  applied  to  the  neon  atom 

for  an  electron  at  r  0.307  a.u.  The  exact  Fermi  hole  is  shown  (dashed  line). 


radial  probability  density.  The  same  cross-section  for  the  exact  Fermi  hole  is  also 
plotted  as  the  dashed  curve.  It  is  evident  from  the  figure  that,  in  contrast  to  the 
exact  Fermi  hole  which  is  localized  about  the  nucleus,  the  gfa  source  charge  is 
spread  throughout  space  with  increasing  amplitude  of  its  oscillations  which  begin 
even  within  the  atom.  This  same  behavior  of  the  source  charge  occurs  [18]  for  all 
electron  positions.  The  concept  of  an  electric  field  due  to  such  an  unphysical  charge 
distribution  is  thus  meaningless,  and  consequently,  the  work  done  is  undefined. 
Further,  we  note  that  it  is  the  terms  of  O(V  ’)  of  the  source  charge  which  cause  this 
to  occur  since,  as  noted  earlier,  the  term  of  ()(V)  does  lead  to  a  finite  electric  field 
and  well-defined  potential. 
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The  substitution  oF  the  gka  source  charge  {see  Fig.  1 )  into  Eq.  ( 3 )  also  clearly 
shows  that  the  exchange  energy  is  singular.  To  see  how  this  singularity  in  fact  comes 
about,  we  consider  the  Slater  potential  defined  as  [21]: 


F,(r) 


J 


r’) 


dr' . 


(fi) 


which  is.  equivalently,  the  exchange  energy  density.  As  in  the  i.da,  it  is  only  the 
even-order  terms  of  the  expansion  Fermi  hole  that  contribute  to  the  Slater  potential 
and  exchange  energy.  Thus,  it  is  p''’(r,  r'),  the  component  of  the  gi  a  source 
charge  to  0(V  - ).  that  causes  the  singularity,  since  the  total  char  of  this  distribution 
is  infinite  (18).  In  Figure  2.  we  plot  the  component  p'r*(r,  r  )  olThe  source  charge 
for  the  same  electron  position  as  in  Figure  1.  The  singularity  in  the  energy  density 
and  energy  can  now  be  seen  to  arise  from  the  undamped  oscillations  of  this  com¬ 
ponent  of  the  source  charge  which  also  extends  throughout  space.  ( Note  that  the 
charge  in  Fig.  2  is  plotted  up  to  7  a.u.  from  the  nucleus.)  The  singularity  in  the 
exchange  energy  is  thus  consistent  with  the  fact  that  the  corresponding  potential  is 
not  well-defined. 

The  above  conclusions  with  regard  to  the  GEa,  based  on  the  perspective  of  a 
source  charge  distribution,  are  also  consistent  with  those  of  density-functional  theory. 


r  (a.u.) 

Figure  2  The  component  /»',’’(r.  r')  to  <)(V’)  of  the  (.f  a  source  charge  distribution  for 
the  same  electron  position  as  in  Figure  I.  The  c.xact  Fermi  hole  is  shown  (dashed  line). 
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In  density-functional  theory  one  begins  with  the  approximate  energy  functional 
and  obtains  the  potential  as  its  functional  derivative.  The  exchange  energy  in  the 
gi;a  to  ()(V")  is  the  energy  of  interaction  between  the  electronic  density  and  the 
gradient  expansion  Fermi  hole  r')  to  This  functional,  as  discussed 

above,  is  singular.  Therefore,  its  functional  derivative  has  no  physical  meaning. 

If  it  is  assumed  lhat  theGtA  exchange  energy  functional  of  the  density,  as  defined 
by  eq,  (4).  exists,  then  it  and  its  functional  derivative  can  be  employed  in  the  self- 
consistent  Kohn-Sham  schenic  {  We  note  that  the  functional  derivative  of  Eq.  ( 5 ) 
is  singular  [13]  for  small  and  large  electron  positions,  and  therefore,  convergence 
factors  have  to  be  introduced  [  1 3]  in  the  self-consistent  procedure,  i  However,  when 
view'ed  from  the  perspective  of  a  charge  which  gives  rise  to  a  force  field,  a  potential, 
and  an  energy,  we  see  that  the  unphysical  source  charge  calls  into  question  the 
existence  of  such  expansions  for  these  properties. 

Elimination  of  Singularities  via  the  Screened-Coulomb  Interaction 

One  approach  [14,22]  to  the  elimination  of  singularities  in  the  properties  deter¬ 
mined  within  the  gea  for  exchange  is  to  introduce  a  convergence  factor  or  equiv¬ 
alently  to  perform  calculations  for  the  screened-Couiomb  interaction  exp(-Ar)/ 
r.  This  modification  of  the  Hamiltonian  eliminates  the  effects  of  the  growing  os¬ 
cillations  of  the  GEA  source  charge  away  from  the  electron.  Thus,  the  electric  field 
[17],  work  done.  Slater  potential  [  1 7  ].  exchange  energy  [18.23],  and  its  functional 
derivative  [18],  as  derived  from  r').  are  now  all  finite. 

In  the  limit  of  bare-Coulomb  interaction  as  the  screening  parameter  X  vanishes, 
the  electric  field  is  singular  [  1 7  ]  as  In  X.  This  result  is  consistent  with  the  conclusions 
of  the  previous  section,  in  which  the  undefined  nature  of  the  electric  field  and  work 
done  for  bare-Coulomb  interaction  was  arrived  at  by  an  examination  of  the  GEA 
source  charge  distribution  itself.  In  other  words,  the  limit  of  the  electric  field  for 
screened-Couiomb  interaction,  as  X  vanishes,  is  the  same  as  the  electric  field  obtained 
directly  for  bare-Coulomb  interaction. 

The  behavior  of  the  gea  exchange  energy  functional  in  the  limiting  procedure 
is,  however,  mathematically  inconsistent.  The  limit  of  the  exchange  energy  as  X 
vanishes  is  not  the  same  as  the  energy  for  bare-Coulomb  interaction.  To  see 
this,  we  note  that  the  Slater  potential  I',v‘’*(r)  for  screened-Couiomb  interaction 
denved  from  the  source  charge  distribution  Px’Ur-  >”)  is  also  singular  [17]  as  In  X 
in  the  limit  as  X  vanishes.  This  result  is  consistent  with  the  conclusions  of  the 
previous  section  in  which  the  Slater  potential  for  bare-Coulomb  interaction  was 
shown  to  be  singular.  However, 

lim  E*™^[p]  =  tim^  f  p(r)  (7) 

X— 0  X— 0  2  J 

is  finite,  and  reduces  [14,23]  to  Eq.  (4)  with  coefficient  C\  =  corresponding 
to  that  of  Sham  [  22  ] ,  Therefore,  it  is  not  equal  to  the  energy  of  interaction  between 
the  density  and  the  source  charge,  r'),  which  is  singular  (see  previous  sec¬ 

tion),  nor  is  it  equal  to  (1/2)  J  p(r)[lim  K.s*”(r)]  which  is  also  singular. 
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Thus,  we  see  that  the  method  of  employing  a  screened-Coiilomb  interaction  to 
overcome  the  singularities  leads  to  inconsistent  results  for  the  various  properties. 
It  also  leads  to  an  incorrect  value  for  the  coefficient  C\.  On  the  assumption  that 
the  GEA-e.\change  energy  functional  exists,  it  is  now  accepted  that  the  correct  [  6,24  ] 
coelficient  is  C\  =  ( 10/7)  .  We  note,  however,  that  a  recent  temperature- 

dependent  perturbation  theory  calculation  (2]  leads,  in  the  zero  temperature  limit, 
to  a  result  that  is  C\  =  (24/7)  . 

The  inconsistencies  of  the  screened-Coulomb  approach  to  the  elimination  of  the 
singularities  in  the  GE  A  for  exchange  also  bear  on  the  proof  of  Wang  et  al.  [  1 7  ]  that 
the  work  done,  H  >,  is  not  equivalent  to  the  Kohn-Sham  potential,  fi,,  the  functional 
derivative  of  the  exchange  energy  functional.  Their  proof  is  for  slowly  van.ing 
densities,  so  it  is  assumed  that  the  exchange  energy  can  be  expanded  in  a  scries  of 
the  gradients  of  the  density.  The  authors  then  employ  the  fact  that,  whereas  the 
electric  field  due  to  the  source  charge,  p  V”(r.  r').  for  screened-Coulomb  interaction 
is  singular,  as  In  X  in  the  limit  as  X  vanishes,  the  expression  for  the  negative  gradient 
is  finite  for  bare-Coulomb  interaction.  They  conclude,  therefore,  that  the 
potentials  H'x  and  p,  are  inequivalent.  However,  as  we  have  seen  in  the  previous 
section,  the  potential  \  for  bare-Coulomb  interaction  cannot  be  defined  for  the 
GEA  source  charge.  Wang  et  al.  have  in  effect  calculated  the  electric  field  due  to  an 
unphysical  charge  distribution  (see  Fig.  I ),  and  consequently,  correctly  arrived  at 
an  unphysical  result.  Furthermore,  the  finiteness  of  '  is  based  on  the  as¬ 

sumption  that  the  GEa  exchange  energy  functional  exists.  However,  as  also  discussed 
previously,  when  considered  as  the  energy  of  interaction  between  an  electron  and 
the  source  charge,  the  GEa  exchange  energy  functional  is  singular.  As  such,  its 
functional  derivative  is  not  well-behaved,  and  therefore  has  no  physical  meaning. 
Thus,  when  considered  from  a  physical  viewpoint,  this  proof  of  the  inequivalence 
of  to  is  inconsistent.  Furthermore,  the  fact  that  both  the  potentials.  \  and 
M,,  are  not  well-defined  within  the  gea  makes  a  comparison  between  them  not 
meaningful. 

The  inequivalence  of  the  potentials,  W'v  and  has.  however,  been  established 
as  follows.  Presently  there  are  two  definitions  of  the  exchange  potential,  p,.  of 
exchange-only  density-functional  theory'.  The  first  definition  [25]  states  that  it  is 
the  difference  between  the  local  effective  potential  which  minimizes  the  expectation 
value  of  the  Hamiltonian  taken  with  respect  to  a  Slater  determinant  of  the  orbitals 
generated  by  the  effective  potential  and  the  Hartree  potential.  The  effective  potential 
and  the  resulting  Kohn-Sham  exchange  potential  are  determined  by  the  op¬ 
timized  potential  method  (opm)  [26],  The  orbitals  and  the  density  of  the  opm 
differ  [3.8,17]  from  those  of  Hartree-Fock  theory,  and  consequently,  the  total 
ground-state  energies  are  an  upperbound  to  the  Hartree-Fock  energies.  The  H 
and  potentials  are  essentially  equivalent  [3]  throughout  space  except  in  the 
intershell  regions  of  atoms,  so  that  the  total  ground-state  energies  differ  [8.9]  by 
only  a  few  parts  per  million,  with  the  results  of  the  ff,  potential  lying  above  those 
due  to  the  optimized  potential.  According  to  the  second  definition  (see  sections 
3.4  and  6.2  of  Ref.  2)  there  exists  an  (as  yet  unknown)  energy  density  functional, 
(2nd  its  functional  derivative  ).  which  achieves  its  minimum  value  at 
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the  Hartrce-l  ock  ground-state  energy  at  the  J  lartree-foek  densits  Thus,  it  ts  eleai 
that  the  Harbola-Saiini  potential,  II  ',.  eorresponds  to  neither  nor  ■ 
FinalK.  we  note  that  the  analyiieal  expressions  tor  the  tbree  field  6  '  (r)  and 

the  negative  gradient  due  to  the  source  charge  t-  r  )  lor  finite 

screening,  arc  difl'erent.  (  Numericalh.  however,  the  twoexiiressions  for  fixed  values 
of  the  screening  parameter.  X.  are  practically  indistinguishahle  throughout  space 
for  atoms. )  Thus,  the  corresponding  potentials  are  also  different.  However,  although 
for  finite  screening  one  obtains  convergent  results  for  the  various  properties,  it  is 
important  to  note  that  the  description  of  the  physics  is  still  incorrect  since  the 
source  charge  distribution  /)','*(  r.  r')  still  violates  the  constraint  of  charge  neutrality, 
f  urthermore,  except  for  electron  positions  in  the  deep  interior  of  atoms,  there  is 
elsewhere  no  value  of  the  parameter  X  which  can  ensure  this  constraint,  f'hus.  all 
that  the  convergence  factor  does  is  to  lead  to  closed-form  analytical  expressions, 
but  It  cannot  correct  the  erroneous  description  of  Pauli  correlations  within  thetii  .x. 


Kiiminatinn  <»f  Singularities  by  Modification  of  Source  Charge 

.\s  we  have  seen  in  the  previous  section,  the  method  of  employing  a  screcned- 
C'oulomb  interaction  to  eliminate  the  singularities  in  the  (it  -x  for  exchange  is  in¬ 
consistent.  In  the  bare-C'oulomb  interaction  limit,  the  electric  field  is  singular,  but 
the  exchange  energy  is  finite — albeit  with  an  erroneous  coeliicient  for  the  gradient 
term.  Howev  er,  let  us  instead  view  the  problem  from  the  perspective  of  a  single 
source  charge  distribution  giving  rise  to  a  local  potential  and  energy.  The  cause  of 
the  singularities  is  the  Cil  \  source  charge  r')  of  O(V  ’).  Thus,  in  order  to 

obtain  finite  and  well-behaved  results  for  the  force  field,  work  done,  and  exchange 
energy,  it  is  the  unphysical  behavior  of  this  source  charge  that  must  be  corrected. 
An  approach  to  this,  for  example,  could  be  the  generali/ed-gradient-expansion  ap¬ 
proximation  method  of  Perdew  [15],  in  which  the  conditions  of  positivity 

and  charge  neutrality  are  imposed  [1^1  on  this  distribution,  thereby  ensuring  that 
it  satisfies  all  the  constraints  of  the  exact  F  ermi  hole.  The  work  done  and  exchange 
energy  could  then  be  determined  from  this  modified  but  more  physically  accurate 
charge  distribution.  This  idea  can.  of  course,  be  gcnerali/'cd  to  also  include  the  (tt.A 
Fermi  holes  to  0(V)  and  O(V’),  since  each  modified  <>t>.x  Fermi  hole,  whether  of 
even  or  odd  order  in  V,  can  contribute  to  both  the  force  field  and  energy. 

In  Figure  .f(b-d).  we  plot  the  potential  IF,  for  the  neon  atom,  employing  ana¬ 
lytical  Hartree-f'oek  wave  functions  (2()J  for  the  CiCiX  source  charge  distributions 
to  0(V).  ()(V- ),  and  OtT').  respectively.  For  completeness.  Figure  -'^(a)  plots  the 
potential  IF,  due  to  the  (U  a  hole  to  0{V).  which  is  the  l  1>a  Kohn-Sham  potential. 
For  comparison,  also  plotted  (dashed  line)  is  the  potential  IF,  due  to  the  exact 
Fermi  hole.  Observ  e  [F'ig.  ,^(b-d)]  that,  as  a  result  of  the  fact  that  the  CiC  iA  source 
charges  to  each  order  are  physically  realistic,  the  corresponding  potentials,  IT, .  due 
to  them  are  all  well-behaved.  .So  arc  the  corre.sponding  Slater  potentials  plotted  in 
Figure  4(b-d).  I  he  Slater  I  ija  potential  (21)  is  given  in  Fig  4(a).  The  Slater 
potential  due  to  the  exact  Fermi  hole  is  also  plotted  (dashed  line)  in  each  figure 
for  comparison.  I  he  resulting  (KiA-c.xchangc  energies  [19]  to  each  order  in  V  are 
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f  igure  .1.  The  evehange  prhenliali.  II  for  the  neon  atom  asUciermnerl  from  the  folUwing 
apprOMmale  IT-rmi  hole  source  charge  disUibulions:  ( a )  the  Cif.A  hole  to  0(V) ;  and  ( b ). 
(c ),  and  (d ),  the  GGA  holes  to  IHV),  OtV’).  and  O(V'),  In  each  panel,  the  potenual  IT, 
due  to  the  exact  Fermi  hole  is  plotted  (dashed  line). 


also  consequently  finite  and  arc  -  1 1.90.  —12.24,  and  -  12.47  a.u.  in  comparison 
to  the  exact  and  Hartree-Fock  theory  values  of —  12.12  a.u.  and  -12.1 1  a.u.. 
respectively.  Thus,  correcting  the  unphysical  behavior  of  the  gf.a  source  charge 
leads  to  well-behaved  H',  potentials  and  exchange  energy  densities  and  finite  values 
for  the  exchange  energy. 


Conclusions 

Since  a  rigorous  physical  interpretation  for  the  t.DA-exchange  energy  functional 
and  its  functional  derivative  is  provided  by  the  Harbola-Sahni  formulation  of  many- 
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f-igiire  4.  I  he  Slater  polcntiaK  1  fur  iho  noon  atom  as  (.k-lormiin-d  from  tlu-  tollinsmi; 
approximate  lermi  hole  sowree  eharpe  tlistribulions:  ( a  lllie  I  I  >  N  hole:  anil  l  h  i,  i  e  i .  ami 
(  d  I,  the  <  a,  \  holes  to  Otr  - ).  amt  Otr  ’  l.  In  each  panel,  the  Slalei  tsoteniia!  due  to 

the  esael  I  crmi  hole  is  plotteel  (il.tshed  line  I. 


electron  theory,  we  have  examined  the  fti  x  for  exchange  to  )  from  the  same 
physical  perspective.  In  this  approximation,  the  source  charge  dislrihution  in  which 
the  correlations  due  to  the  Pauli  exclusion  principle  are  incorporated,  is  the  f.i  \ 
F'ermi  hole  to  OlV').  As  this  charge  distribution  is  unphssical.  the  vsork  required 
to  mo\e  an  electron  in  its  force  held  is  undefined  and  the  exchange  encigs  is  singular. 
Thus,  when  viewed  from  the  perspective  of  a  source  charge,  the  existence  of  the 
expansions  for  the  exchange  potential  and  energy  are  questionable  1  he  same  con¬ 
clusion  can  also  be  arrived  at  from  the  expression  for  the  c.l  x-exchange  energy 
functional  written  in  terms  of  the  I'ermi  hole  to  (>(V- ).  T  his  functional  ts  singular, 
and  therefore,  its  functional  derivative  has  no  phvsicai  meaning.  I  hus.  il'  the  ex¬ 
pansions  for  the  exchange-correlation  potential  and  energy  are  to  exist,  the  singu- 
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larities  in  the  separate  expansions  for  exchange  and  correlation  must  cancel.  More 
fundamentally,  the  unphysical  components  of  the  (ii  a  F  ermi  hole  source  charge 
distribution  must  be  canceled  by  those  of  the  Coulomb  hole  charge. 

Another  consequence  of  viewing  the  Cit^  x  for  exchange  from  a  source  charge 
perspective  is  that  it  shows  the  proof  of  the  inequivalence  (within  this  approxi¬ 
mation)  of  the  work.  H\,  to  the  Kohn-Sham  potential.  to  be  inconsistent.  The 
proof  is  based  on  the  use  of  an  unphysical  charge  distribution  so  that  the  force  field 
and  work  done  cannot  be  defined  in  a  physically  meaningful  manner.  On  the  other 
hand,  it  is  assumed  that  the  energy  due  to  this  same  charge  is  finite.  These  facts  are 
physically  inconsistent  and  thus  the  proof  not  rigorous.  However,  when  this  un¬ 
physical  source  charge  distribution  is  modified,  so  as  to  make  it  more  physically 
reasonable  by  the  requirement  of  satisfaction  of  various  sum  rules,  then  the  resulting 
force  field  and  work  done  are  well-defined  and  finite,  as  are  the  exchange  energy 
density  and  exchange  energy. 
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Abstract 

The  nonlocal  weighted  density  approximation  ( \x i>  \ )  to  the  exchange  and  kmelic-encrgy  lunctionals 
of  many  electron  systems  propsised  scxeral  years  ago  by  Alonso  and  Girilalco  is  used  to  compute,  within 
the  framework  of  density  functional  theory .  the  ground-state  electronic  density  and  total  energy  of  noble 
gas  atoms  and  of  neutral  yW/i/mi-like  sodium  clusters  containing  up  to  5IK)  atoms.  These  results  arc 
compared  with  analogous  calculations  using  the  well  known  Thomas- Fermi-Weizsacker-Dirac  ( Tfw  t)) 
approximations  for  the  kinetic  <  rt  w  )  and  exchange  (d)  energy  density  functionals  -Vn  outstanding 
improvement  of  the  total  and  exchange  energies,  ofthc  density  at  the  nucleus  and  of  the  >  ' )  exi  '  'ation 
values  is  obtained  for  atoms  within  the  wda  scheme.  For  sodium  clusters  we  notice  a  sizeable  conti.  ,  ’on 
of  the  nonlocal  effects  to  the  total  energy  and  to  the  density  profiles.  In  the  limit  of  very  large  clusters 
these  effects  should  affect  the  surface  energy  of  the  bulk  metal,  v  lu*);  John  Wiley  &  Sons.  Ine 


Introduction 


The  density-functional  theory  (dft)  of  Hohenberg  and  Kohn  [1]  allows  one  to 
study  the  ground-state  ( g.s.)  properties  of  electronic  systems  in  terms  of  the  electronic 
density  p(  7 )  instead  of  the  many-particle  wave  function.  The  basic  theorem  of  dft 
states  that  the  total  energy  of  a  many-electron  system  can  be  written  as  a  functional 
£{p(7)]  of  the  total  electronic  density,  and  this  energy  is  a  minimum  for  the  exact 
g.s.  density  (1].  Consequently,  the  minimization  of  E[p(7)]  with  respect  to  the 
density,  subject  to  the  charge  normalization  condition,  leads  to  the  g.s.  density  and 
energy  of  the  system,  which  is  achieved  by  solving  the  Euler  equation 


mp] 


(1) 


where  p  is  the  chemical  potential. 

The  functional  E{p  \  can  be  written  as  the  sum  of  several  terms  (in  a.u.)  [1,2] 

£[p]  "  ^  J  J  +  J  +  ^TpI  ■  (2) 

In  this  equation,  the  first  two  terms  represent  the  Hartree  energy,  which  includes 
the  Coulomb  interaction  between  independent  electrons,  and  the  interaction  of  the 
electrons  with  the  external  potential.  1^,(7).  created  by  the  ions.  The  functional 
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F[p]  in  Eq.  (2)  is  unknown  and  one  must  resort  to  some  approximations,  /  [p]  is 
usually  written  as  the  sum 


F{i>\  -  /'(p)  <  (p1  (3  1 

where  T[p\  is  defined  as  the  kinetic-energy  functional  Ibrasystem  of  noninteracting 
electrons  and  [p],  called  the  e.xchange-corrclation  (xc)  energy,  describes  the 
effects  due  to  the  Pauli  principle  (exchange  energy  )  and  to  the  remaining  many- 
body  effects  not  included  in  the  Hartrec  and  kinetic-energy  functionals  ( correlation 
energy).  One  can  split  further  /:\,  [p]  in  /i'xIp]  +  l\  [p].  By  neglecting  the  correlation 
energy,  /f.  Ip].  one  is  constrained  to  the  independent  electron  model,  that  is  to  say, 
one  is  working  at  the  Hartree-Fock  level. 

The  simplest  approximation  to  /•’[/>]  of  Eq.  (2)  is  the  so-called  local-density 
approximation  (  lda)  [2,3]  and  leads  to  the  well-known  Thomas-Fcrmi  term  /d[p] 
for  the  kinetic  energy  [4]  and  to  the  Dirac  term  A(,[/;]  for  the  exchange  energy  [5  ]. 
The  corresponding  functional,  known  as  Thomas-Fermi-Dirac  (Tt  D)  energy,  al¬ 
though  somewhat  successful  in  computing  global  properties  of  the  system,  is  locally 
inaccurate.  So,  the  next  step  has  been  to  improve  the  local  behavior  of  the  energy 
functional  by  expanding  the  kinetic  and  exchange  energy  terms  in  gradients  of  the 
density  p(  7 )  [  3 1 .  Although  this  represents  an  improvement,  it  has  serious  drawbacks. 
The  number  of  terms  in  this  gradient  expansion  (ge)  is  unknow  n  and,  in  practice, 
one  is  able  to  deal  with  only  a  small  number  of  terms.  We  should  mention  that  in 
order  to  achieve  some  particular  results,  the  coefficients  in  front  of  each  term  in 
the  gradient  expansion  have  been  sometimes  empirically  fitted  [6]  but.  evidently, 
this  is  not  a  satisfactory  procedure. 

In  order  to  avoid  these  problems,  different  alternatives  have  been  developed. 
One  of  them  is  the  nonlocal  weighted-density  approximation  (wda).  developed 
independently  by  Alonso  and  Girifalco  [7],  and  Gunnarsson.  Jonson.  and  Lundqvist 
[8].  Starting  from  the  exact  expression  for  the  exchange  and  correlation  energy, 
and  using  a  reasonable  approximation  for  the  exchange-correlation  hole,  the  w  da 
scheme  arrives  at  a  nonlocal  functional  for  the  exchange-correlation  energy  which 
avoids  the  use  of  gradient  expansions.  Moreover,  if  correlation  is  neglected  in  this 
theory,  Alonso  and  Girifalco  have  shown  that  a  wda  approximation  can  also  be 
derived  for  the  kinetic  energy,  which  allows  for  a  unified  nonlocal  treatment  of  the 
kinetic  and  exchange  energies  [7], 

In  this  article  we  present  an  exact  (numerical)  solution  of  the  Euler  equation 
associated  with  the  wda  model  for  the  kinetic  and  exchange  energy  functionals. 
In  this  way,  we  have  calculated  electron  densities,  total  energies,  and  their  different 
components  for  neutral  noble  gas  atoms.  A  comparison  has  been  done  with  the 
results  obtained  through  other  theoretical  approximations,  showing  that  the  wda 
model  is  quantitatively  more  accurate  than  the  usual  gradient  expansion  functionals, 
in  addition  to  be  free  of  parameters. 

We  have  also  used  the  wda  to  calculate  the  g.s.  total  energies  and  densities  of 
neutral  jelliumAike  sodium  clusters,  Na.v,  containing  up  to  N  <  500  atoms.  This 
is  a  first  step  in  order  to  determine  the  manner  that  the  total  energy  per  atom  and 
other  electronic  properties  of  metallic  clusters  evolve,  as  the  cluster  grows,  to  the 
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corresponding  properties  of  the  bulk  metal.  By  using  the  v\  i>  \  method  we  attempt 
to  assess,  without  the  ambiguity  of  i  Ft)(  ,\  )w  methods  (  S  indicates  here  the  \  aluc 
of  the  coefficient  in  the  gradient  term  of  the  kinetic  energy),  the  kinetic  and  ex¬ 
change-correlation  contributions  to  the  evolution  of.  for  example,  the  ioni/ation 
potential  of  the  clusters  towards  the  work  function  of  the  hulk  metal  as  the  cluster 
size  increases  [9-13].  In  this  report,  however,  we  restrict  ourselves  to  siudv  the 
evolution  of  total  energies  and  densities  in  comparison  w  ith  other  t>pcs  of  calcu¬ 
lations. 


Nonlocal  Weighted  Density  .Approximation 


The  e.xchange-correlation  energy  of  a  system  of  electrons  can  be  written  exactly 
in  the  following  way  (8) 


r-  ,  .  '  r  ,  y-  r  r 

f-x.  [p  =  -  P(  '■)<//•  — — 

2  J  J  !  r  -  r 


(4) 


where  0'(  f ,  7 ' )  is  the  pair  correlation  function.  This  expression  can  be  interpreted 
as  the  Coulomb  interaction  between  two  charge  distributions;  the  charge  density 
p(7)  and  the  exchange  correlation  hole  charge  p„(  7.  7')  =  />{  r')Ci(  7.  7')  which 
surrounds  an  electron  at  7.  The  functional  derivative  of/:',,  [p]  with  respect  to  the 
density,  which  is  needed  in  the  Euler  equation  !  1 ).  is  called  the  exchange-correlation 
potential 


M  7 ) 


(5) 


Since  C(7. 7')  is  generally  unknown,  it  is  neccssarv  to  resttrt  to  some  approximation 
to  it.  In  the  l  t)A  the  product  7')  in  the  second  integral  in  Eq.  (4)  is 

replaced  by  p(  7)6'/,(  |  7  -  7'|;  p(  7 )  | .  where  O'/,  ( |  7  -  7'i;  p(7)]  is  the  pair-corre¬ 
lation  function  in  a  homogeneous  system  with  constant  density  equal  to  the  local 
density  p(  7).  Considering  only  exchange  eIVccts.  (ji,  is  exactly  known  in  analytical 
form. 


(ih  -  “  r 


9  /  sin  r  -  r  cos  r\' 

5(— TT— )-■ 


=  I  ?  -  7’1(  37r  V' ) ' 


(f>» 


this  l.DA  approximation  leading  to  the  Dirac  expression  for  the  exchange  energy 
Ao(p]  mentioned  above.  On  the  other  hand,  in  the  nonlocal  weighted-density  ap¬ 
proximation  ( WDA ),  the  correct  factor  p{  7')  is  preserved  in  the  second  integral  of 
Eq.  (4)  and  G(r.  7')  is  approximated  by  (if, [I  7  -  7'|-.  p(  r  )].  where  7 
7' I'.  p(7)]  is  again  the  pair-correlation  function  of  a  homogeneous  system,  but 
now  characterized  by  an  effective  density  p  (  7 ),  evaluated  at  each  point  7  by  using 
the  sum  rule  for  the  exchange-correlation  hole  charge: 


/ 


p(  7' )//'/,[  I  7 


7'|;  p{  7)]  Jr'  *  -  I  . 


With  this  ansatz.  the  exchange-correlation  energy  becomes: 
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T  j'  f>{r)(ir  I  “ — ‘—jr;  ^’n{\ >'  r’w  (>{  r  )]  J  f'  .  (S) 

The  \vi)A  improves  the  asymptotic  behavior  of  1  ,  that  is,  I  tiecavs  as  I  /  2r  at 

large  r  for  a  neutral  atom,  which  differs  from  the  exact  behav  lor  onlv  in  the  constant 
\ .  This  is  an  important  improvement  over  the  1 1>\.  vvhich  shows  an  exponential 
decay  .  The  constant  i  is  due  to  the  fact  that  the  \\t)x  pair-correlaticm  function 
does  not  fulfill  the  symmetry  properly  of  the  exact  pair-correlation  functutn.  that 
is,  r ,  r’)  ^  7',  7).  This  lack  of  symmetry  is  due  to  the  dependence 

ofO’""' on  p(7). 

,\s  has  been  stated  in  the  Introduction,  one  can  aiso  establish  a  vx  i)  \  approxi¬ 
mation  for  the  kinetic  energy .  The  key  is  a  relation  between  the  one  and  two  particle 
density  matrices  in  Hartree-Fock  theory  (see  Ref.  [7]  for  details).  .Although  this 
relation  is  not  universal,  it  ise.xact  for  some  cases  of  practical  mieresi,  like  systems 
with  closed  electronic  shells.  Using  that  relation  and  the  svd\  approximation  for 
the  pair-correlation  function  (7  (of  course  at  the  exchange -only,  or  Hartree-Fock. 
level)  one  arrives  at  the  following  approximate  expression  for  the  kinetic  energy 
[71 


where  the  kinetic-energy  density  is  given  by 


1  (T/>)- 


with  Ck  =  ( 3/ 10)( 3ir-)-  \  The  first  term  is  a  nonlocal  extension  of  the  local 
Thomas-Fermi  term  ( C\p''^)  and  the  second  is  the  original  Weizsackcr  quantum 
correction  [14], 

It  is  interesting  to  recall  that  the  Wei/sacker  term,  7  \v[/;].  without  any  other 
kinetic  contribution,  isthcc.xact  kinetic  energy  forone-clectron  systems.  Also  /’\v[p] 
should  be  exact  for  many-electron  systems  in  the  regions  with  very  low  electron 
density  [15],  The  gradient  expansion  of  I  [p]  yields  X'Av[p]  for  the  second-order 
gradient  term,  with  A  =  1  /9  [3],  A  factor  A  =  1/5  was  found  by  Tomishima  and 
Yonei  [6]  by  fitting  the  energies  of  atoms  to  Hartree-Fock  results  [16]. 


Model  and  Computational  Details 

By  considering  the  wd.x  energy  functional  derived  above,  the  Euler  equation 
becomes 


M  =  l  /i  r)  -t- 


1  VpVp  1 
8  p"  4  p 


p(r')p(  r’)  ~4rr  ^7' 
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where 

I '/  (  r  )  "  I  ',(  >■)  -f  r,  (  r  )  f  l  \(  r  )  .  (12) 

I  'j  is  the  total  potential,  sum  of  the  external,  electronic  (  Hartree)  and  exchange 
parts  ( notice  that  we  have  restricted  ourselves  to  the  exchange-only  case,  since  our 
intention  is  to  compare  with  Hartree-Fock  results),  liquation  (11)  must  now  be 
solved  coupled  with  Poisson’s  equation  which  guarantees  self-consistency  between 
density  and  potential.  Defining  a  function 


,e(  ^  ^  ^  J  ^  ^  ^  s  * 


/>(  ?')/>(  f' 


( >  ') 


where  f(f)  ■=  [/)(  ?)//)( if)]’  \  the  resulting  Euler  equation  closely  resembles  the 
form  of  the  It  i)W  equation 


1 

8  p 


1  r  p  .5  ,  , 

+  ,e(f)  -  (.p-  . 

4  p 


In  a  former  work  by  Deb  and  Ghosh  [17],  this  equation  was  solved  for  noble  gas 
atoms  using  a  function  c'(  f )  evaluated  by  means  of  Hartree-F-'ock  densities  [16] 
and  the  exchange  potential  1  ,(  f )  was  treated  in  the  I  ixx  of  Dirac. 

In  a  recent  work  by  us  [18],  Eq.  (  14)  was  self-con.sistently  solved  coupled  with 
Poisson  equation  for  several  neutral  atoms.  However,  in  Ref.  [18],  we  used  the 


exponential  approximation  of  Berkowit/  [  I'f  ]  to  the  exact  exchange  pair-correlation 
function  of  Eq.  (6),  that  i.s,  -  -1  /2f''  In  the  present  work  we  have  used 


the  exact  (//,( ,t )  of  Eq.  ( 6 )  and  we  have  also  employed  a  dilTercnt  numerical  method 
to  integrate  Eq.  (  14).  By  putting  =  p'  '(f )  and 


•i//(f)=  I /(  f )  +  ,t,’(  f )  ^  C'*p''  {7) 


Eq.  (14)  can  be  viewed  as  a  Schrddingcr-like  equation 

-  ^  V- +  i;.,df)  i^rf)  =  M>^(f)  (16) 

which  we  solve  by  the  conventional  self-consistent  Kohn-Sham  method  for  only 
one  orbital  normalized  to  /  electrons  [20].  With  the  purpose  of  companson  we 
also  solve  in  this  work  analogous  equations  corresponding  to  the  following  local 
I  f  D{X)w  functionals:  X  =  I  /9  ( corresponding  to  the  exact  second-order  gradient 
expansion  of  7'[p]).  X  =  1  /  5  (corresponding  to  the efi'ectivc  X  found  by  Tomishima 
and  Yonei  [6] )  and  X  =  1  ( which  contains  the  full  Weizsacker  term  like  the  w'da  ). 
In  all  these  TI  U(X)w  functionals  the  exchange  energy  is  the  original  A'(,[p]  Dirac- 
term.  Let  us  notice  that  our  results  for  noble  gas  atoms  arc  slightly  different  than 
the  results  quoted  by  Tomishima  and  Yonei  [6]  and  by  Yang  [21],  which  used  a 
different  numerical  procedure.  We  have  i-sed  a  logarithmic  integration  mesh  up  to 
60  a.u.  in  the  radial  direction  instead  ol  ,e  linear  mesh  in  r'’-  used  in  Refs.  [6] 
and  [  2 1  ]  and  also  in  our  previous  work  [18].  Because  of  this  change,  we  think  that 
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the  present  results  (see  the  Results  section)  are  more  accurate  than  the  previous 
ones  in  Refs.  [6,  18.  2 !];  this  comment  alfects.  of  course,  also  to  the  vvo.\  results. 

To  solve  the  Euler  equation  corresponding  to  metallic  clusters  we  have  adopted 
a  ditterent  numerical  technique  called  the  step  inclhoil  [22]  with  the 

boundaiA  conditions  [  f/j(  r )],  c)  =  [r/8r)l,  ,  =0. 

Results 


Scut  ml  itoius 

The  calculated  total  energies  for  noble  gas  atoms  are  shown  in  Table  I  together 
with  those  obtained  through  the  tfd(  X  )W'  model  ( see  preceding  section ).  and  with 
Hartree-Fock  results  [16].  The  results  of  the  calculation  by  Engel  and  Dreizler 
[23],  which  included  up  to  fourth-order  gradient  corrections  to  the  kinetic  energy 
are  also  shown  in  Table  I  under  the  entry  7  (,  +  7';  +  7\,  (e.xchange  was  treated  in 
these  calculations  at  the  local  density,  or  level).  It  is  clear  from  Table  I  that 
the  WDA  results  are  the  closest  ones  to  HF.  We  stress  that  the  wda  functional  is 
free  from  empirical  parameters.  Note  also  that  the  wda  method  is  e.xact.  at  the  HF 
level,  for  two-electron  systems  like  the  He  atom.  In  this  case  the  weighted  density 
p  obtained  from  the  sum  rule  ( Eq.  ( 7 )]  must  be  exactly  zero,  giving  an  e.xchange 
hole  equal  to  - 1  /2p(  r')\  the  corresponding  exchange  energy  balances  in  this  way 
the  electron  self-interaction  contained  in  the  Hartree  term.  As  a  test  of  our  numerical 
accuracy  we  have  obtained  from  Eq.  (7)  values  of  p(7)  lower  than  10  ^  a.u.  for 
all  r.  The  w  da  total  energies  of  Table  I  are.  to  our  knowledge,  the  most  accurate 
ones  ever  obtained  from  direct  minimization  of  an  energy  functional  fully  expressed 
in  terms  of  the  electron  density.  The  average  error  with  respect  to  HF  is  only  0.4 
per  cent. 

As  the  virial  theorem  is  well  obeyed,  the  accuracy  of  the  kinetic  energies  in  the 
WDA  approximation  can  be  estimated  from  the  accuracy  of  the  total  energies.  On 
the  other  hand,  exchange  energies  are  compared  in  Table  11.  Again  the  w  da  results 
show  a  better  overall  agreement  with  HF  than  the  results  from  i  f-d(  X  )w  functionals. 
This  can  be  ascribed  to  the  better  description  of  the  w  da  exchange  potential  com¬ 
pared  with  the  local  exchange  potential  from  tne  Dirac  term.  The  entry  An  +  A'; 


Tari  1  I.  1  otal  ground-slate  energies  of  noble  gas  atoms  (in  a.u.)  for  several  densitv  functionals:  \m>\. 
Tl  lXA)w,  and  7’,,  +  7;  f  Tt  (fourth-order  gradient  e.spansion  {2,t)).  Fxaet  Hartree-Fock  Oil )  results  are 

given  as  a  reference. 


Atom 

HV 

ri  ix 1/9 )w 

ritXl/5)\*. 

TlDVv 

WDA 

7 11  +  I :  +  I'j 

He 

-.5.22 

2.82 

1.48 

2.86 

2.96 

Ne 

-  128.55 

1.59,88 

128.80 

-  85.75 

1.50.01 

-  155.74 

Ar 

526.82 

“561.80 

■  524.75 

-.574.15 

-  526.85 

542.12 

Kr 

-2752.05 

2896.9.5 

2744.16 

-  2095.45 

2754.79 

2819.12 

Xe 

■  72.52.1.5 

7495.22 

7208.54 

-5695.87 

7261.80 

7585.55 

Rn 

21866.x 

— 

— 

-  17825.52 

-22099.06 

22256.5 
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r  \Bl  I  11  1  \i.luiii|:o  onorsiK-',  ol  luihlc  i;;is  atoms  (in  a.u.l  liir  ss'M'ral  siciisiis  lunvtionals:  u  |)\,  1 1 1)(  Mw . 

and  K.  ■  K:  (riinctional  im'ludiiig  up  to  rounh-oriU-r  uradienl  onaatnins  in  llu'  kinctu  lik'iii-.  and  ii() 
to  scaind-ordcr  sonwtions  tor  cschangc  |d3)).  1  isact  Hartav-l  ock  (td  I  a-siilts  arc  cacn  as  a  rcicrcncc. 


Atom 

111 

1 1  l>(  1 

ri  IK  1, S)w 

1  n  >\\ 

\V1)\ 

ii 

1' 

Ii 

Ik- 

I.U.' 

0  71 

0  4a 

i.iit 

0.S4 

Nc 

1:11 

l(l.4S 

iu.1,4 

s.m 

1 

10»4 

Ar 

.^^0,  IS 

.'O.ss 

:s..s5 

Kr 

S’  :.v 

ss.t: 

7a,70 

I07.U’ 

K'J.  10 

\c 

1  '4. 1 

nn.44 

I5:.k7 

:i  10.71 

1  ’4  04 

Rn 

aS**.? 

— 

— 

.'S 

4,Vi.47 

37s. 47 

in  Table  II  corresponds  to  a  calculation  by  fingel  and  Drci/lcr  [23]  which  in  addition 
to  the  terms  mentioned  above  in  connection  with  Table  1,  also  includes  the  second- 
order  gradient  term  in  the  expansion  of  the  exchange  energy .  These  exchange  ener¬ 
gies  become  of  comparable  accuracy  to  the  vvi>  \  energies  for  heavy  atoms.  Notice, 
however  that  the  inclusion  of  AT  slightly  worsens  the  total  energies  obtained  by 
only  including  K^,  [23]. 

A  comparison  of  the  radial  electron  density  of  the  Ne  atom  for  the  different 
models  is  shown  in  Figure  1 .  As  expected  for  these  approximate  models,  the  radial 
density  profiles  do  not  show  the  peaks  that  characterize  shell  structure  as  in  the 
Hartree-Fock  case  (.see  however  the  wiM  results  for 7<7//mn-like  sodium  clusters 
below  ).  In  comparison  with  the  'l  l  i>(X)\v  models,  the  w  da  density  seems  to  be 
more  compact.  This  statement  also  holds  true  for  a  comparison  with  the  density 
of  the  II  n(  1/5  )w  model,  which  is  not  plotted  in  the  figure.  Another  test  of  the 
quality  ol  the  atomic  density  is  provided  by  the  calculation  of  its  value  at  the  site 
of  the  nucleus.  The  \\  i)  \  results  arc  given  in  Table  III  for  different  noble  gas  atoms 
together  with  the  values  obtained  from  Hartrcc-Fock  and  ri  i)(\)w  calculations. 
The  densities  obtained  from  1 1 1)(  X  )w  functionals  ( X  =  I  /9.  X  =  1  /  5 )  drastically 
overestimate  the  m  values;  this  is  well-known  [23  ] .  On  the  other  hand,  this  behavior 
IS  greatly  improved  in  the  wo  \  approximation  which  is  the  only  one  that  leads  to 
realistic  ( that  is.  close  to  til  )  value*  .Notice  in  this  context  t*  .t  a  kinetic  functional 
containing  the  Wei/.sacker  term  alone.  7  w.  reproduces  tl’  cusp  at  the  position  of 
nuclei  [24],  The  calculated  \vd.\  densities  for  noble  gases  obey  the  cusp  condition 
within  a  factor  of  about  2/3.  [p'(<f  >/-zfM<>)]wr)\  ~  2/3.  whereas  the  rtT>(X)w 
functionals  giv  e  too  large  factors.  Another  related  test  for  the  goodness  of  the  atomic 
density  is  provided  by  the  expectation  value  of  r  '.  The  calculated  (r  ')■  values  for 
the  v\  D  v  and  iu)|  X  )v\  functionals  arc  compared  with  ill  values  in  Table  IV.  We 
see  again  that  the  vvi).\  method  gives  the  best  results. 


.h'lltum-likc  Siifliitn]  Clusters 

In  the  spherical  iclliuiu  model  [V].  the  ionic  background  in  the  cluster  is  con- 
s'dered  as  a  uniform  distribution  ofpositive charge 7).  (  r )  =  p'l  ll{  *•  -  R).  The  radius 


Radial  density  (a 
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Figure  I.  Radial  dcnsily  (4irr>)  of  the  Ne  atom  versus  r'  for  the  different  models 

compared  in  this  article. 


^  of  the  ionic  background  is  linked  to  the  number  of  atoms  A’  by  means  of  the 
relation  yir/?’  =  A’fi,  Q  being  the  volume  per  atom  in  the  bulk  metal,  and  p’  is 
equal  to  Z/0,  where  Z  is  the  valence  (Z  =  1  for  Na,  etc.  .  .  .), 

The  external  potential  I',  created  by  this  ionic  distribution  is 


Tabi  [  ill.  Electron  densities  at  the  site  of  the  nucleus  for  noble  gas  atoms 


Atom 

HI- 

ti1)(I/9)w 

TFO(  1  /5)W 

now 

ur)A 

He 

0.4495 

6.2964 

2..3976 

0.1 179 

0.4496 

Ne 

0.6199 

6.4374 

2.5716 

0.1693 

0.5555 

Ar 

6.4383 

2.6154 

0.1868 

0.5769 

Kr 

0.6909 

6.4485 

2.6275 

0.2042 

0.5960 

Xe 

0.7063 

6.4700 

2.63.34 

0.2123 

0.6025 

Rn 

0.7199 

— 

— 

0.2197 

0.6054 
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expectation  xalues  (or  noble  gas  atoms  (in  a.ii.)  Tor  the  nonlocal  \M)  \  I'anctional.  as 
compared  «ilh  tnXMw  and  Hartree-bock  results  128), 


Atom 

irixi,'9»vx 

mxi/.3)\v 

1  Mn\ 

\Vl)\ 

He 

.t„t7 

3.6,3 

3.23 

1.75 

3.38 

Ne 

31  II 

33.(H> 

30.70 

21.38 

.30.84 

Ar 

64,72 

73.79 

69.57 

51.72 

69.60 

Kr 

182.83 

190.26 

181.63 

143.76 

182,56 

Xe 

317.88 

328,44 

317.60 

259.18 

321. .30 

Rn 

604.39 

— 

— 

.'06.22 

613,28 

47r  ,  ,, 

T  ’ 


if  /•  <  /f 


otherwise 


In  our  calculations  for  sodium  clusters  we  include  a  local  correlation  energy  func¬ 
tional  derived  by  Wigner  [25] 


Q.44p(  r) 

8  -l-(47rp(7)/3) 


We  then  solve  the  Euler  equation  14  with  1/(7)  =  r,(7)  -I-  r,.(7)  -i-  l\{7)  -i- 
l'(7),  where  I’,(7)  is  given  by  Eq.  ( 17)  and  1,(7)  =  bKJbp  is  easily  obtained 
from  Eq.  ( 18).  Then  we  obtain  the  g.s.  electronic  energy  E[p]  and  density  of  the 
cluster.  The  total  energy  is  E'/  =  E[p]  +  where  E, is  given  by  the 

self-energy  of  the  positive  background,  which  is  fixed  for  a  given  metal  cluster  of  a 
fixed  size. 

We  show  in  Figure  2  the  difference  in  the  total  energy  per  atom  between  our 
results  using  the  wda  +  n,  functional  and  the  results  obtained  with  the  tfd(  1  / 
2  )w  +  F,  functional  for  sodium  clusters  with  A'  <  500.  The  choice  of  A  =  1  /2  in 
the  TFD(  1/2  )w  functional  arises  from  a  best  fit  to  total  energies  and  to  (r')''' 
values  obtained  by  a  Kohn-Sham  calculation  for  the  same  clusters  [26].  In  the 
Kohn-Sham  calculations  the  kinetic  energy  of  independent  electrons  is  treated 
exactly,  the  exchange  energy  was  given  by  the  Dirac  i.da  term  /fiifp]  and  the  cor¬ 
relation  energy  by  the  Wigner  term  of  Eq.  (18).  We  can  see  in  Figure  2  that  nonlocal 
contributions  to  the  kinetic  and  exchange  energies  are  sizeable.  In  the  limit  of  very 
large  clusters,  the  nonlocal  contributions  affect  the  surface  energy  of  the  bulk  metal. 
This  point  has  been  quantitatively  studied  by  Tarazona  and  Chacon  [27  ]  although 
these  authors  used  a  different  nonlocal  kinetic-energy  functional. 

In  Figure  3  the  electronic  density  and  the  kinetic-energy  density  of  Na^oo  cor¬ 
responding  to  the  WDA  and  tfd(  1  /  2)w  functionals  (both  including  local  Wigner 
correlation )  have  been  compared.  The  wda  electron  density  has  more  structure, 
emulating  the  Friedel  oscillations  that  appear  in  the  density  profile  of  a  metallic 
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Figure  1.  Difference  in  the  energy  per  atom  of  sodium  clusters  Na,\.  between  results 
obtained  with  the  wda  +  and  Tl  D(  I  /2)w  +  p,.  functionals. 


surface.  The  enhancement  of  the  peak  in  the  wda  density  near  the  cluster  surface 
is  similar  to  the  enhancement  of  the  Kohn-Sham  density  for  a  metallic  surface 
v/ith  respect  to  tfd(X)w  calculations  [27j. 

Conclusions 

In  this  article  we  have  solved  (for  the  first  time  in  an  accurate  way)  the  Euler 
equation  associated  with  the  nonlocal  weighted-density  approximation  for  the  ex¬ 
change  and  kinetic  energies,  calculating  electronic  densities,  total  energies,  and 
exchange  energies  for  noble  gas  atoms.  We  have  obtained  improved  results  compared 
with  the  results  from  tfd(X)w  models.  Also  the  density  at  the  nucleus  and  (r  ' ) 
expectation  values  are  substantially  improved.  In  particular,  the  total  energies  are 
the  most  accurate  ever  obtained  from  an  energy  functional  fully  expressed  in  terms 
of  the  density. 

For  jdlium-\\ks  sodium  clusters  we  find  a  sizeable  contribution  of  the  nonlocal 
effects  to  the  total  energy.  The  wda  densities  of  these  clusters  show  much  more 
structure  (Friedel  oscillations)  than  the  correspondir.^  TFD(X)w  densities. 


KlM  IK  -l  N(  RGV  I  I  N(  IIONAI  S 


WDA  +  local  correlation 
TFDW  +  local  correlotion 


density 


0.002  H  density 


r  (a.u.) 

Figure  i.  FIcaron  density  and  kinetic-energy  density  ol'Na;,,,  ithtained  I’rom  the  'sijs 
and  (lot  .\)vv  approximatinns. 
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Current  Density  Functional  Theory  in  a  Continuum 
and  Lattice  Lagrangians:  Application  to 
Spontaneously  Broken  Chiral  Ground  States 
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Abstract 

Ac  tormulalc  the  c'jrrcni-dciisilv  liuiclional  ihcc'n  lor  scsiems  m  .irbitniriK  Mron;;  magnclic  lickis. 
A  set  orscK'-coiisistcnt  ci.|"ations  coniparabic  to  the  Kohn-Sham  ciiualioiis  lor  ortfiiiarc  density  liinetional 
theor\  IS  dened.  and  prmed  to  he  gaui’C-iinananl  and  to  siiisl's  the  contimiiis  cyiialion.  I  hen'  ei.)iialn>!is 
of  Vignale  and  Rasolt  msolse  the  gaaftc  Held  corresponding  to  the  esternal  nun’.netie  held  as  uell  as  a 
nets  gaujte  lield  generated  i-itliwlv  I'roni  the  »kini-h,ul\  interactions.  Ac  next  extend  this  gauge  thcors 
(follouing  Rasolt  and  V'lgnalcl  to  a  lattice  I  agrangun  beUesed  to  be  appropriate  to  a  ttght-birtding 
Hamiltonian  in  the  presence  ol'an  esternal  magnetic  held  We  linalK  esainine  the  nature  ot  the  ground 
state  of  a  slrongK  nonuniloriii  electron  gas  in  the  presence  of  this  nian>-hod> .  self-induced  gauge  lield. 
I  pel.’'  .|,ihn  \\  lies  \  Sons.  Iik' 


fntniduction 

Since  ihc  seminal  articles  b>  tinhon  berg  and  Kohn  [I]  and  Knhn  and  Shtim  [2]. 
density  functional  theory  ( i)i  i  )  has  developed  into  an  important  tool  for  the  treat¬ 
ment  of  many-body  problems  in  condensed  matter  physics.  Its  practical  success 
has  prompted  mucli  theoretical  work  aimed  at  extending  the  applicability  of  the 
theorv  to  systems  more  general  than  those  considered  in  the  original  studies  [3.4]. 

The  interest  of  this  article  is  the  formulation  of  the  ciirn'iii-ch'nyiiy  linuiinnal 
theory  for  s>  stems  in  the  presence  of  an  c.xternal  magnetic  held.  Many  recent  exciting 
phenomena  [  3,b  j  involving  electrons  in  large  magnetic  fields  arc  a  strong  motixation 
for  the  need  of  such  a  formulation. 

Magnetic  fields  have  been  incoiporatcd  in  the  l)i  i  only  insofar  as  they  cause 
spin  polarization  [3.7-4],  The  fact  that  orbital  currents  arc  also  induced  has  long 
been  recognized  [7],  Here  vxe  incorporate  this  cHcct  into  the  sell-consistent  for¬ 
mulation  of  one-particle  equations  which  lies  at  the  heart  of  a  practical  implemen¬ 
tation  of  ni  I  ,  The  basic  variables  are  the  particle  density  n(  f ),  and  the  "para¬ 
magnetic''  current  density,  /,,(  r  )  [ sec  cq.  (_’)].  flic  latter  must  he  used  rather  than 


Ink'niuliiin.il  .Iduriuil  nl  (ytuinUim  (  iKinislrv:  (.fiiumiiUi  <  hi-mi'.in  S-.inp-iMuiii  -P.  isu ..  ',?ii  | 

Nitl  MibK'1.1  In  i'n|-,r)glil  uilliiii  ihu  I  nili-il  Sluk’s 

Rublishcd  bi  icihti  Ailo  A  Soil'  liK  (  (  (  llll.b  i- 'MW 'U.Mli  (I 2 
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the  physical  current  density  [see  eq.  ( 3 )]  because  it  uniquely  determines  the  vector 
potential  and  the  ground-state  wavefunction.  Furthermore,  since  in  the  vaiiaiional 
principle  the  external  vector  potential  is  kept  constant,  the  minimi/ation  of  the 
energy  functional  will  have  to  be  with  respect  to  Consequently,  a  kev  dithculty 
we  had  to  overcome  is  that  a  one-particle  equations  formulation  does  not  a  priori 
satisfy  the  physical  requirements  of  gauge  invariance  and  the  continuity  equation. 

In  the  following  we  demonstrate  that  both  requirements  can  actually  be  satisfied 
because  of  an  exact  transformation  property  of  the  exchange-correlation  energy 
functional,  which  we  derive  here.  As  a  consequence  of  this  transformation,  the 
exchange-correlation  energy  functional  /:\,[u,  J,,].  which  is  now  a  functional  of 
both  particle  density  and  "paramagnetic"  current  density,  takes  the  form 

i'u[«(7).  7, .(7)1  =  /g.  «(  r),  f  X  { 1  ) 

\  'ri  r)  /J 

(£^.  is  a  functional  of  both  «(  r)  and  V  X  (  j  ^{r)/n(7)).  This  is  the  one  of  the 
key  results  of  this  study,  and  it  is  this  which  allows  the  formulation  of  single-particle 
equations  in  the  presence  of  a  magnetic  field. 


Current  Density  Functional  Theory  for  a  Continuum  (.agrangian 

We  start  with  a  brief  discussion  of  the  uniqueness  and  variational  properties  of 
the  energy,  now  in  the  presence  of  an  external  magnetic  field;  we  follow  the  derivation 
of  Vignale  and  Rasolt  [10].  The  nonrelativistic  Hamiltonian  for  a  system  of  A' 
electrons  in  external  scalar  and  vector  potentials,  1(7)  and  .J(  7).  is 

H  =  T  +  i  +  r+  IF. 

The  definitions  for  the  various  terms  are  (c  is  the  absolute  value  of  the  charge) 


T=  j  dTr  rr)^- . 

T’=^J  dr  j  dr'\P*(r)\P’{r')u(r.  r')\^ir')\P(r) . 

V  =  J  drV(7)n"'’{7) , 

H’=-  f  r/777(7)-.7{r) -I- f  r/ru"'’(  r ).-F( 7)  . 
c  J  Inn-  J 

The  density  operator  is  defined  as  «"'’(7)  =  i^‘(7)i^(7).  and  the  paramagnetic 
current  density  operator  is 


77(7)  =  —  [i7T7)V\KT)  -  [W’(7)]^(7)l 


The  physical  current  density  operator  is  given  by 


(  I  RKIM  1M  ^S11^  I  I  NC  IIONAI  IHI()K^ 
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/ ' ■'(  r)  i  ‘,r(  7 >  4  —  »■ '  {  r  ) .!(  r )  .  (  3  ) 

nu 

and  satisfies  the  coniinuiiy  equation  V  -  /  "■"(  7;  / )  +  dn""{  7:  / )/(!/  0.  In  the  above 

equations,  we  have  disregarded  spin  in  order  to  concentrate  on  the  novel  plnsical 
feature  of  the  orbital  currents. 

We  now,  run  through  the  basic  theorems  of  density  functional  theory  in  magnetic 
fields.  Let  /.(  7),  y  {  r),  and  n(  7)  denote  the  ground-state  averages  of  the  corre¬ 
sponding  operators;  then  the  potentials.  I  (  7)  and  ,3(  7).  and  hence,  the  ground- 
state  wavefunction.  arc  uniquely  determined  (apart  from  an  additive  constant 
in  the  scalar  potential )  by  the  knowledge  of  the  density  distributions  n{  r )  and 
7,,(  7)  (U)].  lor.  suppo.se  that  there  are  two  .sets  of  fields,  !( /•). .!(  f )  and  I  '(  7). 
.!'(  7),  giving  the  same  ground-state  distributions  n(  7)  and  i,.{  7),  l.et  |i/  ;  and 
be  the  two  difi'erent  ground  states  corresponding  to  the  two  sets  of  fields.  Let 
If  and  //'  be  the  two  corresponding  Hamiltonians  and  /•.’  and  A  '  the  two  ground- 
state  energies.  Then,  from  the  variational  principle  for  the  ground  state  of//,  we 
obtain  the  inequality 

/;•  =  (i;|//ii^>(<;t^'!//|v^') 

=  K’  +  J  cJ?n(r){l'{r)  -  r'(7)]  +  ^  J  d'r]iA'r)- 

[  A  { 7 )  -  ,3  '( 7 )  ]  +  f  d7ti(  7 )(.  1  ’(  7 )  -  .1  ’’( 7 )]  . 

Another  inequality  is  obtained  by  interchanging  the  primed  and  the  unprimed 
variables,  and  summing  the  two  inequalities  we  get  the  contradiction 

E  +  /;'  <  E  +  /;’ 

which  proves  the  theorem. 

For  the  variational  principle,  let 

where  i\n' .  j is  the  ground-state  wavefunction  corresponding  to  n'and  j Then 
the  functional 

7o  A [ » ./ =  /'T n '■  J  /■]  +  J  '( 7 ) !  (  7 )  -t-  J  t/ 7  / ;,( 7 )  • 

.1(7)  +  —^ — ^  I  d7n'(r)A'(r)  (5) 

Inu-  J 

has  a  minimum  w  hen  n '  and  j take  the  actual  values  corresponding  to  the  potentials 
I  and  .(.  This  follows  from  the  variational  principle  for  the  ground  state  of//, 
since 

lAAi'd.Vr]  =  > 
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which  pro\cs  the  theorem. 

We  now  turn  to  the  rormulatii>n  ol  the  one-pariiele  equations.  We  lirst  define 
the  exchange-correlation  energv  functional  as  follows 


[fl-  Jr\  I'i"-  //■!  ^  i  J 


n{  r)ii{  f .  /•')«(  f ')  1  1//.  /,.|  .  (6) 


where 


■/■>[«.  i i j,,]] 


and  v^ii(n.  /;.]  is  the  ground-state  wavefunction  corresponding  to  n  and  /,,  in  a 
nonintcracting  version  of  the  system  (II),  /,,]  is  a  Slater  determinant  of  one- 

electron  orbitals,  i/,.  which  satisfy  a  one-particle  Schriklinger  equation  with  some, 
as  yet  undetermined,  eli'ective  potentials.  I'he  functional.  7  .,  is  also  expressed  in 
terms  of  the  ^,',s.  Putting  this  representation  of  'l\  in  eqs.  ( 6 )  and  (  5 ).  and  carrying 
out  the  minimization  of  /-.V.  .1.  determines  the  etlective  potentials.  We  get  the 
following  self-consistent  formulation  for  the  ground-state  density  and  current; 

\ 

»(  r)  -  V  -  . 


=  T—  -  -  (V^r(r)l;t,(;)l  . 

2)m,  I 

I  r  1' 

—  -//tf  -f-(,l(r)  4  .4.,(r)>  4  (,l-(  q,  (,•))-■’] 

2ni  c  2nH- 

4  I  ■(  r  )  ^  j  '»<  ^ ')"( '■ ')  +  14.  (  {  r)  .  ( 8  ) 


t4,(r) 


7,.] 

on{r) 


The  ground-state  energy  is  given  by 

7:  "  X  ^  J  J  d  f'  n{  r)u{  f .  f')n{r')  J  cJ  ri\J  r)n{r) 

J  df  J,,if)-7l,.{P)  4  /•;.,(«,  I,.]  .  (11) 

Notice  that  the  ctfective  sector  potential  ,1  t  .  enters  the  Schrddinger-like  equation 
linearly 

We  now  prove  the  important  result,  eq.  (  i  ).  for  the  form  of/-.,, .  I’loul  Consider 
the  transformation 


(  I  RRi  Nl  OI  NSIIV  M  N(  llOWf  IlllOR^ 
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/,,(  r)  -*  /,(  r)  t  “  ;;(  r)V\(  r)  /  :,(  /' )  .  (  !2  ) 

Ilk 

where  A(  7 )  is  an  arbitrar>  fimetion.  C'leariy.  the  transformation  t)f  the  wa\etunction 
is  i^[«.  J  /,]  =  Jr)  ‘•''P[  ^  I  J  hi-'  transformation  of/'  is  easil\ 

obtained  from  the  definition  (4): 

/•■[«.  =  /,,]  +  -  I  dr  i,.(T)-VM  r)  ^  ~ ;  f  drii(  r)iV\(  r)i'  . 

The  erucial  point  about  this  equation  is  that  the  iranst'ormalion  depends  only  on 
1/  and  not  on  the  wavefunclion.  Therefore,  the  same  transformation  applies 
also  to  defined  in  eq.  (7),  Putting  these  results  together  in  eq.  (6),  we 

discover 

/f,,  II.  i =  li^.[ii.  .  (13) 

IIU 

This  is  an  i:\acl  property  of  the  /;\,  functional.  Another  way  of  expressing  this 
property  is  that  /•.'„  can  only  depend  on  the  combination  7(7)  =  V  X 

(  7/.( /•)/«(  r)) 

7/.]  =  /A.ln.  'k]  ■  ( 14) 

We  next  prove  that  this  form,  in  conjunction  with  eq.  (8 ).  implies  V  •  j  ~  0.  i.e.. 
the  static  continuity  equation  is  satisfied.  Proof:  Taking  the  functional  derivatives 
of eq. (14)  we  find 


Eq.  (  13)  implies  that  V  •  (  «( 7 ) .  (  r ))  =  0.  Since  the  Schrcidinger-like  eq.  (8) 

already  guarantees  V  •  {  7,,(  7 )  +  (o/ me) n{  r )(.((  7)  +  .-I,,  (  7 )  j }  =  0.  it  follows  that 
V  •  (  +  ie/iiH  )nA  )  =  V  •  /  =  <>. 


Current  Density  Functional  I  heory  for  a  l.attice  Eagrangian 

It  w  as  first  suggested  by  Anderson  (12]  that  the  strong  correlations  of  the  carriers 
within  the  copper  oxygen  plane  (CuOP)  of  high-/',  materials  could  provide  a  mech¬ 
anism  for  the  superconducting  condensation,  f'ollowing  this  suggestion,  various 
spin  singlet  liquid  Ilux  phases  [13-19]  were  proposed  for  a  description  of  the  normal 
state.  Such  phases  are  characterized  by  self-induced  effective  gauge  field  and  these 
are  almost  exclusively  formulated  on  light-binding  Hamiltonians.  The  extension 
of  our  results  for  the  continuum  l  .agrangian  of  the  first  section  to  a  Lagrangian  on 
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a  lattice  [9]  is  motivated  by  these  suggestions.  We  provide  exaci  formulation  for 
these  gauge  fields. 

We  start  with  the  lattice  Hamiltonian 


(17a) 


where 


[c' '"A":/;’;'  +  +  I  <5, ;] 


(  17b) 


(F,  .‘1,  V'  •  •  are  matrix  short  hand  notation  for  all  the  indices).  In  eq.  (  17).  C',„„ 
and  ni„„  are  the  Fermion  (electrons  or  holes)  creation  and  spin  density  operators, 
respectively,  at  site  /,  with  band  index  «  and  spin  a.  represent  the  most 

general  configurations  of  the  Hubbard  L^s.  c"  are  the  band  energies,  and  /"/'  are 
the  hopping  matrix  elements  (where  t'lf  =  If,’’").  .3  and  Fare  the  external  vector 
and  scalar  potentials. 

We  now  prove  two  basic  theorems  equivalent  to  eqs.  ( 4 )  and  ( 5 )  of  the  continuum 
case.  ( 1 )  The  quantities 


X  ^  X =  {G\C'l.,Cj,uAG) 


(18) 


uniquely  determine  A  (mod(2ir))  and  V  (to  within  an  additive  constant)  and, 
therfore,  the  ground  state  |  C?(  X )  >  and  ground-state  energy  Fn  ( x ) .  Proof:  Suppose 
there  are  two  such  fields,  A.  l  and  A ',  F'.  Let  //  and  //'  be  the  two  corresponding 
Hamiltonians  with  the  corresponding  1 6’)  and  |C')  and  ground-state  energies, 
Eaj  and  ,1 '.  Then 

F.u  -<6-|//|6-)<<0’'|//|G'> 


and 

E,^j'^(G'\Pl'\G'}  <(G\H'\G) 

Summing  the  two  sides  and  using  eqs.  (17a)  and  (  1 8 )  we  get 

Y  f  4.  F'"'*  W"'*  <  T  f  F""'  -p  F'"‘*  tX"* 

^  V'  ^  '  ///T,rTT  7  A  ^  '  '  //n'i'r;  '  *  ijn\02f'^lfn^(32  • 

It 


which  is  a  contradiction  and  proves  the  theorem.  ( 2 )  For  fixed  A  and  F,  the  ground- 
state  energy  reaches  a  minimum  for  the  correct  X.  Proof:  Let  a  different  set  of  X' 
originate  from  a  second  Hamiltonian.  //'.Then 

E,  y(x')  s  (fy'(x')i  //K/'(x')>  >  <0'(x)l//Ky(x)>  ^  f,.,  (x)  ( 19) 


Q.E.D. 

We  can  next  write  F'  l  j  as 


F.m  (X) 


/  Ijff  |/r,  X  -P  .  i  ■ 


+  If,  ( X ) 


(2()a) 
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where 


"  u 

J<T> 

According  to  eq.  (19),  we  get  the  distribution  of  the  X’s  by  minimizing  eq.  ( 20a) 
at  fixed  A  and  V.  However,  it  is  crucial  to  recognize  that  not  all  the  x’s  are  admissible 
for  variation  since,  according  to  eq.  { 18)  (using  the  Schwartz  inequality),  these  X's 
must  satisfy  the  constraint  |x;',f,„,  t  <  1.  We  satisfy  it  by  introducing  auxiliary 
orthogonal  orbitals,  i  e. 

^  z  =  K,,  (21a) 


and  we  write 


XoiCt 


Q 


(21b) 


Minimi.’ing  eq.  (20a).  using  eqs.  (21a)  and  (21b).  we  get  the  following  set  of 
equations  written  in  matrix  form 

{F  +  F)\4>‘')  ^  (22a) 

where  fis  given  in  eq.  (17b)  and 


F^ 


0£v. 


(X 


'',A'  ■  ■  \ 

I  7  I  J  ' 


(22b) 


and  the  X<,’s  are  Lagrange  multipliers  insuring  the  orthonormality  of  eq.  (2  la). 

Eq.  (22a)  is  then  solved  self-consistently  for  the  1 0"),  yielding  the  X’s  and  E^,i  X ) 
[eq,  (20a)].  In  solving  eq.  (22a)  the  lowest  A'  values  of  X^’s  are  kept  (A'  is  the 
number  of  Fermions).  Provided  E^iX)  is  exactly  known,  the  solution  of  eq.  (22) 
gives  a  rigorous  description  for  the  spontaneously  broken  ground  state  properties 
of  either  chiral  symmetry  [13-19],  spin  symmetry,  or  both  [20,21  ]. 

We  can  next  prove  that  eq.  (22)  satisfies  all  the  current  conservations  within 
each  band,  a.  and  any  spin  current  component  configuration.  The  general  proof, 
however,  involves  nonabelian  gauge  symmetries;  here  we  scale  eq.  ( 22 )  to  only  one 
band  and  a  ferromagnetic  or  anti  ferromagnetic  spin  nonuniformity,  therefore  ne¬ 
glecting  spin  spiral  configurations  [20.21]  (i.e.,  =  F„„„).  Now  from  U  in  eq. 

( 17 )  we  get  at  once  that 


Z  I.,..  =  Z  [  x„„  -  Fix,..  ]  =  0  .  ( 23a ) 

which  is  Kirkhoff’s  law.  However,  simple  use  ofeq.  (22)  leads  to 

Z  [(/•■.„  +  -  (/•',,„  +  F„J*xlA  =  0  (23b) 


i.e.,  we  must  prove  that 
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0  . 


(23c) 


Pr<h>j:  Eq.  (17)  is  gauge  invariant  under  A,,^^  .1,,^  +  (();'  -  ((;’)  and 

c  But  the  uniqueness  theorem  I  implies  that 

/•;,.(  x«.,.,)  ^  /a x;t„„)  =  "^’'x«„„)  ( 24a ) 

and  so  from  eq.  (2()a) 

/•-'v.  { X«„,. )  =  (c''"'  "‘'Xft,,, ) .  ( 24b ) 

We  ne.xt  choose  a  special  gauge  transformation  0"  =  0  and  D"  =  0"  for  all  /  /  /. 
Then,  from  eq.  ( 24b).  with  0"  -*  0,  we  get 


<n)))^o 


which,  from  eq.  ( 22b),  proves  eq.  (23c). 

We  next  scale  down  eq.  ( 17)  to  a  nearest  neighbor  hopping  =  /, ,+?  (where 
T,  =  T,  =  a  are  the  nearest  neighbor  distances  on  a  square  lattice).  The  gauge 
symmetry-  (GS)  now  leads  to 


Xf,;  *  7n.T  ) 


(25a) 


and  similarly  for  E(X). 

We  can  always  write 

(X,.,.T„..,)  =  |x,.,.;„,.  (25b) 

(t^  mod(2;r)).  So,  GS  leads  to 

£u(X,.,.7..)  =  e;,(|x,,„7„J,  (<A, +  0%,  -  r,))  .  (25c) 

We  can  show  that  the  most  general  gauge-invariant  form  of  E„  ( X )  is  given  by 


Ex((|Xf;,7.,.,l,  "Ki  Jffrj  ^  ^  u  ij  ffd')  T.\<(iX|(t7r7.r{,  Xjj.r.^,  /  ) 


(26a) 


where  the  basic  gauge-invariant  unit  is 


T  r  t  r,  +  r,<T  "I"  t  r  ,  t  rj.i  f  T 


(26b) 


i.e.,  the  sum  of  the  phases  of  \p  around  a  piaquette. 

It  is  not  difficult  to  see  that  eqs.  (21  ).  (22),  (25),  and  (26)  represent  the  lattice 
equivalent  of  eqs.  (8). (9), (10),  and  ( 14)-(  16)  and  that,  therefore,  eq.  ( 26)  maps 
to 


ujr)  -«■  r  X 


(27) 
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Application  and  Conclusions 

In  this  section,  we  apply  the  results  of  our  continuum  formulation  of  the  second 
section  to  a  spontaneously  generated  broken  symmetry  chiral  ground  state.  All 
theoretical  calculations  of  the  ground-state  properties  of  an  interacting  two- 
dimensional  (2d)  electron  gas  show  that,  at  low  enough  densities  (i.e.,  large  r,), 
the  system  spontaneously  forms  spin  polarizations  (22],  The  issue  we  address  in 
this  section  is  whether  spontaneously  broken  current  carry  ing  states  ( SBCCS )  are 
also  a  realistic  possibility  in  such  an  itinerant  2d  system.  The  answer  is  yes,  provided 
the  system  is  sufficiently  inhomogeneous,  as  we  describe  next. 

Prejudice  against  such  SBCCS  in  favor  of  spin-polarized  ground  states  originate 
in  the  Landau  diamagnetic  response,  X/.  versus  the  Pauli  susceptibility  x^,.  .Although 
X;  is  roughly  of  the  same  magnitude  [23]  as  x,„  it  is  of  opposite  sign  to  x,„  suggesting 
that  the  system  has  no  desire  to  accommodate  such  a  SBCCS.  This  is  true  for  the 
weakly  inhomogeneous  Fermi  liquid  but  for  a  strongly  inhomogeneous  system 
(and  particularly  in  2d )  things  can  be  quite  different. 

For  e,\ample.  unique  to  2J  the  energy  of  noninteracting  Fermions  in  a  uniform 
magnetic  field  is  equal  to  the  energy  in  its  absence,  when  the  Landau  levels  are 
filled  [24] .  This  is  dift'erent  than  the  3d  Landau  diamagnetism  discussed  above  and 
encouraging  for  SBCCS  in  2d.  The  inhomogeneity  further  strongly  enhances  the 
2d  SBCCS  as  can  be  seen  from  the  work  of  Hasagawa  el  al  [24  j.  Flasagawa  et  al 
put  the  noninieracting  electrons  on  a  lattice.  Making  contact  with  our  discussion 
in  the  third  section,  we  take  the  simplest  one-band  noninteracting  version  of  eq. 
(17).  The  Hamiltonian  is  now  [24] 


//  =  -2 


t  c^  c 


I  exp 


I 


i-cJl 


(28) 


with  ,1(  r )  =  5(0,  -V,  0).  Its  ground-state  energy  for  several  different  crystal  structuics 
is  lower  than  when  5  =  0  for  many  appropriate  ratios  of  electron  densities  and 
magnetic  fluxes. 

To  calculate  for  the  SBCCS.  we  use  the  formulation  derived  in  the  second  section. 

Now,  from  eq.  ( 8 ).  the  transition  to  a  SBCCS  is  clearly  driven  by  a  self-induced 
gauge  field  ,3„(r).  whose  origin  is  the  exchange  and  correlation  functional. 
/:\,(«(7).  Vx( /,,( r)/(«(7)))).  A  realistic  search  for  SBCCS  then  requires  a 
realistic  form  for  5,, ;  our  conclusions  will  crucially  depend  on  a  reasonable  form 
(both  in  magnitude  and  structure)  for  .  We  derive  /;\,  from  the  energy  of  a 
uniform  2d  two-component  electron  gas  in  arbitrary  but  uniform  5(7)  =  5.  In 
the  range  of  v.  where  the  Laughlin  liquid  state  is  valid,  we  used  our  results  for  the 
energy  of  a  2d  two-component  quantum  plasma  [25]  at  i'  =  3,  ?  and  2.  In  the  limit 
when  V  y.  we  use  the  Tanatar  and  Ceperly  [  26]  5  '  ( U|,)Our  Pade  form  is  then 


5'.,  (  v) 


{■III  tin,  r)  4-  :,(«„) 

1  + 


(29) 


where  a  is  chosen  to  closely  reproduce  the  values  of  5',,  («<).  t')  al  i'  =  3.  t  2.  Our 
form  of  /■,,,  is  finally  given  by  noting  that  for  an  arbitrary  but  uniform  5,  /  = 
;,,(7)  -  (eun/nic)  .1(7)  =  0.  So.  tin)  =  (tVw'')Vx.‘l(7)  =  {e/i>H  )B. 
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From  the  definition  i>  =  tiolirl-  =  «()2jr(  h  c/eB)  and  the  usual  extension  [  I  ]  from 
Ho  n(7)  and  from  /,,(?)  (appropriate  to  a  uniform  B)  to  arbitrars'  j we 
get  the  corresponding  local  current  density  approximation  (LCDA)  form  for 

£\, («(?).  rx(  7,,{7)/(«(7)))). 

Actually,  here  we  do  not  solve  the  full  set  of  self-consistent  eqs.  (8-10).  rather 
we  define  a  local  current  density  functional  approximation  for  I\  in  eq.  (6);  it  is 
given  by 


7\(n(?),  i,A7)) 


To(n(T)) 

+  1  r  h  I  i'(7=)|Sn(7) 


h-(6H(7))-  -f 


ml  7/.(7)|- 
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Figure  1 .  The  current  patterns  in  a  unit  cell  ota  symmetr>-broken,  current-carrying  state 
in  a  two-dimensional  nonuniform  interacting  electron  gas.  The  density  nonuniformity 
corresponds  to  ni*/m  =s  6.4  (sec  text).  The  corresponding  I'Mf)  is  made  up  of  two 
spherical  wells,  one  at  the  corner  and  one  at  the  center  of  the  squares  (see  text),  The  two 
spherical  wells  have  depth  I’l  -  .2  and  I A  =  -  I  in  atomic  units,  and  radii  of  /?i  =  .21%au 

and  Ri  .222«n.  The  square  corner  is  'ocated  in  the  center  of  the  panel.  The  efl'ective 
dipole  moments  H  per  square  ISI  =  hea/2mc.  with  «  =  m  J  d'r  j{?}x  ?,  we  get  «  =? 

2.1  X  10  ’.  The  dipole  moments  per  each  vertex  are  considerably  larger. 
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^n{  r) 


n{r)  - 


\ni\  j'  (  7)1 
Trh 


and 


A'  =  intcg  part  ot 


Tth  n(  P) 
m  \^[P)\ 


(30) 


To(ni  r ))  is  the  kinetic  energy  ofa  2d  electron  gas  in  the  absence  of  H. 

For  1\,„(7)  =  1(7)  4  j  dr'u('P.  r')nr'  in  eq.  (8).  we  take  the  following 
geometry.  We  put  one  spherical  well  potential  at  the  four  corners  ofa  square  ( vvith 
sides  of  lengths  7a'’;  a"  -  h  ' /nu’-)  and  another  .spherical  well  at  the  center  of  the 
four  sides.  We  tix  the  electron  den,siiy  and  use  a  depth  well  vsith  effective  band 
structure  mass  of  »}*/  in  ^  6.4,  and  replace  the  in  by  m*  in  eqs.  (  24)  and  (  30 ). 

To  find  the  nature  of  the  ground  state,  wc  minimize  eq.  ( ,^ )  ( using  eqs.  (  24 )  and 
(30)]  with  respect  to  /i(7)  and  /,,(7)  in  the  lim.f(7)  -►  0.  (Actually,  a  pnMcrinri. 
;,.(7)  is  very  small;  we  then  do  belter.  We  solve  the  Kohn-Sham  equations  for 
ii(T)  above  the  SBCCS  [i.e.,  eqs.  (8>-(  10)  with  .1.,(7)  '  0]  and  insert  it{  P)  in 
eqs.  (24).  (.30),  and  (5)  to  minimize  with  respect  to  i,Ar)  below  the  SBCCS 
transition).  To  facilitate  the  calculation  and.  in  particular,  the  V  X 
(  J  r^r)/ii{  7 ))  term,  we  work  in  a  plane  wave  basis.  The  increasing  inhomogeneity 
(i.e..  in*)  then  requires  larger  and  larger  basis  set.  The  density  iH  7)  above  the 
SBCCS  transition  is  calculated  using  up  to  225  plane  waves  of  reciprocal  lattice 
vectors  K.  Below  the  SBCCS  transition,  the  current  is  expanded  as  /;,(  7)  - 
-x«X(Cx  cos  (k-T)+  .S'a  sin(?-  7))  where  A’ -ax  0.  The  total  energy  change 
ofeq.  (30)  was  calculated  by  numerical  integration  ot  the  unit  cell  ofa  61  x  6! 
point  mesh.  Eq.  ( .30)  was  then  minimized  with  respect  to  all  the  C  'x  und  .S'x  using 
a  “conjugate  gradients  method."  Other  details  are  self-explantory  in  the  figure 
captions. 

In  conclusion,  the  formulation  we  gave  for  an  interacting  many -Fermion  sy  stem 
in  the  presence  of  an  external  magnetic  field  leads  to  a  self-generated  many-body 
gauge  field,  both  in  continuum  and  on  a  lattice.  We  find  that  the  exact  gauge 
structure  of  this  field  leads  to  the  possibility  of  spontaneously  broken  current  carrying 
ground  states  in  strongly  nonuniform  interacting  Fermi  liquids  ( Fig.  I ).  The  SBCCS 
is.  however,  not  incompressible  [12-18].  as  proved  by  Rasolt  and  Vignale  [4]  (see 
also  ref.  [27]),  and  therefore  cannot  be  a  chiral  state  of  the  type  suggested,  e.g..  in 
ref  [17], 
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Precision  in  the  Numerical  Integration 
of  the  Thomas-Fermi-Dirac  Kinetic-Energy 
and  Exchange- Energy  Functionals  Using 
a  Modeled  Electron  Density 

P  CSAVINSZKY 
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Abstract 

In  iho  Hohcnlx-rg  and  Kohn  formulation  of  Jcnsitv-funclional  ihcor>  of  an  electronic  s\Mem.  eueh 
as  the  nondegenerate  ground  state  of  an  atom,  the  basic  sariable  is  the  electron  densits.  I  his  t|uantii\. 
hovveser,  is  not  known,  f  or  this  reason,  in  an  actual  calculation  of  the  ground-stale  energs.  one  ma> 
resort  to  a  modeled  electron  density.  This  poses  the  question;  sshat  is  the  accuracy  Kwond  which  one 
cannot  penetrate  in  the  numerical  esaluation  of  certain  integrals  when  using  the  mixJcled  electron  density 
and  an  integration  technique?  The  present  work  attempts  ti>  provide  an  answer  to  this  question  by 
considering  the  Ne  atom  as  an  example,  by  using  the  I  homas-I  ermi-Dirac  energy -density  functional, 
a  modeled  electron  density,  and  Simpson  s  ( three-point )  rule  for  the  numerical  integration,  >  l'i«;  John 
y^'ifev  &  .Sons.  Inc 


Introduction 

In  the  Hohenberg  and  Kohn  [1 J  formulation  oforr.  the  (nondcgcncratc)  ground- 
state  energy  of  an  electronic  system,  such  as  an  atom,  is  a  unique  functional  of  the 
respective  electron  density.  In  a  previous  work  [2  j.  using  the  Ne  atom  as  an  example, 
the  author  used  the  tfd  energy-density  functional,  modeled  the  electron  density, 
and  carried  out  a  variational  calculation  of  the  total  atomic  binding  energy.  In  the 
TFD  energy-density  functional,  the  kinetic-energy  functional,  and  the  exchange- 
energy  functional,  must  be  evaluated  by  numerical  integration.  In  the  work  cited 
{2],  Simpson's  (three-point)  rule  was  applied.  This  raises  two  questions:  ( I  )  What 
is  the  precision  of  the  numerical  integration  with  the  modeled  electron  density, 
and  the  integration  technique  selected?  (2)  Which  integral  (kinetic,  or  exchange) 
will  determine  the  overall  precision  of  the  variational  calculation  of  the  total  atomic 
binding  energy?  These  que.stions  are  investigated  in  the  present  work. 

The  article  is  organized  as  follows:  in  the  second  section,  the  theoretical  framework 
of  Ref.  [2]  is  very  briefly  outlined.  In  the  third  section,  the  error  estimates  of  the 
numerical  integrations  based  on  Simpson's  (three-point)  rule  are  presented.  The 
final  section  gives  the  conclusions. 

All  quantities  used  in  the  present  work  are  expressed  in  atomic  units  (the  unit 
of  energy  is  the  hartree,  the  unit  of  length  is  the  bohr). 
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TablI:  I.  Minimi/ing  values  of  tho  variational  paranu'lers 
/i,  /),  and  values  of  the  (scrip!)  normalization  and 

orthogonalization  constants  .V  and  H. 


/, 

/. 

.V 

H 

IO,«28 

7,18(1 

1  7101 

0  1014 

Theoretical  Framework 

The  TFD  total-energy  functional  is  [2] 

=  £r'’[p]  +  £„..(p]  +  £,,[p]  +  /fy'Mp]  ( 1 ) 

where  £7™[p]  is  the  kinetic-energy  functional,  £„,.[p]  is  the  functional  describing 
the  (attractive)  interaction  of  the  electrons  with  the  atomic  nucleus.  £,v(p)  is  the 
classical  (or  the  direct)  part  of  the  (repulsive)  interaction  among  the  electrons. 

is  the  exchange-energy  functional,  and  pis  the  electron  density.  The  quan¬ 
tities  requiring  numerical  integrations,  are 

^  (3tr-)-'''  (  '  p^'^TTr-  cb  (2) 

!U  •/(» 

and 

p^'WVr.  (3) 

In  Ref.  (2],  the  electron  (number)  density  was  so  chosen  that  it  is  { 1 )  finite  at 
the  atomic  nucleus,  (2)  exhibits  an  exponential  decay  with  the  distance  from  the 
atomic  nucleus,  and  (3)  the  radial  electron  (number)  density  exhibits  the  extrema 
associated  with  the  shell  structure  of  the  Nc  atom. 

In  Ref  [2],  hydrogenlike  wave  functions  [3]  were  used,  and  p  was  given  as 

p  =  -^[2R,dZ,)^  +  2?Hzs(Z,,  ■/..)'  +  6R:p(Z.,)-]  (4) 

47r 

In  Eq.  (4).  Z,.  Zj.  Zj  are  variational  parameters,  used  to  minimize  Eq.  ( 1 ),  and 

:}(:TZ,.  Zv)  =  7V'[R!;';'(Z,)  +  ^t'^KfZ,)]  (5) 

is  a  2s  function  orthogonalized  to  a  Is  function  by  the  Gram-Schmidt  procedure 
(4].  In  Eq.  (5),the  superscript  itn  means  un  normalized,  while  vV  is  a  normalization 
constant,  and  ft  is  an  orthogonalization  constant.  Details  are  given  elsewhere  [5]. 

£7'^'^^[p]  has  been  minimized  [2]  with  respect  to  the  parameters  Zi,  Zv,  and  Z3. 
The  minimization  has  been  carried  out  by  numerical  integration,  based  on  Simpson’s 
compound  ( or  three-point  rule )  [6],  An  integration  interval  from  0  bohr  to  8  bohr 
was  found  [2]  to  be  satisfactory,  subdivided  into  M  -  2048  equal  subintervals  (or 
panels).  The  minimizing  values  of  the  variational  parameters  Z|,  Z^,  and  Z3, 


MODI  I  l  l>  I  IK  IKON  DINSin  i?  ; 

together  with  the  (script)  normalization  and  orthogonali/ation  constants  .V  and 
‘H .  arc  listed  in  Table  1.  l  able  II  gives  the  values  of  the  energy  components. 

At  this  point,  it  is  convenient  to  rewrite  (ais.  (  2 )  and  ( )  as 

J, 

and 

1/1  \‘  '  r" ' 

'■■"■'"I’  5(5*-)  J, 

where  the  integrands  arc  given  bv 

,e(r)  ---  r'[lR,A/.,)-  +  2'»i:d/|.  /■)'  *  ,(/,)']'  ‘  (S) 

and 

/;(/•)  -  r-[2«,J/,)-  +  /’)'  *  (i/T>(/i)'l^  '  ( "^  > 


F.rror  Kstimaies 

The  question  is  posed:  what  is  the  precision  of  the  numerical  integrations  involving 
the  integrals  in  F.qs.  ( A )  and  { 1 1.  when  using  Simpson's  ( three-point  t  rule'.’  l  or  this 
technique,  the  ma.vimuni  criors  are  given  [6]  by 

i  f.’  I  ;  max  i  i.' '  ■*  ’  ( / 11  (  U )  1 


.  {  -  r  r  n 


and 

i  ^  ^  nia.x  M  (11) 

.1  <  r  li 

where  the  superscripts  indicate  the  fourth  derivatives  of  ,e(r)  and  /;( r). 

To  investigate  the  quantities  denoted  by  max|,e'^'(r)|.  and  max  I //^'(r) I,  suc¬ 
cessively  refined  tabulations  in  r  have  been  carried  out.  The  results  show  that  both 
|.g'^'(r)|,  and  l/;''‘'(r)|,  have  several  maxima,  separated  by  minima,  fhe  maxima 


1  AHl  I  II.  Values  ol'lhe  energy  components 
lin  a.u  >. 


/2"’  /t„.-  i:,..  /2"’ 


140.26 


.1.t6.7X 


67.'tl 


I  I  (i  .t 
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Tabu  111.  Maxima  i>f  as  I'uriLiions 

of  r  (in  a.u.),  iT,‘!  is  the  error  as  defined  in 
t'q.  (10).  The  value  of  (B  -  ,|//TS0  .1/'*  is 
10,^5  X  10  ". 


max 

r  A-;  r  ‘  li  i  T  [ 


00760 

l  .(X)7  A 

10" 

1.042  X 

10  - 

0.1  %4 

3.026  A 

lO' 

3.131  ■ 

10  ‘ 

0.6415 

6  .339  X 

Iff 

6,560  .» 

10  ■ 

1 .07X2 

4.869  X 

10' 

5.0.39  A 

10  * 

2.4177 

3.069  X 

10" 

3  176  ■ 

10  " 

3.2743 

7.449  > 

10  ' 

7.709  V 

10  ' 

of  as  functions  of  r,  are  tabulated  in  Table  III,  while  the  maxima  of 

are  tabulated  in  Table  IV. 

Conclusions 

The  most  pessimistic  conclusion,  from  Tables  III  and  IV  are:  the  integral  in  Eq. 
(6 )  cannot  be  evaluated  to  a  precision  greater  than  1 ,042  X  10  *.  and  the  integral 
in  Eq.  (7)  cannot  be  evaluated  to  a  precision  greater  than  4.470  X  10  This 
conclusion  pertains  only  to  the  case  of  M  -  2048.  A  doubling  of  the  number  of 
subintervals,  that  is,  using  M  -■  40%.  would  introduce  a  factor  of  1  /  16.  that  would 
permit  precisions  of  6, 512  X  10  “  and  2.793  X  10  \  As  to  the  other  maxima  in 
!,?‘‘"(r)|  and  |/7'‘”(r)|.  shown  in  Tables  III  and  IV.  no  problems  arise.  These 
maxima  permit  much  smaller  values  for  |  E\  and  |  F|.  even  without  doubling  the 
panels. 

Another  conclusion  may  also  be  derived  from  Tables  III  and  IV.  The  integral 
involved  in  the  kinetic-energy  expression  is  associated  with  a  larger  error  than  the 
integral  occurring  in  the  exchange-energy  expression. 


Tabi  E  IV,  Maxima  of  |/i’‘’(r)l  as  functions 
of  r  (in  a.u.).  |T  |  is  the  error  as  defined  in 
Eq.  (II).  The  value  of  (B  -  /Jj'/lfiO  is 
1.035  X  10  ". 


r 

max  \t/'Xr)\ 

.4  <  r  s  S 

\y\ 

0.0923 

4.319  /  10' 

4.470  X  in  * 

0,2513 

7,242  X  10- 

7.495  X  10  " 

0.6969 

1.407  X  lO' 

1.456  X  10  ' 

1,2891 

5.476  .X  10- 

5.667  X  10  " 

2, .5071 

5,255  X  10" 

5.438  X  10  ' 
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Finally,  one  has  to  keep  in  mind  that  other  numerical  integration  techniques  [  6  ] 
would  give  different  error  estimates. 

Bibliography 

{IIP.  Hohenberg  and  W.  kohn,  Phvs.  Rev  136.  Blt64  ( IV64 1. 

[2]  P.  Csavms/ky,  Im.  J.  Quantum  Chem.,  Quantum  Chem.  Svmp  19.  55‘>  {  I4S6).  Int,  J  Quantum 
Chem.  32.  407(E!  (  1987). 

(3|  L.  Pauling  and  1;.  B.  W  ilson.  hilrudm  inm  10  Quaiiium  Mi\hariu  \  ( .Vk<iravv-IIill.  New  \  ork.  198,‘i  i 

[4]  G,  .Arfken,  Malhcmatiitil  Meiht<<h  for  I'hvsicisi^  3rd  ed  (  Academic.  \c«  S  ork.  198.'') 

[5)  P.  Csavins/ky,  Int.  J  Quantum  Chem..  Quantum  fhem  Svmp.  25.  261  ( 1991  i. 

[6  j  Philip  J.  Davi.s  and  Philip  Rabinowit/,  Mi’ihttth  <>/  Sumcnnil  /iiiixmlinii.  2nd  cd  (  Ac.idcmic.  New 
York,  1984). 

Received  May  12.  1992 


Electron  Density  Theory  in  Extreme  Homogeneous 
and  Heterogeneous  Environments  and  in 
Intense  External  Fields 


N.  H.  MARCH 

Thcorotiiul  Chcnn'itry  Dcpurtnum  I  nivtr\tiv  at  OxU'rJ.  5  Sninb  l‘urb\  R:hu1 
Ox/onl  ()  \  I  Jl  B.  Iln  vlimd 


Abstract 

After  a  brief  discussion  of  the  deformation  of  the  ground-state  electron  densils  asymploiicallv.  in  free 
space  homonuclear  diaiomics  by  dispersion  interactions,  dimers  in  dense  homogeneous  plasma  will  he 
treated.  Polarization  interaction  will  be  shown  to  lead  to  an  R  *  interaction  energy  at  large  internuclear 
separation.  R,  supplementing  the  well-known  long-range  oscillators  interaction.  The  relevance  of  these 
interactions,  when  suitably  modified  for  a  heterogeneous  environment,  to  lateral  forces  between  CO 
molecules  chemisorbed  on  a  transition  metal  surface  will  then  be  considered,  with  specific  reference  lo 
expenments  on  thermal  desorption.  Finally,  the  theory  of  the  inhomogeneous  electron  liquid  m  itucnsc 
magnetic  fields  will  be  bnefly  discussed,  for  both  localized  and  delocalized  electrons.  ••  iw:  John  W  iiey 
&  Sons.  Inc. 


Introduction 

In  this  article,  electron  density  theory  will  be  used  in  essentially  two  areas*; 

(i)  To  treat  the  long-range  interactions  between  atoms  (and  also  CO  molecules) 
ill  unusual  environments;  and 

(ii)  To  deal  with  atoms  and,  in  principle  at  least,  molecules  in  intense  applied 
magnetic  fields. 

While  a  (somewhat  major)  modification  of  conventional  ground-state  density- 
functional  theory  can  be  applied  to  area  (i),  to  date  it  has  proved  very  helpful  to 
tackle  area  (ii),  for  arbitrary  magnetic  field  strengths,  starting  from  the  so-called 
Slater  sum.  Nevertheless,  the  aim  again,  in  spite  of  this  use  of  statistical  mechanics, 
is  to  calculate  the  ground-state  electron  density. 

The  layout  of  this  article  is  as  follows.  In  the  second  section,  area  (i)  will  be 
motivated  by  briefly  recalling  how  electron  density  theory  can  be  used  to  calculate 
the  nonretarded  dispersion  interaction  between  atoms  in  free  space.  Then,  the  bind¬ 
ing  of  a  homonuclear  dimer,  such  as  Na2,  Kz,  Bez,  or  Mgz,  will  be  discussed,  when 
the  dimer  is  embedded  in  a  cold,  dense  plasma.  It  will  be  shown  that  the  oscillatory 


•  This  article  was  prepared  specifically  as  part  of  a  session  on  “Density  Functional  Theory  in  Extreme 
Circumstances.” 
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long-range  interaction  arising  from  a  sharp  Fermi  surface  must  be  suppiemented 
by  a  long-range  polarization  interaction  which  falls  off  as  the  inverse  fourth  power 
ol  .nternuclear  distance,  R.  in  contrast  to  the  R  "  dispersion  interaction  in  fr<  e 
space.  The  third  section  considers  the  ettect  of  inhomogeneity  of  the  environment 
on  the  range  of  both  types  of  interaction. 

Area  (ii)  will  then  be  treated  in  the  fourth  section.  .An  appro.ximation  to  the 
Slater  sum  characteristic  of  the  simplest  density-functional  theory,  namely  the 
Thomas-Fermi  (IF)  statistical  method,  is  generalized  there  to  treat  both  bound 
and  delocalized  electrons  in  a  constant  magnetic  held  of  arbitrary  strength.  The 
hnal  section  constitutes  a  summary  plus  some  propo.sals  for  future  work. 

Long-Range  Interactions  in  a  llomonuclear  Dimer 
in  a  liomogeneous  Flnvironment 

Free  Space  Dispersion  inieraciion 

To  motivate  the  following  discussion  via  electron  density  of  atomic  and  molecular 
long-range  interactions  in  unusual  environments,  let  us  start  from  the  well-known 
dispersion  interaction  in  free  space.  Then,  neglecting  retardation  effects,  the  inter¬ 
action  energy.  SF(R)  say.  as  a  function  of  internuclear  separation.  R.  can  be  ex¬ 
pressed  in  the  form 

A/;  ( /? )  =  -  4:7  :  large  R  limit  ( 1 ) 

A 

where  the  London  constant,  (y,,  can  be  written  precisely  in  terms  of  the  frequency- 
dependent  polarizabilities  o,(w')  of  the  component  atoms.  /  . 

Egorov  and  March  [  1  ]  have  generalized  the  above  result  to  treat  the  deformation 
of  ihe  ground-state  atomic  density  in  a  homonuclear  diatomic  molecule  due  to  the 
above  dispersion  interaction.  To  do  this,  these  workers  use  a  result  by  Koide  [2). 
who  wrote  an  expression  for  the  dispersion  energy  IF  in  terms  of  wave  vector  (k) 
and  frequency  (u;)-dependent  polarizabilities  o(k,  k'lo;).  Egorov  and  March  show 
how  his  result  can  be  used,  in  conjunction  with  the  Hcllmann-Feynman  theorem 
[-3],  to  construct  an  expression  for  that  deformation  of  the  atomic  electron  density 
which,  when  inserted  in  the  above  theorem,  will  yield  the  correct  long-range  dis¬ 
persion  force  -  6c(,/R^,  from  eq.  ( I ).  No  claim  is  made  that  the  total  atomic 
density  can  be  constructed  at  large  internuclear  separation,  /?.  in  a  homonuclear 
diatomic  molecule  in  this  way.  It  is  only  a  correction  to  the  atomic  density  such 
that,  when  inserted  in  the  Hellmann-Feynman  force  expression,  will  exactly  re¬ 
produce  Koide’s  dispersion  energy  at  sufficiently  large  R.  Koide's  result 

dk' 

-r7Texp(-;k  'R) 
k 

X  I  duaa(k,k':iu)af,{-k.  ~k’\iu)  (2) 

2ir  Jo 


4tz 


J|?exp(,k.R)J 
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can.  ot  course,  readiK  he  cotocrled  to  a  rorcc.  since  dSI.  tlR  is  sinipl'.  the  dis¬ 
persion  t'orce  reterred  loahose. 

U  is  next  to  he  notovt  that  an  alternatoe.  and  iiuilc  nencrai.  expression  lor  ilic 
t'orce  can  he  uniton  in  a  neutral  homonuclcar  liialoniu  niolecuic  Iniili  tiiiin  in¬ 
dividual  atoms  with  atomic  numher,  /.  as 


/. 


/ 

R' 


"  '  fi{  r  .  R)  (/r  , 

r,.i 


( .V  1 


where  r .  i  is  the  r  component  ot  the  xtistance  ol  the  point  r,  trom  nucleus  u  lor 
instance,  t  or  the  ease  ot  tuo  hvilrogen  atoms.  ii  and  />.  separated  hs  a  distance  R. 
etj.  ( )  holds  ev  idenilv  with  /  I .  f  iere  /■„,  is  the  lorce  on  nucleus  </  in  the  direction 
of' nucleus  />.  taken  as  the  r  axis,  while  p(ri,  R)  is  tlie  total  electronic  densitv: 


,>{r,.R)  2 


vl'*!  r,.  r-t'l'tr,.  r- )  dr~ 


(4) 


with  'i'  the  grounri-state  electronic  wave  function.  As  it  stands,  eti.  (  .1)  is  valid  for 
all  R.  However,  at  intermediate  R  at  or  around  the  estuilihrium  bond  length,  the 
solution  of  the  two-eenler  problem  is  essential  for  llte  determination  ot  /d  r. .  R). 
At  large  R.  alternativelv.  the  total  electionic  densitv  mav  he  represented  bv  the 
superposition  of  two  'atomic"  parts.  />{  <i)  and  /<(  /»).  each  of  which  can  he  written 
as  a  sum  of  the  unperturbed  sphericallv  svmmetric  densitv.  and  the  series  ex¬ 
pansion  in  inverse  powers  of  R  starting  with  the  R  "  term: 


(lid)  -  ih  Au) 


F'"'" . 


(.M 


1  he  spherical  part,  p,,(  a),  evidentiv  muKCs  zero  contrihution  to  the  integral  in  eq. 
(  A).  I  he  R  '■  component  ol  the  "atomic”  densitv.  which  results  in  turn  from 
the  R  '  component  of  the  wave  function,  ftvrms  a  quadrupole  charge  distribution 
around  nucleus  a  and,  being  svmmetric  with  respect  to  ci'ordinate  g, , .  it  does  not 
lead  to  an  attraction  between  the  two  nuclei  (except  for  the  R  attraction  between 
the  quadrupoles  from  /;( a )  anvi  /it  />)).  Mie  R  ctmiponent  in  the  v  icinitv  of  nucleus 
a  is  slightiv  larger  in  the  direction  of  nucleus  h  than  awav  from  it  [.^j.  I'hus,  the 
force  on  the  nucleus  results  fuim  its  attraction  to  the  centroid  of  the  charge  densitv 
corresponding  to  its  associateil  electrons,  f  he  van  der  V\  aals  force  bi  ,,/R  ,  from 
eq.  (  2).  arises  entirelv  from  the  R  component  of  the  total  density. 

iJitleremiating  Koide's  expression  (  2  )  with  respect  to  R.  Figorov  and  Vlarch  then 
use  the  molecular  form  factor  for  X-ray  scattering,  f(k.  R)  say.  defined  by 


/(k.  R) 


J  /)(r.  K)exp(/k-  r>  Jr  , 
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to  derive  the  equivalence 
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In  eq.  (7),  F designates  that  part  which  integrates  to  zero;  since  eq.  (7)  emerges 
from  equating  two  integrands. 

To  summarize  this  free-space  argument,  the  deformation  of  the  ground-state 
density,  to  accord  with  the  known  form  of  dispersion  interaction,  can  be  reduced 
to  a  one-center  purely  atomic  problem  by  the  use  of  k-  and  oj-dependent  polariz¬ 
abilities.  We  now  turn  to  contrast  this  with  the  interaction  when  we  embed  a  dimer 
in  a  cold,  dense  plasma;  e.g..  Na2  or  Mg2  in  their  own  liquid  metal  just  above  its 
freezing  point.  Even  at  such  a  temperature,  the  itinerant  electrons  are  essentially 
completely  degenerate. 


Dimer  Potential  Energy  Curve  in  Cold.  Dense  Plasma 

Debye- fli'kkel- Like  Interaction  Between  Test  Charges.  Alfred  and  March  [4] 
considered  the  interaction  energy  of  two  like  test-charges  Ze  embedded  in  a  cold, 
dense  plasma.  The  self-consistent  potential.  F(r).  satisfies  the  linearized  Thomas- 
Fermi  equation,  derived  from  this  simplest  density  functional  theory  (see  also  Ap¬ 
pendix  1 ): 

(8) 


The  inverse  screening  length  q  is  given  by 

,  4k,  h‘ 

;  Oo  =  — 5  , 

Iran  me 


(9) 


where  the  Fermi  wave  number,  kj.  is  related  to  the  mean  electron  density,  pn.  in 
the  ( originally  homogeneous )  plasma  by 


(10) 


In  Ref.  4.  V  was  constructed  from  the  superposition  of  potentials.  Fj  and  F'2, 
centered  on  the  test  charges  Ze  at  separation  R.  This  led  to  the  repulsive  interaction 


AE(7?)  = 


(Ze)- 

R 


exp(-^E) . 


(11) 


Very  recently,  Pcrrot  et  al.  ( 5  ]  have  allowed  the  displaced  spherical  charges  centered 
on  1  and  2  at  infinite  separation  to  float  off  the  nuclei  by  an  amount  b(R).  The 
displacement,  6,  was  then  obtained  variationally  from  the  density-functional  form 


1  I  I(IR(>\  Ol  \SII  V  IKIOKV  vM 

/.  /.  J  A  Jr  +  (’  I  A"  dr  ^  classical  pDtcnlial  cncrcv  tcniis  ,  (  l') 

Minimizing  this  energy  expression  wiih  respect  tt>  A  leads  hack  to 

A(r)  ^  ( r) ,  (13) 

Combining  eq.  (  13  )  with  Poisson's  equation  yields  eq.  (  K). 

The  loial  energy  P  for  c/  as  in  liquid  melal  Cu  [5  |  was  calculated  sanationalK 
from  eq.  ( 12 1  by  allowing  the  spherical  blobs  of  displaced  charge  to  lloat  from  the 
test  eharges  by  the  amount  b.  It  is  then  found  that  this  I)eb\e-Hiiekel-like  theor> 
is  deticient  in  a  degenerate  electron  gas;  one  must  alkns  for  ditfraction  ot'  the  de 
Broglie  waves  representing  the  itinerant  electrons  off  the  test  charges,  as  lirst  shown 
by  Corless  and  March  [6].  However,  again  their  treatment  was  based  on  a  super¬ 
position  assumption.  Perrot  et  al.  [5]  argue  that  this  wave  theors.  again  allowing 
“floating"  blobs  of  displaced  charge  off  the  te.st  eharges.  leads  to 


at  large  R.  The  corresponding  long-range  interaction  energ\  is  now 

,  .1  cos  Ik.R  constant 

^IdR)- - "  ~R~  ^ 

the  first  term  on  the  right-hand  side  ofeq.  (1.^)  being  given  b>  Corless  and  March 
[6].  while  the  I//?"*  term  is  from  the  "polarization"  interaction  considered  here. 
It  must  be  stressed  that  it  is  essential  to  use  the  wave  theory  to  obtain  eq.  (  I  .s  ):  see 
the  original  argument  for  this  R  ^  term  in  ref.  5. 

Long-Range  Interaction  in  a  Heterogeneous  Knvironment 

Test  Charm’S  embedded  in  fdeeirnn  Densiiv  at  a  Model  Metal  Siirhu  e 

Below,  following  F'lores  et  al.  ( [  7;  see  also  Luu  and  Kohn  (?<!),  use  will  he  made 
of  the  Bardeen  model  of  a  metal  surface  (^|.  l  or  this  model,  not  only  the  unper¬ 
turbed  density.  /At),  but  also  the  Dffac  density  matrix.  /At.  r  ),  is  known.  This 
latter  quantity  allows  the  re.sponse  function,  /  (r.  r  ).  appearing  in  the  relation 
between  a  perturbing  potential.  I ,  and  the  displaced  charge,  S/>  it  creates  ( see  also 
Appendix  1 ); 

A/y(r)  =  J  /'(r,  r')r(r')  Jr' .  (  16  ) 

to  be  found.  If  the  perturbation.  Cfr).  is  short-ranged,  and  in  particular  can  be 
modeled  by  Xi5{r  ').  then 


(  17) 


Ap(r)  —  F(r.  0) . 
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This  leads  to  a  perturbed  density  which  oscillates,  as  tor  the  bulk  case,  'lowever. 
for  test  charges  parallel  to  the  planar  metal  surface  in  the  ( \ ,  r)  plane,  the  interaction 
energy  is  now  shorter  range;  the  leading  term  in  eq.  (15)  being  replaced,  in  this 
lateral  interaction,  by 


m:{R)  - 


.1  cos  2k,  R 


(  18) 


Range  of  Polarization  Interaction.  While,  in  cq.  ( 15 ).  the  oscillatory  interaction 
has  range  R  ’  times  an  oscillatory  function,  which  therefore,  except  at  or  very  near 
the  nodes  of  the  cos  Ik/R  factor,  dominates  the  polarization  interaction,  having 
range  R  it  is  important  in  the  future  to  know  '  hethcr  that  situation  also  obtains 
in  the  heterogeneous  environment  provided  by  a  metal  surface — since,  in  the  parallel 
configuration,  eq.  (18)  shows  that  the  range  of  the  oscillatory  term  is  reduced  to 
R  ^  times  an  oscillatory  factor. 


2jr*  Resonance  Model  for  CO  Molecules  Interacting  Outside 
a  Transition  Metal  Surface 

CO  Chemisorbed  on  Pt(  HI ).  It  is  of  interest  in  the  present  context  to  extend  the 
discussion  of  the  oscillatory  long-range  interaction  in  a  heterogeneous  environment 
to  treat  lateral  interactions  between  CO  molecules  chemisorbed  on  Pt(ni). 

The  additional  ingredient  required  to  give  a  realistic  account  of  such  lateral  in¬ 
teractions  on  transition  metal  surfaces  is  the  concept  of  a  CO  2ir*  resonance.  In¬ 
dependent  evidence  in  support  of  this  resonance  model  comes  from: 

(a)  The  analysis  of  the  desorption  measurement  of  Enl  et  al.  [10],  by  Joyce  et 
al.  (11};  and 

(b)  The  study  of  a  variety  of  experimental  spectroscopic  features,  e.g..  threshold 
energies,  level  shift,  and  line  shapes,  by  Gumhalter  et  al.  [12], 

Briefly,  the  model  can  be  understood  by  reference  to  Figure  1.  which  makes 
specific  the  energy  level  spectrum  of  CO  on  a  transition-metal  surface.  Both  the 
2tt*  and  the  5cr  levels  of  the  CO  molecule  are  positioned  relative  to  the  Fermi  level, 
Ej.To  modify,  for  a  pair  of  CO  molecules  in  the  configuration  parallel  to  the  planar 
metal  surface,  the  asymptotic  oscillatory  interaction  ~  cos (2A:, /?)//?'  discussed 
above,  it  is  important  to  recognize  that  the  2ir*  level,  which  overlaps  unoccupied 
energy  bands,  will  be  broadened  into  a  virtual  bound  state.  With  reasonable  as¬ 
sumptions  about  the  interaction  between  the  27r*  orbitals  on  CO  and  the  metal 
band  wave  functions,  the  broadening  of  the  virtual  bound  state  can  be  such  that  it 
overlaps  the  Fermi  level.  It  is  this  effect  of  such  a  slate  near  the  Fermi  level  that  is 
the  dominant  reason  for  the  importance  of  the  indirect  interaction  between  CO 
molecules  on  some  transition-metal  surfaces.  It  turns  out  that  the  2;r*  orbital  in¬ 
teracts  predominantly  [13]  with  the  sp  band  of  Ni,  Pd,  and  Pt:  this  allows  a  model 
to  be  constructed  based  on  an  sp  band  for  the  metal  and  solely  the  2Tr*  level  of  the 
molecule. 
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f  tuLirc  1  Slums  jiul  k'sfls  ol CO  iiiiikxiili'  pl.ncil  ri’kiliss  io  siismini  k'\fl  jiul 
to  niO.il  I  crnii  oiis’ri;>.  Siiuv  2~'  motUips  uiioitiipiotU'iHTps  IxinU  slates,  n  s'lll  Iv  I’tiiail- 
sTK’v!  to  Ixvomc  a  'iiuial  lnumsl  stats'.  In  siaumslaiK's's  sush  that  tilts  haiaik'ni'il  state 
o\crla|is  the  l  ernii  leu'l.  llie  iiniiieel  laleial  inieraetnni  heiueeii  a  pair  ot  eheniisotKal 
CO  moleetik's  ean  he  suhsItintialK  enliatiesxl. 


VVhai  is  relevant  then  in  the  present  contest  is  that  the  assmptolic  oscillators 
interaction  is  changed  to 

Jt/', (  R)  --  cost  2k. R  +  <i> )/R'  .  (  I '■M 

Major  changes  then  occur,  from  the  27r*  resonance  model,  in  the  cspressions  tor 
the  amplitude,  d.  and  the  phase  shift.  0.  fhese  can.  in  fact,  be  extracted  h\  analy/ing 
thermal  desorption  data  as  a  function  of  coverage  for  CO  chemisorbed  on  Pt  [Illj. 
One  finds  0  -  0.9?  and  d  ~  10  J  mol  '  -V'.  Ihe  2:r*  resontince  model,  with 
reasonable  parameterization,  yields  0  ^  .s:r/K  and  d  "  \  >'  10  J  mol  ’  -X'. 

As  discussed  earlier,  there  is  the  possibiiits  of  incorporating  asvmploticalh  an 
additional  polarization  interaction:  this  has  been  seen  to  have  a  range  o\  R  *  in  a 
homogeneous  ensirtmment  [,s].  One  anticipates,  as  ssith  the  oscillatory  term,  a 
shortening  of  the  range  to  R  /;  li  5.  but  further  work  is  required  on  the  etfect  of 
a  heterogeneous  ensironment  on  the  polarization  interaction. 

VVe  now  turn  to  area  (ii)  referred  to  in  the  Introduction:  the  locus  again  being 
on  the  use  of  electron  density  theory  in  extreme  circumstances.  In  area  ( ii ).  these 
circumstances  are  afforded  by  the  application  of  intense  magnetic  fields  to  atomic 
and  molecular  systems  (see  also  .Schmelcher  and  C'ederbaum  [14-16]). 

I  homas-l  crmi  I  heorj  in  Constant  Magnetic  Held  of  Arbitrary  Strength 

We  turn  from  asymptotic  interactions  in  homogeneous  and  heterogeneous  en- 
\  ironments  to  the  treatment  of  bound  and  delocalized  electrons  moving  in  a  constant 
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magiiciic  field  ofarhi'rary  sirenglh  As  emphasi/cd  avoiitK  in  Aminilli  aiul  March 
I  n  1,  the  uroutul-slak'  electron  densiis  i>,i<  r.  /■.  i  is  then  consenienlK  calculated  \  la 
the  so-called  Slater  ^11111.  //.(r,  d),  vsiih  A  (A^,  /  )  '  I  hough  not  based  on  the 
Slater  sum,  here  il  is  I'-lesant  to  note  ilie  work  of  I  1  aiul  I’ercus  |  IS.IU]  and  the 
earlier  studs  ol  Harris  and  Cina  |2(l) 

/l'0-/ic/i/  1. ■.»!!> 

Hie  i  honuis  fernii  theors  in  zero  magnetic  tieki.  as  is  clear  from  the  stud'es  i  '' 
March  and  Muria>  (21].  corresponds  .»>  the  foiiossmg  app.-i.ximatii'n  to  the  Slater 
sum  /( r.  A). 


/At.  ,n  /.,(d)exp(  (r))  (20) 

where  /,,(o  )  (  2;r.f )  '  '  is  the  partition  function  per  unit  solume  liir  free  electrons, 

Hsing  the  I  aplace  transform  relation  hetxseen  the  ground-stale  electron  derisitv. 
/i(r,  and  the  Slater  sum.  namely 

/(r.di  aJ  /i( r. /;  )exp(  A/- )<//.'.  (21  l 

one  finds  the  zero  magnetic  field  density-potential  relalitui  characterizing  the 
Thomas-Fcrmi  theory  as  (4| 

rir)l‘  ■  .  (22) 

All 
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The  objcctixc  below  is  now  to  generalize  the  abo\e  argument,  to  include  the 
modification  ot  the  electronic  ’'orbits"  by  the  application  of  a  constant  external 
magnetic  field  I  i  of  arbitrarx  strength.  It  should  be  emphasized  here  that  every  thing 
that  follows  IS  within  the  framework  of  a  one-cicetron  Hamiltonian.  ,  given  by 


H(r) 


(23) 


where  the  vector  potential.  \.  represents  the  constant  magnetic  field.  As  usual,  the 
one-body  potential  energy  r(r)  should  eventually  be  calculated  self-consistently. 

One  wishes  therefore  to  generalize  each  of  the  eqs,  ( 20 ).  ( 2 1 ).  and  ( 22 )  to  include 
the  effect  of  a  constant  magnetic  field,  H.  One  follows  the  same  philosophy  as 
above,  namely,  to  solve  first  the  frce-particlc  problem,  corresponding  to  Z,i(d) 


■  A  link  between  van  dcr  Waals  intcraciion  in  a  heterogeneous  mclal  surtaec  environment  and  dia¬ 
magnetism  ol  electrons  treated  in  the  present  section  is  forged  tn  Apfcndiv  d.  where  Rvdberg  atoms  in 
intense  fields  are  discussed 
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lvlo\\  Oi].  1  20)  in  the  limit  H  tciui''  U>  zero,  ami  ilicii  lu  mtroclmc  l  ir)  itisi  as  in 
cq.  !20). 

The  frcc-clcciia>n  problont  has  been  sohs'O  b\  SondluiiiiL-r  and  VS  ilsnn  [22). 
who  obtaincsl  the  Slater  sum.  /.  ,/t.i).  as 

I  Ml!.) 

/yd.)’)  - .  -  (  24  1 

I  2;rd  )  sinhi  ) 

whs'ro  i/;/(4,T/);t  )  is  tlu'  Hohr  maitneton.  I.q.  (24)  is  rcai.lil'.  shoun  ii>  rciiuce 
to  the  value  (2yr.<)  '  eytrrespondinii  to  eq  (201  m  the  limit  H  -*  II 

■\gain.  tor  an  assumed  spatial  slowl-,  \ar\ing  potential.  I  !r),  in  the  Hamiltonian 
I  2.^  ).  the  corresponding  Slater  sum  is  approximated  in  the  I  hoinas-i  ermi  theorv 

/yylr.o)  /  ,/( .Hexih  .yl'irli  12.') 

where  /  „  has  the  form  (  24).  Since  the  1  aplaee  transform  relation  i  21  I  remains 
intact  tor  ;irbitrar\  magnetis'  field  H.  one  reaches  the  form  of  the  ground-state 
electron  densitv  /)/,i  r.  I.  )  as  '2.']: 

1-^)  I  '|///' ■'.  d),'dl  .  (2b) 

hqs.  (25)  and  (2b)  constitute  the  desired  generali/ation  ol  the  thomas-  f  ermi 
relation  I  22)  tvr  include  a  constant  magnetic  held,  H.  ol  arbitral  >  strength  1  2.'1. 

Pt'al/ner  and  .March  ( 2.1  j  have  obtained  results  based  on  eqs.  (  25  1  and  1  2b  )  and 
sample  calculations  are  presented  in  ('igures  2  and  ,1  l  igure  2  eoi responds  to 
"switching  off”'  the  scif'-eonsisien;  I  ’( r );  the  results  were  obtained  lor  selected  values 
of//  bv  inverting  the  l.aplace  transl'orni  oc'curring  in  eq,  i2b)  numeneallv.  I  he 
/ero-tield  limit  is  then  /;( /•.')<i/2’  as  in  eq.  ( 22 )  for  I  0:  the  smooth  dependence 
on  energv  is  no  longer  v  alid  for  //  +  0  because  of  the  modification  ol  the  /ero-field 
energv  level  spectrum  bv  I  andau  level  quanii/alion,  f  igure  .1  shows  the  effect  of 
including  the  1  homas-fermi  (  //  (•)  self-consistent  neutiail  atom  ivoienlial 


l\\'ln'nic  Utiiii  l-'n-hl  I.inii; 

While,  as  is  clear  from  the  above  discussion,  tlie  inlei meiiiate  magnetic  tield 
regime  must  current!)  be  treated  numeneallv.  because  of  the  ditfieulties  ol  obtaining 
a  compact  closed  anaivtieal  form  for  the  inveise  l.aplace  transform  of  /  ,,(.H/  ' 
obtained  from  eq.  (  24  ).  it  turns  out  that,  as  m  the  /eio  tield  limit  (  22  ).  the  extreme 
high  held  limit.  H.  tends  to  infinitv  and  can  also  be  handled  analcticallv .  t  hen  one 
can  replace,  in  eq.  (  24)  the  sin/;  hv  a  single  exponential  term,  to  obtain 

lim  /  ;/(  d)  . . — ;  ij/lii  expf  n/lii )  (  27  ) 

I/-,  (2n-d)'- 

The  inverse  1, aplaee  transform  of/,  //(  d)/d  can  then  he  completed  anal)  tieallv,  to 
vie  Id 


//„/;(/.)  constant  //(/,'  nil) 
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Figure  2.  Depicts  unilorm  electron  density  /)(A)  for  itinerant  electrons  in  a  constant 
magnetic  field  of  strength  such  that /iff  =  0,5  atomic  units.  Essentially  this  figure  represents 
the  generalization  of  the  high  field  limit  (eq  {28)|  to  intermediate  field  strengths,  and 
reveals  features  due  to  Landau-level  quantization.  Dashed  curve  represents  the  zero  held 
p(/i )  given  in  eq.  (221  with  I  fr)  set  equal  to  zero  ( after  Pfal/ner  and  March  12.^)). 


and  the  ground-state  electron  density  in  the  Thomas-Fermi  limit  of  slow  ly  vary  ing 
F(r)  yields 

P//(r,  £)  =  constant //(£'- “  I’(r))'^'  (29) 

In  fact,  this  result  ( 29)  has  been  derived  much  earlier  using  phase-space  arguments 
[24-28]. 


Summary  and  Proposals  for  Further  Work 

In  this  discussion  of  electron  density  theory  in  extreme  circumstances,  attention 
has  first  been  focused  on  long-range  interactions  in  homogeneous  and  heterogeneous 
environments.  When  one  goes  from  a  dimer  in  free  space  to  a  dimer  in  a  cold, 
dense  plasma  (e.g,  Na^  or  Bey  in  their  own  liquid  metals  near  freezing),  the  non- 
retarded  dispersion  interaction  of  range,  R~*'.  gives  way  to  the  „.>ymptotic  form 
(15).  The  oscillatory  term  comes  from  itinerant  electrons  contained  in  k  space 
within  a  sharp  Fermi  surface  of  diameter  2kj .  The  polarization  interaction,  of  range 
i?""*  in  eq.  ( 1 5)  appears  to  affect  the  small-angle  scattering  from  liquid  Na  [29], 
but  quantitative  work  is  not  presently  complete  here. 

Turning  to  the  heterogeneous  environment  afforded  by  metal  surfaces,  for  a  pair 
of  atoms,  or  CO  molecules,  chemisorbed  parallel  to  a  planar  surface,  the  range  of 
the  oscillatory  term  in  eq.  (15)  is  reduced,  the  modified  form  of  the  oscillatory 
component  being  giver  in  eq.  ( 18).  It  remains  for  future  work  to  establish  the 
precise  reduction  in  range  of  the  polarization  interaction  contribution,  aR  in 
the  homogeneous  environment  when  one  goes  over  to  the  highly  heterogeneous 
situation  of  chemisorption  on  a  transition-metal  surface. 

The  second  area  briefly  discussed,  that  of  atomic  systems  in  intense  applied  mag- 
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l-igurc  3.  MuditHation  ol  I'lguro  .  as  a  result  of  ineluding  the  1  homas-l  ermi  ill  <i  I 
selt'-consisiont  neutral  atom  potential  i  (r  I  \ia  eg.  i  2.'  ).  i  he  lull  line  eorrespomls  to  I  (  rl 
0  Ihe  dashed  eurse  is  for  the  hare  C  oulomb  j«>tential.  I  (r)  1  <>.  while  the  dotted 

e'irse  represents  the  I  homas-l  ermi  potential  I  he  constant  magnetic  field  is  along  the  r 
a\is.  and  upper  curse  corresponds  to  r  0  ,s  and  losser  to  c  O.S.  again,  in  atomic  units 
In  both  parts  of  the  figure,  fill  f) atomic  units  as  m  f  igure  2.  ( Reproduced  from  ssork 
of  Rfal/ner  and  March  j  23 1 1 


netic  fields,  has  been  tackled  \  ia  the  Slater  sum.  which  cun  be  viewed  as  an  electron 
density  in  classical  Maswcll-Boltzmann  stati.sties.  The  ground-state  density  can 
then  be  e.xtractcd  by  an  inverse  Laplace  transform  according  to  eq.  (2fi).  and  ex¬ 
amples  have  been  prc.sented  [23]  embracing  both  itinerant  and  bound  electrons. 
In  future  work,  self-consistency  should,  of  course,  be  imposed,  within  this  theoretical 
framework,  whereas  to  date  this  has  only  been  accomplished  based  on  the  limiting 
extreme  high  field  result  { 29 );  numerical  self-consistcnt  fields  then  being  presented 
for  atomic  ions  in  ref.  .30.  For  intermediate  fields,  the  numerical  inverse  Laplace 
transform  techniques  of  Pfaizner  and  March  [23]  should  eventuallv  allow  self- 
consistent  calculations  on  both  atoms  and  molecules  [14-16.31]  to  he  achieved. 
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Appendix  I 

Asymptotic  Displaced  Chciri>c  Round  Localized  Ferturhations  in  Homogeneous 
and  Heterogeneous  Metallic  Lm  ironments 

The  purpose  oi'this  Appendix  is  to  provide  insight  into  the  asymptotic  interactions 
in  eqs.  ( 15 )  and  ( 18 ),  This  will  be  done  within  a  linear  response  framework.  Thus, 
for  a  one-body  perturbation,  1'(t).  one  can  write  for  the  displaced  charge  Ap(r) 
the  formal  result 


Ap(r)  = 


/ 


/•'(r.  r')l'(r')t/r'. 


(A1 ) 


Form  of  Linear  Response  Function  F  in  Homogeneous  Electron  das  .As  derived 
by  March  and  Murray  [21]  for  the  homogeneous  electron  gas.  the  linear  response 
function.  F,  is  given  by 


yi(2A.|r  -  r'|) 


(A2) 


where  k  has  been  written  for  the  Fermi  wavenumber.  Whereas  the  Thomas-Fermi 
result,  Ap(r)  =  (^/47r)F(r).  follows  from  eq.  (A1 )  if  l'(r')  is  so  slowly  varying 
that  it  can  be  evaluated  at  r'  =  r,  and  hence,  brought  outside  the  integral,  let  us 
consider  a  localized  perturbation  represented  by  the  model  potential 


F(r)  =  X(5(r)  . 


(A3) 


Inserting  eq.  (A3)  inio  eq.  ( A2)  and  using  the  asymptotic  large  distance  form  of 
the  first-order  spherical  Bessel  function  7i(a)  =  v  ‘[sin  .v  -  .v  cos  .v].  one  readily 
finds 


A  cos  2kr 

Ap(  r) - ^ - ;  r  large  . 

r 


(A4) 


These  so-called  Friedel  oscillations  in  a  single-center  problem  have  the  counterpart 
for  the  two-center  case  in  the  interaction  energy.  AF’(  F )  in  eq.  ( 1 5 ).  as  demonstrated 
by  Corless  and  March  ([6],  see  also  Ziman  (32)). 

Response  Function  F  for  a  Barrier  Model  of  a  Metal  Surface.  For  the  Bardeen 
infinite  barrier  model  [9]  of  a  metal  surface,  Moore  and  March  [33]  have  shown 
that  the  result  ( A2)  for  the  homogeneous  linear  response  function.  F,  is  changed 
to  read 


F(r.r')  = 


/yi(2Air  -  r'j)  yi[2A(jr  -  r'|-  +  4rr')'^‘] 
27r=\  |r-r'|-  lr-r'l-  +  4z-' 


27,{^{|r-r'l  +(|r-r'l2  +  4zc')'''l} 


|r 


jr-  r'|=  -I-  4zr')''‘ 


for  z,  r'  >  0 


=  0  otherwise  (A5) 
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and  the  unperturbed  electron  density  is  (‘>) 


^  /,( lkz)  \ 

Zk:  I 


(  A  6  i 


where  the  planar  metal  surface  is  e\identi\  in  the  ( \  .  i  )  plane,  iaking  again  a 
suitable  iTuxiel  potential,  having  now  the  form 


!  ( r)  !  (  \  )()(  r  </) 


(.■\7( 


where  \  '  (  a  .  i  )  is  the  component  of  r  parallel  to  the  surface,  w  hile  I  (  \  )  remains 
general,  one  can  substitute  eq.  ( .-\7  )  into  eq.  ( .\  1  )  to  find,  for  2k  \  ■  I ; 


A/i( .\ ,  a) 


cos  2k.\  cos  2k{  \  “  i  4(;  )' 

A  ’  (  A  '  t  4(/  ' ) '  ' 

4  errs  A  [  A  t  ( A  '  t  4(/  ) 


.V(  A  ■  i  4a  )'  '(.V  t 


’  1  ..  'l 

V'  I  4,;  )'  ')/ 


A8) 


w  here  the  amplitude.  .1 .  depends  on  the  I  ourier  transform  of  I  (  \  )  at  the  diameter 
2k  of  the  Fermi  sphere  as  well  as  on  k  itself,  f-or  .V  ?>  <v.  <me  recovers  from  eq.  ( AS ) 
an  asymptotic  decay  as  cos(  2A  V  )/,\  '.  which  has  as  its  counterpart  in  the  two- 
center  case  the  asymptotic  form  (IS)  for  the  interaction  energv  A/.(  R).  This  has 
a  dirterent  range  from  that  which  would  have  been  obtained  bv  direct  use  of  a  Urcal- 
density  approximation  in  the  homogeneous  result  (  .A4 ).  Indeed,  one  has  extreme 
circumstances  here  for  density  functional  theory  due  to  the  marked  heterogeneity 
induced  by  the  metallic  surface. 


.Appendix  2 

.1/o/nv  m  External  Eickls:  l  Link  Ih’iwen  Diamaiinciisin  and  Surfai  r  Efjccts 

The  sensitivity  of  Rydberg  atoms  to  perturbations,  and  the  rich  variety  of  ex¬ 
perimental  information  than  can  thereby  be  extracted,  has  been  important  in  the 
revival  of  interest  in  the  study  of  atoms  in  external  fields.  In  this  general  context, 
the  purpose  of  this  .Appendix  is  two-fold:  (i)  To  link  the  diamagnetism  discussed 
in  the  section  "Inclusion  of  Constant  Magnetic  F'ield.  II"  and  the  heterogeneity 
due  to  a  metal  surface  ( see  "Test  Charges  {imbedded  in  Flectron  Density  at  a  Model 
Metal  Surface" );  and  ( ii )  to  summari/c  some  salient  points  of  theory  worked  out 
to  date. 

As  to  purpose  (i)  above,  the  instantaneous  van  der  Waals  (i'll  )  potential  rep¬ 
resenting  the  interaction  between  an  atom  and  a  metal  surface,  as  studied  by  Len- 
nard-Jones  [.^4],  can  be  expressed  in  the  form 

T .  M  -  - ( I  /  1 6</' )( ,v '  f  r-  +  2r - ) .  ( M ) 

while  the  diamagnetic  potential  (see.  e.g..  review  by  Kleppner  et  al,  [.7,“'])  can  he 
written  as 

'  (u;,78)(.v’  f  f  - ) . 


(A  10) 
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with  Cl',  the  cyclotron  angular  frequency. 

As  noted  by  Alhassid  et  at.  ( 36 ) .  and  others,  the  potentials  ( A9 )  and  ( A 10 )  are 
embraced  by  the  general  form 

r  =  >(.v-  +  ,1-  +  d-r-)  .  (All) 

This  observation  then  prompts  the  study  of  the  Hamiltonian.  .  representing  a 
Rydberg  atom,  namely 

.  P'  Z 

>  = - +  M-V*  +  i- +  d  r') .  (  A12) 

2  r 

where  Z  is  evidently  equal  to  unity  for  the  hydrogen  atom. 

With  regard  to  purpose  (ii)  above,  it  should  first  be  noted  that,  by  employing 
Painleve  singularity  analysis  and  Lie  symmetry  invariance.  Ganesan  and  Laksh- 
manan  [37]  have  shown  that  the  system  (for  angular  momentum  /..  =  0)  is  in- 
tegrable  for  the  three  choices  d  =  y .  1 .  and  2  in  the  Hamiltonian  (  A 1 2 ) .  For  these 
special  choices  of  d.  the  existence  of  dynamical  symmetries  has  already  been  pointed 
out  by  Alhassid  et  al.  [36], 

For  the  case  Z  =  0  in  eq.  ( A 1 2 ),  the  Slater  sum  of  eq,  ( 2 1  )  has  been  studied  for 
some  cases  by  March  and  Tosi  [38|  and  by  Amovilli  et  al.  (39).  In  addition,  by 
means  of  the  inverse  Laplace  transform  of  the  Slater  sum  discussed  in  the  main 
text,  preliminary  results  for  the  Hamiltonian  ( A12>  for  y  =  0  are  alreadv  avail¬ 
able  [40], 

Finally,  it  is  relevant  to  note  that,  again,  for  the  case  y  =  0.  the  angular  momentum 
and  the  Runge-Lenz  vector  are  constants  of  the  motion  [41].  T  his  well-known 
situation  is  transcended  in  the  work  of  Holas  and  March  [42].  In  their  .study,  the 
classical  generalization  of  the  Runge-Lenz  vector  is  treated  for  non-Coulomb  central 
fields  appropriate  approximately  to  multielectron  atoms. 
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Quintet  Electronic  States  of  MoO:  Gaussian  Density 
Functional  Calculations 
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Abstrsict 

Spin-polarizcd  i  st)  cak  ulalions  kir  MoO.  bt)lh  all-<.-li'i.-lron  ami  iiuKid  core  polcniial.  arc  reported  and 
compared  with  the  reeenl  spectroscopic  data.  I  he  propertle-s  iif  the  'll  gnmnd  stale  and  lour  ijuintet 
excited  states  arc  evaluated,  their  agreement  with  the  experiment  vvas  found  to  he  quite  satisl'actorx  One 
of  the  states,  'ii  .  is  approached  theoretically  for  the  first  time.  i  Ou:  John  W  iles  A  .Sons,  Ine 


Introduction 

Transition  metal  oxides  form  a  class  of  chemical  compounds  of  particular  interest, 
and  have  been  investigated  extensively  for  many  years  both  experimentally  and 
theoretically  [l-6|.  The  nature  of  the  bonding  with  oxygen  in  selected  first-  and 
second-row  transition  metal  oxides  has  been  studied  theoretically  both  within  cluster 
model  treatments  and  in  diatomics  [  1-4]  in  the  hope  that  detailed  knowledge  about 
the  features  of  the  metal-oxygen  diatomic  bond  may  provide  some  guidance  for 
the  understanding  of  the  interaction  of  oxygen  with  metal  surfaces  and  within  bulk 
oxides. 

On  the  other  hand,  spectroscopic  investigation  of  the  transition  metal  monoxides 
has  been  a  very  rapidly  growing  field  as  it  is  an  important  class  of  unsaturated 
metal-ligand  complexes  which  have  interesting  electronic  structures  and,  at  the 
same  time,  are  relatively  easy  to  prepare  and  stable  at  high  temperatures.  The 
ground  states  and  many  excited  electronic  states  of  the  entire  3d  series  of  ansition 
metal  oxides  have  been  already  characterized  experimentally  (5).  The  present  un¬ 
derstanding  of  the  4d  series  of  metal  oxides  is.  however,  much  more  limited. 

Recently  a  thorough  study  of  the  spectra  of  the  MoO  diatomic  has  been  published 
[6],  providing  the  first  conclusive  gas-phase  investigation  of  this  molecule,  complete 
with  rotational  analyses,  isotope  shift  measurements,  and  assignments  of  several 
electronic  states.  Some  of  these  states  have  never  been  approached  theoretically, 
thus  it  seemed  to  be  of  particular  interest  to  extend  the  available  theoretical  cal¬ 
culations  for  MoO. 

Previously  reported  theoretical  studies  on  the  electronic  structure  of  MoO  have 
been  performed  by  means  of  self-consistent  field  hf  and  multiconfiguration  SCF 
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calculations,  tbllou cd  by  single  and  double  excitation  (six  i )  calculations  ( I  ],  I  hcse 
computational  techniques  tall  among  the  most  accurate  traditional  quantum 
chemical  methods,  however,  onl>  at  the  highest  degree  of  calculations  at  a  large 
expense  ofcomputing  time  do  the\  prove  to  approach  the  experimental  values  for 
transition  metal  oxides. 

■At  the  same  time,  the  local-spin-densitv  (i.si))  method  appeared  to  be  a  very 
useful  tool  for  the  description  of  the  electronic  structure  of  various  mv)lccules  con¬ 
taining  transition  metal  atoms  [7],  iji  i -Based  methods  have  proven  to  be  numer- 
icallv  very  etheient  and  lead  to  reasonablv  accurate  results  with  moderate  evtm- 
putational  effort.  The  introduction  of  the  model  core  potential  ( M(  f’)  method  into 
the  spin-polarized  local-spin-density  calculations  extended  the  sci;pe  of  this  method 
to  the  treatment  of  large  clusters  containing  transition  metal  atoms  [  8] .  Thus,  this 
method  has  been  chosen  as  a  tool  for  the  study  of  the  electronic  structure  of  the 
MoO  molecule. 

In  this  study,  spin-polarized  t  si)  calculations  for  MoO.  bv>th  all-electron  and 
model  core  potential,  are  reported  and  compared  w  ith  the  recent  spectroscopic  data 
of  Hamrick  et  al.  [6].  The  properties  of  the  Tl  ground  stale  and  four-quintet 
excited  states  are  evaluated,  and  their  agreement  with  the  experiment  found  to  be 
quite  satisfactory.  One  of  the  states,  'w  .  is.  to  our  best  knowledge,  described  theo¬ 
retically  for  the  first  lime. 


Calculational  Details 

The  computations  have  been  performed  by  means  of  the  spin-polarized  i  SD 
method  using  both  all  electron  Gfk  basis  sets  and  with  a  M(  P  for  molybdenum. 
Calculations  were  done  using  the  program.  developed  bv  St-.Amant  and 

Salahub  [9.10]  at  the  Universite  de  Montreal.  A  description  of  the  theory  and  the 
technical  details  of  the  program  arc  given  in  Refs.  10  and  1 1. 

An  oxygen  orbital  basis  set  with  a  (621  /41  / 1  *  )  contraction  pattern  was  used, 
while  the  all-electron  basis  set  on  molybdenum  had  a  ( 6,^ .7 .12 1  /5.12 1  */  53 1  -r )  con¬ 
traction  pattern  and  the  Mo  mcp  orbital  basis  was  (311111/31111/2111),  The 
auxiliary  basis  sets,  used  in  the  fitting  of  charge  density  and  exchange-correlation 
potential,  were  O  (4, 3:4. 3)  and  Mo  (5, 5:5. 5).  The  model  core  potential  for  mo¬ 
lybdenum  was  the  one  developed  by  Andzelm  et  al.  [8]  for  Mo  4.v.  4p.  4^/,  and  5v 
electrons  treated  as  the  valence  shell.  Only  the  local  spin-density  approximation 
was  employed  in  the  calculations  for  MoO.  however,  its  validity  for  molybdenum 
compounds  and  the  MCP  scheme  has  been  tested  against  nonlocal  gradient-type 
corrections  for  the  molybdenum  atom  and  for  Mo;.  The  results  indicate  that  these 
corrections  should  have  a  minor  influence  on  the  electronic  properties  for  the  near 
equilibrium  region.  Nevertheless,  the  detailed  study  of  the  electronic  structure  of 
MoO  within  the  nonlocal  scheme  is  in  progress  and  will  be  published  soon. 

Potential  energy  curves  for  all  states  of  MoO  were  evaluated  by  point-wise  cal¬ 
culations  over  a  limited  number  of  points  around  the  equilibrium  geometry  ,  and 
equilibrium  distances  and  spectroscopic  constants  were  calculated  from  simple  cubic 
fits.  We  are  also  progressing  in  doing  more  precise  potential  energy  curves,  on  which 
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full  \  ihraiional-idtatioiial  analyses  could  be  performed.  I  he  reported  dissociation 
energies  have  been  caleulaled  for  the  minima  of  total  energies  with  respect  to  atomic 
energies  corrected  for  basis  set  superposition  error. 

Results  and  Discussion 

Molyhdctiiiin  .llniii  iinil  DuitoDiic 

I  he  results  of  the  calculations  are  summari/ed  in  Tables  I  and  II  for  Mo  and 
Mo:.  respectively.  Ihe  reported  computations  have  been  performed  vsith  the  all¬ 
electron  basis  within  local  (all//.)  and  nonlocal  ( all/ /■’)  approsimations.  and  with 
the  use  t)f  the  mtidel  core  potential,  both  local  (  MC'P/ /,)  and  nonlocal  (  MCT//-") 
e.vchange-correlation  functional. 

In  fable  I.  the  interconligurational  energy.  A/-,„  ^  //(  v'</')  -  /.(.vi/^).  .s  spin- 
tlipenergy  A/-,',,  I’A  s'  cF S)  -  lAs'ir.S).  ioni/alion  potential.  /.  and  electron 
allinity. .  I ,  are  listed  for  the  moly  bdenum  atom.  The  energy  of  the  s conliguration 


l  Mil  I  II  lest  ot  the  tro/cn  core 
approsimiilion  lor  Mo.-  molctulc 
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was  calculated  tor  the  multiplet  average  (spherical  Mo  atom).  Fhe  last  two  entries 
are  calculated  as  the  difference  between  the  total  energies  of  the  neutral  atom  and 
the  appropriate  ion  in  the  lowest  electronic  stale.  From  Table  1.  the  agreement 
between  moo^l  core  potential  and  all  electron  calculations  is  very  good.  The  nonlocal 
corrections  also  do  not  change  the  overall  picture  in  a  qualitative  way. 

The  agreement  of  ioniration  potential  and  electron  affinity  with  the  experiment 
may  be  regarded  as  satisfactory  .  The  calculations  generally  overshoot  the  value  of 
the  inlerconfigurational  energy  by  about  50'?f.  but  this  is  con.sistent  with  other 
theoretical  results  (e.g..  compare  A/f„  =  2.7  eV  given  by  Harris  in  Ref,  12).  There 
are  no  other  data  available  to  compare  the  ,v  spin-flip  energy,  but.  it  may  be  concluded 
that  the  value  is  reasonable  by  comparing  with  the  value  for  chromium.  A/v\,  = 
1.1  eV  (0.9  eV  exp),  computed  by  Harrison  (13). 

Similar  conclusions  follow  from  Table  II  regarding  the  M02  molecule.  The  agree¬ 
ment  between  all-electron  and  MC'P  calculalio.is  is  again  very  good  regarding  the 
optimum  bond  distance.  The  value  of  the  binding  energy  is,  in  general,  difficult  to 
approach  even  by  advanced  quantum  chemical  methods.  Here  this  quantity  also 
appeared  to  be  sensitive  to  the  assumed  computational  scheme.  It  may  seem  some¬ 
what  surprising  that  the  nonlocal  corrections  lead  to  some  worsening  of  bond  dis¬ 
tances  and  underestimated  binding  energy — it  could  likely  be  attributed  to  overall 
difficulties  in  describing  the  M02  molecule  with  symmetry  adapted  {D;i,)  MOs 
[14].  Nevertheless,  all  discussed  entries  from  Table  II  have  acceptable  values  (com¬ 
pare  also  R,.  =  1 .98  A  and  D,.  =  4.8  eV  obtained  from  extended  basis  set  calculations 
by  Baykara  el  al.  [14] ). 

Finally,  it  may  be  inferred  that  the  .MCP  for  molybdenum  within  the  local  ap¬ 
proximation  provides  a  reasonably  accurate  description  of  its  electronic  properties 
and  bonding  features  and  may  be  used  in  the  calculations  for  larger  systems, 

MoO 

Using  the  calcuiational  technique  described  above,  we  have  studied  the  electronic 
structure  of  the  MoO  molecule  in  its  ground  'll  slate  and  the  following  excited 
states;  'A  ' .  'A  ,  '’A,  and  B'  'll.  The  dominant  electronic  configurations  for  these 


Taiu.i  111.  Dominant  conligurations  for 
low-lying  quintet  states  of  MoO, 


State 

Configuration 

‘II 

A 

iTitri4c/o'5s<T'4c/ir' 

(Tft7rj4£/f7'4c/7r‘ 

B  -II 

fr^Tr/,4(/o '  5-Vff  '4(/jr  1 4(/fT  * 

QIIMII  MXIKllNK  SI  \  It  SO!  \!<.0  i')” 

states  arc  listed  In  I  able  HI.  I  \eilest  states  have  been  optimized  indiMdiialle  iisinp 
the  teehnitjiie  ot’exeitinp  pariieiilar  eleetrons  rroni  appropriate  urouiul  stale  le\e!s 
folios'. ed  b\  the  leselshifling  option  to  assure  giUHl  eoiuergenee.  Due  to  the  lesel- 
shifting  technique  no  aseraging  o\er  tuo  degenerate  ciimiionents  oould  he  used  lor 
the  excited  stales  of  li  and  A  sunmetrv.  Onl>  the  ground  slate  has  been  calculated 
with  half-eleeiron  oceupancx  on  each  of  the  rr  orbitals,  which  miroduccd  ihe  increase 
in  Ihe  stale  energx  by  about  0.  l  x  cV.  Ml  hut  one  ol  the  states  ol  mohlxlenuni 
oxide  are  the  lovsest  states  of  a  given  symmetry  where  such  a  procedure  is  well 
justified,  ihe  only  somewhat  troublesome  state  is  the  U  'll  one.  where  exlreme 
care  must  be  taken  ui  avoid  mixing  with  the  grounvl  slate 

I  he  results  for  all  quintet  states  are  summari/s'd  m  1  able  IV  I  he  ealcuiaiioiis 
have  been  performed  for  each  stale  within  the  local  approximation,  using  the  all¬ 
electron  basis  or  the  M(  l’  for  moly  hdeiium.  I  he  labeling  of  the  eompuialional  lev  e! 
is  the  same  as  in  l  ables  I  and  II.  I  or  each  slate,  the  potenluil  energy  curve  was 
titleil  by  a  cubic  piilynomiai  using  a  limited  number  of  points.  I  he  estimates  of 
reported  spectroscopic  constants  have  K'en  evaluated  from  this  simple  lit.  Ihe 
dissociation  energy  was  calculated  with  respect  to  the  separate  atom  limn,  correclevi 
tor  basis  set  superposition  error. 

In  the  thirti  column  of  lahle  IV  equilibrium  bond  ilisianees  are  given  lor  all 
stales  under  consideration,  accompanied  by  one  extra  slate  resolvevi  by  Hamriek 
et  al.  (hj.  but  extremely  dilficult  to  approach  theoretically.  Ns  a  rule  theoretical 
bond  distances  arc  overestimated  by  0,02-0.0.^  \  (roughly  lb  i.  I  he  highest  dis- 
creptincy  was  found  tor  the  excited  state  of  the  same  symmetry  as  the  ground  state, 
/f  'll.  1  xcited  stales  of  the  same  symmetry,  as  the  ground  stale  are.  as  a  rule. 
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dirticull  to  compute  h\  any  sc  t  scheme,  which  was  also  our  case.  We  dttl  m)l 
succeed  in  spotting  the  third  state  of 'II  svmmetiA.  lahelcd  b\  cspenmcntalisis  as 
B  'II.  It  can  he  still  brought  under  discussion  it  the  two  //  'II  stales  arc  assigncil  tn 
the  proper  order.  The  mutual  interchange  seems  apparenlU  to  tv  true  tor  the  two 
'2.'  states,  where  the  data  listed  in  Table  IV  do  not  agree  with  the  assignment  gicen 
in  Ref.  6.  Our  assignment  of'-'  to  the  lower  state  is  tulK  supported  h\  six  i 
calculations.  Bauschlicher  et  al.  [2]  report  c  vssc  i  and  six  i  calculations  on  'll, 
' ,  11,  and  '1'  states.  Only  inclusion  of  the  extensive  (  i  treatment  led  to  the 
improved  in  comparison  with  our  bond  distances  (  R,  -=  1.71  .\  for  the  ground 
state).  Other  parameters,  however,  such  as  dissociation  energies,  vibrational  Ire- 
quencies,  and  relative  position  of  septets,  had  less  reliable  values.  Closer  inspection 
ot  the  remaining  entries  in  Table  IV  shows  that  our  conclusions  regarding  the  giicxi 
performance  ot  the  MC  p  for  molybdenum,  inferred  Irom  atomic  and  homonuclear 
calculations,  are  also  valid  for  the  oxide  molecule,  lixcitalion  energies,  vibrational 
trequcncies.  and  rotational  constants  calculated  with  both  computational  schemes 
agree  closely  with  each  other  and  with  the  experiment.  .Again,  the  largest  discrepancy 
with  experimental  data  was  found  for  the  second  II  quintet. 

In  the  last  column  ot  'Table  iV  the  charge  on  the  molybdenum  atom  is  given  as 
measured  by  a  Mullikan  population  analysis.  Us  value  may  he  taken  as  a  measure 
of  the  charge  transfer  from  the  oxygen  to  the  moly  bdenum  atom.  The  model  core 
potential  gives  a  larger  charge  tran.sfer  than  the  all-electron  calculatiivns,  still  smaller, 
however,  than  tif  calculations.  Both  schemes  agree  in  de.scribing  the  '2,'  arid  'A 
states  as  the  more  pronounced  charge-transfer  states. 

Conclusions 

The  spectroscopy  of  the  MoO  molecule  is  still  far  from  fully  understood,  howev  er, 
good  progress  has  been  made  [6].  The  rc.sults  presented  in  this  study  may  be  of 
considerable  importance  for  further  resolution  of  spectro.scopic  data  and  may  also 
serve  as  independent  support  for  available  a,ssignments.  The  ground  state  has  already 
been  definitely  established  'w  'll;  also,  the  position  of  the  excited  'A  .state  seems  to 
be  certain.  Recent  calculations  can  contribute  to  the  tentative  assignment  of  the 
part  of  the  spectrum  in  which  the  transitions  *  and  'lI-'2;  are  expected. 

As  low-lying  triplets  should  also  contribute  to  the  spectrum  of  MoO  in  the  same 
region,  the  calculations  for  multiplicities  other  than  quintet  arc  presently  in  progre.ss. 
At  this  point,  it  should  be  stressed  that  the  accuracy  of  the  reported  results  is  at 
lea.st  comparable  with  other  very  extensive  theoretical  treatments  which  require  a 
qualitatively  larger  computational  effort  than  the  local  spin-density  formalism.  Thus, 
we  are  also  attempting  to  obtain  a  more  detailed  description  of  the  potential  energy 
curves,  which  would  allow  for  more  complete  analysis.  The  results  of  such  an 
analysis  for  quintet,  triplet,  and  septet  states  of  MoO  will  hopefully  be  published 
in  due  course. 
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Abstract 

The  pairwise  imereorrclalion  between  12  lopologieal  indiees  is  studied  in  hen/enoid  hsdrnearbons 
seiih  up  to  SIX  rings.  I'he  I'unetions  used  In  the  imereorrelations  \xere  linear,  quadratie.  eubie.  power  low. 
and  logarilhmie  relationships.  The  last  two  relationships  tailed  to  intereorrelate  thi.  selected  lopologieal 
indiees.  The  results  obtained  suggested  that  there  are  basiealK  three  subs  lasses  of  independent  lopologieal 
indices  in  the  ben/'noids  studied.  When  contrasted  with  the  presious  findings  in  alkanes,  our  results 
suggest  that  the  eye'll. 'its  leads  to  the  stronger  intcreorrclation  of  lopetlogteal  indiees  than  the  hrunehing 
of  a  molecule.  >  IUU2  John  \S  tlev  Sons.  Ine. 


Introduction 

It  is  well-known  that  the  chemical  behavior  of  a  compound  is  dependent  upon 
the  structure  of  its  molecule.  Quantitative  structure-activity  relationship  (o^ar) 
studies  [  1  ]  and  quantitative  structure-property  relationship  (  qspr  )  studies  [  2 )  arc 
active  areas  of  chemical  research  that  focus  on  the  nature  of  this  dependency  [3], 
Regression  analysis  [2].  e.xpert  system  [4].  and  other  techniques  are  used  to  model 
the  prediction  of  property /activity  of  molecules  from  their  structural  parameters. 

The  structure  of  a  molecule  could  be  represented  in  a  variety  of  ways  [5).  The 
information  on  the  chemical  con,stitution  of  a  molecule  is  conveniently  represented 
by  a  molecular  graph  [2].  Usually  hydrogen-suppressed  graphs  are  used. 

A  number  that  is  mathematically  derived  in  an  unambiguous  manner  from  the 
molecular  graph  is  called  a  topological  index.  Evidently,  topological  index  must  be 
graph  invariant  [2],  The  first  reported  use  of  a  topological  index  in  chemistry  was 
by  Wiener  {b]  in  nis  study  of  paraffin  boiling  points.  .Since  then,  in  order  to  model 


*  Dedicated  to  the  memory  of  the  late  Dr.  loan  MoUk. 
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various  molecular  p'operlics/activities.  a  hundred  of  topological  indices  have  been 
designed  [  2  ] .  Such  a  proliferation  is  still  going  on  and  is  becoming  counterpnxluctise 
[7],  rherefore.  we  have  decided  to  study  the  inwranrciaiion  between  different,  at 
the  first  glance  unrelated  topological  indices.  It  is  known  for  some  time  [2]  that 
topological  indices  reflect  mainh  molecular  si/e  and  shape,  and  onK  in  a  less  extent 
they  are  sensitive  to  other  .structural  features  of  molecules,  fherefore.  one  should 
not  be  surprised  to  find  that  a  plethora  of  topological  indices  could  be  reduced  to 
a  small  number  of  independent,  mutually  orthogonal  ( or  almost  orthogonal )  to¬ 
pological  indices  [8-1  I]. 

Previously  we  have  studied  [12]  the  intercorrelation  betsveen  12  different  topo¬ 
logical  indices  [13]  in  alkanes.  Here  the  intercorrelation  between  the  same  set  of 
topological  indices  is  studied  but  now  in  ben/enoid  hydrocarbons.  The  findings  are 
compared  with  those  of  alkanes 

lopolnaical  hulii  cs  Simlied 

We  have  studied  the  same  set  of  12  topological  indices  as  in  Refs,  [  1 2. 1 3 ], 

The  connectivity  in  a  hsdrogen-suppressed  molecule  is  repre.senfed  by  the  mo¬ 
lecular  graph  (i.  Let  ,V  and  ,1  denote  the  nimihir  of  alomsi  vcriicrs)  and  luinc/s 
( )  in  a  molecule  (  molecular  graph ).  rccspcctivcly. 

The  first  and  the  simplest  index  studied  here  is  .1,  It  is  also  called  the  mial 
aJicicency  oi  a  niokxuk'. 

I.et  f,.  stand  for  the  degree  ( valency )  of  the  vertex  a  in  the  graph  (>.  The  /.ayreh 
(iroiip  India’s.  ,1/,  and  3/:.  are  defined  as  [14]: 

^  lii  ( .  ) 

(i 

M:  =  Z  i'./  tv  ( 2 ) 

I  </./>) 

where  the  summation  in  Eq.  (2)  runs  over  all  bonds  {a.h)  in  O', 

The  following  adaptation  of  .U;  [15]: 

Rl-  Z  dviv)  '  '  (3) 

lu.h) 

is  called  the  Rundic  a>nnatlyily  index.  Rl.  and  represents  up  to  now  the  index 
which  has  found  the  widest  applications  in  the  field  [1.2], 

The  Halt  index.  /■ .  is  defined  [16]  as  the  sum  of  the  number  of  bonds  adjacent 
to  each  of  the  bonds  in  a  molecule  and  is  accordingly  also  called  the  ed.s^e  lolul 
adicHvney  It  could  be  expressed  as  [I7]: 

=  Z  0,(  i’„  -  I  )  ( 4 ) 


fhe  (iordon-Seanllehnry  index.  .S',  equals  the  number  of  distinct  ways  in  which 
an  acyclic  C  —  C  C  fragment  can  be  superimposed  on  the  hydrngcn-supprcsscd 
molecular  graph  [18].  It  docs  not  represent  a  new  index  as  it  is  easy  to  prove  that; 
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1  he  remaining  topok)gieal  ituiiees  eonsidered  here  are  based  on  llie  distances  in 
a  graph  (>.  The  distance,  between  seriiees  i/  and  />  in  </  equals  the  number  ot 
edges  connecting  </  and  />  on  tlie  shiu  test  path  in  (>  between  them  [  2  ] ,  B\  definition: 

0. 


I  he  sum  of  all  distances  in  a  graph  [h]: 


i 


II 


r/'.  .■  , 


(  s  1 


defines  the  H  Vivar  iiichw,  H  .  T  his  oldest  topological  index  still  finds  its  applications 
in  ehemistrx  [17j. 

A  half  of  the  number  of  distances  of  length  three  in  O'  defines  the  pnhiniv  iihihIht. 

/Mb], 

Let  us  consider  the  sum  of  all  distances  originating  from  the  sertex  a: 


I'O,; 


<L,. 


(6) 


The  sum  represents  an  analogon  of  the  vertex  degree  and  is  called  the  c 

sum.  of  the  vertex  o  [19], 

Having  the  above  in  mind  Balaban  has  defined,  in  analogy  with  the  Randic 
connectivity  index,  the  following  index  [20]; 

•1  ' 

./  =  — —  ^  (f/>.„t'/./)  (  ') 


where  the  cyclomalic  number,  u  =  1  ■  2v  +  L  equals  the  number  of  cvclcs  m  (/. 
The  Balahau  index.  is  the  most  discriminating  lopologictd  index  proposed 
so  far. 

The  Wiener  index  IT  can  he  written  as  [17]: 

/ 

IT  =-  2:  AIT*  (8) 

(.  1 

where  IT*  is  the  frequency  of  occurrence  of  the  distance  A  in  a  graph.  /.  stands  for 
the  diameter  (the  largest  distance)  of  O'.  The  frequencies  IT*  define  the  distance 
distribution  and  enable  a  definition  of  the  following  index  [17]: 


D.  = 


IT*  A' 


^  If  * 

t  I 


(9) 
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This  index  is  related  to  the  .rth  moment  of  the  distance  distribution  and  is  called 
the  ,rth  mean  square  distance  topoloptical  index.  The  indices  /)|.  />:,  Dy.  and 
are  considered  in  the  present  article. 

Results 

The  intercorrelation  of  the  12  topological  indices  introduced  above  is  studied 
here  for  benzenoid  hydrocarbons  having  up  to  six  rings.  This  set  of  benzenoids 
contains  1 15  structures  and  is  taken  from  Ref.  [21]. 

All  topological  indices  considered  here  could  be  defined  [13]  in  terms  of  the 
higher  order  adjacency  matrices  [2]  of  a  graph. 

This  observation  serves  as  the  basis  of  the  program  TOPIND  which  has  been 
developed  by  Razinger  et  al.  [22].  Here  we  use  the  modified  version  [12]  of  this 
program.  Although  there  are  existing  more  efficient  algorithms  for  computation  of 


M2 


F(S) 


Figure  I .  Graph  of  strongly  intercorrclated  topological  indices  in  benzenoid  hydrtxrarbons 
with  up  to  six  rings.  The  case  of  linear  relationship. 
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[ jgurc  2.  Ciraph  of'strongK  lmcri.'i'rn.-lalcd  Kipologital  iniikvs  in  hon/cnoid  hsilrocarUins 
vvith  up  to  six  rings.  1  he  case  s>l' quadratic  reUunsnship 


particular  topological  indices,  the  higher  order  adjacency  matrices  approach  has 
been  advocated  [1.4]  as  being  able  to  point  in  more  direct  way  to  the  similarities 
and  differences  between  the  topological  indices. 

The  intercorrclation  of  topological  indices  is  studied  here  /xt/nt  isc.  that  is.  we 
investigate  the  quality  of  the  functional  relationship  between  the  topological  indices 
T,  and 


7',  =  /(■/,)  (10) 

or  in  other  words  we  investigate  the  degree  of  similarity  of  their  structural  infor¬ 
mation  contents.  The  one-parameter  linear,  quadratic,  cubic,  logarithmic,  and  power 
low  relationships  have  been  tested. 

Quality  of  fitting  these  relationships  between  /',  and  1 ,  is  given  by  the  corre¬ 
sponding  correlation  coefficient  r,  Sirons^Iy  infcmirrclutcii  [utirs  <>l  tapiiloyiail 
indices  are  those  with  r,  ,  >  0.98. 
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f  igurc  3.  Ciraph  of  strongly  inicroorrclated  topological  indices  in  hen/’cnoid  hydrocarbons 
«ith  up  to  SIX  nngs.  The  case  of  cubic  relationship. 


The  correlation  coefficients  are  usually  presented  in  the  form  of  matrices  but  we 
prefer  a  pictorial  representation:  each  topological  index  T,  is  depicted  as  a  vertex  i 
and  an  edge  ( /,/)  is  drawn  between  /  and  /  only  if  7 ,  and  7',  are  strongly  intercor- 
reJated.  Such  a  drawing  {8-IOJ  we  call  the  araph  of  strongly  iniercorrelated  topo¬ 
logical  indices. 

The  graphs  of  strongly  intercorrelated  topological  indices  for  benzenoid  hydro¬ 
carbons  with  up  to  six  rings  for  the  linear,  quadratic,  and  cubic  relationships  are 
given  in  Figures  1 , 2.  and  3,  respectively.  The  topological  indices  A7| ,  .V7;,  77, .  77;, 
/Ty,  and  are  denoted  in  the  figures  by  .V71.  M2,  77 1.  772,  D3,  and  774,  respectively. 

One  notes  that  the  indices  D, .  77;,  Dy  and  Dt  form  a  separate  subclass  of  indices 
independent  of  all  the  other  indices.  Only  in  the  case  of  the  linear  relationship  the 
'ndex  D|  is  strongly  intercorrelated  with  the  Balaban  index  J. 

Let  us  note  that  for  the  linear  relationship  the  Wiener  index  H'is  independent 
of  the  other  indices  but  for  the  quadratic  relationship  it  becomes  strongly  correlated 


HI  \/i  M >11 )  in  I >K( K  \i<ni)\s 


4( )  ' 

\\ith  t,  \/|.  and  RI  and  in  a<idiln>n  to  llial  il  Iviouh'n  rurt':i.  i  siionuli  <.(>m'latt  d 
\^ith  /■  when  one  proceeds  to  the  eiihie  lelationship 

let  us  further  note  that  the  Ranilie  mde\  R/  is  stioneh  eorreialed  »iili  tlu- 
indices  !.  l/i,  and  \/:  tor  three  relationships  depKted  In  proieedine.  tioni  the 
linear  to  cjuadratie  relationship  it  heeonres  alsii  sironeK  lorrelated  uiih  H  and  in 
addition  to  that  hs  proceeding  further  to  the  euhie  relatumship  it  siaris  to  lorrelaie 
strongh  with 

Let  us  further  eoniment  on  the  loganthnue  and  piuser  lin\  lelaiioiT-htps  uhose 
intcreorrelation  graphs  are  not  depicted  here.  I  or  these  relationships  tf.e  indu  es  I 
Mi.  M;.  Rf.  ]■ .  S.  II  .  and  /’are  indepetHleni 

T  he  previously  reeogni/ed  suhelass  of  strongly  inteiaorielated  indues  /)  .  />  , 
/>i.  and  />4  surv ives  also  in  the  ease  of  the  logarithmic  .mil  power  low  relationships 
but  IS  enlarged  by  the  new  member  into  the  subclass:  the  Balaban  indev  / 

Discussion 

1  he  above  intcreorrelation  results  suggest  that  there  are  basieallv  ihree  subv  lasses 
of  ituiependent  topological  iiivlices  iii  ben/enoid  hydrocarbons  wiih  uiv  to  si\  rings 
the  first  comprises  /),.  /)-,  I)-.,  and  11,:  the  sceoml  s'ontams  a  single  indes  J:  ami 
the  third  consists  of  the  indices  I ,  M,.  I/- .  RI.  I  .  /’.  aiul  II  .  where  the  last  nides 
could  be  taken  as  the  fourth  indepemient  subclass,  rheretore,  we  ■  iiggest  thal  m 
modeling  properties activ  ities  of  the  molecules  consideresl  here  the  choice  of  three 
up  to  mostly  four  indices  should  sullice.  The  previous  studies  on  alkanes  with  up 
to  6.  't.  and  12  carbon  atoms  Itave  shown  1121  that  .in  increase  m  the  number  ol 
carbon  atoms,  that  is,  the  incretised  participation  of  the  /’o/t.'i /;(■</ s|iecies  leads  ui 
drastic  reduction  in  the  intercorrelation  of  topological  indices  I  herefore.  one  couki 
conclude  that  the  i  i<  lu  iiv  ( as  presented  in  ben/enoids  i  leavis  to  the  sironger  mter- 
eorrelation  of  indices  than  the  branching. 
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Abstract 

The  equilihrium  gcomelrv.  roliitional  constants,  and  sihratioiial  rrequciicies  lor  neutral  imida/ole.  the 
protonalcd  imida/ole  cation,  the  dcprolonaled  iniida/ole  anion,  iinida/ole  slide  and  the  initda/ole-l,i ' 
complex  base  been  calculated  at  the  secsind-order  Mt>  level  with  the  h-.tICi*  basis  set.  The  slide  form 
ol  imida/.ole  is  found  to  be  .>2..'  kcal/mol  less  stable  than  the  neutral  form.  Infrared  spectra  predicted 
at  this  level  of  theory  reproduce  the  experimental  spectra  suHicicntls  accuralcis  Ui  enable  a  reliable 
assignment  for  cationic,  anionic,  and  slitle  forms  and  to  confirm  the  interpretation  of  the  st  rs  spectra 
of  imida/ole  adsorbed  on  a  silver  elecinxie.  <  I'N2  John  Wiics  &  Sons,  ine 


Introduction 

Imidazole,  a  component  of  the  amino  acid  histidine,  plays  an  important  role  in 
biological  systems  acting  as  a  general  base  catalyst,  and  as  a  ligand  toward  transition 
metal  ions  in  a  variety  of  biologically  important  molecules.  For  aqueous  solutions 
(pH  7),  imidazole  behaves  like  a  base  and  forms  the  imidazole-cation  form  (Im 
H*).  In  strongly  basic  solutions  (pH  >  lO).  neutral  imidazole  undergoes  depro¬ 
tonation  and  forms  the  imidazole  anion  (Im  )  [1].  A  tautomeric  ylide  form  of 
neutral  imidazole  ( ImY )  is  known  to  exist  and  has  been  found  as  a  reactive  species 
in  exchange  processes  [  1  ] . 

Recently,  the  adsorption  of  imidazole  on  the  silver  electrode  has  been  studied 
by  surface  enhanced  Raman  spectroscopy  (SERS)  (2).  According  to  the  authors, 
the  spectra  observed  at  more  positive  potentials  cannot  be  interpreted  in  terms  of 
the  complex  between  the  imidazole  molecule  and  Ag  ‘  ions.  Their  sers  results 
indicated  that  different  forms  of  imidazole  can  be  observed  at  the  Ag  surface  when 
the  electrode  potential  is  changed.  Thus  they  discussed  their  sers  spectra  in  terms 
of  contributions  from  cationic,  anionic,  and  ylide  forms.  The  experimental  vibra¬ 
tional  spectra  for  neutral  imidazole  in  vapor,  matrix,  and  solution  phases  are  also 
known  [  3).  as  are  the  Na  ■  Im  (in  KBr)  [4]  and  crystalline  Im  ‘  Cl  (Sjspectra 
though  the  latter  two  are  without  assignments.  We  believe  that  correct  interpretation 
of  the  SI  RS  results  may  well  depend  on  the  proper  assignment  of  the  spectra  of 
these  various  imidazole  forms. 


*  fX’partment  of  Chemistry  .  tJnivcrsils  of  Warsaw.  02-09 .t  Pasteur  I.  W'arstiss.  Poland. 
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The  \ibrallonal  spectrum  of  the  imitla/ole  was  a  subject  of  a  presious  ah  luhio 
calculation  [b]  and  a  classical  normal  coordinate  analysis  [7);  howeser.  some  ol 
the  assignments  are  controscrsial  (8-1 1 J .  In  Ref.  [  1 2 ) .  a  3-2 1 G  calculated  spectrum 
of  4(5)  methylimida/ole  ss  mentioned,  and  in  Rel’.  [13].  the  results  of  a  4-2 IG 
calculation  are  presented.  I  his  latter  study  clearly  shows  that  it  is  necessary  tit  use 
a  large  basis  set  and  to  take  electron  correlation  into  account  in  order  to  calculate 
the  geometry  and  spectra  with  a  reasonable  accuracy  V\e  belies e  that  more  svork 
is  needed. 


Computational  Method 

The  ah  calculations  were  carried  out  using  the  G.AGSSl.AN  '^0  program 
(14].  .‘Ml  calculations  were  done  with  the  6-31G*  basis  .set  (15).  and  electron 
correlation  was  included  by  second-order  Moller-Plesset  perturbation  theory  [16]. 

The  optimization  has  been  carried  out  under  the  constraint  that  the  molecules 
are  planar.  The  optimized  planar  geometries  correspond  to  a  minimum  (not  to  a 
saddle  point)  on  the  MP2-63IG*  calculated  potential  energy  hypersurface.  This 
was  confirmed  by  the  subsequent  calculations  of  the  vibrational  frequencies,  which 
are  all  positive. 

The  optimized  geometries  were  used  as  input  data  in  the  calculations  of  the 
harmonic  force  field.  The  second  dcriv  atis  c  of  the  energy  w  as  evaluated  numerically 
from  the  gradients.  The  calculated  Cartesian  force  held  and  transition  dipole  mo¬ 
ments  were  transferred  to  a  separate  piO',.am  for  the  standard  potential  energy 
distribution  (Pi D)  analysis  [17].  T'-  ■  ternal  coordinates  were  chosen  according 
to  Ref  [18].  The  convention  for  »'  atom  numbering  is  shown  in  Figure  1  and 
the  internal  coordinates  used  p  i)  calculations  are  listed  in  Table  I. 

Results  and  Discussion 


Makaular  (.icomcn  .es 

Table  11  show  s  the  c-sperimental  geometry  [  1 7 )  for  imidazole  as  well  as  the  MP2- 
63IG*  optip'tized  geometries,  dipole  moments,  and  energies  for  imidazole  (Im). 
the  imidazole  cation  (ImH  '  ).  the  imidazole  anion  (Im  ).  the  yiide  (Im^' )  form 
and  the  ImLi '  complev.  The e.xpcrimcntal  geometries  ofthe  ImH  ' .  im  .  and  Im\' 
are  not  known. 

Table  11  shows  that,  in  general,  the  geometry  predicted  by  the  calculation  is  in 
good  agreement  with  the  experimental  data.  For  bonds  between  the  heavy  atoms, 
the  greatest  discrepancies  between  the  predicted  and  experimental  values  are  no 
1:  rger  than  0.015  A.  The  predicted  bond  angles  between  the  heavy  atoms  differ 
ifom  the  experimental  values  by  no  more  than  1  to  2°.  The  hydrogen  substitution 
on  N4  changes  the  C'N  bond  distances  by  no  more  than  0.095  A.  and  the  NCN 
and  CNC  angles  by  4°.  Opposite  changes  are  seen  in  the  anionic  form  of  imidazole. 
The  NCN  angle  increases  and  CNC  angle  decreases  relative  to  neutral  imidazole. 
The  changes  caused  by  the  simultaneous  substitution  of  a  proton  on  H4  and  the 
removal  of  a  proton  from  C2  arc  significant,  especially  for  the  NCN  and  CNC 
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f'igurc  1 .  Numbering  seheme  for  ihc  various  forms  of  Imidacolc. 


angles  in  slide  form.  The  corresponding  rotational  constants  obtained  from  the 
optimized  geometries  of  Im  and  the  various  other  forms  of  Im  are  shown  in  Table 
11.  A  comparison  of  our  results  for  neutral  imidazole  sviih  the  experimentally  ob¬ 
tained  rotational  constants  [19]  show  a  relative  error  of  0.4%  and  attests  to  the 
quality  of  the  MP2  calculated  geometries. 

Tatilonurism 

The  difl'erence  of  the  total  internal  energies  of  the  tautomers  at  O  Kelvin  has 
been  calculated  as  a  sum  btot  {MP2-63IG*)  -I-  ZPE  (MP2-631G*)  where  the 
ZPf-  is  zero-point  vibrational  energy,  calculated  from  the  vibrational  frequencies  of 
the  normal  modes  computed  at  the  iVlP2-63IG*  level,  without  scaling  factors.  The 
large  (32.5  kcal/mol)  energy  difference  between  tautomers  suggests  that  only  the 
neutral  form  of  the  compound  should  be  observed  at  low  temperature  in  the  gas 
phase.  However,  the  ylide  form  could  be  stabilized  by  solvent  interactions  and/or 
the  potential  held  of  the  silver  electrode. 

Population  A nalysi.'i 

Table  III  shows  the  total  atomic  charges  for  all  atoms  in  each  of  the  various 
imidazole  forms  as  calculated  from  the  MP2-63 IG*  density  matrices.  The  positive 
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Tabi  I.  Definition  ofmternal  coordinates  for  the  form  of  canon.  flmU')  anion  lim  ).  and  ylide 
(ImY)  of  imidazole  and  for  imidazole  molecule  (Im).  Number  pairs  arc  bond  lengths,  number  triplets 
are  bond  angles,  number  quartets  arc  dihedrals.  H  out  (a.  h.  t )  refers  to  motion  of  the  proton  out  of  the 
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charge  in  ImH  *  is  distributed  among  the  heavy  atoms,  so  C2  becomes  more  positive, 
N3  and  N4  become  less  negative,  .nd  C'5  and  C6  become  more  positive  relative  to 
neutral  imidazole.  In  contrast,  the  negative  charge  m  !m  is  distributed  across  all 
atoms  except  C2.  The  ylide  form  has  charges  quite  similar  to  the  neutral  form.  The 
dipole  moment  determined  from  Stark  effect  measurements  on  Im  is  3.667  ±  0.05 
D  [19],  while  the  dipole  moment  ofim  in  benzene,  extrapolated  to  infinite  dilution 
is  3.8  D.  Our  calculated  value  of  3.95  D  agrees  well  with  these  measurements. 

Infrarcci  Sfux  tra 

Our  calculated  IR  spectra  for  imidazole  as  well  as  experimental  results  arc  shown 
in  Table  IV.  Our  results  for  the  other  forms  of  imidazole  are  presented  in  Tables 
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V-IX.  In  each  ease,  there  arc  three  main  regions  ot  the  spectrum,  a  low  tVequency 
region.  .‘'00  to  900  cm  ' .  an  intermediate  trcquency  region.  900  to  1600  cm  ' .  and 
a  high  trcqucncy  region  .VlOO  to  .^700  cm  ' .  I  hc  relative  error  between  the  exper¬ 
imental  tVequencics  and  our  calculated  Ircquencies  is  the  largest  tor  the  ('  1 1  tind 

N  H  stretching  in  the  third  region,  though  oxerall,  the  predicted  \ihrational  spec¬ 
trum  ot  imida/ole  is  in  satisfactory  agreement  with  the  experimental  data, 

1  he  first  region  contains  the  frequencies  v\  to  v,..  which  consist  of  NH  and  (11 
wagging  modes  and  ring  torsions  ( tors).  Our  calculations  predict  the  NH  wag  mode 
as  the  lowest  frequency,  in  agreement  with  the  experimental  data.  I  hc  4  21(j 
calculation  gives  ring  torsion  as  the  lowest  I'requency. 
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and  i\  ‘)4(s  cm  '  coiTcspond  to  vinit  sklormations.  in  agreement  with  1  an  el  al,  [fi ). 

i  lie  \  li  deformation  mode  was  not  assigned  in  the  '•apor  spectrum,  so  fan 
et  al.  adopted  the  stilution  Raman  value  of  1  1(>()  cm  '  fur  this  fundamental.  Ring 
(Vj  assigneti  this  to  the  hand  at  1 12^  em  ‘  in  the  matris  spectrum,  based  on  the 
spectrum  of  p\  role,  (  ordes  aiui  Waiter  [  7  ]  assigned  r  I  I h()  cm '  as  /)(  Nl  I ).  while 
Salome  and  Spiro  [ !  1 )  assigned  :•  14.41  em  '  as  at  NH  ).  According  to  our  cal¬ 

culations  ;md  I’l  P  analssis  this  mode  is  not  charaeteristie.  I  n  us.  it  seems  more 
reasonahle  to  assigned  I'l-  1496cm  '  which  contains  ,72p  of  CN  stretch  and  27' , 
of  fit  NI  ! )  as  this  fundamental. 

We  find  the  C  H  stretch  bands,  r-,.,  and  i'-„  t,i  he  the  weakest  fundamentals  m 
the  spectrum,  in  agreement  with  the  previous  calculations. 
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hor  the  cation  form,  the  addition  of  a  proton  gives  rise  to  three  new  bancs:  lu. 
I'l  ,  and  c  : .  Ip  the  lithium  complex,  the  new  hands  are:  I’l .  v.-.  and  i  t.  In  the  anion 
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form,  loss  of  a  proton  results  in  the  removal  of  three  bands  as  compared  to  the 
neutral  imidazole  spectrum.  The  ylide  form  has  the  same  number  of  bands  as 
imidazole  spectrum.  The  ylide  form  has  the  same  number  of  bands  as  imidazole. 

The  most  important  changes  caused  by  the  H-substitution  is  the  shift  of  NH  wag 
mode  (in  the  first  region)  to  higher  frequencies  for  the  cation,  ylide,  and  comple,\ 
forms.  This  is  in  agreement  with  the  well-known  observation  that  the  bands  due 
to  NH  are  much  more  sensitive  to  changes  in  structure  and  molecular  interactions 
than  other  bands  in  this  region. 

Contributions  from  the  ring  stretching  vibrations,  which  form  the  ring  defor¬ 
mations  are  spread  over  many  normal  modes  with  frequencies  in  the  second  region. 
Except  for  the  corresponding  bands  arc  not  characteristic,  and  these  two  are 
close  to  each  other  in  the  different  forms. 

Neutral  Im  has  an  N  —  H  deformation  mode  at  1496  cm  '  and  the  protonated 
form,  the  ImH  ‘  cation  has  an  additional  N  —  H  deformation  mode  at  1 509  cm  ' . 
All  of  these  vibrations  have  some  CN  stretch  contributions.  The  deprotonated  an¬ 
ionic  form  does  not  have  this  mode.  In  the  ylide  form,  one  of  these  5(NH)  fre¬ 
quencies  is  shifted  to  lower  frequencies  (mu  =  1248),  and  the  f  —  H  in-plane 
bending  vibration  contributes  significantly  more  to  the  ylide  v,,,  ^  1458  cm  ‘). 
than  in  the  imidazole  molecule.  However,  one  should  notice,  that  ring  deformation 
modes  I'lf,,  I'l?,  and  t'js  have  lower  frequencies  than  in  imidazole  molecu.es.  Addition 
of  a  lithium  cation  caused  only  small  changes  in  frequency  in  the  second  region. 

The  bands  due  to  CH  stretching  modes  are  very  weak  in  the  imidazole,  but 
became  much  stronger  in  other  forms.  They  are  shifted  towards  higher  frequencies 
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Tabu  VH  \tPZ-(v'lG’  I'ri’tiucncics  km  ')  and  IR  imenMtics  (kmimotl  tor  rmida/olc-slidc  t-.rvm, 
lm\'  Modes  that  do  not  appi-ar  in  neutral  form  are  marked 


No. 

S\ni. 

1* 

l'“ 

PI  I)-* 

.Approx  dcsxrip 

1 

392 

21.5 

</l6l6l).i/17{1?> 

torsi  4) 

-> 

<: 

59. t 

0.0 

</19|97) 

lors(5> 

.t 

682 

209 

</l8l90) 

(  IK  * )  wag 

4* 

■1: 

688 

0.0 

(/20(75),</l9(l1i 

NIK  )  wag  *  tors 

5 

.0 

7.12 

0.0 

1/21(98) 

CT  K  )  wag 

6 

li^ 

761 

216.2 

</|7(6I).(/16(1|) 

NIK  T  )  wag  t  tors 

7 

H'. 

9,Vi 

2» 

1/1.1(91) 

CNC(4) 

8 

9.14 

4.8 

(/6(81).</8(l  1) 

C'NC(5).  -HCCd 

<) 

fi: 

108.1 

20.2 

(/IO(41),</I.S(17) 

CNst  ^  need 

10 

1  1  12 

19.2 

1/8(47  ),</!(. 14) 

need  *-  CNst 

1  1 

1  169 

8.9 

1/2(66 ).(/?( 24) 

CNst  -  HCNd 

12 

■T 

1189 

0.1 

i/H47).,/8(25).t/4(l8) 

(  Nst  t  HCC 

l.f 

Ik 

1248 

0.9 

</9(68).(/14(22) 

CNst  s  lINCd 

14 

1^2 

1406 

4.7 

</1.5(44).</9(19).(/l4(.10) 

HC(  d  »  CN 

kS 

Ik 

1419 

3,^ 

(/4(4()).</|(l).19) 

C  Cst  s  CNst 

16 

.1, 

1458 

29.  ."i 

(/7(45).(/2(  |7) 

UNCd  1  CN 

17 

4, 

1627 

7.4 

</4(55j.(/7(20).</X(17) 

C  -  Cst  +  UNCd 

18 

Ik 

1124 

0.2 

1/12(99) 

CH(-)st 

19 

4, 

3145 

0.1 

1/5(99) 

CH(  1  )si 

20 

Ik 

1689 

124.1 

(/1 1(100) 

MK-)st 

21* 

4| 

1690 

1  1.7 

</.1(99) 

NH(  ()st 

in  the  cation  form  and  towards  lower  frequencies  in  the  anion  form.  The  values 
for  ylide  form  are  close  to  neutral  imidazole. 

In  the  third  region  there  is  a  very  strong  NH  stretching  vibration,  w'hich  is  shifted 
by  about  62  cm  '  towards  lower  frequencies  in  the  cation  form.  ,72  cm  '  in  comple.x, 
and  1 5  cm  '  towards  higher  frequencies  in  the  ylide  form.  However  these  frequencies 
can  only  be  compared  with  the  gas  phase  experiments,  since  the  H  atom  is  involved 
in  strong  hydrogen  bonding  in  the  solution  and  in  the  .solid  state  phase. 


.S7-.  «.v  Spectra 

Our  calculated  spectra  for  the  cation  and  anion  form  of  imidazole  arc  compared 
to  available  experimental  results  in  Table  IX.  The  experimental  spectra  of  Im‘  Cl 
(5]  and  [(Im)  Fe(CN)sli  [4]  have  been  published  without  assignment.  However, 
by  comparing  them  with  the  published  Raman  spectra  of  imidazole,  we  have  as¬ 
signed  the  bands  in  the  second  region  of  spectrum.  Table  IX  shows  that  the  change 
in  experimental  spectrum  as  protons  are  added  or  removed  matches  the  corre- 
sponding  change  in  the  calculated  spectrum.  Only  the  936  cm  '(inim  )and  1639 
cm  '  (in  ImH  ‘ )  modes  seem  to  deviate  from  experimental  changes.  One  should, 
however,  take  into  account  the  experimental  uncertainties  in  this  data. 
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T\bi  I  Vll!  fregui;in.ios(iii  cm  'land  IR  iiilcnsilics(km  nml)  lor  imula/olc- !  i'  complcs' 

Mixlcs  that  do  not  appear  in  neutral  imida/ole  are  marked 
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« 
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9 

.(" 
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1/10(82) 

t  NC  del' 

12 

.(■ 
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.4' 
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(/14(20).(/I2(25).i/4(I0) 
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14 

,4' 
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</l(.38).(/2(l8),i/.3(IO) 

C'Nst 

15 

.4' 
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1.6 
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CNsl 

16 

.4' 
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17 
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21 

A' 
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*>  1 

i/8(86),(/7(12). 

CHst 

22 

A' 

3328 

8.4 

i/)(96) 

('.•Hsl 

2.7 

.4' 

3.347 

6,2 

i/7(84).i/8(l4) 

CHsI 

24 

.4' 

3642 

175.0 

(/6(99| 

NHst 

*  for  Im-Li',  (/I  to  ql  t  are  the  same  as  for  Int  (Table  II. 

q22  =  /<4,I0). 

q2i  =  (10.2,4)  -  (I0,b,4). 

r/24  -  H 10  out  (2,4,6). 


The  shift  in  frequency  accompanying  complexation  with  Li  *  were  found  to  be 
quite  .small,  w  ith  most  of  the  bands  shifted  to  higher  frequencies.  One  can  compare 
these  calculated  frequencies  with  the  data  of  Salome  and  Spiro  [11],  who  found 
that  coordination  of  imidazole  with  Co  ions  had  only  a  subtle  effect. 

SERS  spectra  of  imidazole  on  a  silver  electrode  (/:  =  -0.7  V)  is  similar  to  the 
normal  Raman  spectrum,  with  the  following  exceptions:  The  band  at  1428  cm  ' 
is  shifted  to  1440  cm  a  new  intense  band  at  970  cm  '  appears,  and  there  is 
considerable  change  in  intensity  for  all  bands,  especially  the  band  at  1162  cm  ‘ 
[2],  All  of  these  changes  are  reproduced  in  our  calculated  spectrum  of  Im-Li  \ 
of  Im  is  shifted  to  higher  frequency  =  1543  cm  '  in  the  complex.  I'l,,  in  Im  is 
shifted  to  higher  frequency  Pn  =  1 143  cm  '  (calc)  and  shows  a  marked  increase 
in  intensity.  Our  calculation  also  shows  that  the  ring  deformation  frequencies,  v-, 
and  Rs  in  Im  are  shifted  to  higher  frequencies  I'm  and  kh  after  coordination  with 
the  cation. 
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I  ahi  1  IX  Ihi"  L'ompanson  hcUMvn  e\[icriiiKnial  and  cakulaicd  -.(xvlra  tor  laiiotiiv  and  anionic 

forms  of  tmida/olc 


No  fund,  in 
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‘■i: 

1 IW) 
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1226* 

1240 
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I2W) 
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1  50,5 

1  ^ 

128^* 

‘■|4 

1.528 

1.522 

1  5  1  5 

1402 

1  564 

1.540* 

r.s 

14.t() 

1415 

1 446 

1447 

N 

1444 

1  504* 

1440 

14.54 

15.57 

1606 

1516* 

t'r 

15.55 

15.56 

1484 

1570 

1 654'.’ 

1515 

N — New  band  found  in  proionalcd  species. 

* — Bands  found  in  ihe  si  rs  spectrum  (our  assignment). 


According  to  Ref.  [2].  the  new  intense  bands  at  1640.  1490.  1,17.*;.  1.100.  and 
920  cm  '  which  appear  in  the  spectrum  at  electrode  potentials  more  positive  than 
-0.6  V  are  due  to  Im  .  We  concur  with  this  interpretation,  since  all  hut  the  1640 
cm  '  band  are  present  in  our  Im  calculated  spectrum.  The  bands  reported  at  1 1 10. 
1215.  and  1450  cm  '  are  present  in  our  calculated  spectrum  of  ImH  ' .  These  si  rs 
bands  which  arise  from  ionic  forms  are  marked  by  an  asterisk  in  Table  IX. 

The  authors  ( 2  j  cite  clectrogenerated  surface  species — most  likely  the  ylide  form — 
as  the  source  of  the  bands  at  1025,  1285,  and  1350  cm  '.  Based  on  our  calculated 
ylide  spectrum  and  recognizing  that  our  predicted  spectrum  is  generally  too  high 
in  energy,  we  would  tentatively  assign  these  bands  to  i/|o, /'n.  and  cu  at  1112.  1248. 
and  1406  cm  ' . 

Conclusion 

We  have  shown  that  ah  initio  MP2-631G*  calculations  give  the  equilibrium 
geometry  of  the  imidazole  very  close  to  the  experimental  results.  This  is  supported 
by  the  close  match  between  calculated  and  experimental  rotational  constants.  The 
ylide  form  is  found  to  be  32.75  kcal/mol  less  stable  than  imidazole-neutral  form. 
The  force  field  obtained  at  this  level  for  imidazole  and  the  cationic,  anionic,  and 
ylide  forms  reproduces  the  experimental  frequencies.  An  assignment  of  the  observed 
bands  is  proposed  for  cationic  and  anionic  forms  based  on  the  comparison  of  ex¬ 
perimental  frequencies  with  those  calculated  theoretically.  Spectra  predicted  at  this 
level  of  theory  reproduce  the  experimental  spectra  sufficiently  accurately  to  enable 
a  reliable  assignment  and  to  confirm  the  interpretation  of  Sf  rs  results  about  the 
adsorption  of  imidazole  on  silver  electrode. 
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Ab  Initio  Post-Hartree-Fock  Studies  on  Molecular 
Structure  and  Vibrational  IR  Spectrum 
of  Formaldehyde 

JOZFF  S.  KWiA  rKOWSKI*  and  Jl-RZY  1  [  SZf  ZA  NSRl 
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Abstract 

nh  null"  sliidies  using  iho  6- il  l(i(  \(ll,  Zf)  Kisis  sin  with  oli’ilron  it.nvlnlion  imluilcd  .il 
the  seeonil-oritor  Vliillcr-l’lessel  ivnurhalum  thcon  are  reixirteil  \t  this  Icscl.  lull  gcomelrs  t'ptimi/alion 
was  iscrl'ornicd.  I'ollinveil  h\  laleulalion  of  the  Mbraiional  IR  s|X'i  trum.  I’reilu  ted  nioleeul.ir  parameters 
I  bond  lengths,  bond  angles,  dipole  moment,  rotational  eonstantsi  and  sibrational  IR  spi-etra  ( harmonie 
ssavenumbers,  absolute  intensities!  of  formaldehyde  and  ns  deuterated  species  agree  sers  iselt  seilh  the 
e.spenmental  data,  ■  in«:  luhn  w iiey  A:  Suns,  ine 


Introduction 

The  formaldehyde  molecule,  C’HA).  is  a  parent  compound  for  mans  species. 
Among  them,  a  class  of  chemically  and  biologically  important  systems  possessing 
a  carbonyl  group  should  be  mentioned.  Due  to  the  small  size  of  this  model  system, 
it  has  been  used  to  test  a  reliability  of  different  levels  of  theory. 

The  molecular  properties  (geometry,  dipole  moment,  rotational  constants)  and 
vibrational  IR  spectrum  of  formaldehyde  are  well  knovsn.  because  this  species  has 
been  a  subject  of  number  of  both  c.xperimental  and  quantum-mechanical  studies. 
A  review  of  the  theoretical  studies  goes  beyond  the  scope  of  the  present  study. 
Instead,  we  will  refer  to  the  most  recent  ah  inilia  studies,  in  which  references  to 
previous  studies  can  be  found. 

T  he  aim  of  this  article  is  an  accurate  prediction  of  molecular  structure  and  vi¬ 
brational  IR  spectrum  ( harmonic  frequencies,  absolute  intensities)  of  formaldehyde 
using  the  ah  initio  post-Hartree-F  t)ck  calculations,  namely,  the  second-order  Mollcr- 
Plesset  perturbation  theory  (  mp2  )  with  the  6-3 1 1G(  3<//.  2p)  basis  set  that  is  a  triple 
valence  basis  set  augmented  by  an  e.xtciidcd  set  of  polarization  functions.  Recently, 
using  the  same  level  of  theory,  an  excellent  agreement  between  theoretically  predicted 
and  experimentally  determined  molecular  properties  of  formamidc  has  been  no¬ 
ticed  [  I  ] , 
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Computational 

The  geometry  of  the  studied  molecule  was  oplimi/.ed  at  the  elcctrt)n  correlation 
mp2  level  [2.2]  using  the  triple  valence  6-.21  ICj  basis  set  [4]  augmented  by  three 
sets  of  d  and  one  set  of  /  functions  on  carbon  and  o.sygen.  and  by  two  sets  of 
functions  on  hydrogens,  respectively.  The  harmonic  frequencies  and  absolute  in¬ 
tensities  were  calculated  at  the  optimized  geometry  also  at  the  Mf’2  /6-.2 1 1G(  .2^//. 
2p)  level.  .All  quantum-mechanical  calculations  were  performed  with  the  G.MJSS- 
I.AN  ‘/O  program  [.sj. 

Transformation  of  the  force  constant  matrix  in  Cartesian  coordinates  to  the  force 
constant  matrix  in  internal  symmetry  coordinates  allowed  ordinary  norma!  coor¬ 
dinate  calculations  to  be  performed,  as  described  by  Schachtschneider  (6).  The 
potential  energy  distribution  (Pt  t>)  analysis  to  assign  the  modes  was  carried  out 
using  the  PACK  program  [7],  This  program  was  also  used  to  calculate  the  vibrational 
IR  spectra  (harmonic  frequencies,  absolute  intensities.  Pi  D)  ofdcuteratcd  species 
of  formaldehyde  using  the  force  constant  matrix  from  the  ah  iniiio  calculations  for 
formaldehyde  itself 


Results  and  Discussion 


Molecular  Heomelry 

The  optimized  geometry  of  formaldehyde,  its  dipole  moment,  rotational  con- 
stant.s.  and  energies  are  listed  in  Table  I  and  compared  with  the  available  experi¬ 
mental  data.  As  we  can  sec,  the  calculated  bond  lengths  and  bond  angle  agree  very 
well  with  the  corresponding  experimental  data  determined  from  microwave  spec- 


Tahi  I  I.  t  aiculutcd  [MiO/6-  t|  lCi(.W/.2/>)|  and  cxpcrimcnial 
molecular  parameters  of  t'ormaldehssle. 


Quantity^ 

C'ulculaliun 

l-sperimem 

dCO) 

1  2(146 

I.ZOtf  1.2(144  (||))‘ 

rtClf) 

l.(W77 

l.lOX  1.11)05  (20) 

,L|K'H 

I  16.2.4 

116.6  1I6..4()(25) 

2.20X'’ 

2,4416X11)' 

(2  729)' 

.1 

2X7.s7.t.X7l6 

2S!97(),57  (24)' 

II 

38944. 1.S  14 

.4X8.46.0455  (14) 

( 

.44299,241 1 

.44002.2044  (12) 

/.  SI  I 

n.4.9l)XXO 

y.  MP2 

114  .44658 

“  Bond  lcngths(A).  bond  angles (’). dipole  moments (1)1.  rotational 
constants  (MH/),  energies  (M  I .  mI'2)  la.u  I. 

Ref.  X;  ‘Ref  V;  ‘Vak-ulaled  using  the  mi’2  density.  "^Ref  UV.  'cal¬ 
culated  using  the  s<  I  density;  "Ref  1 1 . 
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troscopic  study  of  Duncan  [4],  The  calculated  rotational  constant.  .1.  is  higher 
than  the  e.xperimental  constant  by  2'r.  while  the  /?  and  (  constants  are  predicted 
to  be  higher  only  by  ().3'(  and  0.9'V,  respectively,  than  the  corresponding  experi¬ 
mental  values.  The  agreement  between  predicted  ( 2.2 1  D )  and  experimental  (  2.33 
D)  dipole  moments  is  also  good.  It  is  important  to  note  that  the  dipole  moment 
calculated  using  the  sc  r  density  is  higher  by  0.52  D  than  that  calculated  using  the 
mp2  density  (see  Table  1). 


Vihratuma!  Spectrum 

The  vibrational  IR  spectra  of  formaldehyde  and  its  deuterated  species  have  been 
measured  by  a  number  of  groups  and  analyzed  in  several  .studies  ( for  review  on 
spectroscopy  of  CH;0  molecule  see  Ref.  12 ).  Several  levels  of  ah  inilia  quantum- 
mechanical  method  (  hf.  mp2.  mp3,  and  c  i )  have  been  recently  applied  by  Harding 
and  Ermler  [  1 3  ]  to  predict  harmonic  wavenumbers  and  vibrational  anharmonicity 
constants  for  the  studied  species.  Their  article  also  provides  the  positions  of  harmonic 
frequencies  for  formaldehyde  that  w'ere  derived  from  the  experimental  information. 
It  is  important  to  note  that  observed  frequencies  of  CH;0  arc  verv  strongly  affected 
by  Fermi  resonances  (compare  the  harmonic  frequencies  and  normal  mode  fre¬ 
quencies  in  Table  II). 

Here  the  predicted  unsealed  frequencies  for  CH_^0  agree  very  well  with  the  ex¬ 
perimental  harmonic  frequencies.  The  CH  symmetric  and  asymmetric  stretching 
modes  are  about  40  cm  '  higher  than  the  experimental  frequencies,  while  the  fre¬ 
quencies  of  the  remaining  modes  are  higher  only  by  10-20  cm  ' .  After  scaling  the 
calculated  frequencies  by  a  factor  of  0.988.  the  predicted  harmonic  frequencies 
agree  with  the  experimental  values  within  7  cm  '. 

The  predicted  (unsealed)  harmonic  frequencies  are.  of  course,  higher  than  the 
experimental  frequencies  of  fundamental  modes  (the  frequencies  of  CH-stretching 
modes  by  200  cm  '  and  those  of  the  remaining  modes  by  30-60  cm  ' ).  Since  the 
anharmonicity  of  the  fundamental  modes  are  different  for  stretching  and  bending 
modes,  it  is  better  to  use  two  various  scaling  factors  for  different  modes.  Thus,  after 
multiplying  the  frequencies  of  the  CH-stretching  modes  ( modes  1  and  5)  by  0.933 
and  the  frequencies  of  the  remaining  modes  by  0.970.  the  scaled  harmonic  fre¬ 
quencies  (see  Table  II)  agree  with  the  experimental  frequencies  of  fundamental 
modes  within  10  cm  ’ .  We  shall  note  an  agreement  between  the  predicted  and 
measured  absolute  intensities  of  vibrational  modes  for  formaldehyde  (Table  ll). 
The  correct  prediction  of  the  intensities  of  the  IR  bands  is  not  an  easy  task  and 
requires  high  accuracy  in  prediction  of  the  molecular  geometry  of  a  molecule  and 
also  its  dipole  moment  ( strictly  speaking,  the  gradients  of  the  dipole  moment )  [  1 5  ] . 
Since  the  present  calculations  accurately  predicted  both  the  geometry  and  dipole 
moment  of  CH2O,  the  good  agreement  of  the  predicted  absolute  intensities  with 
the  experimental  intensities  is  not  unexpected.  We  shall  emphasize  that  for  correct 
prediction  of  the  IR  intensities  for  the  formaldehyde  molecule  it  is  necessary  to 
carry  out  the  calculation  at  the  electron  correlation  level,  because  the  S(  f  calculations 
do  not  correctly  reproduce  the  experimental  intensities  [16,17]. 
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TaBii  II,  C  alculated  (MiC'h-.'l  lCi(.V/C2/i))  and  expcnmcntal  vihratinnal  IR  s|xvtruni  ul 

formaldehyde 


lb 

vp. 

.1'' 

<■(//)' 

Mode* 

Calc.  )' cm  ’ 

(km/mol' 

(cm  ') 

(cm  ') 

(km.'im)!) 

1  CH  .s  sir 

2979 

(294.1.  2779)' 

64.1 

2917 

2781 

75.5  1  7.05 

:  C  O  sir 

1791 

(l7-'0.  1717) 

58.2 

1778 

1746 

7.^. 2^  5.24 

3  CH;  bend 

1557 

(1518.  1510) 

9.4 

1544 

1 5(K) 

11.15*  1 .02 

4  oopl  bend 

1209 

7.0 

1  188 

1167 

6,49  -  0.64 

(1194.  1171) 

?  CM  a  str 

1050 

(.1011.  2846) 

99.7 

.1012 

2841 

87,6  t  8.02 

6  CH;  rock 

1281 

(1268.  1245) 

1 1.8 

1269 

1249 

9.94  *  0.97 

The  modes  are  orderd  in  the  standard  spectroseopie  ordering. 

^  Absolute  intensities. 

'  Harmonic  wavenumbers,  see  Ref  1.^. 

Wavenumbers  of  fundamental  modes,  see  Ref.  12. 

'Ref  14. 

'  Seated  wavenumbers  are  given  in  the  parentheses;  the  first  frequencies  are  sealed  frequencies  by  single 
factor  ef  0,9X8  to  fit  the  harmonic  experimental  frequencies;  the  second  frequencies  are  sealed  frequencies 
of  CH-stretching  modes  (modes  I  and  5)  by  0.9.f3;  and  the  remaining  frequencies  by  0.970  to  fit  the 
experimental  frequencies  of  fundamental  modes.  For  discussion  see  text. 

It  is  important  to  note  that  the  fz  and  t'x  bands  of  the  CHyO  molecule,  as  well 
as  the  V2  band  of  dideuterated  species,  can  be  well  separated  from  the  other  fun¬ 
damental  bands,  and  intensities  of  the  above  bands  might  be  obtained  in  a  straight¬ 
forward  manner.  However,  the  other  bands  («'i  and  rx  of  both  CH:0  and  CD;0; 
»'4  and  V(,  of  CHvO;  and  ri,  i’4,  and  Vf,  of  CD:0)  overlap  each  other  in  the  corre¬ 
sponding  spectral  regions,  so  Nakanaga  et  al.  [14]  have  estimated  the  individual 
band  intensities  of  these  regions  through  the  simulation  technique  [18]  using  the 
spectroscopic  parameters  of  both  CHyO  and  CDvO  species  (rotational  constants. 
Coriolis  interaction  parameters).  The  individual  band  intensities  for  formaldehyde 
itself — those  “estimated”  from  the  experiment — are  presented  in  Table  II.  There 
is  still,  however,  some  uncertainty  in  estimate  of  the  individual  band  intensities 
caused  by  “experimental  simulation.”  To  avoid  this  uncertainty,  we  have  added  the 
intensities  calculated  for  the  overlapping  bands  of  CH^O  and  CDvO  and  compared 
these  values  with  the  total  intensities  measured  in  the  corresponding  regions  from 
experiment  (Table  III ).  As  we  see,  the  calculations  correctly  reproduce  the  changes 
of  the  intensities  of  fundamental  modes  on  going  from  CHjO  to  CD2O. 

Table  IV  presents  the  comparison  between  predicted  (both  unsealed  and  scaled ) 
shifts  of  the  harmonic  frequencies  and  experimental  shifts  of  fundamental  modes. 
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The  predicted  shifts  (sealed  frequencies)  of  the  modes  2.  2  4.  and  ('  agree  within 
10  cm  ’  with  the  experimental  shifts,  but  for  modes  I  and  5  ( Cl  1-stretching  modes ) 
the  predicted  shifts  are  higher  b>  20- .SO  cm  ' . 

In  sumniarx .  the  applied  Mi>2/h-.2  i  ICO  }</L  2/>)  calculations  allow  for  an  accurate 
prediction  of  the  mirlccular  parameters  and  vibrational  IR  .spectrum  of  formaldehxde 
(for  an  additional  comparison  of  the  calculated  and  experimental  spectroscopic 
parameters  of  formaldehyde,  including  the  .symmetry  force  constants,  see  Ref  19). 
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|7'()) 

(4N) 
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(24.4) 

I6X.4I 

(26.4) 

1  \p.' 
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,t')4 

22'* 
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■'  I  or  an  assignnu'ni  ot'thi'  mvrmal  rtnxlcs  ol'CI  l.-O  see  lal'le  11.  lord  lltX),  with  retkieei.1  suiinietr\. 
ihe  same  numl'ering  ssstem  ol'ihe  modes  is  used  as  for  Cti-O. 

‘  I  he  shills  ol’ihe  unseali’d  harmonie  fri’e|ueiKics.  I  he  shills  otharnionie  tresiiieiieies  sealed  h-.  (i.ayy 
(modes  I  and  ri  or  I).v7(i  (ihe  remaining  modes)  are  given  in  the  parenlheses  ll’or  details  see  test  .md 
lahle  II) 

‘  T  he  sniffs  of  I'uiuiamemal  modes  [12). 
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It  has  also  been  shown  that,  i  alculatcd  at  this  level,  intensities  of  IR  vibrational 
bands  eomparc  well  with  the  experimental  data.  Though  applied  level  is  not  feasible 
for  larger  molecular  systems,  the  revealed  data  could  be  used  for  evaluation  of  lower 
level  theoretical  predictions  as  applied  to  biological  and  chemically  important  species. 
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Abstract 

B\  using  the  full  Watson  llamiltoman  anj  a  variational  technique,  the  lower-King  vihralionai  state 
energies  (./  0)  ot  H;0.  HDO.  D;(>,  H  TO.  DIO.  and  I  ;0  are  calculated  troni  a  high-level  ,ih  iiun,i 

potential  energy  surface.  I  he  basi.s  functions  are  prixluctsofone-dimonsional  harmonic  oscillator  functions, 
Companson  is  nude  with  experiment,  and  also  with  results  obtained  from  ditferent  theoretical  techniques, 
'  I'lu;  John  XXik'v  tli:  Sons,  Inc 


Introduction 

Bartlett  ct  al.  [  I  ]  have  reported  an  uh  iniito  valence  quartic  Ibrcc  field  for  water 
based  on  the  CCSDT-1  coupled-cluster  approximation.  This  method  (2)  includes 
effects  of  single,  double,  and  triple  excitations.  Calculations  were  performed  with 
an  extended  STO  basis  set  at  36  points  in  the  vicinity  of  the  equilibrium  geometry  . 
There  have  since  been  two  variational  calculations  of  the  vibrational  energies  of 
water  based  on  these  ah  iniiio  data  [3.4].  Bowman  ct  al.  [3]  used  the  triatomic 
Hamiltonian  in  terms  of  mass-weighted  Jacobi  coordinates.  The  functions  of  the 
basis  set  correspond  to  products  of  Legendre  polynomials,  and  the  matrix  elements 
of  the  Hamiltonian  were  obtained  by  Gauss-Legendre  and  Gauss-Hcrmiie  quad¬ 
rature.  Jensen  [4]  used  the  Morse  Oscillator  Rigid  Bender  Internal  Dynamics 
(MORBID)  Hamiltonian,  and  the  eigenvalues  of  this  Hamiltonian  were  obtained 
by  diagonalizing  its  matrix  representation  in  a  basis  of  Morse  oscillator  functions 
describing  the  stretches,  numerical  bending  functions  obtained  through  the  Nu- 
merov-Cooley  procedure. 

In  the  present  work,  the  procedure  of  Whitehead  and  Handy  [  5]  has  been  used  No 
study  has  been  undertaken  to  examine  if  the  W'hitehcad-Handy  procedure  is  the  optimal 
one  for  water  with  the  new  ah  />»>/> >-improved  force  field.  The  valence  quartic  force 
field  has  been  converted  to  a  slightly  different  force  field  for  the  internal  displacement 
potential  and  SPI  potential  [  6  ] .  The  vibrational  state  energies  al ./  =  0  for  H;0,  H DG. 
DiO,  HTO.  DTO,  and  T^O  have  been  calculated  by  using  the  Watson  Hamiltonian 
and  a  variational  technique.  The  ba,sis  functions  are  products  of  one-dimensional  har¬ 
monic  o.scilIator  functions,  one  corrcspttnding  to  each  of  the  three  normal  coordinates; 
the  integrals  arc  evaluated  by  Gaus,s-Hermiie  numerical  quadrature.  The  results  are 
compared  with  experiment  and  previous  theoretical  work  [3,4], 
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T  \BU  I,  I  he  loiee  eonslaiUs  ti'i  iHe  inlern.il 
displueemem  eoordin.ue  fit  of  the  ah  iiii/U' 

(xneniial  ol  Bartlett  et  al.  ( i  1 


Term  type  m  fKUciUial 

(  Dctluicnt  ot  term 

4  2215  md/  A 

O.KKK)  md/.A 

IRM) 

0.26.1081  itid/rad 

(A,'))' 

0  .164116  ind  AAradl’ 

(A/tr 

<}.«(K)85  md/(  A)-' 

(Aft,)- Ait, 

0.0.196205  md/(,A)- 

(Aitr’Afl 

-  0.042  mu.'I.A  rad) 

A/t.A/t,A/y 

-0.505  md/(  A  rad) 

0.15.1916  md/(rad)' 

(A»)’ 

-0.1 14708  md  A/(rad»' 

(SRf 

15. .1282  md/(.A)’ 

(A/<.)'(A/?,) 

-0.054.1551  md/(.\)' 

(Ai?,)-(A«,r 

0.141124  md/(A)’ 

(A«)'(A») 

-0.208529  md/(A-  rad) 

(A/?,)-(A«,KA/)) 

0. 104264  md/(.A'  rad) 

(Ai?)-(Art)’ 

•0.07  md/(A  rad') 

(Ai?,)(A/{,)(A«)- 

0.11  md/(-'\  rad') 

A/t(Afl)' 

0.101581  mg/(rad)’ 

(AH)‘ 

■0.028516)  md  -AArad)-* 

Method  and  Results 

For  J  =  0  states,  the  Watson  form  of  the  Wilson-Howard  Hamiltonian  for  the 
kinetic  energy  operator  is  expressed  in  terms  of  the  three  normal  coordinates.  . 
and  has  the  form 

//  =  ‘/2  2  +  ‘/2  2  M<,a’r„7rrt  ~  h'/S  *x„„  +1'  (  1  ) 

k  njl  <, 

He -e  Pk  refers  to  the  momentum  conjugate  to  the  normal  coordinate,  Qk.  so  that 

Pk  = 'ih{d/flQ,)  (2) 

The  n„n  refer  to  the  inverse  of  the  effective  moment  of  inertia  tensor,  jt,,  is  the 
Cartesian  component  of  the  vibrational  angular  momentum,  subscripts  a  and 
refer  to  the  components  of  Cartesian  coordinates,  and  I  ’  is  the  potential  energy, 
which  is  expiessed  in  terms  of  internal  valence  displacement  coordinates. 

The  force  field  of  Bartlett  et  al.  ( 1 )  is  given  relative  to  the  energy  expression  [  7 ) 

y=  +'/2//2«(Af  +  A?)  +  +  A:)^3  +  •  •  ■  (3) 

where  A,  =  A/?,  =  R,  -  R^ii  =  1.  2)  and  Aj  =  R,.  AO  =  R,,{0  -  0,.)-  The  equilibrium 
geometry  obtained  from  the  calculations  is  /?,.  =  0.9591  A  and  0,.  =  104.45°.  in  very 
close  agreement  with  experiment.  The  potential  energy  expression  employed  is  a  Taylor 
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e.\pansion  in  the  displacement  A-Sj  ofintemal  coordinates  from  their  respective  equi¬ 
librium  values.  The  three  internal  coordinates  are  two  stretches.  AR,.  AK,.  and  one 
bend.  All.  The  potential  contains  up  to  quartic  terms  in  the  displacements 

I' =  4  2:  Av;A.S-,A.S-,,  I  K„.AS,AS,ASi.+  1'  A,.,,A.V,A.S-,A.SrA.S;  (4) 


where  A.V|  R]  -  Ru  .  AS:  "  -  and  A.Si  “  II  -  ll,  .  The  I'orce  constants  in 

the  internal  displacement  coordinate  til  to  the  nh  iniiio  data  for  water  are  given  in 
Table  !.  The  quartic  Simons-Parr-t-'inlan  ( spi  )  expansion  of  the  potential  energv  is 


T  =  -f- 


where  pi  =  (  /?i  -  Ru)/R].  fi:  "  and  ih  -  {11  ~  II,).  R,  and  R;  are  the 

two  OH  stretches.  R<,  and  R:,  are  their  equilibrium  values,  and  II  is  the  HOH-bond 
angle.  The  force  constants  for  the  si>(  fit  to  the  ah  iniiio  data  arc  given  in  fable  II. 

The  basis  function  are  products  of  the  three  harmonic  oscillator  wave  functions 
corresponding  to  the  three  normal  coordinates  of  water.  It  was  found  that  204  basis 
functions  were  sufficient  for  the  first  20  levels  of  the  vibrational  problem.  These 
functions  included  all  combinations  of  the  excitation  levels  such  that 
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Tabu  III  Vibrational  enA'rg,ii:s  (cm  '1  in  ll;l)  ailculakd 
trom  ditt'ercni  potontial  expansions 


Slale 

It 

SIM 

I.xp. 

ZPE' 

4660.5 

4648.0 

_ 

!'■> 

1627.0 

1624.8 

1595 

2i- 

5214  7 

3214.7 

3151 

i’l 

3712,7 

3(>5(3  2 

3657 

,3810  7 

3752.2 

.’I"  56 

-ti': 

4777.0 

4769.1 

4667 

I'l  + 

5329.6 

5266.8 

5235 

1’:  ^  i't 

5423.1 

5358.4 

5331 

4l'; 

6296.6 

6285.2 

61.34 

I'l  7r; 

6911  9 

6840.3 

6775 

2^2  *'.3 

7002.8 

6929.7 

6871 

7410.1 

7218.1 

7201 

t'i  r 

7499.3 

7265.6 

7250 

2c, 

7601.3 

7444.6 

7445 

5  ('2 

7777.0 

7762,0 

— 

C|  +  .tc; 

8459.7 

8.3,80.3 

8274 

-F 

8549,5 

8469.3 

8,374 

-f  t'z 

9021.7 

8828,2 

8762 

iff  +  1'2  +  »'3 

9108,0 

8873.3 

8807 

l'2  +  2r, 

9201.9 

9037.7 

90(«l 

“  Zero  point  energy. 


where  n^.  n^.  and  ny  refer  to  the  excitation  levels  of  the  three  normal  mode  wave 
functions  in  the  triple  product  of  the  basis  functions,  with  subscript  2  de.signating  the 
“bending”  mode.  The  numerical  evaluation  of  matrix  elements  used  2304  Gauss- 
Hermite  points.  1 2  integration  points  along  each  of  the  “stretching”  normal  coordinates 
and  16  points  along  the  “bending”  coordinate  for  H:0  for  the  potential  function  in 
Eq.  (4).  For  the  SPF  potential,  2880G?u.ss-Hermite  points.  1 2  integration  points  along 
each  of  the  “stretching”  normal  coordinates  and  20  points  along  the  “bending”  co¬ 
ordinate.  were  used  for  the  H^O.  HEX).  D^O.  HTO.  DTO.  and  T sO. 

The  frequency  parameters  of  the  harmonic  oscillator  wave  functions  could  also 
be  regarded  as  variational  parameters.  We  took  13832.0cm  1648.9  cm  '.  3942.6 

cm'}  for  H:0.  {2824.0  cm  1445.1  cm  3889.8  cm  '  J  for  HDO.  {2763.9 
cm  1206.2  cm  2888.9  cm  ' }  for  DyO,  {2369.3  cm  ',  1370.1  cm  ',  3888.7 
cm  ' }  for  HTO,  {2361.9  cm  ',  1 1 14.5  cm"'.  2835.3  cm  ' }  for  DTO,  and  {2302.3 
cm  '.  1014.1  cm  2439.3  cm  ' }  for  T2O.  The  first  number  is  for  symmetrical 
stretching,  the  second  number  is  for  the  bending,  and  the  third  number  is  for  the 
asymmetrical  stretching. 


Discussion 

The  calculated  energies  of  the  lowest  20  vibrational  levels  of  HyO  given  by  the 
internal  coordinate  (IC)  and  SPF  representations  are  shown  along  with  experimental 
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data  [8]  in  Table  III.  The  IC  and  SPf  vibrational  energies  of  states  arising  from 
excitation  of  the  bending  mode  arc  verv  close,  even  for  high  levels  of  excitation, 
e.g..  5ik.  For  the  stretching  modes  there  are  more  significant  dilfcrenccs,  .‘'6.5  cm  ' 
for  e,  and  58.7  cm  '  for  vx.  Energies  of  all  states  involving  excitation  of  streching 
modes  are  computed  to  have  lower  energies  with  the  SPi  representation  than  with 
the  ir  representation. 

Better  agreement  with  experiment  is  achieved  for  the  SPi  representation.  The 
agreement  for  states  arising  from  excitation  of  just  stretching  modes  is  particularly 
good.  Both  representations  are  less  adequate  at  describing  energies  of  states  arising 
from  excitation  of  the  bending  mode.  The  results  obtained  by  Bowman  ct  al.  and 
Jensen  show  the  same  deficiency.  This  is  discussed  further  below. 

As  noted  by  Bowman  el  al.,  the  superiority  of  the  SPt  representation  can  be 
attributed  to  its  more  physical  behavior  away  from  the  equilibrium.  Thus,  it  has  a 
smooth  Morse-like  behavior,  while  the  l(  representation  may  be  oscillatory  at  com¬ 
parable  displacements. 

In  Table  IV  we  compare  our  spf  results  with  the  data  of  Bowman  et  al.  and 
Jensen.  The  unadjusted  data  of  Bowman  et  al.  arc  used  since  it  is  a  more  valid 
comparison.  Our  data  are  in  extremely  good  agreement  with  those  of  Bowman  et 
al.,  differing  by  less  than  5  cm  except  for  some  of  the  highest  energy  states 
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Tabi.e  V  V  ihralional  energies  (cm  ')  in  HDO.  D.-O,  and  HTO  calculated  irom 

SPi  pulential 


State 

HDO 

D;() 

tiro 

Calc. 

Obs, 

Calc. 

Obs. 

Calc 

Ohs. 

ZPli 

40.31.5 

— 

.3.307  4 

_ _ 

.3771.4 

_ 

V2 

1420,4 

1403 

1 100.8 

1178 

I.3.S6.7 

1 324 

28.35.0 

2770 

2.3800 

2.340 

2600  4 

— 

f'l 

2722.3 

2727 

2670,2 

2668 

2207.2 

2.3(K) 

3704,0 

.3707 

2784.1 

2788 

,3716.1 

.3717 

3 1-: 

4218.8 

— 

3543.1 

— 

4IX.K).7 

— 

P,  -F 

4 1 36.0 

4120 

3863. 1 

— 

3635.6 

— 

l>2  +• 

51 14.2 

5000 

.3073.8 

.3056 

5057.7 

— 

4./. 

5,587,5 

— 

4685.7 

— 

5287.0 

— 

*  3.: 

5514.0 

— 

5035.6 

— 

4056.4 

2i': 

6500.3 

— 

5144  4 

— 

6.372.1 

— 

5366.3 

5364 

5204.2 

52^2 

4536.8 

— 

I’l  +  I’l 

6417,4 

6416 

5375.7 

5374 

7265,6 

7250 

7264.5 

— 

5525.5 

— 

7444.6 

7445 

?•': 

6852.7 

— 

5800.2 

7762,0 

— 

i'l  -I-  3l'; 

6040.7 

— 

6180.8 

— 

83X0,3 

8274 

3i';  +  I'y 

7870.6 

— 

6207.6 

— 

8460,3 

8374 

2 i’l  l'2 

6780,1 

— 

6484.7 

— 

8X28,2 

8762 

Fi  f':  -F  I't 

7807,7 

— 

6564. 1 

6533 

8X73.3 

8X07 

*'2  *'  -^'3 

8666.0 

— 

6707.3 

— 

0037,7 

OIMK) 

considered.  Our  results  are  in  excellent  agreement  with  live  of  the  nine  energies 
computed  by  Jensen,  but  there  arc  significant  differences  for  p;.  lu;.  2pi  .  and  i>,  + 
i/s.  For  the  first  three  of  these,  Jensen  achieves  better  agreement  w  ith  experiment, 
but  for  the  fourth  the  errors  arc  approximately  equal  but  of  opposite  sign. 

The  greatest  ditficuily  experienced  in  this  and  other  work  is  the  treatment  of  states 
which  involve  excitation  of  the  bending  mode.  This  may  arise  from  two  sources.  First, 
as  mentioned  by  Chen  et  al.  [9],  for  nonlinear  triatomic  molecules  the  Fiamillonian 
operator  given  in  Eq.  ( 1 )  is  deficient  for  high  excitations  of  the  bending  mode.  This  is 
because  of  a  singularity  that  occurs  in  linear  configurations  [  10] .  One  way  of  avoiding 
this  problem  is  to  use  the  normal  coordinate  Hamiltonian  of  a  linear  system,  as  was 
done  by  Carter  and  Handy  [1  Ij.  Another  pos,sibility.  used  by  Bowman  et  ai.  [3],  is 
to  treat  the  force  constant  for  bending,  pi.  as  a  variable,  which  may  be  adjusted  slightly 
to  fit  the  vibrational  energies.  This  procedure  of  effectively  adjusting  the  potential  led 
to  improved  agreement  with  experiment  (3j.  A  second  source  of  error,  which  should 
not  be  ignored,  is  the  incompleteness  of  the  ah  iniiio  treatment.  In  particular,  the  basis 
set  used  does  not  contain  /  or  .e  functions,  which  are  likely  to  be  important  in  the 
description  of  the  bending  mode.  While  the  harmonic  stretching  frequencies  calculated 
by  Bartlett  et  al.  are  in  excellent  agreement  with  experiment,  (deviations  of  2.4  cm  ' 
for  a,':  and  3  cm  '  for  wi)  the  bending  frequency  has  a  significantly  larger  error  (28 
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T\m  i  \  l  \  ibrational  cnergii's  (cm  in  1)10  and  I  () 
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?!'; 
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■» 
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— 

Pj  4  (.,  4.  p, 

61  16.5 
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— 

6481.4 

— 

.S64I  5 

— 

cm  ').  In  addition,  the  accuracy  of  the  CCSDT-1  methcxl  should  be  considered,  al¬ 
though  this  error  is  likely  to  be  of  less  importance  than  the  basis  a’t  error. 

The  lowest  20  calculated  vibrational  state  energies  for  the  HDO.  D;0.  HTO.  DTO. 
T iO  isotopomers  are  shown  in  Tables  V  and  VI.  Available  experimental  data  are  also 
shown  (12].  The  same  general  trends  seen  in  the  data  for  ITO  arc  again  apparent. 

The  results  obtained  in  the  present  work  and  in  that  of  Bowman  ct  al.  [3]  are  very 
similar  and  it  is  pertinent  to  examine  the  differences  in  the  methods  more  closely. 
There  are  differences  in  the  forms  of  the  Hamiltonian  and  the  basis  functions  used. 
We  have  used  the  Watson  Hamiltonian,  while  Bowman  et  al.  used  a  scattering  Jacobi 
coordinate  Hamiltonian  in  a  body-fixed  frame  (13].  The  motivation  for  this  choice 
of  coordinates  over  normal  coordinates  is  that  the  Hamiltonian  is  well-defined  over 
the  entire  range  of  motion,  including  large-amplitude  motion.  Our  basis  functions  arc 
products  of  harmonic  oscillator  functions,  while  those  of  Bowman  et  al.  use  Ix-gendrc 
polynomials  and  harmonic  oscillator  functions.  The  u,sc  of  Legendre  polynomials  is 
recommended,  since  they  are  eigenfunctions  of  the  angular  part  of  the  kinetic  energy 
operator.  However,  it  has  been  suggested  [13]  that  it  would  in  fact  be  preferable  to  ua' 
harmonic  (or  Morse)  oscillator  functions,  leading  to  reduced  computer  time.  While 
we  have  used  just  204  basis  functions,  at  least  980  functions  were  uad  by  Bow  man  ct 
al.,  although  it  .should  be  mentioned  that  very  similar  results  were  obtained  using  the 
same  method  and  only  308  functions  [13]. 


Finally,  we  note  another  variational  teehnigue.  the  discrete  variable  representation- 
distributed  Gaussian  uasis  (n\R-iXiB)  approach,  developed  by  Bacic  and  l  ight  (14). 
This  offers  advantages  over  conventional  vanalional  methcxls  lor  highlv  excited  vibra¬ 
tional  states.  It  has  been  applied  to  the  Sorbie-Murrell  semiempincal  suti'ace  [15]  for 
the  water  molecule  [16],  hut  not  to  the  force  held  of  Bartlett  et  al.  [  1  ] , 
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Abstract 

Wo  study  the  niultiphoton  ahsorpiion  ot  the  diatomic  III  by  time  propaytatinu  a  wa\o  packet  on  the 
eleetronie  potential  under  the  action  ot'a  monoeliromatie  laser  liidd  We  apply  the  pseudo-spectral  split- 
operator  method  tor  the  propagation.  We  use  dill'erent  approximations  lor  the  potential  and  for  the 
dipole  function.  We  find  that  the  quantitative  details  of  the  absorption  spectrum  are  sensitive  to  the 
form  of  the  dipole  function.  >  iwf  John  Wiley  Sons.  Ine 


Introduction 

The  behavior  of  molecules  in  intense  laser  fields  has  become  of  major  importance 
in  recent  years.  The  simplest  case,  from  the  theoretical  point  of  view,  of  the  diatomic 
in  a  monochromatic  infrared  laser  field  has  been  studied  by  several  authors  [1.2]. 
As  even  the  simplest  mathematical  model,  the  driven  Morse  oscillator,  is  not  solvable 
in  analytic  form,  theoretical  studies  must  rely  on  approximations.  Some  authors 
have  applied  time-independent  methods  [.T4]  while  others  have  used  a  time-de¬ 
pendent  description  [5-7].  Among  the  latter,  propagation  schemes  range  from 
purely  classical  to  various  quantal  techniques. 

In  this  article  we  consider  again  the  multiphoton  e.xcitalion  of  an  isolated  diatomic 
molecule  under  the  action  of  a  monochromatic  intense  infrared  laser  field.  We 
exclude  electronic,  rotational,  and  collisional  degrees  of  freedom,  such  that  energy 
can  only  be  absorbed  in  the  chemical  bond  represented  by  the  interatomic  distance, 
considered  as  one-dimensional  coordinate.  We  specify  the  numerical  calculations 
to  the  case  of  A'  '2;  '-state  of  the  Hydrogen  fluoride  molecule. 

This  molecule  has  already  received  widespread  attention  from  both  theoreticians 
and  experimentalists.  Nevertheless,  except  for  kef.  [6].  all  previous  calculations 
use  basis  set  expansions  or  Finite  Difl’erence  schemes.  For  these  methods,  its  ad¬ 
vantageous  to  use  functions  in  closed  analytic  form  for  potential  energy  and  dipole 
function.  We  want  to  investigate  what  sort  of  corrections  are  introduced  using 
functions  in  nonclosed  form  (e.g..  cubic  spline  interpolations  from  experimental 
datapoints).  With  the  more  recent  pseudo-spectral  split-operator  method,  which 
we  use,  one  can  use  straightforwardly  any  form  of  potential  energy  function  ( pro¬ 
vided  it  does  not  contain  derivatives  with  respect  to  space). 
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W  c  consider  two  dilicrcni  models  for  the  internuclear  poteniial;  the  Morse  po¬ 
tential  and  an  e.\(X‘rimentallv  based  potential  curve  [8  ] .  Because  of  the  delocalization 
of  the  wavefunction  after  mulliplioton  absorption,  we  expect  the  form  of  the  dipole 
function  to  be  relevant,  fherefore  we  consider  ditVereni  versions  of  the  dipole:  the 
linear  approximation  (etfective  charge),  a  simple  analytical  model  [3).  and  an  ah 
dipole  function  recentlv  proposed  in  Ref  [9], 

Starting  from  the  molecule  in  its  ground  state,  we  perform  a  calculation  ol  the 
time  evolution  over  a  number  of  field  periods.  In  the  calculations  we  use  the  split 
operator  method  combined  with  the  F'asl  Fourier  Transform.  As  the  multiphoton 
absorption  is  a  long-time  process,  the  number  of  optical  cycles  is  taken  sufficiently 
large.  From  these  time-dependent  quantities  we  derive  meaningful  averages  which 
we  then  consider  as  a  function  of  the  field  frequency  and  intensity.  In  this  way  we 
obtain  a  consistent  picture  the  features  of  which  we  can  study  in  the  resonant  and 
nonresonant  regimes.  In  this  article  we  are  particularly  interested  in  the  influence 
of  the  approximations  on  the  potential  and  the  dipole.  We  shall  concentrate  on  the 
absorption  spectrum. 


Ihcory 

We  w  ill  follow  the  time  evolution  of  a  system  w  ith  the  Hamiltonian 

H  =  H„+H,  (I) 

w  here  H,,  is  the  Hamiltonian  of  the  unperturbed  molecule  ( in  units  h  -  \  ) 


t  igurc  1 ,  Potential  energy  turve,s. 
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I  mure  -  Dipole  tiioment  I'liiuiions, 


Here  A  -  R  R,,  where  R  is  the  interaiomic  distanee  and  R,,  its  equilibrium  '  alue. 
Hi  describes  the  interaction  of  the  mi)lccule  with  the  esternal  laser  lield  in  the 
classical  dipole  approximation. 


Hi  -  I.' cos  V.i  .  {}) 

T  he  reduced  mass  ni  1744.K43  a.u.  and  the  parameters  of  I  are  those  corre¬ 
sponding  to  the  case  td'  in.  { or  the  potential  I '  we  consider  two  models 

(a)  The  Morse  potential 

1]  -  />[  1  -  e.xpl  - r/.\ )] '  (4) 

where  /)  0.2250X8  a.u.,  R,,  ■  1.7.329  a.u..  and  </  '  1.1741  a.u. 

(b)  The  potential  I  -  given  by  ('oxon  and  Majigeorgiou  which  is  delined  b\ 
analxtical  expressions  in  the  regions  of  small  and  large  .v  and  b\  tensioned  cubic 
spline  tits  to  numerical  data  given  in  Ref,  [8|  lor  the  intermediate  region. 

I'or  the  dipole  function  n  we  have  compared  three  different  approximations. 

(a)  The  dipole  function  proposed  by  Whaley  and  Light 

Mil  /^)  AR  expl  /7«^)  .  (5 ) 


T  he  values  of  the  constants  .1  0.45414  a.u.  and  //  0,0064  a.u.  are  taken  I'rom 

Ref  [3], 
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( b)  The  linear  approximation  to  ( ? ) 

(6) 

UK 

which  is  consistent  with  the  value  of  the  eHective  charge  used  in  [1]  and  [2]. 

(c)  The  ah  initio  dipole  moment  function  of  Zcmke  et  al.  which  is  linear  at 
small  distances,  zero  for  R  >  20  a.u.  and  given  by  a  tensioned  cubic  spline  fit  to 
numerical  data  given  in  Ref  [9]  in  the  intermediate  region. 

In  Figures  1  and  2  we  show  a  graphical  representation  of  the  potentials  and  dipole 
functions.  Although  very  similar  in  the  neighborhood  of  the  equilibrium  distance, 
the  discrepancy  in  the  tail  regions  might  influence  the  results  because  by  multiphoton 
absorption  the  molecule  is  excited  to  high  lying  vibrational  states. 

The  electric  field  strength  E  is  considered  as  a  constant  ( monochroi.  atic  field). 
E  and  the  field  frequency  0  arc  the  two  variable  parameters  of  our  model.  We 
consider  values  of  E  corresponding  to  a  field  intensity  of  43.77  H7cm',  This  might 
be  considered  super-strong  but  not  irrealistic  in  the  context  of  our  model.  The 
values  of  U  are  taken  in  the  range  0.35  eV  to  0.5."^  cV  relevant  for  resonance  with 
the  vibrational  spectrum. 

The  time-dependent  Schrddinger  equation,  in  units  =  1.  is  given  by 

/—  =  //'!'  (7) 

al 


u 


0.3  0.3S  0.<  O.b  0,55  0.6  0.65 

omega  (eV) 


Figure  3.  Time  averaged  energy  versus  driving  field  frequency.  The  electronic  potential 
is  approximated  by  a  Morse  well.  The  dipole  moment  function  is  approximated  by  a  linear 
function  (full  line),  an  exponential  model  (long  dashes  land  an  u/oridm  expression  ( short 
dashes),  intensity  is  43.7  7  (1 'em*.  Fnergy  and  frequency  in  cV. 
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omeQA  teV) 

Figure  4.  Time  averaged  energy  versus  driving  lieki  frequency,  fhe  eleelronie  potential 
is  approximated  by  a  Morse  well  (full  line)  and  a  spectroseopically  determined  curve 
(dashed  line).  The  dipole  moment  is  an  «/>  inili(}  function  Intensity  is  4.t.7  '/'ir/cm". 
lincrgy  and  frequency  in  eV. 


and  must  be  solved  subject  to  the  initial  condition  that '!'( f  =  0)  is  the  ground  state 
of  the  unperturbed  Morse  potential.  The  time  evolution  is  generated  by  the  prop¬ 
agator 


(,'(/)  =  T  exp|-/^  //(.v)</,v 

where  T  stands  for  the  time  ordering  operator.  The  propagator  is  broken  up  into 
short  time  slices 


l(/)  =  n  /  =  (9) 

I 

with  N  large  and  c  small.  This  allows  one  to  use  an  approximate  short  time  prop¬ 
agator  for  6'{c)  which,  in  the  split  operator  scheme,  is  given  by 

f;- 1 )  »  exp^ -i  ^  7'jexp|-i  J  r/.vr(,s)jexp|-(  ^  7'j  (10) 

and  is  -'orrect  up  to  second  order  in  c  [10],  The  power  of  the  algorithm  lies  in  the 
splitting  of  the  Tand  T  terms.  The  action  of  the  first  is  evaluated  w  hile  the  wave- 
function  is  in  a  coordinate  representation,  that  is.  defined  by  its  values  on  a  grid 
in  coordinate  space.  For  the  second,  one  transforms  the  wavefunction  to  the  mo- 
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mentum  representation,  using  the  diserete  Courier  Transform  associated  with  the 
grid.  The  '/'operator  is  multiplicative  in  that  representation,  so  its  action  is  easy  to 
evaluate.  Afterwards  one  transforms  back  to  the  coordinate  representation  with 
an  inverse  Fourier  Transform.  This  is  a  r  iablc  approach  because  of  the  availability 
of  I  IT  software  that  performs  these  transformations  very  efficiently. 

Results 

We  have  calculated  the  time  evolution  of  the  total  energy  6(1)  =  ('!'(/)  I H,,  | '!'( r ) ) 
of  the  molecule  for  held  frequencies  12  between  0..^  a.u.  and  0.6  a.u.  The  Fourier 
Transform  was  performed  using  an  256-point  grid  on  the  interval  [0.6.  6.6 )  for  the 
.v-coordinate.  These  parameter  settings  ensure  that  there  be  no  reflections  of  Fourier 
components  off  the  end-points  of  the  domain  in  real  or  reciprocal  space.  Under 
those  conditions  the  computations  are  completely  stable  [  10] .  The  number  of  time- 
slices  we  used  was  of  the  order  of  2700  per  optical  cycle,  or  roughly  8  slices  per 
atomic  unit  of  time.  This  is  sufficient  for  the  split-operator  formula  to  be  applicable. 

The  absorption  spectrum  is  dehned  by  the  time  averaged  energy 


This  converges  to  a  stationary  value  if  the  time  interval  7'  over  which  the  average 
is  taken  is  large  enough.  By  inspection  of  the  time  dependence  of  <f  w-e  hnd  that 
in  cases  of  resonant  absorption  the  convergence  is  rather  slow  [II].  This  implies 
that  the  calculations  should  be  carried  through  over  a  period  of  at  least  1 50  optical 
cycles.  For  a  complete  scan  of  the  whole  frequency  domain,  we  have,  for  practical 
reasons,  made  a  compromise  and  restricted  the  interval  to  30  cycles  ( see  also  [  I  ] ). 
In  Figures  3  and  4  we  show  the  time  averaged  energy  as  a  function  of  field  frequency 
for  different  models  of  the  molecule.  These  curves  show  a  broad  absorption  region 
between  0.42  eV  and  0.55  eV  with  superimposed  peaks  corresponding  to  the  mul¬ 
tiphoton  resonance  frequencies  (from  three  to  seven  photons  visible).  The  four- 
photon  resonance  is  dominant. 


Conclusion 

!n  this  article  we  have  simulated  the  behavior  of  a  light  diatomic  molecule  in 
the  presence  of  an  intense  infrared  laser  field  by  performing  a  numerical  experiment. 
We  have  followed  the  time  evolution  of  a  wave  packet  (initially  the  unperturbed 
ground  state )  in  a  driven  potential.  The  choice  of  parameter  values  corresponds  to 
Hydrogen  fluoride  and  a  monochromatic  field. 

As  an  application  of  the  split-operator  technique  to  explicitly  time-dependent 
Hamiltonians,  it  shows  that  this  method  is  well-adapted  and  flexible  because  it 
allow's  an  easy  treatment  of  realistic  potentials  and  dipole  functions.  This  is  due  to 
the  fact  that  no  matrix  elements  have  to  be  evaluated. 

The  general  results  corroborate  the  conclusions  of  earlier  studies  using  different 
methods.  The  absorption  spectrum  shows  a  broad  structure  with  superimposed 


Mi  l  IIPMOION  AHSORIMIDN  44! 

peaks  corresponding  to  nuiitiphoton  resonance  frequencies,  flic  four-photon  peak 
is  dominant. 

When  the  dipole  moment  function  isappro.vimated  suecessisely  hy  a  linear  func¬ 
tion,  an  exponential  model  function,  and  an  ah  iniiio  expression  we  lind  that  the 
corresponding  absorption  spectra  do  not  converge  systcmaticallv.  In  fact  the  linear 
approximation,  although  quite  drastic,  seems  to  reproduce  better  the  ah  inino  result 
than  the  more  sophisticated  exponential  model.  !n  particular,  the  ratios  of  the  tive- 
photon  and  three-photon  peaks  to  the  dominant  four-photon  peak  is  atreeted  quite 
strongly.  The  replacement  of  the  Morse  potential  by  a  spectroscopically  determined 
curve  shows  little  elfeet. 
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Abstract 

I  he  lie  I  and  He  II  plnnockMa'ii  i  IM  )  '.pcelr.i  ol  iiictiul  I'scudith.d.Je'- 1  \KM  i ),  SUM  S.  \U  \<  Se. 
McSCN.  and  McSe(  N  i  have  Kvn  nvarded  S'.si.anmonls  are  based  I'n  ./'■  mil/:'  ijiiantuni  vhemisal 
eaKulaln'iis,  and  then  eunipanson  unh  hc.ah-iesolation  He  I  sjveKa  and  lie  I  He  II  bar.d  imensils 
ratuis,  t  mUradietinns  IpiiikI  m  presioiis  uoiks  are  lariieK  residsed  Hie  ■inkinidi  vlilfeiem  s|vi!m  hI 
the  isonierie  Icintis  aie  iiilerpreled  using  a  eonsisienl  tvii-del  lur  a  iiielhil-disiorted  S(  \  subsuiieluie 
1  he  etlei  ls  ut  the  heass  alunis  are  also  diseiissed  ■  p.iin  sva.  .v  v.ia,  im 

liuroductirin 

Alkyl  cyanates.  isoesanates.  and  their  sulphur  and  selenium  analogs,  are  Ihe  mosi 
common  examples  ot' distorted  linear  trialomic  systems — a  circumstance  which 
has  given  rise  to  the  very  large  number  of  papers  dealing  svith  the  electronic  structure 
of  these  compiHinds  [  1  -X  | .  In  the  case  of  the  methy  l  derivatives,  hosveser.  contra¬ 
dictions  concerning  the  assignment  of  photoelectron  spectra  do  exist.  It  is  the  aim 
of  this  work  to  use  He  1  high-resolution  spectra  He  I/He  11  hand  intensity  ratios. 
ith  in!li(>  Hl74-,^ICi’*‘*  and  xilO/d-.IKj**  calculations  in  an  attempt  to  remove 
these  contradictions  and  pros  ide  more  delinitive  assignments. 

Kxperimental  and  Calculations 

fhe  ultraviolet  (  L>V  )  Pi;  spectra  were  recorded  on  a  Vacuum  Cienerators  I  ’V- 
Ci3  spectrometer  [9]  using  a  0.5-mm  slit  and  an  analy/er  energy  of  .s  eV,  The 
instrumental  resolution,  defined  at  full-width-half  maximum  (I  VVHM)  of 
Ar’F’i  '.  'Pi  >  was  15  meV'.  The  spectra  were  calibrated  by  adding  small  amounts 
of  Argon  and  Xenon  to  the  sample  (low. 

.  l/i  i/iilio  molecular  orbital  (  .mo)  calculations  were  tx'rformed  for  all  molecules, 
loni/ation  energies  vverc  obtained  using  Koopmans'  theorem  [  iO].  The  geometry 
of  each  molecule  was  lirst  optimized  using  a  standard  4-.3Ki*  basis  set  for  H.  C. 
N,  f).  S  and  a  (5v,4/i.2r/]  contracted  basis  set  for  selenium  111].  An  accurate 
description  of  the  geometry  ivfCH  iNC.X  molecules,  as  was  pointed  out  earlier  ( 1 2|. 
requires  consideration  of  the  correlation  energies.  .As  a  result,  the  geometries  of  the 
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Figure  I.  The  Me  I  and  Ik-  !l  Pt  spectra  ol  methsl  isrcsanate. 


CH;,NCX  molecules  were  optimized  in  conjunction  with  second-order  Moller-Plcs- 
set  ( MP)  perturbation  theory.  All  calculations  were  performed  with  the  CADPAC 
quantum  chemistry  package  [13], 

Results  and  Discussion 

The  spectrum  of  methyl  isocyanate  (CH^NCO)  is  shown  in  Figure  1.  The  first 
two  bands,  10.6-1 1.5  eV,  arc  unambiguously  attributable  to  ionizations  from  the 
nonbonding  tti  ( a".a ')  orbitals  of  the  NCO  group,  which  concurs  with  the  assign¬ 
ments  ofCradock  et  al.  [2]  and  Eland  [3]:  [7r;(a",a').  wifa  ',a").  4(T,Me(a  '.a"),3(Tj 
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brational  modes areclearlv  evulent  ( see  I  ig.  I .  top ).  namelv  the  it  ('-\  i.  ;■  (  \(  ( )  t. 


CH3NCS 

17.9 


Hell 


;  I 

!  i 


V  ^  ! 


\ 

I ; 


18 


16  14  12  10  lE/eV 


f  ij-’urc  2  thf  Hi.'  I  amt  lli-  fi  I’l  s|x'cir,i  ot  mctlnl  isiiihun  v.mato 


446 


PASINS/kl  I  I  \l 
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and  ivd  NCO )  frequencies  at  800.  1 290.  and  2 1 50  cm  ' .  respectively.  ( These  modes 
occur  in  the  ground  state  at  852.  I4.n.  and  2288  cm  ' .  respectively  [14].) 

Our  energy  a.ssignments  in  the  14-17  eV  region  dilfer  from  those  in  the  literature. 
In  this  region,  one  e.xpects  ionizations  arising  from  orbitals  w  hich  consist  of  a  sym- 
metrv -controlled  mixing  of  methyl  group  orbitals.  CHda".a  ').  with  NCO  group 
orbitals,  n-|(a".a')  and  /lola')-  The  broad  system  at  14  55  eV  and  a  shoulder  at 
14.15  eV,  should  be  assigned  to  the  two  antisymmetric  linear  combinations  of  the 
methyl  group  orbitals  with  the  tt,  orbitals,  the  amplitudes  on  the  methyl  group 
being  dominant  in  both  cases.  Calculation  supports  these  assignments.  The  16.0 
eV  system  contains  an  extensive  vibrational  progression  in  800  cm  ' .  This  system 
is  assigned  to  the  tti  (a“)  bonding  orbital,  which  has  dominant  amplitude  on  NCO 
group.  This  assignment  is  confirmed  by  both  calculation  ( Table  1 )  and  the  HNCO 
spectrum  [3].  The  7ri(a')  band,  again  derivative  of  the  bonding  combination  of 
TTi  and  NCO  group  orbitals,  is  obscured  by  the  16.0  eV  band  and  by  the  next  band 
system  at  16.75  cV.  The  16.75  eV  system,  in  turn,  is  attributed  to  an  ionization 
from  the  z/(}(a')  orbital.  According  to  calculation,  the  highest-energy  band  at  18.0 
cV  can  be  attributed  to  an  ionization  of  the  (Tsen  orbital  of  the  pseudohalide  group. 


T.viiif  III.  CH.NCSc, 


Svstem 

Rclaovc  intensity 

Hxpcrimcntal 

lEV'cV) 

Calculalcd 

MP2/4-31G** 
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H.'  1 
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8.99  la') 
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The  CH-.NCS  spetirum  ditTcrs  considerably  from  dial  lor  CH (NCO  (Tig.  2). 
The  first  and  second  band  systems,  at  9.,40  and  12.60  eV,  are  attributed  to  ionization 
of  the  rr:  and  tti  ( a 'and  a")  orbitals  of  the  NCS  group,  rc.spectively.  This  assignment 
is  supported  by  ttuanlum-ehemical  calculations  and  by  the  He  I /He  11  intensity 
ratios  ( Table  111.  The  splitting  of  the  rr^  bands  is  much  smaller  than  in  CH,NCO. 
and  is  inferred  from  the  e.xistence  of  a  shoulder.  The  intensity  of  the  third  system 
at  14.60  eV  decreases  strongly,  in  a  reJatiie  sense,  in  the  He  11  spectrum  and. 
cxtnsequently.  it  can  be  assigned  to  the  lone  pair  orbital  of  sulphur  (tK).  fhe  broad 
band  at  16.0  eV  corresponds  to  ionization  of  the  methsi  group  orbitals.  The  band 
at  17.9  eV  is  an  I(f7,  s)  event,  in  agreement  with  calculation  (Table  ID.  These 
a.ssignments  are  in  good  agreement  with  earlier  investigations  [2..']. 

fhe  PT  spectrum  tif  (  IDNCSe  is  shown  in  Figure  3.  A  striking  resemblance  to 
that  of  C'TDNCS  is  evident.  T  he  former  spectrum  is  shifted  to  lower  energies  and 
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CH3SCN 


the  7r2/iri  Splitting  is  greater  than  forCH^NCS.  The  splitting  of  the  7r:(a")/rr3(a') 
components  is  negligible  and  only  a  single  symmetric  band  is  observed.  The  third 
system  corresponds  to  l(nsc).  initiating  in  an  orbital  that  is  mainly  localized  on 
selenium.  Confirmation  of  this  latter  assignment  is  provided  by  the  large  intensity 
reduction  of  this  system  in  the  He  li  spectrum  (Table  Ill),  The  system  at  16.1  eV 
is  assigned  to  orbitals  localized  mainly  on  the  methyl  group.  The  system  at  18.1 
eV  is  an  event. 

The  electronic  structure  of  the  isomers  CH^iXCN  is  also  of  considerable  interest. 
The  PE  spectrum  of  CH^SCN  is  shown  in  Figure  4.  This  PE  spectrum  has  been 


PHOIOI  lie  IRON  SI'U  1R\  OI  PSH  1K)II  M  11)1  S  44‘> 


12.60 


18  16  14  12  10  lE/eV 

1  iguro  ■  I  hi.’  He  1  amt  Ho  II  I’l  spoolra  of  molhil  solcnooNaiiato, 

assigned  by  Neij/er  ct  al.  [4]  and  .-Xndrcocci  ct  al.  [5|.  I inlbrtunatcly.  the  only 
assignments  that  a  j  v|uitc  certain  refer  to  ionizations  from  the  outermost  orbitals 
7r:(a")  and  Tr^i  a')  !  he  system  of  a"  symmetry  at  10. 1.^  eV  is  very  sharp  and 
narrow.  The  other  component,  a'  symmetry,  occurs  at  12.1.4  eV.  is  a  broad 
band,  and  e.xhibits  ..  390  cm  '  vibrational  progression  with  maximum  at  v  =  3  or 
4  superposed  on  an.'*her  progression  in  1450  cm  '  (an  SC'N  bending  for  which  the 
ground  state  value  i'  440  cm  '  [  1 5  ]  >  and  CN  stretching  for  which  the  ground  state 
value  is  2170  cm  The  system  at  1 2.8- 1 3.5  eV  also  exhibits  a  vibrational  structure 
which  has  been  referred  [4]  to  as  an  "irregular  vibrational  progression."  This  vi¬ 
brational  structure  ' ,  shown  resolved  at  the  top  of  Figure  4.  Two  clear  progressions 
may  be  seen:  185(»  and  560  cm  '  modes  which  are  attributable  to  ^  stretching 
(2171  cm  '  in  the  '  round  state)  and  the  e, s(  stretching  ( ca.  700  cm  '  ( 1 5 ]  in  the 
ground  state),  resps  .tively.  The  separation  of  the  very  sharp  structureless  peaks  at 
12.87  and  13.0  eV  s  not  vibrational,  supporting  the  thesis  that  the  former  corre¬ 
sponds  to  I[xi(a".;  and  latter  to  I[)r,(a')l  events.  The  fifth  system  at  13.72 
cV.  which  exhibits  a  progression  in  1200  cm  ' .  is  assigned  to  the  Hs  orbital  ( rather 
than  to  TT,  as  in  (4] )  because  the  intensity  decreases  in  the  He  II  spectrum  (Table 
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Tabu  IV.  CH, SCN. 


System 

Relative  intensity 

Kxiien  mental 
Ili'AeV) 

faleulated 

III;  .-3Ui** 

■Assignment 

He  1 

He  11 

He  11/He  ( 

1 

0.099 

0.141 

1.41 

10.07 

10,33  la") 

2 

0.082 

0.1 3f) 

l.hft 

12  13 

12.41  (a) 

JT’ 

3.  4 

0.124 

0,22ft 

1.82 

12.87 

I4.l0(a') 

13,0 

1 4,-39  (a  ) 

5 

0.101 

0.09 

0,89 

13.72 

15.23(a) 

fK 

6.  7 

0. 1 77 

0,212 

1-2 

15.2 

lft.54  (a ) 

CH, 

15.8 

17.1  1  (a") 

CH, 

8 

0.05 1 

0.093 

1.82 

lft.9 

18.54  (a’) 

'^Si  \ 

IV).  In  accord  with  this,  the  calculations  of'Table  IV  predict  a  very  small  splitting 
of  the  two  rr,  orbitals  (0.29  eV),  in  good  agreement  with  e.vperimenl. 

The  assignment  of  the  PE  spectrum  of  CH  ,ScCN  ( Fig.  3 )  is  very  similar  to  that 
for  CHjSCN.  e,\cept  that  the  7r;(a")/3r;{a')  splitting  is  more  pronounced.  (A/;  = 
2.2  compared  to  2.0  eV  in  CHiSCN).  The  first  (9.60  eV )  and  the  third  (  12.60  eV) 
systems  are  narrow  and  sharp;  the  second  ( 1 1.80  eV)  and  the  fourth  (  12.80  cV) 
contain  vihronic  structure  which  is  not  as  pronounced  as  in  CH,SCN.  However, 
since  the  electronic  structures  are  very  similar,  we  deduce,  by  analogy,  that  the 
’ri(a")/rri(a')  splitting  is  probably  about  the  same  size,  namely  0.2  eV.  The  fifth 
system  at  13.35  eV  is  assigned  to  an  system,  because  of  He  I/He  II  intensity 
ratios  and  correspondence  with  calculations  (Table  V).  The  bands  in  the  15-16 
eV  region  in  both  compounds  can  be  attributed  to  ionizations  centered  on  orbitals 
localized  on  the  methyl  groups.  The  band  at  ~  17  eV  in  both  compounds  can  be 
assigned  to  ionization  from  (Jscn  and  (Tskn  orbitals,  respectively. 

The  results  of  the  quantum  chemical  calculations  mimic  the  experimental  trends 
(Fig.  6).  The  splitting  of  the  tt;  bands  is  computed  to  be  largest  in  CHjSeCN  and 


Tabi  k  V.  CH,ScCN. 


Relative  inlensity 
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He  II 

He  ll/Hc  1 

ExpcnmcTnal 

!E7(cV) 

CalcuValcd 

HI-/4-31G** 
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0.96 
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9,76  (a") 
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0.12 
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Figure  6.  Calculated  and  experimental  iom/ation  energy  correlation  diagram  of  MeNCSe. 
McNCS.  MeNCO.  MefXTN.  MeSCN.  and  MeSeCN. 


to  get  smaller  in  the  series  CH  jSeCN.  CHxSCN.  CH,OCN.  CH,NCO,  CH  .NCS. 
and  CH  iNCSe,  which  accords  with  experiment.  Indeed,  this  splitting  is  so  small  in 
CHiNCSe  that  we  cannot  ob.serve  it.  The  reason  for  this  trend  is  embedded  in 
differences  of  electronic  structure:  According  to  calculation,  the  orbitals  in  the 
-NCO  and  -OCN  groups  are  more  or  less  symmetric;  however,  as  O  is  replaced 
by  S  or  Se.  this  symmetric  distribution  distorts  and  the  Tr2  orbitals  tend  to  localize 
on  the  sulphur  atom  and,  to  a  higher  degree,  on  the  selenium  atom.  Therefore,  the 
TT;  bands  of  compounds  containing  the  -NCX  group  will  be  less  sensitive  to  sub¬ 
stituent  effects,  and  band  splittings  will  be  less  sensitive  to  the  bond  angle  at  the 
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Figure  7.  Calculated  splitting  of  t:  orbitals  as  a  function  of  CXC  or  CNC  angle.  I. 
MeSeCN;  2.  McSCN;  3.  McOCN  4,  MeNCO  5.  McNCS:  6.  McNCSe. 


nitrogen  when  X  =  S  or  Se;  in  compounds  containing  the  -XCN  group;  however, 
the  sensitivity  to  substituent  and  the  bands  splitting  will  increase  as  the  X-atom 
gets  larger.  The  electron  distribution  in  the  X|  orbital  should  be  opposite  to  that  of 
TTj,  the  orbital  now  being  localized  on  the  NC  fragment  with  an  amplitude  which 
increases  as  the  oxygen  changes  to  S  or  Se.  Since  I(  ?ri )  is  of  high  energy,  tti  usually 
is  heavily  mixed  with  other  orbitals.  Consequently,  the  predicted  tti  splittings  con¬ 
trary  to  the  V2  splittings  are  difficult  to  verify  experimentally.  Finally,  the  decreasing 
energy  of  the  two  components  of  the  rr;  bands  is,  to  some  extent,  a  result  of  the 
increasing  C-X-C  and  C-N-C  angle  in  the  series  CH^SeCN,  CH3SCN,  CH3OCN, 
CH^NCO,  CHiNCS,  CHiNCSe.  According  to  ah  initio  calculations,  these  angles 
are  98.7°,  99.9°,  118.8°,  139.7°,  146.1°.  and  159.7°,  respectively. 

The  splitting  of  the  ir-  orbitals  as  a  function  of  CXC  or  CNC  angle  is  given  in 
Figure  7.  The  calculated  bond  angles  at  the  minimum  energy  geometry  are  denoted 
by  an  asterisk.  It  can  be  seen  that  the  ttj  splitting  decreases  as  one  goes  from 
CFIiSeCN  to  CH3NCSe  because  the  C-X-C  angle  is  the  smallest  in  CHjSeCN  and 
increases  thereafter. 
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Abstract 

The  diffuse  spectral  scries.  2s' up  -  F-2s'nd  'D.  of  the  boron  isoclectronic  sequence  has  been  studied 
through  a  one-particle  scheme,  by  e.xplicilly  treating  only  the  active  electron.  Oscillator  strengths  for 
various  transitions  (n  =  2.3;  n'  -  3-16)  have  been  computed  with  the  quantum  defect  and  relativistic 
quantum  defect  formalisms,  and  results  comparing  very  satisfactorily  with  other  theoretical  data  have 
been  obtained,  e  1992  John  Wiley  &  Sons.  Inc. 


Introduction 

Within  the  last  few  years,  the  description,  understanding,  and  prediction  of  the 
physical  processes  that  take  place  in  the  universe  have  been  the  object  of  increasing 
attention.  This  has  been  partly  due  to  the  outstanding  technological  development 
and  the  enormous  amount  of  “rough”  data  which  is  awaiting  careful  analysis  and 
interpretation.  However,  the  reproduction  in  the  laboratory  of  the  very  extreme 
conditions  to  which  the  constituents  of  the  universe  are  subjected  is.  if  not  impossible, 
at  least  extremely  difficult,  time-consuming,  and  expensive.  Quantum-mechanical 
calculations  have,  thus,  become  crucial  in  the  accomplishment  of  these  goals.  How¬ 
ever,  in  the  estimation  of  some  properties  of  astrophysical  interest,  the  calculation 
of  transition  probabilities  for  a  great  number  of  lines  is  required.  Re  ults  for  1.7 
million  lines  have  recently  been  reported  by  Kuruez  [  1  ] .  In  addition  to  their  astro- 
physical  importance,  the  intensities  of  the  transitions  of  moderately  to  highly  stripped 
ions  present  an  enormous  interest  for  the  diagnosis  of  Tokamak  plasmas  [2],  and, 
in  general,  for  the  development  of  controlled  thermonuclear  fusion  reactors  [3]. 

Reliable  computational  procedures  are,  thus,  required.  A  method  that  has  so  far 
proven  to  be  very  accurate  for  predicting  transition  probabilities  and  /-values  for 
transitions  in  moderately  to  highly  stripped  atomic  ions,  and  in  heavy  atomic  sys¬ 
tems.  is  the  multiconfigurational  Dirac-Fock  (df)  approach  [4].  However,  it  is 
fast  becoming  increasingly  time-consuming  and  costly  with  the  number  of  config¬ 
urations  included  in  the  calculation  and  with  the  number  of  transitions  to  be  studied. 
Hence,  it  is  quite  convenient  to  develop  methods  which  are  both  simple  and  reliable. 

The  usefulness  of  model  potential  methods  in  this  type  of  problems  has  been 
the  subject  of  a  review  by  Hibbert  [5].  and  of  general  comments  by  Crossley  [6], 
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TaBI  F.  1. 

Oscillator  strengths  for  n/i  -P-m'4  '/)  (»i 

2.3'.  71  ’  -  3-15)  transitions  in  BL“ 

Transition 

OIXi'’ 

M< 

Length 

Velocity  StK**  IC' 

2n-2<J 

0.1201 

0.86  (1) 

0.102  0.197  0.125 

2p-4d 

0.5.302  (-1) 

0.40  (  -1) 

0.45  (1) 

2i>-5d 

0.2678  (-1) 

0.21  (-1) 

0.23  (  -1) 

2p-()d 

0.1529  (-1) 

0.12  1  1) 

0.13  (-1) 

2i^ld 

0.9531  (-2) 

2p-^d 

0.6340  (-21 

2p-9d 

0.4429  (-2) 

2r-\Qd 

0.3215  (-2) 

2/)- Hr/ 

0.2408  (-2) 

2p-\2d 

0.1850(-  2) 

2/)- 1.34 

0.1452  (-2) 

2p-\4d 

0.1  161  (-2) 

2p-\5d 

0.942  (-3) 

2p-3d 

1.023 

0.860 

0.919 

3/1-44 

0.4 140  (-1) 

3/7-54 

0.9374  (-2) 

3p-6d 

0.7080  (-2) 

3p-2d 

0.4920  (-2) 

3p-'id 

0.34521-2) 

3/1-94 

0.2490  (-2) 

3/1-104 

0.1841  (-2) 

3/7-1 14 

0.1400  (-2) 

3/7-124 

0.1085  (-2) 

3/7-134 

0.8612  (-3) 

.3/7- 1 44 

0.6921  (-3) 

3/7-154 

0..3668  (-3) 

“  In  this  and  the  remaining  tables,  .U  -ff)  denotes  A  ■  10  *. 

Present  work. 

'^Ref,  17. 

■'  Ref.  22. 

'  Ref  23. 


who  considers  some  of  them  capable  of  achieving  a  good  balance  between  com¬ 
putational  effort  and  accuracy  of  results,  as  compared  with  more  complex  theo¬ 
retical  procedures. 

For  several  years,  we  have  studied  the  behavior  of  transition  probabilities,  oscil¬ 
lator  strengths,  and  photoionization  cross  sections  for  several  series  of  homologous 
atoms  [7]  and  isoelectronic  sequences  [8-10]  through  the  quantum  defect  orbital 
( QDO )  method  [11],  which  involves  the  analytical  solution  of  a  model  Hamiltonian 
that  contains  a  semiempirical  parameter.  Quite  recently,  we  have  formulated  the 
relativistic  version  of  the  above  procedure  (rqdo),  which  has  so  far  proven  to  be 
highly  reliable  when  treating  heavy  atomic  systems  [12]. 
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i  \H1  1  II.  Oscilluuir '.ircni’llis  lor  H/>  / (»  7-4.;/'  4-(\|  Ir.inMtioiis  in  C  II 


\u  M  " 


I  ransition  oix/'  I  iMit;lli  NfloiiU  six' 


2;--:v/ 

(l.2,SS'’ 

0.2('(' 

0.26'’ 

2/>-4</ 

(I.472S  1 

1) 

0.4.S  ( 

1) 

0.42  1 

II 

2/>-n/ 

(l.44>(l  t 

I) 

0.44  ( 

n 

0.42  1 

n 

(l.241,t  / 

1 ) 

0  24  ( 

1) 

0.2.’i  ( 

h 

.V-.v/ 

(1.(1  .VW 

0.57'7 

0.620 

.t/--4(/ 

0,1  !(),' 

0.10.1 

( 

1) 

0..S,'^.S4  ( 

1) 

0.47  ( 

1) 

0.45  ( 

II 

0.24,S.s  ( 

1) 

0.25  ( 

1) 

O.2.!  ( 

1) 

4/)-4// 

1 .0.74 

O.X77 

0.844 

4/>-.S</ 

0,4441  ( 

n 

0.66  I 

1) 

0.6.1  ( 

1 1 

0,.7!  1  1  ( 

1) 

0..7.S  ( 

1) 

0..7,7  1 

1) 

■'  This  work. 
"  Ref.  1 7. 

'  Ref  22, 


In  this  work,  wc  report  oscillator  strengths  for  several  members  of  the  boron 
isoelectronic  sequence,  from  B1  to  KrXXXVI.  for  which  atomic  energ\  data  ha\e 
been  found  in  the  literature.  The  transitions  studied  by  us  involve  levels  of  the 
diffuse  spectral  series,  np  ' P-n'd'D.  including  those  starting  from  excited  states. 
n  -  2-4.  and  /T  =  3-15  in  some  cases.  For  the  lightest  members  of  this  sequence. 
BI  to  OlV.  only  multiplet  oscillator  strengths  have  been  reported.  For  the  heavier 
ions,  starting  at  SiX.  line-structure  calculations  have  been  performed,  through  both 
ODO  and  RQIX)  procedures. 

This  isoelectronic  sequence  offers  interest  to  us  not  only  from  a  methodological 
point  of  view,  as  we  shall  mention  later,  but  also  because  many  of  the  ions  belonging 
to  it.  such  as  OIV,  MgVIll.  SiX.  SXIl.  and  FeXXIl.  have  been  observed  in  many 
astrophysical  objects  [13].  The  abundance  of  SiX  in  the  solar  corona  has  also  been 
emphasized  by  Triibert  et  al.  [14].  who  have  measured  lifetimes  and  report  on 
cascading  effects  and  other  experimental  difficulties.  Vernazza  and  Mason  [15]  also 
point  out  the  existence  of  boron-like  ions  in  the  solar  corona. 

The  boron  isoelectronic  sequence  has  a  ground  level  configuration  \s~2s'2p  'P. 
which  can  be  considered  as  a  one-electron  system  (one  electron  outside  a  closed 
subshell),  having  a  relatively  simple  Rydberg  spectra,  as  Fl-Sherbini  et  al.  have 
recently  remarked  [lb].  Hence,  it  seems  appropriate  that  the  use  of  one-electron 
techniques  in  the  treatment  of  these  systems,  in  particular  as  the  atomic  number 
increases  and  the  closed  subshell  becomes  more  contracted.  By  employing  a  single¬ 
configuration  Hartree-Fock  ( m  )  technique,  as  well  as  a  Coulomb-approximation 
((  A )  approach.  Fl-Shcrbini  ct  al.  [16]  have  obtained  oscillator  strengths  of  claimed 
general  accuracy. 
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0. 1  m  ( 
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2) 

3/1- IIW 

0.6020  ( 

2) 

3(1-1  li/ 

0.4S<(i0  ( 

-21 

3/>-l2(/ 

0.3464  1 

2) 

"  This  work, 

’’  Rot',  n 
'  Rol'  24. 

1  \B[  1  IV 

Oscilialor  slrenglhs  for  ///, '7 

2.3;  11'  3-6)  transitions  in  OlV. 

TransO’  'n 

01  Ml" 

l.ongth 

M<  t  (  ^ 

VcKicily 

S(K'^ 

2/1-3,/ 

0.4517 

().455 

0.437 

0.4X6 

2/1-4,/ 

0.1222 

0.124 

0. 1  1 6 

71-5,/ 

0.5171  (-1, 

0.52  ( 

•  I  1 

0,44  (1) 

2/1-6  J 

0.2705  (  -  1) 

0.27  ( 

-1) 

0.2'^  (  1) 

.3/1-3,/ 

0.3534 

0.322 

0.337 

0,314 

3/1-4,/ 

0,2744 

0.27X 

0.274 

3/1-5,/ 

0.45!  3  (  1) 

0.42  ( 

1) 

0.40  (  1 1 

3/1-6,/ 

0.-;453  (  1 ) 

0.43  ( 

1) 

0.42  (  1) 

’  I  his  work. 
"Rcr  17. 

'  Rci 
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GeXXVni 

3pi,:-373,,.' 

0.6.394  (  1) 

0.7271  (-11 

0,712  (1) 

3p3,.:-37,,2 

0.6394  (-  21 

0.52. S6(  -21 

0,.5078  (-  2) 

5p322”3t/5/: 

0.5755  (  -  11 

0.5376  (-1) 

0,5162  (-1) 

34 

SeXXX 

3pi, 2-373,; 

0.6015  (-11 

0,7005  (-1) 

3P3,2-37,,2 

0.6015  (  2) 

0.4727  (-21 

3p,, 2-375, 2 

0..5414(  -1) 

0.4990  ( - 1 ) 

36 

KrXXXll 

iP)  12-id-),: 

0.613!  (-1) 

0.7245  (-11 

0.704  (  -1) 

iP)n-idj/2 

0.6131  (-21 

0,4671  (-2) 

0.446  (-2) 

3/?3,o— 3t/5/2 

0.5518  (  -  1) 

0,5040  1-1) 

0.478  1-1) 

Note:  QDO  and  Rr)DO  from  present  work. 


Cohen  and  Nahon  [17]  also  followed  frozen  core  (FC)  and  limited  multiconfi- 
gurational  frozen  core  (mcfc)  procedures.  In  the  former,  all  but  a  single  valence 
electron  are  kept  fixed,  and  only  a  single  radial  equation  need  be  solved  for  each 
state  considered  In  the  latter,  the  choice  of  core  configurations  was  limited  to  the 
'S  and  \s~2p"  'S  complex.  The  resulting  valence  orbitals  and  energies  were 
employed  in  calculations  of  electric  dipole  oscillator  strengths  in  the  boron  sequence, 
obtaining  what  they  consider  to  be  very  good  results  for  all  but  a  few  exceptional 
cases  [17], 

Here  we  are  si-  >  cori.sidenng  transitions  which  arise  from  the  jump  of  one  external 
electron  to  other  levels  located  far  out  from  a  spectroscopically  inert  l.v‘2.v‘  “core.” 
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except  Ibr  the  conliguratioii  mixing  aiul  senes  pertiirbalmns  Uial  mas  take  place 
in  this  '‘eore.”  Hosseser,  the  transitums  sse  are  stiitKing  iini)lse  lesets  that  seem 
to  be  free  from  such  interaettons  and.  therelbre.  ssi-  have  treated  the  bitron-like 
ssstems.  for  these  purposes,  with  a  central  held  model  potential,  within  a  one- 
particle  scheme,  in  both  t.iDO  and  pros’edures. 

Method  of  (  alciilation 

I  he  cjuantum  defect  orbital  (QDO)  method  (.x-l  I  ]  ansi  its  relativistic  generali/a- 
tion  (  RODO)  [12]  belong  to  simple  and  reliable  melhorls  of  estimation  of  oscillator 
strengths.  V\e  shall  only  hrietly  mention  their  features  which  are  relevant  tor  the 
present  calculations.  The  quantum  defect  orbitals  are  the  analytical  solutions  of 
the  one-particle  (  nonrelativ istic )  Schrodingei  equation  with  a  model  Hamiltonian. 

[  (/-',<//■’  I  At  A  M  )//  -  2 2 (1) 

where  atomic  units  are  used  throughout.  /,ki  is  the  nuclear  charge  acting  on  the 
valence  or  Rvdherg  electron  at  large  / ,  and 

A  ^  /  -  !>  t  (  .  (2) 

where  /  is  the  angular  momentum  quantum  number,  o  is  the  quantum  defect,  and 
4  is  an  integer  chosen  to  ensure  the  normali/ability  of  the  quantum  defect  orbitals 
and  their  correct  nodal  structure.  The  eigenvalue,  depends  only  on  the  non¬ 
integral  part  of  A  and.  hence,  it  is  independent  of  c.  The  quantum  defect  is  obtained 
individually  for  each  slate  from  empirical  energy  data.  T  his  carries  along  the  implicit 
inclusion  in  the  model  Hamiltonian  trf  some  ellects  not  explicitly  included  such  as 
core-valence  polarization  and  relalivislic  cHects.  However,  m  the  ctilculalion  of 
properties  concerning  highly  stripped  ivtns  and  heavy  atoms,  it  is  important  to  give 
explicit  account  of  relativistic  elfects.  The  rqdo  theory  has  recently  been  developed 
by  Martin  and  KarwDwski.  and  applied  successfully  trisome  heavy  atomic  systems 
[12],  In  the  RQIX)  method,  the  parameters  appearing  in  eq,  (  I  )  are  replaced  by 
others,  that  is,  A  by  .A.  o  by  h' .  Z„,.,  by  Z  ncmid  A  by  c.  in  the  follow  ing  manner; 

v  --  I  -  (V  -t-  c.  if  t  -  /  t  - 
.V  =  ■  “  { .2 ) 

-,v  -  (V  +  c  if  ;  /  -•  ” 

where 

V  -  A(  !  -  o'/'/A-)'-’  ,  (4) 

being  the  line  structure  constant.  /  the  atomic  number,  and  A  the  quantum 
number,  for  which  we  adopt  the  original  convention  of  [Tirac  [IX]: 
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/  +  T  "  /  +  1 . 

if  /  ^ 

If  /  -  1  -  \ 

/  ,’ia  ■-  /nci(  I  +  a  ■  ‘  )  (  6  ) 

A  '  being  the  e.xperimcntal  energy,  and 

t’  =  -(/;:;)/[:(/}  -  5')-]  =  !■:'(  l  +  a-/-.'/2)/(  l  +  a-/:')’  .  (7) 

where  il  is  the  relativistic  principal  quantum  number  [19],  This  reformulation  of 
the  QDO  theory  takes  into  account  most  of  the  relativistic  elfects  and  has.  in  our 
v  iew,  important  advantages.  On  the  one  hand,  the  RQIX)  method  does  not  add  any 
complication  to  the  QOO  formal  structure  and.  on  the  other,  it  creates  a  more  solid 
background  for  interpreting  properties  of  highly  ionized,  heavv  atoms.  In  both 
procedures,  the  transition  integrals  can  be  written  as  closed-form  analytical  e.xpres- 
sions.  and  their  computation  is  quite  straightforward  and  inexpensive. 

Results  and  Discussion 

Oscillator  strengths  for  ~P-\.\-2s-n'd'D  (n  =  2-4.  >i‘  -  3-1 5 \  are  dis¬ 

played  in  Tables  I-VI.  For  the  lighter  atomic  systems,  for  which  relativ  istic  effects 
are  not  expected  to  be  important,  we  have  followed  the  QDO  procedure  and  report 
multiplet  oscillator  strengths  only.  We  did  also  perform  RQDO  calculations,  but 
the  /-values  so  obtained  showed  negligible  differences  from  those  computed  with 
the  QDO  method  for  B1  (Z  =  5)  to  OlV  (Z  =  8).  Individual  tables  are  devoted  to 
each  of  these  ions,  since  a  larger  amount  of  energy  data  than  for  the  heav  ier  ions 
( Six  to  KrXXXll )  was  available  [2,20].  Dankwort  and  Trefftz  [21],  have  carried 
out  a  multiconrtgurationai  treatment  of  the  Bl  sequence,  and  confirm  that  relativistic 
effects  are  unimportant  for  the  calculation  of  oscillator  strengths  up  to  SiX  (Z  = 
14).  From  this  ion  onward  we  report  both  QDf)  and  RQDO  /-values.  However,  we 
must  be  aware  that  relativistic  corrections  lose  importance  with  increasing  /,  and 
for  /I/7-/J '</ transitions,  they  cannot  be  expected  to  be  very  noticeable.  In  all  cal¬ 
culations.  the  integer  c  of  eqs.  ( 2 )  and  ( 3 )  was  always  taken  equal  to  zero,  and  the 
dipole  length  formulation  of  the  transition  integral  was  always  employed. 

In  Tables  1-1 V  we  show  the  QtXi  oscillator  strengths,  together  with  other  theo¬ 
retical  results  that  we  have  found  in  the  literature:  the  dipole  length  and  dipole 
velocity  ./-values  of  the  multiconfigurational  frozen  core  (M(  K  )  calculation  by 
Cohen  and  Nahon  [17],  the  refined  superposition  of  configuration  {SOO  results 
by  Weiss  ( 22  ] .  and  the  frozen  core  ( I  (  )  oscillator  strengths  obtained  by  .McEachran 
and  Co.ien  [23],  Both  M(  k  and  K  calculations  consider  the  2v'  subshell  as  part 
of  the  atomic  core,  as  described  in  the  Introduction.  Cohen  and  Nahon  [17]  stress 
that  for  their  MCK'  2p-nJ  oscillator  strengths,  their  results  are  in  much  better 
agreement  with  i(  /-values  [23]  than  for  ns-2p  transitions.  This  strengthens  our 
confidence  in  the  adequacy  of  one-electron  calculations  for  the  transitions  object 


RORON-I  Ikl  \l()\!l(  SVSIIMS 


463 


ol'the  present  wurk.  Also  included  in  some  ol' the  tables  are  the  results  of  nurdel 
potential  length  calculations  by  (ianas  1 24  ].  and  those  oh  recent  critical  compilation 
by  Martin  et  al.  [25  j. 

I  he  results  (  l  ables  I-IV)  shou  a  generally  good  agreement  with  the  coni- 
paratiwly  calculated  /-values.  I’nrortunalely.  no  experimental  measurements  seem 
to  be  axailable.  As  to  the  KQiX)  results  (  lables  V  and  VI ),  it  can  be  mtticed  that 
they  generally  diH'er  xery  little  from  the  corresponding  ono  tinc-structure  /-xalues 
( obtained  by  multiplying  the  calculated  multiplet  /-xalues  by  the  appropriate  angular 
factors)  in  the  2p  - 'D  transitions,  although  the  dillerences  increase  with  the 
atomic  number,  as  expected.  The  agreement  with  the  comparative  data  is  a'so  xery 
satisfactory.  For  the  3/i '/ -.3;/ -/)  transitions,  the  Ryix)  and  tyix )  oscillator  strengths 
begin  to  ditl'er  at  loxxer  /  xalues  than  in  the  previous  case,  being  that  the  agreement 
with  the  comparative  data  is  appreciably  better  in  the  ROtx)  case. 


Conclusions 

It  seems  apparent  that  both  oix>  and  ROIX)  procedures  yield  quite  satisfactory 
oscillator  strengths  for  various  transitions  in  the  diH'use  spectral  series  of  the  boron 
isoelectronic  sequence.  The  adequacy  of  a  one-electron  treatment  for  these  atomic 
systems  in  excited  states  has  also  been  proven.  This  may  save  computational  time 
and  costs,  and  may  serve  as  an  alternative  to  ah  inirio  procedures  which  explicitly 
account  for  electron  correlation  in  the  valence.  2.v’  2/>.  shell. 
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Abstract 

Transitions  originating  from  excited  states  in  copper-like  ions  haw  been  studied.  Fine-structure  oscillator 
strengths  obtained  with  both  the  quantum  defect  orbital  (yix))  and  its  rclatixislic  (  kodo)  counterpart 
are  reported  for  4p  'P  -  nd  -D  ( r;  “  5.  6 ).  5p  'P  -  nd  ’D  ( n  =•  5.6),  and  np  'P  -  6s  ’S  l  /i  4.  5 1 
absorption  transitions.  <■  NU’  John  Wiles  &  Sons.  Ine, 


Introduction 

Spectroscopy  data  on  highly  stripped  ions  are  needed  in  fusion  devices  for  plasma 
diagnosis,  as  well  as  for  estimating  the  effect  of  impurity  ions  in  high-temperature 
plasmas  [1],  Moreover,  the  need  for  e.xtended  and  improved  data  to  match  the 
observational  development  in  contemporary  stellar  spectroscopy  has  been  very  re¬ 
cently  remarked  {2].  Reliable  values  of  transition  probabilities  and  oscillator 
strengths  are  needed  to  model  stellar  atmospheres,  in  particular  to  find  chemical 
abundances  and  the  energy  transport  through  the  star.  Estimation  of  these  and 
other  important  properties  requires  the  knowledge  of  transition  probabilities  for  a 
very  large  number  of  lines  in  many  atoms,  including  the  highly  ionized  ones,  for 
which  experimental  data  are  either  scarce  or  not  available.  Theoretical  calculations 
are  often  the  only  source  of  information  on  many  transitions.  The  multiconfiguration 
Dirac-Fock  method  [.^1  offers  the  most  reliable  results.  However,  this  approach 
becomes  very  time-consuming  if  the  number  of  transitions  to  be  determined  is  very 
large.  On  the  other  hand,  other,  much  simpler  methods,  are  usually  much  less 
accurate.  Therefore,  developing  procedures  which  combine  reliability  with  simplicity 
is  quite  important,  not  only  from  the  practical  point  of  view,  but  also  because  of 
the  physical  implications  involved  [4], 

In  previous  calculations  of  atomic  transition  probabilities  and  related  properties, 
such  as  oscillator  strengths  and  photoioni/ation  cross  sections,  wc  have  followed 
two  simple  but  rather  reliable  scmiempincal  prxx'cdures.  fhese  arc  the  quantum 
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defect  orbital  (0i>o)  formalism  [5-7]  and  the  rcccnth  proposed  quasirelalis isiic 
formulation  (  rqdo  )  of  this  method  [8-11]. 

In  this  article,  we  report  oscillator  strengths  for  transitions  arising  from  excited 
states  in  moderatelx  to  highly  stripped  copper-like  ions,  computed  thrtiugh  both 
QDO  and  ROix)  procedures  Results  for  fine  structure  transitions  in  the  principal, 
4s  'S  -♦  4p  -P,  and  diffuse,  4p  P  ->•  4d  'D.  spectral  series,  covering  a  large  number 
of  copper-like  atomic  systems  ( from  /  =  2^)  to  Z  92 )  have  been  reported  elsewhere 
[12],  For  the  principal  and  diffuse  spectral  series,  oscillator  strengths  of  high  accuracy 
have  been  obtained,  and  the  considerable  improvement  brought  about  by  the  explicit 
introduction  of  relativistic  effects  through  the  RQlx>  procedure  has  been  made  ap¬ 
parent  for  the  moderately  heavy  to  heavy  ions.  Afso.  correct  systematic  trends  of 
the  individual  fine-structure  /-values  along  the  copper  isoclectronic  sequence,  which 
may  not  be  adequately  described  at  the  low  I  //  end  if  relativistic  effects  are  not 
well  accounted  for.  have  been  found  when  the  RQix>  /-values  have  been  plotted 
vs.  1/Z[12]. 

One  of  the  goals  of  the  present  calculations  is  to  te.st  the  ability  of  the  yix)  and 
RQDO  procedures  in  y  ielding  oscillator  strengths  for  transitions  that  involve  higher- 
lying  states.  The  latter  have  some  specific  usefulness  within  the  context  of  the  more 
general  one  remarked  abo\c.  Recombination  phenomena  often  proceed  through 
high-lying  states,  making  their  transition  probabilities  important  for  plasma  physical 
problems.  A  know  ledge  of  higher-lying  transition  probahiUties  is  also  very  valuable 
in  the  experimental  measurement  of  lower  level  lifetimes,  since  usually  sev  ere  cas¬ 
cade  effects  seem  to  occur  in  copper-like  ions,  at  least  in  the  cases  examined  by- 
Younger  and  Wiese  [13].  Common  methods  for  establishing  the  cascade  contri¬ 
butions  require  an  extensive  set  of  theoretical  estimates  of  lifetimes  and  branching 
ratios  [13.14], 

In  a  very  comprehensive  study  of  the  copper  isoelectronic  sequence  through  a 
numerical  Coulomb  Approximation  (Nt  a)  procedure.  Lindgard  et  al.  [13]  quote 
Wiese  and  Weiss  [16],  and  remark  on  the  possibility  of  tracing  isoelectronic  and 
homologous  trends  in  oscillator  strengths  using  additional  theoretical  estimates  for 
only  a  few  selected  ions.  and.  hence,  saving  further  computations.  However,  they 
also  warn  about  the  danger  of  very  sharp  cancellation  effects  being  likely  to  occur 
in  the  transition  integrals  of  alkali-like  ions,  which  causes  the  /-value  for  a  given 
transition  in  one  particular  ion  to  be  anoumalously  small,  As  a  consequence.  I.ind- 
giird  ct  al.  [15]  consider  it  sensible  to  make  independent  calculations  for  indiv  idual 
ions,  Ciiven  the  very  time-consuming  task  that  perl'orming  many  calculations  with 
sophisticated  ah  miiio  methods  brings  about,  they  find  a  solid  justification  for  the 
use  of  semiempincal  procedures. 

l  indgard  et  al.  [15].  as  well  as  other  authors  who  have  studied  these  atomic 
systems  [17-20).  remark  that  for  ions  of  reasonably  high  ionization  stage,  the  C'ul 
sequence  is  a  pure  alkali-likc  system  vmth  a  single  electron  outside  a  closed  3d  shell, 
giving  rise  to  a  simple  Rydberg-type  spectrum.  However,  for  low  charge  states  there 
are  problems  which  requires  some  caution.  For  instance,  there  exist  corc-cxciied 
configurations  of  .3d’'  4snl  tytx'  that  fall  below  the  first  ionization  continuum  3d '  ' 
'S.  I'hese  can  mix  with  the  Rydberg  senes  giving  rise  not  only  to  a  shift  in  the 
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position  of  the  4s  and  4p  levels,  hut  also  to  altering  their  spectroscopic  character 
[17],  In  the  neutral  copper  and  first  few  ions  of  its  seciuence.  rather  large  pertur¬ 
bations  of  the  Rydberg  scries  arising  from  mixing  with  the  .W  4s4p  ’P  config¬ 
uration  have  been  reported  (15.1^)].  Froese-Fisher  [IS]  found  great  improvement 
in  her  calculated  /-values  for  the  resonance  transition  by  the  inclusion  of  the  .7d‘' 
4d4s  and  .Id  '  .^d4p  configurations  in  the  ground  and  first  excited  states,  respectively. 
Lindgard  et  al.  [15]  point  out  that  the  higher  members  of  the  'P  spectral  series  are 
not  well  described  within  the  i  s  coupling  scheme,  and.  hence,  a  single  electron 
picture  may  v  ield  only  crude  estimates  for  the  lower  members  of  the  C'ul  sequence. 
Another  problem  that  must  be  dealt  with  is,  according  to  several  authors 
[15.17.18,20].  the  core-valence  polarization  etfects.  which  are  mainly  found  to 
occur  in  the  low  p,  .  and  Pi  :  states,  rather  than  in  the  s,  ;,  ds  ord^  :  states  [20]. 
Curtis  and  Theodosiou.  in  their  accurate  and  extensive  semi-empirical  study  of  4s 
and  4p  lifetimes  and  fine-.structure  /-values  involving  4s-4p  and  4p-4d  transitions 
for  a  very  large  number  of  ions  in  the  Cul  sequence  (Z  =  29-92)  [17].  made  a 
remark  that  we  find  important:  core-polarization  and  other  types  of  electron  cor¬ 
relation,  spin-orbit  coupling,  and  other  relativistic  interactions,  can  varv  with  the 
degree  of  ionicity  along  the  sequence.  Flence.  the  applicability  of  various  ah  iniiio 
approaches  changes  over  the  sequence.  This  strengthens  our  confidence  in  the  con¬ 
venience  of  applying  reliable  semiempirical  approaches,  such  as  the  otx)  and  rqdo 
methods.  In  particular,  the  latter  has  the  advantage  of  being  able  to  deal  in  a  uniform 
way  with  the  entire  isoelectronic  sequence.  The  correct  performance  of  the  RQIX) 
procedure  has  already  been  proven  at  low  and  high  /-values  in  other  isoelectronic 
sequence  [  10] .  On  the  other  hand,  the  semiempirical  parameters  of  both  Qix>  and 
RQtx)  methods  account  implicitly  for  core- valence  polarization  cflects. 

Computational  Procedure 

The  Qtxt  method  has  been  described  in  detail  in  previous  articles  ( sec.  e.g..  Refs. 
[5  ]  and  [6] ).  So  has  been  its  relativistic  counterpart,  the  RQDO  procedure  [8-10]. 
Wc  shall  just  summarize  here  the  main  features  of  the  latter. 

The  relativistic  quantum  defect  orbitals  corresponding  to  the  state  characterized 
by  the  experimental  energy  E'  are  the  analytical  solutions  to  the  quasirclativistic 


second-order  Dirac-like  equation; 

[-d-hlr-  +  \{  \  f  I  )/r-  -  2/  ;,,/r]i^(  r)  -  2ci(  r)  (  I  ) 

where  /'„,.,  =  /„,..<  1  +  o’/-.') .  (2) 

c  "  (/;,,,)-72(/;  -  /)')’  -  /•-■'(  1  +  a'E'/2)/{  1  f  o'E'f  .  (3) 

.\  II  -  n  i  /  -  f>  +  (■ ;  ( 4 ) 


(I  is  the  fine  structure  constant.  /„^.,  is  the  nuclear  charge  acting  on  the  valence 
electron  at  large  r.  //and  /are  the  principal  and  orbital  angular  momeinum  quantum 
numbers,  h  is  the  relativistic  principal  quantum  number.  f>  is  the  quantum  defect, 
and  <  is  an  integer  that  is  chosen  to  ensure  the  normalizability  of  the  wavefunction 
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and  its  correct  nodal  structure.  The  quant  am  defect.  6,  is  obtained  empirically  from 
Eq.  (if).  Then  Eq.  ( 1 )  is  solved  analytically  and  the  solutions  used  to  calculate 
transition  probabilities  and  oscillator  strengths  (as  well  as  other  properties,  if 
required).  The  nonrelativistic  Qtx)  equation  is  obtained  by  setting  (f  -  0,  Then 
/■-'  becomes  the  experimental  term  energy  (aseraged  over  the  line  structure 
components). 

We  have  carried  out  calculations  for  transitions  for  which  recent  empirical  energy 
data  were  available  [22-31],  Given  the  likely  presence  of  configuration  mixing,  in 
particular  for  the  lower  ionization  stages  in  the  Cul  sequence,  as  indicated  in  the 
previous  section,  we  cannot  establish  whether  in  the  atomic  data  used  here  the  level 
classification  is  entirely  correct.  Hence,  we  have  not  attempted  to  perform  extrap¬ 
olations  or  interpolations  for  those  levels  for  which  energy  data  was  unavailable, 
as  other  authors  did  [15], 


Results  and  Discussion 

In  Tables  I  to  IV  vve  display  the  results  of  the  present  calculations,  for  some 
representative  ions  of  the  Cul  sequence,  together  with  some  comparative  data. 
Although  the  need  for  transition  probability  data  concerning  ions  of  this  sequence 
has  been  accentuated  by  their  determination  of  impurity  concentrations  in  high 
temperature  plasmas,  the  comparative  data  for  the  transitions  studied  here  is  rather 
scarce.  No  experimental  measurements  seem  to  be  available,  and  only  theoretical 
data  from  two  sources  have  been  found  in  the  literature.  These  are.  respectively, 
the  NCA  [17]  and  rhf  [21]  calculations,  of  which  some  details  are  given  in  the 
Introduction.  None  of  these  include  explicitly  core-valence  polarization  effects, 
although,  by  using  empirical  energy  data  in  their  method.  Lindgard  et  al.  [17]  give 
some  implicit  account  of  these  effects,  as  both  our  qdo  and  RQDO  procedures  do. 
Cheng  and  Kim  [21]  report  to  have  found  already  for  ions  in  moderate  ionization 
stages,  not  to  mention  the  very  highly  stripped  ions,  that  the  explicit  inclusion 
core-valence  correlation  (for  instance,  through  a  polarization-corrected  transition 
operator),  has  very  little  effect  in  the  calculated  oscillator  strengths. 

For  the  4p  ’P  -»•  nd  ’D  (h  =  5.  6)  transitions.  Table  I.  the  comparative  results 
were  not  expected,  a  priori,  to  show  a  good  coincidence  with  our  computed  /-values, 
given  the  different  input  energy  data  employed  in  the  reported  procedures.  This 
was  especially  so  in  these  transitions,  which  involve  the  perturbed  4p  'P  state, 
regarding  which  we  make  some  comments  in  the  Introduction.  However,  the  agree¬ 
ment  between  the  rqdo  and  Rtif  /Aalues  is  fairly  good  for  the  3/2-3/2  and  3/2- 
5/2  fine  structure  transitions,  in  particular  for  n  =  5,  and.  overall,  it  is  much  better 
than  the  agreement  of  the  Qioo /-values  with  the  RUf  results.  These  features  increase 
with  Z,  quite  probably  due  to  the  relativistic  effects  becoming  stronger.  A  much 
better  general  agreement  is  found  among  all  sets  of  comparative  data  displayed  in 
Tabic  11  for  the  5p  -P  -►  5d  'D  fine  structure  transitions.  We  should  bear  in  mind 
that  the  5p  -P  state  seems  to  be  free  from  the  configuration  mixing  from  which  the 
4p  -p  state  is  reported  to  suffer.  A  good  feature  regarding  the  Rqdo  /-values  is  that, 
as  Z  increases  along  the  sequence,  all  the  three  fine-.structure  oscillator  strengths 
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Tabu:  I.  Oscillator  strengths  for  4p  -P-*nd  ’D  (n  ==  5.  6)  fine  structure  transitions  in  copper-like  ions." 


Ion 

Transition 

QtX) 

RQIK) 

KHI 

56 

BaXXVm 

4p,-:-5d,,: 

4pv;-5d.v.' 

4p>  5d.v: 

0.1146 

0.11.46(1) 

0,1022 

0.8751  1-1) 

0. 1 348  1  - 1 ) 

0.1  1  12 

57 

LaXXlX 

4p,  ,-5d,; 
4pj,;-5d,,  > 

4pi  ;-5d..,  ; 

0.1 194 

0  1I94(  1) 
0.1075 

0.9133  1  1) 
0.1JI9  1-1) 

0.1  171 

60 

NdXXXII 

4p|,,-5d,,; 

4p,..,-5d,v.: 

4pj:-5d.<.; 

0.1412 

0.1412  (-1) 
0.1271 

0.1071 

0.1688  1  -1) 
0.1384 

62 

SmXXXIV 

4pi.>-5d,v; 

4p3..-5dv: 

4p,.~5d< 

0. 1 5.40 

0.1  5.40  (  -1) 
0.1.477 

0.1  152 

0.1845  1-1) 
0.1498 

0.1386 
0.2207  1-  1) 
0.1785 

64 

CidXXXVI 

4pi  ;-5d,v:; 
4p3,,_.-5dj,: 
4p.,,;-5d?,.-; 

0.1586 

0,1586  (-1) 
0.1427 

0.1  148 

0.18991-1) 

0,1577 

66 

DyXXXVIIl 

4p|.;— 5di/; 
4p3;:-5d,,: 
4pv^— 5ds...^ 

0.1646 

0.1646  (-  1) 
0,1481 

0.1  182 

0.2005  1  - 1 ) 
0.16.44 

0.1470 

0.24601-1) 

0.1969 

70 

YbXLII 

4pi,3-5d),; 

4p.v;-5d.„; 

4pj,;-5d.v; 

0.1778 

0.1778(-1) 

0.1600 

0.1232 

0.2211  (-1) 

0. 1 776 

0.1512 
0.2684  11) 
0.212.4 

7.4 

TaXLV 

4p,,;-5d3,; 

4p.„3-5d,,.; 

4pj.;-5d5;; 

0.1890 

0,189O(  •  1) 
0.1701 

0.1269 

0.2.477  1-1) 
0.1901 

44 

RuXVI 

4pi,;-6d,,; 

4p,  ,-6dv: 

4p3,  .-fid. : 

0,1389  (-1) 
0.1389  (  -  2) 
0.1250  1  1) 

0.1  127  1-1) 
0.161  1  1  2) 
0.1.443  1-  1) 

0.23.51)1 . 1) 

()..406l  (-2) 
0.2594  1-  1) 

45 

RhXVTi 

4r;  •;-fid,i,3 

4p3  .-fid,,.; 
4p,.3-6d.,3 

0.1706  (1) 
0.1706  1  2) 
0.15351  1) 

0.1378  1  -1) 
0.1935  12) 
0.1657  (-1) 

47 

AgXIX 

4p|  ;-6d3,3 
4p3,,_.-6d3  ; 

4p-,  ^-fid.  3 

0.23831  1) 
0.2.483  1  2) 
0.2145  1  1) 

0.1972  1  1) 
0,2690  1  -2) 
0.2286  1  1) 

70 

VbXl.ll 

4p|,3-6dly; 

4P3  fid,  3 

4p3,--6d«j; 

0  6203  11) 
0.62031  2) 
0.5583  1  1) 

0.4386  11) 
0.6849  1-2) 
0.6164  11) 

0.6010  1  1 ) 
0.8931  1  2) 
0.7375  1  -1) 

"  In  this  and  the  remaining  tables.  K  -  /;)  denotes  ,1  •  10'  Q!X),  RgtX).  this  work. 

RMt.  relativistic  Hartree-Eock  [21]. 
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Tabu  II.  Oscillator  strengths  lor  5p  P-^nil  'D  (/j  5.  6)  line  slruelure  iransilions  in  copper- 

like  ions.-" 


/ 

Ion 

Transition 

QIX) 

RQI5<) 

KIM 

36 

KrVm 

5pi  ;-5d.ie 

1,396 

1.402 

1 ,40 1 

1,373 

5pj..;-5dv^' 

0. 1  396 

0. 1 388 

0.1383 

0,1353 

5pi :-5d<e 

1 .256 

1.253 

1.249 

1.222 

38 

Sr.\ 

5pi  :-5dj ; 

1.352 

1.366 

1.343 

1  322 

fpi  ;-5di : 

0. 1 352 

0  1335 

0. 1311 

0.1290 

5p^  .'-5d<  : 

1.217 

1.209 

1.187 

1.168 

39 

VXI 

5pi  ;-5d< 

1 .32 1 

1.339 

1.310 

l,28v 

5pi  :-5dje 

0.1321 

0.1.301 

0. 1 27 1 

0.1249 

5pj  :-5d<e 

1.189 

1.180 

1.153 

1.133 

40 

ZrXIl 

5pi.:-5d3: 

1.286 

I..308 

1.276 

1.251 

5pi  :-5dt : 

0.1286 

0.1263 

0.12.31 

0.1205 

5pj  ;-5d<.> 

1.157 

1.147 

1.118 

1,095 

41 

NbXllI 

5Pi,:-5d. 

1.250 

1.276 

1.244 

1.225 

5p.i,.— 5dc: 

0.1250 

0.1223 

(VI 191 

0.1172 

5pi ;-5d3 ; 

1.125 

1.113 

1 .084 

1 .067 

42 

MoXIV 

5pi,.>-5di.; 

1.217 

1,246 

1.212 

1.198 

5pj/.>-5d,,: 

0.1217 

0,1187 

0. 1  1 53 

0. 1  1 39 

5p},-,'-5d5,: 

1.095 

1.082 

1 .05 1 

1 .039 

44 

RuXVI 

5p,  :-5dv: 

1.152 

1,188 

1.152 

1.134 

5p3,:-5d,,: 

0.1152 

0.1 1 14 

0,1080 

0.1060 

5pi,.;-5d5,. 

1.037 

1.020 

0.9889 

0.9721 

45 

RhXVll 

5Pi,’-5d3,.2 

1.121 

1.161 

1.107 

5p.v.’-5d,,; 

0.1 121 

0.1080 

0.1026 

5p3,2-5dv.’ 

1.009 

0.9901 

0.9429 

46 

pdxvm 

5pi,;-5d.v: 

1.090 

1.133 

1.099 

1,085 

5p3,;-5d,v2 

0.1090 

0.1046 

0.1014 

0.9991  (-1) 

5pxe-5d.,.! 

0.981 

0.9612 

0,9322 

0,9203 

47 

AgXlX 

5pi,2-5d,v’ 

1.063 

1.109 

1.055 

5p.v2-5d,v: 

0.1063 

0.1014 

0.9624  (-11 

5p,,,:-5d;: 

0.9567 

0.9346 

0.8958 

48 

CdXX 

5pi,:-5d3,: 

1.036 

1.085 

1 ,052 

1 .034 

5p3/2*"5d3.-2 

0.10,36 

0,98.38  1  -1) 

0.9536  1 

1) 

0.9349  (  1 ) 

5p,,;-5ds;: 

0.9324 

0.9086 

0.8813 

0.8624 

49 

InXXI 

5pi,;-5d,,-; 

I.OlO 

1,064 

1.016 

5P3,.-5d.,,,2 

0,1010 

0.9549  1  1) 

0.091 18 

5P3,2-5d,,; 

0.909 

0.8844 

0.8513 

50 

SnXXIl 

5p,,:-5d3;2 

0.9865 

1,044 

1.012 

5p„2-5d3,,2 

0.98651  1) 

0.9276  1  - 1 ) 

0.8993  1 

1) 

5p3,:-5d3,2 

0.8879 

0.8610 

0,8357 

i;xci T1  D-STA  If:  IR ANSI  1  IONS 
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z 

Ion 

1  ransition 

R01X> 

KtK 

56 

BaXWIII 

5pi  ;-5d,  ; 
5pv.-5d, 

5p-.  ;-5d.  . 

0.8714 

0.8714  (1) 
0.7843 

0.9487 

0.7885  1  1) 
0,748.1 

S7 

laXXIX 

5pi  ;-5dj  ; 
5pv;-5d, 

3pi  wSd^  ; 

0.8542 

0.8542  (  -  1) 
0.7688 

0.9.16,1 

0.7675  (1) 
0.7.104 

60 

NdXXXIl 

5pi  ,'-5d,,: 
5pi  ;-5dv.> 
5pv~5ds; 

0.81.16 

0.81.16  (  I) 
0.7322 

0.9056 

0.71.19  (  1) 
0.6895 

62 

SmXXXlV 

5p,,;-5d_,; 
5p.vi-5d.v; 
5p.i  ;-5d(/: 

0.7888 

0.7888  (1) 
0.70‘)‘7 

0.8840 

0.6797  (-- 1) 
0.6659 

0.868.1 

0.6649  (!) 
0.6465 

64 

GdXXXVI 

5p,,:-5d,,; 
5p.i  ;-5d.i,: 
5p.vj-5d;  : 

0.7689 

0.7689  (  U 
0.6920 

0.8841 

0.6591  (-1) 
0.6369 

66 

DyXXXVIll 

5pi  ;-5d.v.; 
5p,v;-5d.v.' 
5pi,:-.5d<  _• 

0.7533 

0.75.1.1  (  - 1 ) 
0.6780 

0.8756 

0.6277  (  -  1) 
0.6202 

0.8491 

0.6109  (1) 
0.606.1 

70 

YbXLII 

5p,,:-5d..,; 

5p.V2-5dj.; 

5p,,.:-5d..: 

0.7277 

0.7277  (-1) 
0.6549 

0.8652 

0.581  (1) 
0.5900 

0.8406 

0.5649  (  1 ) 
0.57.17 

73 

TaXLV 

5pi,w5d.,,; 

5p.i,;-5d5,; 

5p.).,.-5d5,: 

0.7107 

0.7107  (  -1) 
0.6.196 

0.8643 

0.548!  (-1) 
0.5657 

45 

RhXVH 

5p,,:.-6d.v: 

5pi/T— 6dt/2 
5p.v;-6d5,: 

0.2.1.16  (  -  1) 
0.23.16  (-2) 
0.2102  (  1) 

O.I599(  1) 
0.2969  1  -2) 
0.2430  (1) 

46 

PdXVIll 

5p,,;-6d,,: 

5D_i,j-6dv; 

5p„2-6d5,; 

0.3226  (  -1) 
0..1226<-2) 
0.2903  <-l) 

0.2.166  (-1) 
0.4107  (  -2) 
0.3255  (-1) 

0..1602  (-  1) 
0,5856  (-2) 
0.4734  (-1) 

47 

AgXIX 

5p„;-6d„: 

5p5,j-6d.i/.' 

5p,,/2-6d5/2 

0..1963(-  1) 
0. 196.1  (2) 
0.3567  (  -  1 ) 

0,2910  (-  1) 
0.4922  (-2) 

0  4(8)5  (  1 ) 

70 

YbXLll 

5pi,.-6d„2 

5pv2-6d3,: 

5p.!,2-6d5,2 

0.1497 

0.1497  (  i, 
0.1.147 

0.8612  (  1) 
0.1826  (  1) 
0.1643 

0.1254 
0.2480  (1) 
0.1920 

Sec  the  footnotes  to  Table  I;  n(  a.  numerical  Coulomb  Approximation  ( 1 5  j. 
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I  ari  l  IN.  Ovillalor  slrcniilhA  lor  4|i  I’  -►  6s  "S  lino  strucluro  iransitions  in  oopp<  r-iikc  ions/ 


/ 

Ion 

1  i'.insiiu)n 

<.>l  H  > 

ROIX) 

KHt 

N(  \ 

.t.t 

AsV 

0  l,X4X  I 

II 

0  1X4  5 1 

ll 

0,2076  ( 

ll 

0.17591 

11 

4p. 

0  1X49  ( 

11 

0  21X6  ( 

11 

0.1X39  1 

1) 

.'4 

Sc  VI 

4p, 

0  1S4<.  ( 

1 1 

0  I.X3’  ( 

1) 

0  20X6  1 

II 

0.1794  1 

11 

4p, 

— fix.  - 

0  1 S4X  ( 

1) 

0.21X2  1 

11 

0.18X5  ( 

11 

37 

RhIX 

4p, 

.-6s.  . 

U  !S’-0  1 

11 

(MXi  5  ( 

11 

0  2065  ( 

11 

0.1814  ( 

1 1 

4p.. 

-f'S. 

0  l.S3h  ( 

II 

0.2205  1 

1) 

0  1941  ( 

ll 

.tx 

-SrX 

4!>. 

..-6s.  . 

0  is;: ) 

li 

M  ISO!  ( 

11 

0.2051  I 

II 

0  1 X 1 2  ( 

ll 

4p, 

--6s  - 

0  is;*)  1 

II 

0  2205  ( 

ll 

0.1953  1 

ll 

M) 

^  XI 

4p 

-6s 

n  i,si4  i 

1  1 

0  ro:  ( 

ll 

0,2035  ( 

1 1 

0.1X07  ( 

1| 

4n. 

.  -f'S 

0  1.S2: 1 

1) 

0  2203  ( 

II 

0,1965  i 

ll 

40 

ZrXll 

4p 

..^6s_ 

tJ  1  ( 

1 1 

0  I  '.sa  1 

i } 

0  2019  ( 

11 

0.1806  1 

11 

4p, 

-  -6s 

0  1X17  ( 

ll 

0.2201  1 

11 

0.1976  ( 

-11 

41 

NbXm 

■‘IT 

'-6s 

\  t 

1) 

0  17-’X  1 

1) 

0  2(KI2  1 

II 

0,1776  1 

11 

4p, 

—  6s.  . 

0  1X14  ( 

II 

0,2198  ( 

II 

0,1960( 

■  1) 

4:^ 

MoXlV 

•Jp, 

-.6s.  ; 

0  I 

1) 

0. 1  767  ( 

ll 

0.19X5  ( 

II 

0. 1  768  1 

ll 

4P'. 

,-6'i  .• 

0.1X07  ( 

1) 

0.2196  ( 

II 

0. 1  166  ( 

-II 

44 

RuXVl 

■‘P. 

;-6s,  ; 

o.rs.s  ( 

I) 

O.I74X( 

11 

0.1952  ( 

I) 

-tPi 

.-6s,  . 

0. 1  796  I 

1) 

0.2192  ( 

1) 

46 

Pdxvm 

•tPi. 

..-6s,  : 

0.I"74( 

II 

0.1737  1  ■ 

1) 

0.19201- 

■11 

4p.i 

;-6s.  : 

0.1791  ( 

ll 

0.21901- 

-1) 

47 

AgXIX 

4pi 

.-6s  i: 

0.177.3  ( 

I) 

0,17:7(- 

1) 

4p.v 

,'-bS|  : 

0. 1  7X.S  ( 

11 

49 

InXXI 

4pi 

.-6S|.; 

0. 1 766  ( 

1) 

O.ITI.S  (- 

11 

4p. 

:-6S|... 

0  1780  1 -- 

1) 

“  See  Ibotnoies  to  Table  II. 


become  more  similar  to  those  of  the  relativistic  Hartree-Fock  calculation,  and 
depart  progressively  from  those  that  not  give  explicit  account  of  relativistic  effects. 
The  4p  -P  -*•  5s  ‘S  qdo  results  (which  are  not  to  show  fine-structure  splitting  in 
the  LS  coupling  scheme  for  p-s  transitions),  as  well  as  the  rqdo /^values,  are  in 
genera!  good  agreement  with  both  rhf  and  NCa  results.  Similar  comments  can  be 
made  as  to  the  5p  ’P  ->■  6s  'S  transitions,  shown  in  Table  IV,  It  is  a  common 
feature  in  many  atomic  systems  that  relativistic  effects  have  little  importance  in 
calculated  np  -►  n’s  transition  probabilities  and  oscillator  strengths. 

Given  the  lack  of  data  for  many  ions  in  some  of  the  transitions  studied,  we  do 
not  give  here  graphs  of  the  fine  structure  /-values  for  individual  ions  versus  1  /Z. 
which  is  a  way  to  search  for  regularities  along  the  isoelectronic  sequence.  However, 
by  inspection  of  the  tables,  it  can  be  noticed  that  all  the  fine-structure  /values 
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Tabi  [ 

IV.  Oscillator  strengths  for  .sp  'P  -►  6s  'S  line  structure  transitions  m  eopper-l 

like  ions.' 

/ 

Ion 

Transition 

OtK) 

ROiK> 

RHt 

Nr\ 

33 

.AsV 

5Pi,;-6s,  - 

0.2459 

0.2407 

0.2288 

0.2129 

Sp,,.-6si,; 

0.2484 

0.2409 

0.2246 

34 

SeVI 

5pi,r-6si  > 

0.2.357 

0.2298 

0.2185 

0.2093 

5pi  r-bs,.; 

0.2,385 

0.2318 

0.2220 

37 

RbIX 

5pi.:-6s,,. 

0.2164 

0,209! 

0.1956 

0.1806 

5pv.;-6S|  ; 

0.2199 

0.2123 

0.1962 

38 

SrX 

-^Pi,r-bS|,; 

0.21  14 

0.20.36 

0.1897 

0.1772 

5p,,:-6S|,, 

0.2151 

0.2075 

0,1939 

3y 

YXI 

5pi,,-6s,.; 

0.2068 

0.1985 

0.1844 

0.1801 

5p,,:-6s,  ; 

0.2107 

0.2023 

0.1983 

40 

ZrXIl 

5Pi,:-6S|,; 

0.20.36 

0.1947 

0.1796 

0. 1733 

5p,,;;-6Si,: 

0.2077 

0.1995 

0,1923 

41 

NbXlIl 

5pi,.>-6s,.> 

().2(K)7 

0.1914 

('.1752 

0. 1 707 

5pj,;-6S|,: 

0.2051 

0.1962 

0,1911 

42 

MoXIV 

5pi,.>-6s„2 

0.1878 

0,1875 

0. 1 7  1  1 

0.1670 

5P},;-6s,,: 

0.2019 

0.1933 

0,1885 

44 

RuXVl 

5pi,2-6s,,: 

0.1923 

0.181.3 

0.1640 

5P3,;-6S,,: 

0.1973 

0.1885 

46 

PdXVIIl 

5pi..'-6si,: 

0.1889 

0. 1 768 

0. 1 579 

5p3/:-6S|,; 

0. 1 944 

0.1847 

47 

AgXIX 

0.1864 

0.1738 

5p3,2-6Si/; 

0.1922 

49 

InXXI 

iPo:-bS|,2 

0.18.33 

0.1694 

5P3,.;-6S|,, 

0.1895 

“  See  footnotes  to  Table  II. 


obtained  with  the  rqdo  and  the  RHF  approaches  present  the  same  systematic  trends 
in  ai!  of  the  reported  transitions.  This  may  be  considered  as  a  hint  for  the  correctness 
of  our  results. 


Concluding  Remarks 

As  in  previous  studies  with  the  QDO  and  RQDO  procedures,  the  adequacy  of  these 
methods  to  yield  good  estimates  of  oscillator  strengths  seems  to  have  become  ap¬ 
parent  for  the  transitions  reported  here.  Additionally,  it  also  seems  apparent,  as  has 
been  recently  shown  [8-10]  that,  when  dealing  with  moderately  heavy  to  heavy 
atomic  systems,  the  rqdo  approach  is  undoubtedly  to  be  chosen.  It  possesses  the 
great  advantage  of  retaining  the  simplicity  and  lack  of  expensiveness  of  the  rqdo 
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formalism,  while  at  the  same  time  it  gives  good  account  of  most  of  the  relaiivi.siic 
effects. 
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Abstract 


We  examine  the  eflect  on  calculated  ovillaior  strengths  lor  electronic  transitions  caused  b>  reintroducing 
the  nrxjes  of  valence  orbitals  in  elTective  core  mcthixls  through  a  simple  Schmidt  onhogonali/ation  This 
refinement  is  then  tested  within  the  Intermediate  Neglect  of  Diftcrential  Oscriap  (  imxi  )  model,  a  valence 
orbital  only  mixiel.  in  both  configuration  interaction  and  Random-Phase  Approximation  (Ki'\)  calcu¬ 
lations.  It  is  shown  that  the  differences  in  oscillator  strengths  calculated  using  the  dipole-length  and 
dipole-velocity  formulations  are  reduced  somewhat  for  ir  transitions  and  significantly  for  >:  -»  ir* 
transitions.  The  oscillator  strengths  calculated  from  the  dipote-length  formalism  by  the  RPv  model  are 
in  best  accord  with  experiment.  <  inn;  John  Wiicv  &  Sons,  inc 


Introduction 

This  articie  examines  the  calculation  of  oscillator  strengths  in  methods  that  do 
not  explicitly  contain  core  orbitals.  Semi-empirical  methods,  and  those  effective- 
core  potential  methods  that  do  not  consider  the  inner-shell  outer-shell  nodal  struc¬ 
ture  are  thus  germane.  A  simple  orthogonalization  scheme  is  introduced  that  is 
shown  to  have  minor  effect  on  oscillator  strength  calculated  using  the  dipole-length 
formulation,  and,  perhaps  not  surprisingly,  major  effect  on  the  velocity  formulation. 

Spectroscopy  is  a  plot  of  frequency  ( or  wavelength )  versus  intensity.  Most  theo¬ 
retical  calculations  estimate  only  frequency.  But  the  estimate  of  intensity  is  equally 
important  in  assigning  spectra,  and  can  even  be  used  to  correct  errors  in  calculated 
frequency  in  making  assignments  among  close  lying  transitions. 

Recently,  the  Random  Phase  Approximation  (  rpa  )  with  the  Intermediate  Neglect 
of  Differential  Overlap  for  Spectroscopy  (indo/s)  Hamiltonian  has  been  used  to 
calculate  the  electronic  spectra  of  benzene,  pyridine,  diazines.  large  aromatic  systems 
composed  of  fused  benzenes  [1].  and  free  base  porphin  [2].  These  studies  show 
that  the  RPa  formalism  performs  as  well  as  does  the  singles  only  configuration- 
interaction  (CIS)  procedure  for  obtaining  singlet  excitation  energies,  but  it  gives  a 
better  estimate  of  oscillator  strengths  and  better  agreement  between  the  values  cal¬ 
culated  from  the  dipole-length  and  the  dipole-velocity  formulas. 


Internationa!  Journal  of  Quantum  Chemistry:  Quantum  Chemistry  Symposium  26.  475-486  (1992) 
c  1992  John  Wiley  &  Sons.  Inc.  CCC  (K)20-7608/92/0H)475-l  2 
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where  are  oscillator  strengths  for  the  Ath  excitation,  f  and  V  are  dipole-length 
and  velocity  operators,  /:*  and  are  the  Ath  excitation  energy  and  wavcfunction, 
is  the  Hartree-Fock  ground-state  wavefunction.  and  the  sum  is  over  all  ti  elec¬ 
trons.  The  improvement  of  agre<*ment  is  quite  noticeable  for  tt  -►  tt*  transitions 
but  not  for  n  -*■  tt*  transitions.  Although  the  rpa  formalism  yields  the  equivalence 
between  the  dipole  length  and  velocity  results  in  a  complete  Hartree-Fock  basis 
[3.4],  truncation  of  the  basis  does  not  ensure  this.  One  might  therefore  be  content 
with  results  such  as  those  reported  in  Refs.  [1-2.5].  One  can  still  ask  the  question, 
however,  why  the  rpa  model  does  not  improve  the  equivalence  of  calculated  in¬ 
tensities  of  n  -*■  IT*  transitions  to  the  same  degree  as  it  does  to  ^  tt*  transitions. 

From  the  forms  of  the  above  two  equations,  one  can  see  that  the  length  operator 
places  emphasis  on  the  long-range  region  of  wavefunctions.  whereas  the  velocity 
operator,  because  of  taking  derivatives  over  coordinates,  places  emphasis  on  the 
short-range  region  of  wavefunctions  where  they  change  more  dramatically  with 
respect  to  coordinates.  Thus  one  can  expect  that  the  valence-shell  basis  set  used  in 
the  INDO/S  method  and  most  other  effective  core  potential  methods  will  not  give 
a  proper  description  of  oscillator  strength  by  using  the  velocity  formula  due  to  the 
nonorthogonality  of  valence-shell  atomic  orbitals  to  the  neglected  core  atomic  or¬ 
bitals.  From  simple  MO  pictures,  tv  -*■  n*  transitions  involve  only  2p  orbitals  but 
n  -*  TV*  transitions  involve  2.v  orbitals  due  to  hybridization.  The  velocity  formula 
may  thus  not  give  proper  oscillator  strength  since  the  2s  valence  orbitals,  which 
have  no  nodal  structure,  are  not  orthogonal  to  l.v  orbitals.  One  scheme  [6]  to 
orthogonalize  the  valence  orbitals  to  the  core  is  by  Schmidt  orthogonalization. 


x;,/  =  N'„r 

r  " ' 

X,.-  2 
i  ;-l 

X,,/  1  X  (  „  ,  ^  X  (  „  ;  )/  1 

(-3) 

a;,/  =  1 

/  n  /  I 

N  -  2 

N  1/2 

<x„/|x;„,,„>M 

(4) 

/  I 


where  n  and  /  are  principle  and  angular  quantum  numbers.  Note  the  recursive 
nature  of  these  two  equations.  According  to  this,  the  orthogonalized  2.v  basis  orbital 
becomes 


"^'zs  ~  AisIsTtls) 

and  the  normalization  constant  is 


(5) 


A"2,  =  (l  - 


(6) 


where  A  is  the  overlap.  Transition  moments  in  Eq.  ( 1 )  and  (2)  can  be  expressed, 
after  the  solution  of  the  spectral  form  of  the  RPa  equation  17,8],  as 

<^M1--|  2  ii  2  <x..!?|x,„>{A'+  (7) 

where  x„  denotes  occupied  orbitals  and  X,„  denotes  unoccupied  orbitals.  A  more 
detailed  description  of  the  implementation  of  the  RPa  formalism  can  be  found  in 
Refs.  [1]  ar  J  [2],  In  this  report  which  examines  spectroscopic  predictions  of  the 
iNOO/s  model.  X  sto  orbitals  will  be  replaced  by  x'  orbitals.  Since  all  one-  and 
two-center  dipole  and  velocity  integrals  are  evaluated  in  the  s TO  basis,  we  transform 
the  integral  matrix  to  the  orthogonalized  basis  before  multiplying  with  the  molecular 
orbital  coefficients  obtained  from  the  iNixy/s  calculations.  Such  transformations 
would  not  be  required  if  only  one-center  integrals  were  evaluated,  or  if  the  molecular 
integrals  were  calculated  over  the  original  basis  set.  as  in  ah-iniiio  work. 

One  can  see  how  this  correction  will  change  the  results  of  oscillator  strengths  by 
inspecting  Figures  1  to  3  where  representative  graphs  of  overlap,  dipole-length,  and 
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Figure  3.  Plot  of  4ffr-x*— -x-j  ( - )  and  4»-r-X:?— X'-.,  ( - ). 

Jr  dr 


dipole-velocity  kernels  over  2.v  STO  orbital  with  carbon  exponent  are  plotted.  First 
we  see  that  a  spherical  node  is  present  in  the  XV  orbital  in  Figure  1.  In  Figure  2 
one  can  see  that  this  new  orbital  will  not  change  the  dipole-length  property  integral 
very'  much,  but  there  is  a  dramatic  change  to  the  dipole-velocity  kernel  in  the  0  to 
1  bohr  region  in  Figure  3.  We  report  here  the  singlet  electronic  excitations,  calculated 
from  RPA-iNDO/s  model  with  core  orthogonalized  valence-shell  orbitals,  of  form¬ 
aldehyde.  benzene,  pyridine,  dibenzene.  I.'i-benzoquinone  monoimid  /V'( para)  di¬ 
methyl  aniline,  and  Mg-porphyrin.  Corrections  are  applied  to  one-center  integrals 
and/or  two-center  integrals.  The  results  and  effect  on  timing  of  calculations  are 
compared  with  those  calculated  with  noncore  orth.^gonalized  valence  orbitals  and 
those  from  the  widely  used  CIS-INDO/S  model. 

Results 

The  results  presented  in  the  tables  are  arranged  in  four  main  columns — the  first 
column  contains  data  without  any  inner-shell  orbital  (core)  correction,  the  second 
with  only  one-center  corrections,  the  third  with  full  corrections  applied  to  dipole 
length  and  velocity  property  integrals,  and  the  last  column  with  full  corrections  to 
all  integrals,  including  the  overlaps.  From  experience,  we  have  observed  that  when 
differences  exist  between  length  and  velocity  predictions,  length  values  more  closely 
resemble  experimental  values.  For  this  reason  we  define  the  %  error  as  the  difference 
between  length  and  velocity  values  relative  to  the  length  values. 

Experimentally,  formaldehyde  has  a  weak  (/  =  0.00024)  n  -*■  v*  transition, 
which  is  forbidden  in  C2,  symmetry,  with  =  28329  cm  '  and  maximum  at 
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I  Mil  I  1  C7ikul.ik\1  spivlni  ot'CHO  I  he  mcaininiiM'r /i.  ^ an.l  llu' lour  nuiin  columns 
as  "no  eorrcolion,"  "one  ecnlor.  "  " I  Or  •  1.2  /.  T  "  "tuir' are  as  ileseritx'il  in  the  te\l  iseoer. 

in  11)0(1  eiri  '  lime  in  ssVoniK,  arnl  ratio  . 


No  eorreeiion  One  eenier 


/  ' 

f 

Ratio 

/  ' 

/  " 

Ratio 

n 

24,2 

_ 

— 

_ 

_ 

_ 

_ 

6,k8 

0.1 6> 

0.5.20 

0..2I 

O.IM 

0.246 

0.55 

sum 

4.S.''' 

.2.440 

4., SOS 

2.1,24 

HV\ 

HV\ 

24.1 

_ 

_ 

_ 

_ 

_ 

0.2.. s 

0.144 

0.b27 

0,2.2 

0.142 

0..2M 

0  40 

sum 

4.0X2 

.2.412 

4.001 

2.46(1 

1  ime* 

I..22 

I.5S 

I  Oi 


•  1 .2  r.  r 

1  ull 

/  Ratio  1  ’ 

/'  Ratio  Ispe 

(I  (  1 


0  162 
4, *64 

(),2s:' 

2041 

0  56 

0.160 

4. '41 

0.2S6 
2,  OS  2 

n  -  r* 

Kl’\ 

Kl>\ 

0.142 

4.022 

0  250 

2.412 

0.41 

0.140 

4.000 

0  .244 

2  402 

0.40 

n  -  T* 

2.12 

2.10 

*  Seconds  on  a  m  n  4 /.iWi, 


I  SHI  I  II.  C  alculated  spectra  of  Ix'n/cne  I'nergy  in  100(1  cm  '  and  ratio  I '/I 


No  correction 
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•  1 
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T 

1  ull 

Ispe 
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I’ 
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/ ' 
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<  I 

1  ! 

(  1 

(  i 

2-^,X 
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_ 

— 

_ 

_ 

_ 

_ 

_ 

_ _ 

_ 

_ 

n-  r* 

4S.S 

_  — 

— 

— 

— 

— 

— 

— 

— 

TT  —  -* 

54.6* 

2.041  0.44> 

4.00 

2.045 

0.(>24 

.3.2S 

2,044 

(».640 

3.i0 

2.03^ 

0.633 

3. 1  3 

TT  TT* 

sum 

.VS7K  4  \?(^ 

.2.X.5(I 

2  2X‘) 

.2X14 

2.1  17 

.3.7~3 

2.0X^> 

HV\ 

Rl*\ 

KPN 

.27. 2 

__  — 

— 

_ 

_ 

— 

— 

_ 

— 

_ 

TT  ;r* 

42.2 

—  — 

— 

— 

— 

— 

— 

— 

— 

r  -'*■  TT* 

5  1  6* 

1.35'^  1.0^^ 

i  23 

1  .2(i0 

1  2.V) 

l.IO 

1  .26.2 

1.23'^ 

l.OX 

t..30K 

1.263 

LOX 

sum 

2.^4?  3,007 

2.721 

,3.040 

2  644 

2..X50 

2.636 

2.S10 

'I  ime+ 

s.ot 

S.4I 

I4.6X 

14.3^> 

*  I  xperimental  \alue  ol  the  oscillator  strength  is  I  7X.  Ret  j  1 2j. 
+  Seconds  on  a  si  \  4/  ISO 
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33898  cm  and  a  strong  transition  with  maximum  at  64103  cm  '  l*^]- 

The  calculated  spectra  for  formaldehyde  is  shown  in  Table  I.  We  see  that  both  cis 
and  RPA  give  favorable  excitation  energies  compared  with  the  experimental  results. 
After  the  inclusion  of  one-center  core  corrections,  the  ratios  between  the  two  forms 
of  oscillator  strengths  are  improved  by  about  a  factor  of  2  for  both  c  is  and  rpa. 
With  the  inclusion  of  two-center  corrections,  the  changes  are  only  minor  compared 
with  the  one-center  only  results.  Since  the  n-*-  -k*  transition  is  symmetry  forbidden, 
the  oscillator  strengths  are  all  zero.  The  efl'ect  on  the  x  -►  tt*  transitions  which 
involves  principally  2p  orbitals  is  indirect  and  is  explained  by  the  pre.sence  of  a  -*■ 
a*  configurations  in  the  total  wavefunction. 

The  calculated  spectra  for  benzene,  pyridine,  and  dibenzene  are  collected  in 
Table  II  to  IV.  The  ratios  between  the  dipole-length  and  dipole-velocity  oscillator 
strengths  are  all  improved.  Similar  to  the  formaldehyde  findings,  the  full  treatment 
of  corrections  does  not  significantly  improve  the  results  over  those  obtained  with 
only  one-center  corrections.  Pyridine  is  of  C;,  symmetry  and  has  two  low  lying 
n~*  K*  transitions.  As  shown  in  Table  III.  the  symmetry  allowed  transition  has 


Tabi.k  III,  Calculated  spectra  of  pyridine.  Energy  in  1000  cm  '  and  ratio  =  /  'll 
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+ 
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r 

r 
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r 
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r 
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n 

a 

Cl 

(1 
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0,04 

9.1 

0.030 

0.30 
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0,28 

8  7 
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0.27 

n  -♦  IT* 

(-3) 

(-3) 

(-3) 

(  .3) 

44.2 

— 

— 

_ 

— 

— 

— 

— 

— 

— 

__ 

— 

n  -►  JT* 

38.8’ 
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0.01 1 
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0.061 

0.014 

4.36 

0.061 

0  014 

4.3f> 

0.061 

0.014 

4„36 

>r  —  X-* 

500’ 

0.067 

0.021 

3  19 

0.067 

0.028 

2.39 

0.068 

0.028 

2.43 

0.068 

0.029 

2. 34 

TT  r* 

56.3’ 

0.732 

0.037 

19.8 

0.735 

0.162 

4.54 

0,738 

0.173 

4.27 

0.742 

0.177 

4.19 

jr  -♦ 

56.7’ 

0888 

0.210 

4.23 

0.889 

0.292 

304 

0.891 

0..300 

2.47 

0.893 

()..302 

2,96 

TT  ^  TT* 

sum 

3.424 

3.887 

iAOl 

1.945 

3.384 

1.841 

3.361 

1 .820 

RPA 

RPA 

RPA 

RPA 

35.8' 

8.2 

0.231 

0,04 

8,5 

0031 

0.27 

8.1 

0.032 

0.25 

8,1 

0.033 

0.25 

n  TT* 

(-3) 

(-3) 

(-31 

(-31 

44.1 

_ 

— 

— 

_ 

— 

_ 

— 

— 

_ 

— 

n  -*  X* 

38.1’ 

0,055 

0.042 

1.31 

0.055 

0.046 

1.20 

0.055 

0.046 

1.20 

0.055 

0.046 

1.20 

X  -*  ir* 

49.2’ 

0.099 

0.083 

1.93 

0.099 

0.101 

0.98 

0.099 

0  102 

0,97 

0.099 

0.103 

0.96 

X  X* 

54.0* 

0.510 

0.220 

2.32 

0.512 

0.369 

1.39 

0,514 

0,.3g| 

1.35 

0.5(7 

0.384 

1.35 

X  X* 

54.0’ 

0,594 

0.449 

1.32 

0.595 

0.519 

1.15 

0,597 

0.525 

1.14 

0  548 

0  527 

1.13 

X  X* 

sum 

2.413 

4.714 

2.399 

2.597 

2.379 

2,481 

2.360 

2  458 

Time’ 

8.99 

8,76 

12,90 

14,50 

'  Experimental  value  of  the  oscillator  strength  is  0  (X).^.  Refs.  ( 12),  1 1 1|. 

^Experimental  value  of  the  oscillator  strength  is  003.  Refs.  (12),  [1,3 1. 

’  Expenmental  value  of  the  oscillator  strength  is  0.20,  Refs  (12),  (13). 

*  Experimental  value  of  the  oscillator  strength  for  these  two  unresolved  peaks  is  I  ,30.  Refs.  ( 1 2).  ( 1 3) 
’  Seconds  on  a  SUN  4/380. 


ABl  1  IV  t'alculatcd  spectra  of  (iibcn/cno.  Fncrgy  in  IIHIO  cm  '  and  ratio  /  7/ 
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Figure  4.  The  structure  of  1 .4-ben/ixtuiitone  monoimid  A'(  para)  dimethyl  aniline 


small  oscillator  strengths  and  with  the  one-center  corrections  the  agreement  of  the 
two  oscillator  strengths  improves  by  a  factor  of  about  7  for  both  CIS  and  rpa  .  The 
agreement  of  the  RPA  estimated  dipole-length  oscillator  strengths  with  experiment 
is  quite  good  for  benzene  and  pyridine.  A  more  interesting  molecule  to  be  tested 
is  1,4-benzoquinone  monoimid  A'( para) dimethyl  aniline  shown  in  Figure  4.  It  has 
two  weakly  allowed  n  -*  tt*  transitions,  one  from  oxygen  lone  pair  and  the  other 
from  nitrogen  lone  pair,  and  a  strong  tt  -►  ir*  transition.  The  calculated  spectra  is 
reported  in  Table  V.  Similar  improvement  as  noted  in  pyridine  is  observed.  The 
last  example  is  Mg-porphyrin  with  the  structure  shown  in  Figure  5.  With  a  small 
9X9  active  space  for  the  Cl,  the  core  corrections  do  not  change  any  of  the  CIS  and 
RPA  results  since  only  tt  -*■  jt*  configurations  are  included.  The  results  of  a  larger 
12  X  17  n  that  includes  many  cr  —►  configurations  are  reported  in  Table  VI.  In 
this  case,  one  can  see  that  the  ratios  of  the  rpa  results  are  already  close  to  1  without 
any  core  corrections  and  the  inclusion  of  corrections  do  not  change  the  results  very 
much.  The  changes  to  the  CIS  results  are  all  small.  The  calculated  dipole-length 
oscillator  strengths  for  the  Q  and  B  bands  are  too  large,  but  the  rpa  model  is  again 
in  best  agreement  with  experiment. 

From  the  tables,  one  can  see  that  inclusion  of  only  the  one-center  core  corrections 
do  much  more  to  improve  the  agreement  of  the  oscillator  strengths  calculated  by 
the  two  formulations  than  subsequent  inclusion  of  two-center  corrections,  and  the 
timing  nearly  doubles  going  from  the  one-center  only  treatment  to  the  full  treatment. 
The  time  spent  to  include  the  one-center  corrections  is  almost  undetectable  for 
small  molecules  and  only  4  s  more  for  systems  as  large  as  Mg-porphyrin.  One  notes 
that  in  general  the  agreement  of  the  sum  rules  calculated  through  the  length 
and  velocity  formulation  follows  the  trend  of  RPA(core)  >  rpa( nocore)  and 
Cis( nocore)  >  CTS(core).  It  is  further  noted  that  the  agreement  between  the  sum 
rules  for  RPA(length)  and  RPA(veiocity)  are  greatly  improved  by  using  orthogo- 
nalized  orbitals.  This  would  in  turn  suggest  that  this  procedure  would  improve 
equivalence  between  different  formalisms  for  those  response  properties  best  rep¬ 
resented  as  a  sum  over  state  solution  such  as  polarizabilities  [10]  and  nmr 
shielding  [11], 


Conclusions 

With  the  introduction  of  a  simple  core-valence  orthogonalization  procedure  to 
valence-orbital  only  methods,  we  demonstrate  a  great  improvement  between  os- 
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cillator  strengths  calculated  with  the  dipole-length  and  dipoie-velcKily  formulations. 
The  RP.^  model  stresses  this  equivalence,  although  one  certainly  does  not  expect  it 
for  small  basis  sets.  Nevertheless,  even  with  the  minimal  basis  set  representation 
of  the  INDO/S  model,  the  ratios  of  the  oscillator  strengths  calculated  from  the  RPA 
model  for  tt  -*•  tt*  excitations  are  brought,  generally,  close  to  I.  while  the  ratios 
for  n  TT*  excitations  are  improved  by  a  factor  of  about  10. 

In  ah-iniiio  calculations  one  .should  include  all  the  corrections  implied  in  the 
core-orthogonal ization  recommended  in  Eq.  { 3 ).  and  this  should  involve  very  little 
additional  computer  time,  for  this  is  not  the  time-consuming  step.  In  fa.st  semi- 
empirical  ‘echniques.  such  as  the  indo/s  examined  here,  we  have  demonstrated 
that  only  the  one-center  corrections  are  really  needed  to  accomplish  this  improve¬ 
ment  in  calculated  oscillator  strengths,  and  in  this  case,  there  is  a  considerable 
savings  in  time. 

From  the  studies  reported  here  and  others  we  have  made,  the  oscillator  strength 
calculated  from  the  dipole-length  formalism  within  the  rpa  model  agree  best  with 
experiment,  and  these  resuits  are  not  greatly  affected  by  the  nodal  structure  of  the 
valence  orbitals. 

Before  concluding  it  might  be  recalled  that  semi-empirical  methods  such  as  indo/ 
s  obtain  their  energy  parameters  from  experiment.  Because  of  this  the  actual  basis 
set  used  is  not  directly  specified,  but  might  be  considered  to  be  of  Hartree-Fock 
quality,  or  even  better.  We  have  here  related  these  orbitals  to  simple  sro’s.  Since 
we  have  shown  that  most  of  the  inner-shell  correction  is  one-center  it  could  be 
argued  that  the  atomic  dipole  and  velocity  integrals  (one-center)  might  be  calculated 
from  Hartree-Fock  orbitals  and  tabulated,  or  even  narametcrized  to  be  equivalent 


at  the  RP\-ievel  of  theory.  VVe  have  chosen  not  to  do  this,  at  least  not  \et.  as  the 
dipole-length  formalism  within  the  Ri’\  theorv  gives  quite  satisfactory  results  when 
compared  with  expehmenlat  oscillator  strengths.  Nexertheless  one  canmit  help  but 
wonder  what  the  effects  of  parameteri/ing  the  one-center  velocity  integrals,  which 
yield  somewhat  less  satisfactory  results  here,  could  have  on  other  calculated  prop¬ 
erties  that  require  these  integrals. 
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A  Comparison  of  Dipole  Polarizability  Obtained 
From  Linear  and  Quadratic  Response  Functions 
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IX'luirliiwni  i‘l  (.'hcnii'.liy.  OJtH-'i'  I  nncrsin  DKy'.fO  OJtnw  \l  /)i'ni>uirk 

Abstract 

[■IcriK’ms  ot  ihc  rroi.iucnc\-ilepcni.k'nl  polan/abilnv  tensor  arc  obtamcil  Irom  the  quadratic  response 
function  ( QKl  )  This  is  aeeoniphshed  Irom  equations  of  motion  1 1  oM )  tshieh  relate  i.im  s  and  the  linear 
response  function  ( i  Ri  I,  fhe  response  funeltons  are  esaluatesi  within  the  random-phase  approsimation 
(  RP\ ).  where  the  i  (i\l  are  exact  in  a  complete  basis.  Hence,  the  agreement  betsseen  i  Rl  and  ORi  po- 
lari/ahihts  provides  a  criterion  for  basis  set  selection  when  calculating  second-  as  well  as  third-order 
properties.  Numerical  examples  are  provided  for  the  static  and  dxnamie  polari/ahilitv  of  HT).  >  pao 
John  XVilcv  I'i  Sons.  Inc 

Introduction 

Propagators  [  1  ]  are  response  functions  which  directly  measure  the  effect  of  external 
perturbations  upon  atoms  or  molecules.  For  instance,  the  linear  response  function 
( i.RF)  (2)  and  quadratic  response  function  <qr;  )  [.'^.4 )  arc  propagators  describing 
the  frequency-dependent  polarizability  [2]  and  first  hypcrpolariz.ability  [.'>]  of  a 
system  subjected  to  an  oscillating  electric  field.  The  following  spectral  representations 
are  given  for  the  l  RT  (2] 

„  [  (0|  .•(|oi)(/o|/i|0'>  {()|  i  oi)< /H  j.-l  |() ')  1 

/  1  .1;  =  hm  V  . '  ,  '  '  -  '  ,  i  > 

111  I  ~  ‘^'/l  +  <V„,  i-  ic  j 

and  QRt  [3] 

/{.I:  B.  -  lim  lim 

f_.(I‘  ^—(1* 

,,  1  v'  f  (01  .-I  r)<  «|  C’jO) 

X  "■  ^  , 

2  [(cc/f  +  Wf  -  u;,„  +  ic  +  +  /»?) 

^ _ (0|,-l|o?)(o;K'|f7)(o|/j|()) 

( (jU/i  +  u,’<  —  w„i  +  ic  +  iri){ix!ii  —  cu,,  +  ic) 

q-  <0K'l»l><»?|g|»><R|-4|0) 

(cc//  +  <j)(  +  w,,  +  ic  4  iri)(W(  4  a.’,,,  4  iTj) 
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0 1  !  />/ ><  in i  C  'I  /I  '  v  n i .1 1 0  ; 

(u.'/(  +  u.'(  u.'„  f  if  t  iTj)(a.'((  +  u.'„.  +  if  ) 

Oj  /ii />?)<  i/ij.'l  I  ini  III  CIO  ) 

( a.'/)  ^  f  'C )  I  <^'<  “  IV  ) 

(  0 1  ( 'I  HI)  { III  I  I  /; )  Oi  i  i  0  ; 

(«,  +  it),,,  +  /7j)(uJ/i  -  a;,,,  +■  Jf)j 

Equations  (  1 )  and  (2)  arc  first-  and  second-order  retarded  propagators  [1).  ob¬ 
tained  upon  expanding  the  u.'-Fourier  component  ofexpectation  \ aiue  ( .1 ;  subjected 
to  perturbing  influences  B  and  ('  { 3.6],  The  frequency  dependence  of  the  pertur¬ 
bations  is  related  in  the  quantities  ucn  and  cf,  .  with  the  expressions  containing  poles 
with  the  state  vertical  excitation  energies  u;,,,  or  ce,,  correspond  to  the  applied  fre¬ 
quency  of  0,’/;  in  the  i.Ri-  case  or  w/f.  ay  .  or  u-y,  +  u!(  in  the  QRl'  case.  When  electric 
field  dipole  operators  are  explicitly  considered,  the  propagator  residues  correspond 
to  transition  moments  from  the  reference  state  |0)  to  excited  state  |/>7)  for  the 
i  Rl-  [2],  white  the  first  residue  of  the  QRi  describes  two-photon  absorption  [4,7  ] 
and  the  double  residue  determines  the  transition  moment  between  excited  states 
[3.8].  The  ORf  has  been  applied  in  frequency-dependent  first  hyperpolari/ability 
calculations  [5]  from  a  singlc-determinantal  reference  theory  [.3]  which  is  based 
on  the  random  phase  approximation  (  RPa)  [9,10].  Multicontigurational  response 
theory  calculations  [4]  have  been  performed  for  qrf  first  hypcrpolarizability  [i  Ij 
and  finite-field  second  hyperpoiarizability  [12], 

The  above  spectral  representation  are  derived  from  two-time  Green's  functions 
[1, 13]  which  time-evolve  according  to  an  equation  of  motion  ( hOM ).  Fourier  trans¬ 
form  of  the  time-domain  expressions  then  leads  to  the  more  spectroscopically  in¬ 
teresting  energy  formulations  given  in  Eqs.  ( 1 )  and  (2).  and  also  to  fom  in  the 
energy  domain.  This  form  of  the  f.om  is  readily  recognized  for  the  IRI  [2] 

ay,«.4, =  <0|{5.  ,4]|0>  +  <<.};  [B.  //]».„.  (3) 

The  right-hand  side  terms  of  Eq.  (3)  both  use  commutators,  the  first  averaged  over 
the  reference  state  wavefunction,  and  the  second  contained  in  a  i.Rt  involving  the 
time-independent  Hamiltonian,  //. 

Equation  ( 3 )  may  be  iterated  using  superoperalor  algebra  to  formulate  the  prop¬ 
agator  moment  expansion  [14],  leading  to  approximations  of  the  exact  lrf  based 
on  Hartree-Fock,  perturbative,  or  multiconfigurational  wavefunctions  [6.15], 
Equation  ( 3 )  is  also  traditionally  used  to  obtain  formally  equivalent  dipole  length 
and  dipole  velocity  expressions  of  various  sum  rules  [  2  ] .  More  recently  this  identity 
has  been  applied  as  a  means  to  develop  relations  between  ground  state  expectation 
values  and  lrfs  [16-18].  This  approach  provides  an  interesting  solution  to  the 
gauge  origin  problem  of  magnetizability  [16],  and  is  also  particularly  useful  in 
perturbative  propagator  calculations  of  second-order  properties  involving  both  a 
ground  state  expectation  value  term  along  with  a  sum-over-states  component,  e.g.. 
the  shielding  effect  [18],  Using  Eq.  (3)  the  diamagnetic  contribution  to  shielding, 
which  is  normally  a  second-order  operator  averaged  over  the  reference  function,  is 


Dll’Oi  I  l>i)|  \KI/  \HI1  !  I  N 


4S*j 

represented  as  a  i  Rt  ,  and  nia\  titen  he  evaluated  at  tm  instanee,  the  eorrelaied 
seeunvl-order  polan/atuin  prt'paealor  (sdi’I’x)  level  alone  with  the  paraniagnetie 
term  fl H j . 

i  he  present  work  also  evploits  toM,  hut  this  time  invohmu  identities  between 
the  next  rank  o!' propaiiators.  ee.,  the  tolKwving  expression 

*  w,  )  i  l.//); /^( 

*  !  [  I.  '  I  I.  <  !  H  (4) 

is  an  energv-domain  f  o\i  tor  the  (.)Kl  |  4]  It  has  been  shown  [  'j  that  the  Ki’v 
t'orimilalion  of  l:q.  (41  is  exaet.  so  this  expression  provides  a  vlireel  eonneetion 
between  the  linear  and  quadratic  response  lunetions  eompiiteil  at  the  Kl’\  level. 

I  quation  (4)  will  here  be  used  to  equate  second-  and  third-order  properties — 
specilicullv.  It  will  he  shown  in  the  next  section  that  a  (aKi  evaluated  using  a  position, 
momentum,  and  angular  momentum  operator  is  equivalent  to  the  i  Ki  describing 
the  dipole  pivlari/abihtv  of  a  svstem.  Since  the  formulations  involve  angular  mo¬ 
mentum.  thet.iRl  polan/abihtv  will  he  inherenllv  dc}X’nvleni  on  choice  ot  coordinate 
origin.  The  magnitude  of  this  origin  dependence  is  expressed  as  a  function  ot  an 
invariant  <.)«!  .  Sample  calculations  are  then  provided  for  the  water  molecule, 

1  heorx 

<yA'/  /'•  ■hinri:‘v/i!v 

lo  extract  OKi  vlipi'le  polan/tibililv  expressions,  the  operators  I,  li.  aiul  (  are 
spccitied  as  components  of  positmn  and  angular  momentum  in  the  follow  mg  man¬ 
ner: 

iu.'/;  ’  )■  c;  \.  /.;  ■  [r.  //]•.  V.  f 

^  ^  ' [t.  v];  /,  ,,  t  1  1 1 .  /.  ];  V  (5) 

i-.xplicil  evaluation  ot  the  commutators  leads  to 

V  2[  p.  w.l.  «  u.-,  )  y\  \.l  ( (' t 

1  he  left-hand  side  ot  bq.  ( 6 )  is  recogni/ed  as  the  negative  of  the  I  Rt  representation 

for  the  w  component  of  dynamic  polari/ahilitv  (2].  In  the  static-held  limit,  this 

expression  further  simplifies  to 

:  X  (i  2  /»: ;  X .  /., ,  n.,  ^  ( ^ ) 

.•Mi  other  components  of  the  poiari/abihtv  tensor  max  be  similarly  expressed, 
lahie  I  summarizes  the  operamr  choices  for  diagonal  elements  of  the  (yi-ti  siatic- 
hcld  polari/abiiilv  tensor  that  are  obtamcvl  as  ;i  consequence  of  the  loxi  in 
I  iq .  t  4  I . 

Since  I  q.  (  4  )  is  satistied  at  the  Rl’x  level  |  .4 1.  the  Ri’\  qri  and  I  K(  polari/abihties 
must  be  identical  in  the  limit  ol  cmnplete  basis.  Comparison  oftxRi  and  I  Rt  po- 
lan/ahihtv  values  max  therefore  provide  a  measure  of  balance  of  the  chosen  basis 
set  toward  its  rejiresentation  of  both  second-  and  third-orvier  properties. 
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Tabi  i;  I.  Relations  between  i  Rf  and  ORl  siatic-ticld  dipole  po!an/abiiit\ 

components' 


LRI 

ORI'' 

ORl  Ongin- 
dcpcndcncc' 

(.  vv; 

s.  L.- 

Independent 

-{iP:'-  S.  />.  '  .,.0.,  -IJ 

<\y;  r)-.-» 

“(\/’>  '  t-r  )  'U 

Independent 

2-  .  p:  ',  y.  /?,  '  ..0 

2\\  /).;  p,  '  vj.d  wc  '0 

-2y:/!,;  r,  p, 

*  Identities  denved  using  Eq.  t4). 

In  the  static  field  case,  this  and  all  other  ORt  s  presented  are  equivalent  under 
interchange  of  the  operators  to  the  right  of  the  semicolon.  For  field-dependent 
cases,  the  interchange  of  frequencies  icb  and  is  also  required. 

For  a  f;,  system  (see  text). 


The  second  QRF  on  the  right-hand  side  of  Eq.  (6)  (when  computed  with  o-v  = 
0)  is  recognized  as  a  component  of  the  Verdet  constant  [19.20],  which  describes 
optical  rotation  in  a  static  magnetic  field  ( 2 1 .22  ] .  Rearrangement  of  Eq.  ( 6 )  provides 
an  expression  for  one  contribution  to  the  mixed-velocity  Verdet  constant 

<</p,;  X.  =  wb<<.V,  -V,  \  (8) 

Calculation  of  Verdet  constants  in  length  and  mixed-velocity  representations  can 
hence  be  accomplished  within  the  same  formalism.  This  approach  will  be  used  in 
a  future  publication  to  provide  a  stringent  test  of  basis  set  completeness  when 
computing  this  property  [23], 

Alternative  qrf  Polarizability  Formulations 

In  the  static  field  limit,  the  lrf  and  QRF  spectral  representations  are  invariant 
to  any  permutation  of  the  operators  .4,  B.  and  C  [see  Eqs.  ( I )  and  (2)|.  Equation 
(7)  must  therefore  hold  for  any  ordering  of  the  QRF  or  LRF  operators.  However, 
the  polarizability  equalities  arise  only  when  the  position  and  angular  momentum 
operators  are  inserted  in  the  specific  order  chosen  for  Eq.  ( 5 ),  as  only  then  do  the 
EOM  contain  the  appropriate  commutators.  To  derive  the  static-field  limit  expres¬ 
sions  corresponding  to  permutation  of  the  operators,  it  is  necessary  to  employ  two 
different  forms  of  the  QRF  eom  [7,24} 

=  ((AilH,  B], 

+  (9) 

wc((A- B,  =  «/l;  B,  [H, 

+  K<M.C];fi>X,-F 


(10) 


Dil’OI  I  1*01  \RI/\HI1  II  \ 


4')1 

Ikluations  (4)  and  (  10)  arc  particularK  coincnicni  tor  cMractinu  d>namic  polar- 
i/abililN .  1  lie  trcqucncy-dcpcndcnt  componcnls  i*btaincd  t'rotn  1  q.  (  4  )  iiuoUc  lv\o 
qiRl  s.  whereas  similar  relations  can  be  obtaincil  iVom  ihe  alnwe  l  <iM  as  a  luneiion 
of  one  (jRt  .  For  instance,  usiiij;  Iq.  (  10  )  and  the  operator  choices  I  \.  li  /.  . 
and  C  1  leads  to 

,  ^  v:  A  .  v;  I  .  />,  .  (11) 

On^in-Dcpouti'ihc  <</  ilw  oxi  !’oUtn:ahilit\ 

I'he  presence  of  the  anjrular  momentum  operator.  /  r  >  />.  introduces  a  co¬ 
ordinate  dependence  into  tlie  (,)Rl  expressions;  for  example,  the  ex|iression  in  !  q. 
till  under  translation  (  r'  r  </)  becomes 

.  w  I  '  .  P:  >  -  A  ;  I  ,  „ 

‘  ,a;/>,./v  (A.  a; />.,/>,  „  (12) 

For  a  system  of  point  group  (  ,  with  the  principal  axis  along  the  r-ilireetion.  only 

QRi  s  containing  ihe  (artesian  components  .vac,  nr.  or  rrr  (or  their  permutations ) 
are  noinanishing.  ft  follows  that  within  the  ( point  group  the  a\  polari/ability 
IS  gixen  exactly  by  f-q.  (II).  without  consideration  of  the  displacement-weighted 
yR(  terms,  because 

v;  /  A  />,  M  .  V A ;  I  .  />,  i.  .  (  l.M 

The  same  argument  can  be  made  for  the  (  -restricted  n  component  given  by 
.)')  l  x-  P:  !'■  lii'wexer.  along  the  principal  axis,  the  qiR)  determining  the 

rr  polari/ability  would  have  the  following  form 


2^vr; „ 

♦  (/,  ■.  r:  />,.  />.  „ 

2</,,  v  c;/>..  />. 

(  14) 

Fnder  ( sy  mmetry  ,  the  rr  polarizability  cvmiponent  will  hence  depend  on  the 
displacement  of  coordinate  origin  as  a  function  of  the  <;Rl  ^  r;  />,.  />, 

This  QRt  is  an  alternative  measure  on  the  basis  set  representation,  as  it  must  vanish 
in  the  limit  of  complete  basis,  where  overall  origin  invariance  is  achieved.  I  he 
translational  properties  of  the  (;k(  s  listed  in  fable  I  arc  summarized  there,  assuming 
a  system  off';,  point  group  symmetry, 

.\pplication  to  IliO 

d  o  test  the  relationships,  calculations  of  rrx  (  R(  and  ORi  i>olanzability  were 
performed  for  H  -O  at  the  experimental  equilibrium  geometry  |  2.s  |  using  basis  sets 
V  hich  were  described  elsewhere  (basis  .A;  62  contracted  (ilos  B:  XO  (  Cilos.  (':  101 
( (i  los)  [  5  j.  The  molecule  was  oriented  in  the  a;  plane  with  the  r-direction  chosen 
as  the  principal  axis.  I  he  expressions  were  evaluated  by  a  QRI  program  ( .'v  ]  which 
is  part  of  the  polarization  propagator  package  of  the  MFiNK  'fl  program  svstem 
[26]. 
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Tabu-  II.  Compan.son  of  the  Ki»\  l  ri  aiul  yRi  v  v  component  ol  static  polan/abilitv  for  II  A).“ 


Basis 

(fill'’ 

MHP(^ 

Exp;' 

.-1 

8,69 

7.95 

B 

8.89 

8,49 

( 

9.16 

9.01 

906 

10  01  i:  .09 

‘  All  values  given  in  a.u. 

"  Ref.  28;  ‘Ref  29;  ‘’Ref  27. 


Tables  11  and  111  report  the  i  Rf  .v.v  and  vr  components  of"  static  dipole  polariz¬ 
ability,  along  with  that  obtained  from  the  QRFs  ((/>,;  .v.  d  and  (i/h'- 

y,  respectively.  These  QRf  components  are  origin-independent  by 

virtue  of  the  C;,  symmetry  of  the  molecule  (see  discussion  in  previous  section). 
The  RPA  EOM  identities  are,  of  course,  only  valid  in  the  limit  of  complete  basis, 
and  the  computed  .v.v  tensor  elements  display  a  convergence  trend  as  basis  set  size 
is  increased.  Discrepancy  of  the  rpa  results  with  estimated  experimental  values 
[27]  are  mostly  attributed  to  the  fact  that  rpa  is  only  first-order  in  electron  cor¬ 
relation  [3],  and  is  therefore  at  the  same  level  of  theory  as  the  included  coupled 
Hartree-Fock  calculations  [28].  Fourth-order  mbpt  results  [29]  are  also  listed, 
from  which  it  is  clear  that  the  correlation  correction  for  this  system  is  significant. 

Table  IV  compares  the  static  z:  component  iRf  and  ORF  polarizabilities  cal¬ 
culated  with  the  origin  of  the  coordinate  system  located  at  (0.  0,  0)  and  (0.  0,  1.0) 
a.u.  .Also  included  are  calculated  values  for  the  qrf  ((z:  /f..  o,.,  o.  As  the 

results  verify,  the  translation  of  the  coordinate  system  is  a  function  of  this  pi  jagator. 

Tables  V  and  VI  contain  the  .v.v  and  yy  values  of  qrf  and  i.rf  dynari.;c  polar¬ 
izability  calculated  in  basis  set  C.  The  QRF  values  are  computed  in  two  different 
forms,  one  derived  from  the  EOM  of  Eq.  (4)  and  another  obtained  using  the  EOM 
of  Eq.  (9).  Although  the  polarizability  arising  from  Eq.  (4)  is  computed  with  two 
frequencies  and  two  qrfs.  the  values  compare  favorably  with  the  single-frequency 
QRF  [Eq.  (9)J  and  with  i.RF  results.  From  the  spectral  representations  [Eqs.  ( 1 ) 
and  (2)j.  it  is  obvious  that  a  two-frequency  QRF  experiences  three  times  as  many 
possible  poles  as  either  the  single-field  t.RF  or  qrf.  This  effect  is  quantified  in  the 
last  three  entries  of  Table  V,  where  individual  qrf  values  indicate  the  two-frequency 


TABi.r  III.  Comparison  of  the  rp.v,  i.Rt .  and  ORt  vv  component  of  static  polarizability  for  HjO.* 


Basis 

•  y-  -n 

c  PHI* 

MBPl' 

Exp." 

.1 

6.96 

6  87 

B 

7.25 

7.25 

C 

7,84 

7,94 

7.67 

9.36 

9,26  ±  .09 

•  All  values  given  in  a.u, 
"Ref  28; ‘Ref.  29;  •’Ref  27. 


nii’o!  I  I’D!  \ul/\mMi^ 


]  \  \\  (  < 

[M'n  f  {  ( >  stjiiv 

pnl.in.'.ibiiMv  IriMii  ilu-  r 

:l'\  1  Kt  ainl  lire 

<.M^i  s  111  Kj  i  i 

Basis 

...  .  .. 

-  • .  r  ■  .- 

Stini 

( )!  ii:tn  a!  < *f 


1 

4  i 

'  41 

-  •  s 

/)■ 

D.ir 

Me. 

S  1  l‘i 

( 

S  4^ 

'4 

s  4^ 

s  4S 

1  iiigin  .11  111  n  1  111 

f 

-  4  ! 

(■MU 

_  4, 

-  -s 

H 

^  M  s 

MU' 

s  <  !*•/ 

( 

S  fbf 

II  M 

N  4"^ 

S  4' 

c  IMU' 

S  0 

\ini'i4 ' 

f  vp ' 

M  <0  • 

Ml  '.alik's  arc  ci\on  in  a  ii. 

!  he  /oiM  cnlfK's  .ire  /cn’ t"  Ihroc  sisiniliv.iirt  lifniics 
Rcl  >:  Rd  'Rd,  2" 


ibniis  arc  indeed  approaching  their  third  resonance.  It  is  compelling  to  note  in 
these  instances  the  inter-relation  of  the  QRi  s.  In  spile  ol' their  marked  ditf'ercnce  in 
\alue  and  their  prosimitv  to  resonances,  their  sum  compares  reasonabK  to  the 
other  forms  of  tlie  polari/abilits. 


Conclusions 

I  qualions  of  motion  for  quadratic  response  functions  have  been  applied  to  de¬ 
velop  relations  between  quadratic  and  linear  response  functions,  fhese  identities 


1  \BI  1  \ 

<  onip.insi.n  I'l  MR)  m  avn.iniie  pol.in/abililv  eompuled  Irom  l!ie  Ki’V 
esprcssions  iihl.iined  Ironi  1  nvi  1  qs.  (41  and  I'll 

1  Ki  ar.vl  i.iKi 

si-  f. 

f  ij  (4i 

:  .ri'. /,  .... 

total 

I  q  PU 

-  . . 

C  X  .  h 

.11(1 

M.>4 

4.:: 

M  1)1 

4.111 

4.1b 

.MM 

1M.:^M 

xir 

MOM 

9  (IS 

4.:: 

MM 

1 ;  M 

11,11 

M  |M 

9 

i  1 

I  sv 

r  ‘in 

‘I.  ts 

4  SO 

.  ^  ' 

,v'"M 

P.'I4 

III  12 

Ill.t.s 

111.44 

.4(1 

1“ 

14  (lb 

lilt 

1  i.'^l 

1  I,,S1 

4h 

1 : 1 44 

Ml 

25.79 

;b.b4 

*  Ml  values  given  in  .1  u 
^  f  aleulaled  in  basis  (  . 

(  onipuksi  with  a.,  II  I  V  .Ml. 
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Table  VI.  Comparison  of  H:0  .it  dynamic  polari/ability  computed  from  the  RI’a  iri  and  qre 
e.xpressions  obtained  from  eom  Eqs.  <4)  and  (9).“ '' 


-2vQ>,:  E. 

Eq.  (4)' 

-2(^T;r,  Ox..,,, 

Total 

Eq.l9) 

-2.;< 

.00 

8.15 

1.66 

7.94 

7,94 

7,85 

.06 

8.86 

4.55 

8,03 

8.03 

7.93 

.09 

9.56 

6.51 

8,16 

8,16 

8.06 

.13 

10.77 

9.42 

841 

8.41 

8.31 

.23 

20.33 

28.70 

10.20 

10.18 

10,07 

.30 

125.84 

235,64 

24.75 

24  90 

24.64 

.46 

1526.6 

2612.8 

8.86 

14,44 

9.. 30 

'  All  values  given  in  a.u. 

Calculated  in  basis  C. 
'Computed  with  =  0.13  a.u. 


lead  to  formulas  for  static  and  frequency-dependent  dipole  polarizability  from  qua¬ 
dratic  response.  The  expressions  are  constructed  from  position,  momentum,  and 
angular  momentum,  and  have  been  identified  as  the  response  functions  describing 
the  Verdet  constant.  For  Cyt  point  group  symmetry,  it  is  found  that  the  origin- 
dependence  of  the  angular  momentum  operator  along  the  principal  axis  is  a  function 
of  a  translationally  invariant  qrf,  while  the  other  two  Cartesian  directions  are 
invariant. 

Under  the  random-phase  approximation,  the  equations  of  motion  are  exact  within 
a  complete  basis,  and  test  calculations  on  HyO  show  convergence  of  the  polarizability 
values  for  extended  basis  sets.  This  provides  a  means  to  gauge  the  completeness  of 
the  chosen  basis  set  toward  its  representation  of  both  second-  and  third-order  prop¬ 
erties. 

The  utility  of  QRF  methods  which  use  the  rpa  eom  have  been  demonstrated 
here  and  in  previous  instances  [5,7].  This  work  uses  quadratic  response  to  compute 
properties  obtainable  at  the  linear  response  level  but.  more  importantly,  underscores 
the  fact  that  tractable  relations  exist  between  qrfs  and  lrfs.  There  yet  exists  the 
interesting  possibility  of  applying  this  technique  in  the  reverse  sense;  i.e..  using 
LRFS  to  describe  properties  which  would  normally  be  associated  with  qrfs,  providing 
a  means  to  extract  third-order  properties  at  second  order. 
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Abstract 

Several  computational  approaches,  including Ciaus.sian-2  (02 )  and  norlocal  density  tunclional  theory 
( iDfl-tKi  \ ).  have  been  used  to  calculate  theenergv  requirements  lor  (a)  H^N  NO^  dissociation  ( through 
N  -  N  bond  scission ),( b)  inversion  o(  the  amine  group,  and(c)  isomeri/ation  through  the  niiro-niirite 
rearrangement.  Taking  zero-point  energies  into  account,  the  02  predictions  are  .‘'.Th  kcal/mole  for  the 
dissociation  energy  and  1.5  kcal/mole  for  the  inversion  barrier.  The  corresponding  i>i  i-(i(iA  values  are 
48.4  and  0,'^  kcal/mole,  and  an  activation  energy  of 48, 7  kcal/mole  for  the  nitro-nitrite  rearrangement. 
The  Dff-tKiA  results  indicate  that  disstKiation  and  rearrangement  should  be  competitive  for  H;N  NO;. 
The  same  conclusion  was  reached  earlier  by  Saxon  and  Yoshiminc  on  the  basis  of  MRCTSD/6-.tlO* 
calculations,  although  theircomputed  energy  requirements  difler  from  the  present  ones  by  approximately 
8  kcal/mole.  t  tW’  John  Wife;  Sc  .Sum,  (nc. 


Introduction 

The  decomposition  reactions  of  nitramines  are  of  considerable  interest  because 
of  the  importance  of  these  compounds  as  energetic  materials  [1.2],  Among  the 
likely  unimolecular  processes  that  they  may  undergo  are  N  —  N  bond  scission  and 
isomerization  through  the  nitro-nitrite  rearrangement,  as  shown  in  Eqs.  ( 1 )  and 
( 2 )  for  the  smallest  nitramine,  HyN  —  NO: ; 


H:N- 

-NO:  -*>  HyN  +  NO: 

(1) 

HvN  — 

NO:  —  H:N— ONO 

(2) 

Saxon  and  Yoshimine  have  recently  investigated  reactions  ( 1 )  and  (2)  compu¬ 
tationally.  at  the  MRCTSD/6-31G*//MCSCt74-31G  level  [3].  Taking  zero-point 
energies  into  account,  they  ‘'ound  the  N  —  N  dissociation  energy  to  be  40.55  kcal/ 
mole,  while  the  nitro-nitrite  activation  barrier  was  40.70  kcal/mole.  It  was  ac¬ 
cordingly  concluded  that  the  two  processes,  Eqs.  ( I )  and  (2).  are  competitive. 
Melius  and  Binkley  also  studied  reaction  ( !),  using  an  mp4/6-31G**//hf/6- 
3  !G*  procedure  augmented  by  a  bond  additivity  correction  (  bac)  [4] ;  they  reported 
an  N  —  N  dissociation  energy  of  48,0  kcal/mole,  of  which  more  than  5  kcal/mole 
was  the  bac  contribution  [3], 
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I  ABi  I  1.  Opiimi/od  >;eonictrics  (in  angstroms  ami  lii’grcosi  .it  ihi-  groiiml  siait-  ol  II  N-  \() 


H(  /6-3iCi* 

Ml*2,/(i-,4|(i* 

in  1  -f  s()\ 

1)1  1  -(of  .  \ 

t>/V  IM’ 

1  Apl,-* 

1  spt  ' 

N— N 

l..f56 

l.fW 

1-371 

1.4I(, 

1  42^ 

l..‘-H! 

N— O 

1,141 

1-2 '.3 

1.230 

1  244 

1,206 

fas'  1 

1  232 

N— H 

O.'f.XS 

1017 

1  022 

1.023 

;.oo.s 

1  fM)7 

O— N- 

-0 

127.0 

127,7 

127.4 

127.4 

1.30,1 

1  32  7 

H— N- 

-H 

1 16.7 

1  14,3 

1 14  6 

1  I.VI 

1  is, 2 

120  4 

H— N- 

O 

1 

y. 

i 

25.7 

2‘)..S 

22.4 

2S.6 

26.  s 

22. N 

“  Rel'eronce  12.i|. 
^  Reference  (24!. 


As  part  of  a  continuing  investigation  of  density  functional  tcvhnitiucs  [5.6). 
using  precise  ah  initio  calculations  as  a  frame  of  reference,  we  have  now  examined 
reactions  ( 1 )  and  ( 2 )  by  means  of  ( a )  the  Gaussian-2  ( G2  I  procedure  [  7 ] .  and  ( b ) 
nonlocal  density-functional  theory  ( nr-T ).  in  the  generalized  gradient  approximation 
( DFT-CK  iA )  ( 8.9  ] ,  G2  theory  is  an  ah  iniiio  method  which  has  been  shown  to  yield 
atomization  ene’-gies,  ionization  potentials,  electron  affinities,  and  proton  affinities 
for  molecules  containing  first-  and  second-row  a'oms  to  within  an  average  absolute 
deviation  of  less  than  1.6  Real /mole  [7).  relative  to  experimental  results  having  an 
uncertainty  of  less  than  1  kcai/mole.  However  G2  imposes  severe  demands  upon 
computational  resources,  increasing  with  the  number  of  ba.sis  functions  as  N\ 
compared  to  N  ^  for  DFT. 


IVIethods 


Gaussian-2 

The  G2  procedure  is  based  on  Gaussian- 1  (Gl)  [10,11],  with  corrections 
added  to  the  energy.  Gl  uses  MP2/6-31G*  optimized  geometries  to  compute 


I  Mil  I  II.  Optimized  geometries  fin  angstroms  and  degrees)  of  the  ground  states  of  NO.  and  NH;. 


rni-i  soA 

HI/6-3lfi* 

,MP2/6-3ICi* 

I)/VPP 

D/.VPP 

£Apenment“ 

NO, 

N— 0 

1.165 

1.216 

1.204 

1.225 

I.I47 

O— N— O 

Mfj 

1 .36. 1 

133.7 

133,5 

1.32.3 

13,3.8 

N— H 

1.0'7 

1.028 

1.041 

1 .043 

1 .024 

104.3 

10.3.3 

102.9 

101,8 

103.3 

Reference  (25). 


sit  nil s  oi  II  \  \o  4‘^) 


I  Mil  1  III 

1  )plimi/etl  eeonietnes  on 

.inesti  >ins  -iiitl  Jeeiees)  <*l 

the  pl.iM.tf  iaim  at  II  S 
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11  -N . II 

Kt' s 

1  Ih 

!  't<  a 

1  s 

energies  ai  the  Mi*4/h-3 1  ICi  *  *  level.  I  hese  are  improved  through  suhsequent 
mi*4/6-,^!  1  t  Ci*  *.  mp4/6-.'  1  ICj  (  2df.p)  and  isnt  I  )/6-.3l  Ki*  *  ealculations; 
the  ditVerenee  hetueen  eaeh  ot  these  and  the  original  Mi'4/6-.tl  Ki**  energy  is 
taken  to  represent,  respectoeiy,  theelFect  ot'ditVuse  \/)-funetionson  the  hea\  \  atoms, 
additional  d  and  /  polarization  functions  on  the  latter,  and  correlation  beyond  Mi’4. 
I  hese  three  corrections  are  assumed  to  be  additive,  binally  an  empirical  term  is 
added,  \shich  depends  upon  the  numbers  of  valence  electrons  of  o  and  d  spins. 
I  he  zero-point  energy  is  computed  from  scaled  lit  /6-.41G*  frequencies, 


iMii  I  IV.  Opiimi/Lsi  geotiH'incv  on  .ingNironis  .iml  tloervco  N'l 
(he  tratiMlKin  stale  ol  the  nilro  nitrite  retirr.ingeinent.  lu).  1 2 1. 
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‘  Relereiiee  |  .q. 
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Tabi  1  V  (';ik'ula(ed  total  ciicrtHL's.  in  hartrei.">.  lor  itrouml-staic  II  \  NO  .  its  dissociation  ininiucis 

ami  planar  U  N-NO-. 


H;N-NO; 
(ground  state) 

Nil, 

NO. 

H..N-NO,. 

(pl.inari 

ui/6-.tK;* 

254  P.tddI 

aS770 

204.0.!  144 

254  6  if >4' 

MP2/6-.tlG* 

260,.t.G42 

55.64.!’.s 

204  .'6854 

260  !4700 

MP4/(s-.tl  IG” 

2(>().52087 

55,75.'!  lO-* 
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260.!  1455 

MP4/6-.MI  r  G** 

260. .■'.'7 15 

55. 75746  •* 

204.70244 

260  '!108 

Mf4/6-.tl  lG(2dr.p) 

260  66'!,t4 

55.7747  0 

204.74441 

260  65872 

(.k  lsi>(TV6-.t|  IG*‘ 

260.51064 

5  5, ->5444" 

204.6’50l 

260.50454 

Gl 

-260.74,'!  12 

55. 80452-' 

204  8446.! 

260.7  !4r 

g: 

260  ’4628 

55  807.58'' 

204.8416.! 

260. '4254 

DKI-lSr>A/lV\(*P 

25^.20225 

55.41055 

20.!.65’'’6 

254,2004,! 

DKl  -CKi  \/fV\  PP 

26l..!42.'!4 

.55.456.!5 

205. .54704 

261  5X445 

“  Rclorence  (11]. 
^  Reference  [7|. 


G2  theory  improves  Gl  by  ac'counting  for  nonadditivity  (if  the  (hOuKe  ;ind  prv 
larization  function  corrections  and  by  including  a  third  d  function  on  the  heavy 
atoms  and  a  second  p  on  the  hydrogens  [7],  The  empirical  term  is  also  modihed. 
In  the  present  study,  the  G2  calculations  'verc  carried  out  with  the  GAliS.SlAN  *)() 
program  [12|. 

Dcnsity-F'inctioncil  I'hcory 

The  Hohenberg-Kohn  theorem  [13]  states  that  the  energy  of  a  system  of  electrons 
in  an  external  potential  !'(r)  is  a  functional  of  the  electronic  density  Mr): 

f:[p(r)]  =  j  t'(r)Mr)  ^^r  +  /-'[Mr)|  (3) 


t  \Bl  I  VI.  (  ak'ulaied  dissociation  energies  and  insersion  banners  lor 
fi;N — NO;,  in  kcal/mole.  Zonvpoint  correvtions  are  not  inclutJed. 


Dissociation  energy 

Inversion  harrier 

H)/6-51(i* 
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Mf>2/6-5lfi* 

.56.2 

5.1 
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>2.8 

2.4 
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51.0 

4.0 

Gl 

54,0 

2.5 

G2 

61.0 

2,4 

01  l-Isl)\/0/vi>p 

84,0 

0.8 

1)1  I-(  ,(,\/[)/VI>l» 

55  X 

1,8 

Ml  DU  N  i'l  I!  \ 

I  1  \!l  (  '  .nul  - 

SuHLlh'nal  uj  k^a!  nu’lv.  lot  11  \  \t  l 

JissvH  la’.ioit  otK•lc^ .  Jinuii.-  v’.ii'up  in\ciMon  haiiK i  .iitvl 
ntlio  tKinU'  u*ai  I  jnj'.cttK'iil  .:v  !nalK'‘fi  riu’tjr'v  /vio 
pOllU  .Hi'  itK  huK  »{ 

Dinw  LiUon  ln\v'iN5on  Xvioais*” 


(In  atomic  and  molecular  calculalionc.  the  external  fii'iem.i.d  o  that  due  ii'  (I'c 
nuclei.)  /  lp(r)j  is  a  iimsersal  lunctional  i>t  the  elecfon  ileusu-  t  iia’e’'hc'i’  aiui 
Kidin  also  established  the  existence  ol  a  xarialional  prineipt.-  t,%t  /  ) .,]  i  Kotni 
and  Sham  [i-1]  developed  a  winkinu  proeedtire  to  soi-.e  thi-  V-eiciiiou  moldcn. 
m  xxlitch  /  In]  xxas  partitioneri  in  the  I'orm. 


M/d  I  \n] 


'  /■(  r)/'(  r't 


/r  (/r  ■  / 


in  which  \  IS  the  kinetic  eneriix  ol  a  set  ot  \  niinmieractma  ,.'ecirons  I'a'.”'*'. 
densitv  n(r)  identi.al  to  the  densitx  in  the  real  (interacting)  sxsiem.  /\  (/)|  is  tin- 
exchange-correlation  energx.  xxhose  t'lmctional  lorm  is  unknown  I  xc>ressing /i(  r ) 
in  terms  ot' one-electron  orbitals,  and 


:  V*  I  r ) 


appixing  the  \ariational  primiple  to  1  ii.  ( ).  suh;ee’  .>*  ,aii'n.-r\  mi. 

the  number  ot  electrons,  the  N-|xuticle  problem  is  simc'lilied  cwentualK  'o  sotxmg 
a  set  ot  one-particIc  SchiiKiinger  eciuations  xsith  the  canonical  torm. 


‘  IV,.  k^drl  r  c-,'r)  / 


I  hese  are  known  .is  the  Kohn  Sham  eipiatu'iis.  I  he  elicctixe  potential  r, is  rux-.  n 
b\. 


i',.,i(r)  i'(r) 


/ft  r' )  r/r'  .'/  .  I  /'  1 


Once  an  approximation  tor  /,.  [/>j  has  been  selecteri.  the  Kohn  Sham  equations 
can  be  solved  in  a  selt’-consistent  manner  to  obtain  the  orbitals  u"  and  eigenxahies 
f,  .  and  subsecjuently  /.(r).  and  other  properties. 

in  the  program  (tcMnn  tlial  was  used  in  this  work  [ !  s  j.  /  ,  |/f  |  is  separated  m»o 
exchange  and  correlation  portions;  tor  both  ot  these,  lormulations  m  terms  ot  ;!ie 
gcnera!i/ed  gradient  approximation  were  selected: 
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Pcrdcw  and  Wang's  expression  was  used  I'or  /-.'V'’'  [/'•  [18};  when  V;;(r)  =  0. 

this  reduces  to  Dirac's  I'ormuta  for  the  uniform  electron  gas  [Ih],  Vp] 

w  as  represented  by  Perdew  's  improved  version  l^)]  of  the  l  angreth-Mehl  functional 
{17|.  This  is  made  up  of  two  terms,  the  first  (which  is  the  only  term  when  Vp  - 
0)  being  the  correlation  energy  of  a  uniform  electron  gas.  This  is  expressed  by  the 
Vosco-W'ilk-Nusair  functional  [18,19],  which  is  based  on  the  accurate  quantum 
Monte  Carlo  calculations  ofCeperley  and  Alder  [20  j.  Thus  our  treatment  of /C,  [p] 
can  be  regarded  as  a  local  spin-density  approximation  (I.SDX)  plus  gradient  cor¬ 
rection  terms.  (  I  he  i  .St) a  assumes  that  p(  r )  can  be  viewed  as  uniform  locally  [21].) 
An  interesting  review  and  comparison  of  nonlocal  functionals  implemented  in 
dcMni}  has  been  given  by  Mlynarski  and  Salahub  [22]. 

.A  Gaussian  basis  set.  the  dzvpp,  was  used  for  the  orbitals  tf,  in  the  present 
computations;  it  isdouble-zela  for  the  valence  electrons  plus  polarization  functions 
(approximately  equivalent  to  the  6-310**).  The  program  dcMon  also  requires 
auxiliary  basis  sets  for  fitting  the  electron  density  and  the  exchange  and  correlation 
potentials;  this  is  done  to  reduce  the  computational  elfort.  W^e  used  the  ( 4.3:  4,3 )/ 
( 5.  T.  5. 1 )  which  includes  four  lone  v-type  and  three  coasirained  sets  of  v-.  />-.  and 
z/-type  functions  on  the  heavy  atoms,  and  five  .\-type  and  one  set  of  .s-.  /)-.  and  ci¬ 
on  the  hydrogens. 


Results 

Tables  I  to  IV  present  optimized  geometries,  at  different  computational  levels, 
for  (a)  ground-state  H;N  —  NO;,  (b)  its  dis.sociation  products  in  Eq.  (  I ).  (c)  its 
planar  form  that  is  the  transition  state  for  the  inversion  of  the  amine  group,  and 
(d)  the  transition  state  for  the  nitro-nitrite  rearrangement.  Eq.  (2).  Experimental 
data  are  included  where  available;  Table  I  shows  that  there  are  some  discrepancies 
in  the  latter.  There  is  consistently  good  agreement  between  the  mp2/6-31G*  and 
the  DPT-GGA  results.  In  optimizing  the  transition  state  for  Eq.  (  2 ),  we  took  Saxon 
and  Yoshimine's  geometry  [3]  as  our  starting  point.  The  major  changes  are  in 
some  of  the  angles  involving  the  hydrogens  (Table  IV ).  Saxon  and  Yoshiminc  had 
already  noted  that  the  4-3 IG  basis  set  does  not  position  the  hydrogens  properly 
[3],  For  ground-state  and  planar  EFN  —  NO;,  and  for  NH;  and  NO;,  the  111/6- 
31G*  and  mp2/6-31G*  optimized  geometries  were  confirmed  to  correspond  to 
local  energy  minima  by  verifying  that  they  have  no  imaginary  frequencies. 

Table  V  contains  total  energies,  calculated  at  several  computational  levels,  for 
ground-state  H;N  —  NO;,  its  dissociation  products  in  Eq.  ( 1 ).  and  its  planar  form. 
Zero-point  energies  are  not  included.  These  data  were  used  to  obtain  the  H;N  —  NO; 
dissociation  energies  and  inversion  barriers  that  are  in  Table  VI.  In  the  G I  and  G2 
procedures,  zero-point  energies  are  computed  from  scaled  Hi  /6-31G*  frequencies. 
These  give  correction  terms  of —7.4  kcal/mole  for  the  dissociation  energy  and  -0.9 
kcal/mole  for  the  inversion  barrier.  If  we  take  the  G2  results  as  our  standard,  then 
our  predictions  for  the  H;N  —  NO;  dissociation  energy  and  inversion  barrier  are 


Ml  nit  >  nl  It  \  NO 


5.v(->  and  1.5  kcai  niok',  ivsiwin  cK  (  I  al'lc  \  1 1  i  !  '•iim'  i  ha  '•anu-  /  i  ■  i\  a 
ivclKUis,  our  ni  I  -( .i .  \  1 1/^  nn  valiias  aiv  4S,4  aiui  '  i  a  i ,  ^ j, a  • 

linalK .  the  ni  i-<.n\  i>/\ pn  onetv\  lot  the  iian''Uion  ■a,..;a  ia  'h.  a  •  i_ 

rcananpenu'nt.  1  i]  (2y.  is  . 'It's  1 hanives.  I  snu’  tlu-  /,:•■  paiii!  ..a-  ..'a'l, 

Is'ini  cak'ulakal  h'.  Saviyn  and  'S  oshimiiK' |  5 1.  we  lind  an  at  ti' .in'M  ana;  ,•!  ts 
ketii  iiK'le  I  1  able  \  II  1 


OisciissioK 


\(  )  imdenwiimai,/ 
ot  a  la)'-.'(.'r  has;*  '..a  I, 


lile 


i  he  ni  I  -  <  a  .  \  n/\ I’P  ilissoeitilion  enenw  loi  II  \ 

(i2  value  h\  s  s  tnole.  i  his  mas  iiutuale  a  tu-ed  tm  a  lap.aa  i>as;s  aoi  i.a  sia 
m  !  s*.i!snlatioais.  ''seveillis'less,  both  ths'  viiss* )v  iii t w v n  en v  * .' *■  n. i  t li i"  1 1 * *a* ?  * i  ; ;  P, i i ; ; .  ; 
eoniinilest  b>  them  l-(a.\  n/\  I’P  proieviure  aiv  slosiu  to  ilu  <  i nwahs  , 

most  ('I  the  eorrelatesi  iih  iiuni'  values. 


\s  antieipated.  the  ni  l--isi)\  D/v  i‘l>  dissociation  eneiuv  is  nuu  li  too  l.nee  ii 
IS  W(,ll  known  that  densiiv  runciioiuil  theorv  m  the  knal  appio'.imatior,  oveiesn- 
males  dissoeiation  enemies  j  | .  Hits  is  appaiento  a  relle^  iion  ot  si/c  m. 

eonsisienev  m  the  I  sn\  approtieh;  an  uiulissoeiated  mokv  iiie  and  its  tiaemenis  aia- 
mn  treated  at  the  same  level  ot'aeeiiraev  |  | .  \s  e;m  be  ses-n  in  I  able  \  I  and  has 

been  show  n  eisew  here  (  2b,2h..i(l  | .  this  problem  can  lx*  handled  vimte  well  iw  iumpiv..' 
evehanae  and  eorrelation  in  a  nonlocal  manner,  as  was  done  m  I'ns  ’.'oik  throuch 
the  gradient  terms  m  I  sp  tSi.  \S  e  !i;ive  shown  that  the  total  etc.  le'.  ciiojs  ui  die 
local  approvimaiion  varv  in  a  svstematic  I'ashion  with  the  nimihcrs  ciccOi'ns 
aiivl  nuelei  [5.b!.  so  thttt  the  resulting  ilissoeuiiion  energies  -.an  ai'O  )x'  ^o!!eeled 
empiricallv.  Si/e  incmisistencv  is  not  a  problem  when  a  mo!,e,:iiie  is  imdeigoii;!’ 
rearrangement  rather  than  fiagmentatnur.  thus  the  m  i  l  m>v  iiuervion  bariic!  ni 
lable  \’l  is  reasonablv  elose  li'  lhe(i2. 

Our  m  i-<i(;v  ealeulahons  iniiieate  that  the  energv  leipaiiements  ioi  Kp  Mi 
aiui  (  2  )  are  verv  simikir.  4S.4  and  4S.' keat .  nrole.  respr-itiveb.  i  I  ab!i  \  II  s  i  R.iih 
values  melude  /ero-pomt  eorreetions.)  I  hus  we  re.kh  tlie  ^ame  coiiv  iu'-ion  as  did 
S;i\on  ;nnl  ^  iishimine  |.’|.  that  the  two  processes,  II  \  \o  dissociation  and 
Its  rearningement  to  H-\  ONO,  are  eompetitive  I  lowevet  ,ve  tii'd  the  encreu  s 
needed  to  be  signitieanilv  larger,  bv  about  X  keal.^  moke  titan  dul  the-.  <  >ui  ptedi.  u\i 
dissoeitition  energv  is  in  litel  verv  close  to  that  obtained  bv  MMius  ,;m!  Hinkie'.  |  t  j 
4K,(i  keal.  niole.  which  supports  their  inelusion  ol  the  n\<  leini 


Summarv 

We  have  usevi  the  highiv  aeeumle  (i2  proeeiiine  to  eomnule  the  \  \  disso¬ 

eiation  energv  and  the  inversion  btirrier  ol'  I  I  N  \<  >  .  our  resiiiis  aie  '  t  n  .nid 
1,5  keal  inole.  respeelivelv .  Nimloeal  densitv  runetionai  valeuiaiions  1 1  a  i  < \ 
fw  PP)  viek!  4X.4  aiui  0.4  keal  'inole.  both  of  which  ate  slosei  to  the  (i2  ih.in  .ne 
most  of  the  results  obtained  bv  other  eorrelaleil  u/'  naiii'  methods  (tar  i>M  i  a  ,  \ 
value  lor  the  activation  barrier  ot'tlie  mtro-mtrite  ivanangemeni  ol  1 1  \  \(  ) 

is  48.'?  kctil/mole.  intlieatmg  lluil  it  sliouUl  be  eom[X'litive  wnh  s;  ission  og  the 
N  \  boml. 
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Ah-lnitio  sc  i  Investigation  of  Glycolic  Acid 


MK  li  \1  1  \  11  (X  k  jiui  NIK  11  M  l  K  \  M1  k 


Abstrati 

I  he  cneie\  mJ  ai  u*  u.is  nr- v'^livalol  u'-me  ^  /.<  -1  m(  t  vt  i  cal;  ula'inpA 

(  K’nnien  lc^  eiuae.ic''  an«!  vva\i  i>o[Mhri'-  to?  a!s  v  ven  NMnineiiN  -unKjac  lixal  Jinnnna  aie  K'P"{levl  it'cclfin 
u iih  ail  u\KlH't)  i\uiis  anU  itu-'i  eiveiei'iK .A  har : letN  '  I  '  • '  i  lai  \  s.-,.  i;;. 


Introiluctiiin 

i  lie  simplest  (it'th.e  n-hsdruw  aeal  liDmoloitues.  eheiilie  aeiJ.  is  of  some  bioloaieal 
Hiteresi,  for  example  as  an  inipo'",ant  internieJiale  in  the  photorespiralors  v'arhon 
oNulation  esele  in  higfier  plants  aiui  algae  | !  !•  as  nielaholiie  ol  eilulene  glveol  12], 
or  as  melabolie  [ireeiirsnr  of  oxalate  in  luinian  beings  f  s  j .  \s  niosi  of  the  liilunelional 
molecules  glxeolK  acid  is  able  to  poixmeri/e.  l’oi>g!\eolie  aeid.  ;is  uell  as  its  eo- 
poix meres  with  lactic  aeul.  is  biodegradalsle  anrl  iili)i/ed  for  absorbable  sutures  (4- 
6  |.  tor  etirners  for  drug  delixerx  s\ stems  ( ’’>  ],  and  for  prostheses.  Our  interest  in 
glxeoiic  acid  arose  in  the  course  of  ;m  nh-niiiin  siiuK  of  u.'-;immo  acids  and  rekited 
compounds  ['t-l,>|.  Ih-iniii,’  ealeulations  on  glxeolie  aeid  uere  prexiousK  per¬ 
formed  bx  \exxion  el  al,  1 14]  and  bx  lla  et  al.  jls.inj.  \evxton  et  al.  ileseribed 
four  eiinformations.  xxhieh  xxeie  lietermmexl  xxith  a  lixeti  set  of  bond  lengths  ami 
angles  xxnh  the  4-3l<i  basis  set.  Ha  et  al  eoneentrateri  on  mirror  sxmmelneal 
eontormations,  xxhieh  thex  optimi/exl  bx  gradient  methoxis  using  the  4-21(i  and 
the  1  (  ( *  basis  set. 

\  eompiete  inxesiigatioii  ot  the  glxxolu  aeid  potential  energx  surface  ( t't  s)  xxas 
xarricxl  out  in  xuir  groufi  as  part  oi'the  siudx  menlioneil  aixoxe. 

I.ueal  Minima 

i  he  X  ontormalions  xleseribexl  in  Kef.  |  H'j  xxere  taken  ;is  starting  points  lor  our 
stuxlx  Nxsoiding  to  this  simix .  the  ft  s  ol  glxeolie  tieiil  consists  ol  nine  local  minima 
1  our  xif  them  form  txxo  pairs  ol  mirror  sxmmelne  eonformers  xxith  f  ,  sxmmetrx. 
I  he  remaining  minima.  ineliKlmi.’  the  global  minimum,  are  of  ( 1  sxmmetrx.  All 
energies  anxi  geometix  ilata  are  gixun  m  the  apiiendix.  xxhieh  also  eonttuns  the 
striix  tural  loimulae  ol  ;iil  sxmmetrx-unixtue  mimmxt. 

1  he  ealeulations  xxure  px'ifoimexi  xxith  the  t>rogram  (i  \.\ll  SS  |  I  '.IXj  using  the 
stanxiarxl  (//'-.out/o  s(  i  iKiti  i  proeexiure  j  I n  |  aiixl  the  4  3l(isplit  xalenee  basis  set 
[  20  i  All  L'xi  Miix  ti  les  aie  liillx  i iptiim/x'xl  xx  ith  lei miming  maximum  .uixi  loxU-mexin- 

1  rtiv  f n.ii It 'Hm!  h-UHfhil  >>!  (  licniiMt  .  <  iii.-nusiiv  .'h.  •'()''  ^  1  i 

-  I‘? 'Mdhfi  "vV  ilr.  A  Ni.iis  III,  <((  i»n,’h  '/'hs  M.'  I  t 
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square  gradients  less  then  4  X  10  ■*andl  .54  ■  i{)  ■*  H  hohr  All  minima  ( except 
V'll)  were  \eritted  tn  haxe  only  real  frequencies  and  saddle  points  to  have  exactU 
one  imaginary  frequencx.  I  he  frequency  values  were  calculated  using  unsealed 
analytical  second  derivatives  and  the  harmonic  oscilla''''’  approximation.  Conlormer 
V’ll  is  a  stationary  point  of  inllexion.  Such  a  point  may  he  regarded  as  a  special 
case  of  a  local  minimum,  namely  one  without  an  energy  harrier  along  one  reaction 
path  (2 1  j.  I'or  such  points  the  harmonie  oscillator  ap  ’rnsimaiion  is  not  adequate, 
which  explains  the  imaginary  frequency  obtained  for  VII, 

The  following  atom  labeling  is  used  throughout. 

H2  Ol 

I  // 

Ml  02  -c:  -  C  l 

I  \ 

H4  O.V  114 


I  he  minima  of  C\  symmetry  compare  well  with  the  rotamers  described  by  Ha 
et  ai.  [16].  Rotamcr  2  of  [16]  turned  out  to  be  a  saddle  point,  which  interconnects 
II  with  its  mirror  image  H"’. 


H  H 

c—c 


o 


O— H 


H 

II 


/  \ 

O  O— H 

■n.. 


hH  9 

c—c 

/  V 

O  O— H 

\ 

H 

11' 


Similarly,  rotamcr  7  was  found  to  be  the  saddle  point  in  the  reaction  VII 
VII"'.  Rotarner  8  turned  out  to  be  a  second-order  saddle  point. 

According  to  an  analysis  of  the  electron  densities,  two  ditferent  intramolecular 
interactions  can  clearly  be  distinguished  in  the  various  minima.  Ill,  on  the  one 
hand,  is  stabilized  by  an  intramolecular  hydrogen  bond  with  a  114  ■  •  ■  02  distance 
of  1 .97  A.  On  the  other  hand,  the  global  minimum  is  stabilized  by  an  electrostatic 
interaction  with  an  HI-  •  -Ol  distance  of  2.22  A.  The  O —  H  •  •  -O  -  H  inter¬ 
actions  in  both  II  and  the  saddle  point  II  -  “  II  are  also  of  electrostatic  nature. 


Reaction  Paths 

Reaction  paths  concerning  the  internal  rotation  of  the  O,^  -  Cl  bond  ( reaction 
paths  1  and  2),oftheCi  C2  bond  <  reaction  paths  3  and  4),  and  of  the  02  C2 
bond  ( reaction  paths  5  and  6)  were  investigated  in  clockwise  { I.  3.  5)  and  coun¬ 
terclockwise  (2,  4.  6)  direction,  fhe  results  are  collected  in  Table  I. 

Some  of  the  reaction  paths  may  be  gathered  from  Tigure  I.  w  hich  shows  a  map 
of  the  potential  energy  as  a  function  of  the  dihedral  angles  HI  02  C2  Cl 

and  Ol  Cl  C2  02.  with  H4  -  03  -  Cl .  C2  ^  1X0°.  The  reaction  paths 

in  this  map  confirm  that  VTI  indeed  has  to  be  qualified  as  a  local  minimum,  w  hich 
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has  no 

transition  state  m  the  reaction  \  II  • 

II  but  vlistinct  saddle  points 

tor  ,ill 

other  reactions.  This 

map  also  contains  an  interesting  reaction. 

which  has 

to  be 

mentioned  evplicitlv 

vieci easing  the 

dihedral 

angle  111  02 

t  2  (  i 

it  Ml 

invluces 

a  reaction,  w 

Inch,  alter  passing  a  transition  stale,  ends  m 

the  saiidle 

point 

i  . '  ir".  This  reaction  path  is  noie\iortln.  txvause  there  are  no  s\  nimeir\  eonstrainls 
forcing  this  behavior. 


Basis  -Svl  Inniience 

Since  ah-ninio  Si.  \  results  of  {(-bonded  svstems  niav  cnticalK  depend  on  the 
basis  set  choice  i22j.  the  local  minima  described  above  vvere  also  optimi/ed  wiili 
the  following  standard  basis  sets;  s  io-.Ki  |  2.^  |.  s  i  ( i  Ui  \  {  2.'  j .  s-2 1C  i  j  24  j .  6-.'  ICi 
[  2.S ] .  h-.^  1  *  Ci  [  2.s.2h ] .  b-.^  I  '  •  (i  I  2,'s.2b ) ,  Dunnings  lOs.sp Ms  basis  set  (  2"  ] .  b- 
.4!  Ki  [2Kl.b-.^l(,*  [2,x2dl,b-M(.**  (  2>.2'»  ] .  and  b- 1 1  Mi**  12>.2b.2M|  \ftcr 
this  optimization  frequencies  were  calculated  with  all  basis  sets.  It  turned  out  that 
the  choice  of  basis  set  inlluences  the  relative  energies  and  the  v  alues  ol  most  geometrv 
parameters,  but  not  the  nature  of  the  stationarv  points.  -Vs  an  esampie.  I  igure  2 
shows  the  values  of  the  bond  length  02  (2  in  all  svmmelrv  unique  local  minim.i 

with  the  various  basis  sets,  I  hese  displavs  iiulicate  that  all  basis  sets  except  the 
minimal  oncsvield  identical  trenvls  tor  the  geometrv  data,  (able  II  lists  the  liev  i.itions 
between  the  cvpenmentallv  determined  and  the  calculated  n'tationa!  constants  lor 
the  global  inmimum  with  all  basis  sets  mentionevl.  I  hese  vieviations  .ire  less  then 
r-  for  all  split  valence  and  double  /eta  basis  sets,  aiul  up  to  4'-  tor  basis  sets  with 
polan/ation  functions  and  minimal  basis  sets. 
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H-O-C-C  - > 


I  ipurc  I  I  he  potential  cncrgx  as  a  lunction  oflhc  dihedral  angles  M  I  02  C'^  Cl 
and  ()l  (1  C  :  02.  with  the  dihedral  angle  H4  O.-  Cl  C2  IXtC.  The 
local  minima  I  ((l‘''/(>'’ ).  II  (  40^/  1 50“  ).  I'  (  ISO°/()"  ).  and  VTI  (  |h(C/  I  50“ )  are 

part  ot  this  map. 


There  is.  hovsever,  another  kind  efbasis  set  influence:  the  minimal  basis  sets  and 
the  basis  sets  with  polarization  functions  give  an  additional  local  minimum  VTII 
of  (  1  s\mmelry,  vshich  has  a  very  low  energy  barrier  in  the  reaction  VIll  .  ‘  III. 


H 


H 


() 


C*— C 


0 


H 


V 

O 


H 


hH  O 

// 

c— c 

/  \ 

H— O  O 

ir' 


VTII 


III 


CilNCOLK  \CII) 


309 


(>  3 1  -  Ci  •  ' 

5- 31 G  «  * 

6- 3 IG- 
6-311G 

( 10s.5p/-!s) 
6-31  -~G 
6  31-G 
G-31G 
4  -  31G 
4-2 1 G 
3-21 G 
ST0-6G 
ST0-3G 


6-31-G*- 
6-31G-. 
6-31 G- 
6-31 IG 
(10s,3p.  4s) 
6-31--G 
6-31-G 
6-3 IG 
4-31G 
4-2  IG 
3-21G 
ST0-6G 
ST0-3G 


1.38  1.42  1.3S  1.42  1.38  1.42 

IV  V  VI 

I  igurc  2.  Basis  set  influence  on  the  optimized  value  of  the  bond  length  02  C2  [A]  in 
all  local  minima  of  the  glycolic  acid  Pi  s,  except  VII. 


This  barrier  is  0.85  kJ/mol  for  the  minimal  basis  sets.  0.33  kJ/mol  for  the  4- 
3  IG*  0.30  kJ/mol  for  the  6-3 IG*,  and  0.22  kJ/mo!  for  the  6-3 IG*  *  basis  set. 
Using  the  6-3 14-G**  and  the  6-31  +  +G**  basis  setsVTH  collapses  with  its  saddle 
point  to  a  stationarv'  point  of  inflexion,  which  has  no  energy  barrier  to  III. 

Comparison  with  Glycine 

The  biological  importance  of  hydrogen  bonds  makes  a  comparison  of  the 
O-  •  ■  H  —  O  and  N  •  •  •  H  — O  interactions  worthwhile.  The  results  of  this  study 
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Tabu  II.  .  l  (RMI  )  a-sulls  lor  the  gUcolic  acid  conloriTiation  I  obtained  vvith  varll>u^  Uandard 

basis  sets  Ihc  absolute  energies  are  listed  in  Hartree.  the  rotational  constants  in  (ill/  in  ddlerences  from 
the  experimental  xalues  [.tl]  lO.bdBI.  4  4  llsl0.  !,  2  ‘bi47  Cill/j, 


Basis 

/'cl  la.u.l 

o/^ 

,i/„ 

'V. 

sro-.X; 

248,63524 

0.1642 

0.1571 

0.ltK15 

SIO-6G 

301.51535 

0.1  187 

0.1433 

0.0847 

1 

5 

-  3(M).46334 

0(HHI4 

0.0145 

O.IKI52 

4-,tlG 

-  .302  20754 

0.0X06 

0,0047 

0.(Ki87 

b-.tlG 

302.51371 

0.03 1  5 

0.0!  14 

0.0066 

6-21 +G 

-  302.52526 

0.0215 

0.0203 

0.0121 

6-31-^  rG 

302.52575 

0.02 1 5 

0.0203 

■0.0121 

( lOs.  .sp/4s) 

-  .302.57410 

0.0667 

-  0.0676 

0.0451 

6-31 IG 

-302.54X75 

0.0784 

0.0022 

0.0041 

6-3 IG* 

-302.65647 

0.24.36 

0.064'' 

0.0554 

6-3 1 G** 

-.302.67352 

0..3044 

0.0673 

0.0577 

6-3i+G»' 

-302.68443 

0.2888 

0.0557 

0,0503 

and  the  analogous  data  for  glycine  [9.30]  allow  such  a  comparison  in  a  straight¬ 
forward  manner,  since  both  were  obtained  at  the  same  “lesel  of  theory". 

The  mean  value  of  the  03  —  H4  bond  length  in  the  conformations  V  and  VI, 
which  exhibit  the  same  orientation  of  the  — COOH  group  as  111,  is  0,9515  A;  the 
03  —  H4  length  in  III  is  0.9572  A.  which  means  an  increase  of  0.0057  A  due  to 
the  intramolecular  H-bond.  The  corresponding  ditterence  for  glycine  is  0.0082  k. 
which  indicates  that  the  H-bond  N  •  •  •  H  — O  is  approximately  50'7  stronger  than 
the  O*  •  •  H  —  O  bond,  A  similar  picture  is  obtained  from  the  03  —  H4  vibration 
frequencies;  the  mean  value  in  V  and  VI  is  4006.9  cm  '.  the  III  value  is  3924 
cm  ' .  which  means  a  lowering  of  82.9  cm  ' .  The  corresponding  lowering  in  glycine 
is  142,3  cm  ’ . 

The  different  strength  of  the  intramolecular  H-bonds  does  not.  however,  inffuence 
the  kinetic  stability  of  these  conformations:  the  lowest  potential  energy  barrier  is 
40  kJ/mol  for  glycolic  acid  and  43  kJ/mol  for  glycine. 
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Appendix 

Here  the  data  of  all  local  minima  in  the  glycolic  acid  PI  S  are  given,  w  hich  were 
obtained  with  the  4-31G  [20]  basis  set  in  Riii  calculations.  Vibration  frequencies 
were  obtained  via  analytical  second  derivatives  and  have  not  been  scaled. 
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The  nuclear  coordinates  ofali  local  minima  arc  also  available  upon  reciuesl  from 
the  authors  by  electronic  mail. 

CilolHii  Mininiiiin  I  (l\.\  -  - M)2.20~54  a. it  j 

Approximate  geometrs : 

H  H  0~H 

/ 

C— C 

/  w 

o.  o 


(ioomctrx  Jala: 

Bond  lengths:  V'alenee  angles:  Dihedral  angles: 


Ol— Cl 

1.204)  .\ 

(  1— C2 

1.4954  A 

(■:—<.  1—01 

124.18“ 

02— C2 

1.4127  A 

02— C2— C  1 

1 1 1.12“ 

02-C2-C  1 

— Ol 

0,00 '• 

H  1  -02 

0,954.S  A 

HI— 02— C2 

112.97“ 

HI— 02— C2 

—Cl 

0.00'-' 

H2— C2 

l.llSOt)  A 

H2_C2— Cl 

108.84’ 

H2— C2— Cl 

-01 

121,21“ 

H.4— C2 

1  tlStlO  A 

114— C2-C1 

108,84“ 

H,'.— C2— Cl 

-Ol 

■  121,21“ 

0.4— Cl 

1.4484  A 

03-C1— C; 

112..46'' 

04— (  1— c.: 

—02 

180,00“ 

1 

O 

0.9554  A 

H4— 04— C2 

114.74“ 

114— 04— Cl 

-C2 

180.00“ 

Vibration  frequencies: 

4H.910  cm  ' 

256,09  cm  ' 

299.54  cm  ' 

505.99  cm  ' 

560.87  cm  ' 

698,17  cn 

699.55  cm  ' 

929.64  cm  ' 

1 1 52.6  cm  ' 

1160.9  cm  ' 

1254.0  cm  ' 

1468,0  cm 

1.495.5  cm  ' 

1466,9  cm  ’ 

15<86.5cm  ‘ 

1660.4  cm  ‘ 

1941.2  cm  ' 

42.44,5  cm 

.4276.6  cm  ' 

.4960.5  cm  ' 

.4964.0  cm  ' 

Vibrational  zero  point  energ>:  kj/mol 

Rotation  constants:  t,t)().t4  •  lit'' s  '  4.t)607'IO”s  '  lt).77h7  •  Ity  s  ' 


Local  minimum  II  fE^\  =  -302  2051 J  ci.u..  /;Vo  =  0.33  kJ/mol) 
Approximate  geometrx: 


.  >  f 

c— c 

/  \ 

q  o— H 

H 

Creometrx  data; 

Bond  lengths:  Valence  angles:  Dihedral  angles: 

Ol— Cl  1.20.4.1  A 

Cl— C2  1.4496  A  C2— Cl— Ol  125.19“ 

02— (  2  14140  A  02— C2— Cl  11.4.22“  02— C2— Cl— Oi  LSI.SI)' 

HI— 02  0.9.S27  A  111—02—02  112.97”  III— 02— C2— C  l  44,71)'’ 
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h:— c:  1.0X47  A 

H2— C2— Cl 

107.62'’ 

112— t  2— (  1— Ot 

S2.66 

H.WC:  1,0748  A 

HI— C2-  Cl 

108.69° 

ii3_(  :._.c  1— t)i 

54  47' 

0,1— Cl  l.’485  A 

03— Cl— C2 

1  I  1.91“ 

CI—C  I  — t  2— 02 

29, 28' 

H4— 01  0.4552  A 

H4  -03— C2 

1 14  56° 

114— Ol— Cl— (  2 

py,41" 

Vibration  frequencies; 

87.836  cm'  285.80  cm-' 

380.44  cm  ' 

511.17  cm 

'  575.1"'  cm  ' 

647.63  cm  ' 

730.08  cm-'  908.1icm‘ 

1116,0  cm  ' 

1 1 55.2  cm  ' 

1241.0  cm  ‘ 

1353, 1  cm  ‘ 

1458.4  cm-'  1489.2  cm  ‘ 

1540.0  cm  ' 

1654.6  cm  ' 

19.s0.9cm  ' 

1193.6  cm  ' 

3329.5  cm-'  3968.8  cm-' 

3995.0  cm  ' 

Vibrational  zero  point  energy: 

188.843  kJ/mol 

Rotation  constants:  3.0X09  •  lO"  s  ' 

4.1898-  10’ s 

'  I0.0576- 10’ s 

Local  minimum  III  (E^\  = 

=  -302.20244  a.u..  E,,,  = 

1 3. 3H  kJ/mol) 

Approximate  geometry  : 

o 

It 

v  n 

C— C 
/  \ 

/ 

H— O 

\ 

0 

h"' 

Geometry  data: 

Bond  lengths: 

Valence  angles: 

Dihedral  angles: 

Ol— Cl  I.2012A 

Cl— C2  1.5102  A 

C2— Cl— Ol 

121.37“ 

02— C2  1.4269  A 

02— C2— Cl 

107.18’ 

02— C2— Cl— 0! 

1 80,00" 

HI— 02  0.9497  A 

Hi— 02— C2 

1 15.43“ 

HI— 02— C2— Cl 

I80.(H3° 

H2— C2  1.0804  A 

H2— C2— Cl 

108.59“ 

H2— C2— Cl— Ol 

59.24’ 

H3— C2  1.0804  A 

H3— C2— Cl 

108.59“ 

H3— C2— Cl— Ol 

59.24" 

03— Cl  1.3327  A 

03— Cl— C2 

1 15.64’ 

03— Cl— C2— 02 

O.tK)" 

H4— 03  0.9572  A 

H4— 03— Cl 

1 1 3.72’ 

H4— 03— Cl— C2 

0.00° 

Vibration  frequencies: 

106.33  cm-'  267.36  cm' 

349.9 1  cm  ' 

558.33  cm 

6.34.33  cm  ' 

6'i9.52  cm  ' 

722.44  cm  '  920.03  cm-' 

1 138.8  cm  ' 

1 146. 1  cm  ' 

1237.3  cm  ' 

117 1,1  cm  ' 

'  1371.4  cm-'  1454.0  cm-' 

1563. 1  cm  ' 

1657.5  cm  ' 

1980.4  cm  ' 

3227.2  cm  ' 

■279.2  cm-'  3924.0  cm  ' 

4036.2  cm  ' 

Vibrational  zero  point  energy: 

189.097  kJ/mol 

Rotation  constants:  3. 1009  •  10’ s  ' 

4.3097-  lO’s 

‘  IO.,3486- 10’ s 

\ 

Local  minimum  IV  (E^i  = 

-302.19965  a.u.,  E^^  = 

20. 70  kJ/mol) 

Approximate  geometry: 
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Local  minimum  WI  =  ~J02.1<S2^2  a.u..  /:'rd  =  64.64  kJ/mol) 

ApprovimaU'  goometn: 


n 


H— O 


\ 


O 


c— c 


/  w 


o 


Geometry  data: 

Bond  lengths:  Valence  angles:  Dihedral  angles: 

Ol— Cl  l.lWhA 


C1-C2 

1.5068  A 

C2— Cl— Ol 

126,36” 

02— C2 

1.4080  A 

02— C2— Cl 

109,04” 

02-C2-CI 

-Ol 

O.tH)” 

HI— 02 

0.9510  A 

HI— 02— C2 

1  13.81” 

HI— 02— C-2 

—Cl 

ISO.IK)" 

H2— C2 

1.0859  .A 

H2— C2-C1 

108.12" 

H2— C2— Cl 

-Ol 

121.62“ 

H3— C2 

1.0859  A 

H.3— C'2— Cl 

108.12” 

H3— C2-CI 

-Ol 

121.62” 

03— Cl 

I..3610  A 

0.3— Cl— C2 

1 13.25” 

0.3— Cl— C2- 

-02 

180,(8)“ 

H4— 03 

0.9512  A 

H4— 0.3— C2 

1 18,0,3” 

114— 03— Cl 

-C2 

0,(8)” 

Vibration  frequencies: 

60.6.30  cm ' 

'  187,97  cm'' 

298,42  cm  ’ 

38.3.72  cm  ’ 

508,24  cm  ' 

62.3,80  cm 

700.67  cm-' 

918.45  cm  ' 

1141.6  cm  ' 

1175.7  cm  ' 

1 22,3.4  cm  ' 

i.3'0,2  cm  ' 

1326.1  cm  ' 

1.399,0  cm  ' 

1604.9  cm  ' 

1665.9  cm  ' 

2017.1  cm  ' 

.3162.0  cm  ' 

3197.5  cm' ' 

4009.6  cm  ' 

4010.7  cm  ' 

Vibrational 

zero  point  energy: 

184.976  kJ/mol 

Rotation  constants:  2.9486-10''$  ' 

3.9959-  10'*  s  ' 

'  10,5211 

-  10”  s 

1 

Local  minimum  VII  (L^\ 

Approximate  geometry: 


Cienmetry  data: 


Bond  lengths: 


Ol— Cl 

1,2056  .A 

Cl— C2 

1.4967  ,A 

02— C2 

1.4224  A 

HI— 02 

0.9.505  A 

H2— C2 

1.0826  A 

H3— C2 

1.0777  A 

03— Cl 

1.. 340.3  A 

H4— 03 

0.9552  A 

-302.19810  a.ti..  ILo 


O 

// 

H . C— C 

/  \ 

o— H 


Valence  angles: 


C2— Cl— Ol  124.38” 
02— C2— Cl  107.88” 
HI— 02— C2  113.82” 
H2— C2— Cl  108.25” 
H3— C2— Cl  107.90” 
0.3— Cl— C2  112.74” 
H4— 0.3— Cl  114.01” 


24. 78  kJ/molj 


Dihedral  angles: 


02— C2- 

-Cl— Ol 

-  125-50' 

H1— 02- 

-C2— Cl 

158.95 

H2— C2- 

-Cl— Ol 

1 13.56 

H3— C2- 

-Cl— Ol 

5.05 

C 

i 

1 

-C2— 02 

57,19' 

1 

-Cl— C2 

177.85' 

Vibration  tVequcnciov 


c;i  YCOUC  ACID 
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9S.4Wicm'  71.()80cm  '  :‘)4.4b  cm  ‘  47 1, 52  cm'  6(»l.X4cm 

788.37  cm'  435.21  cm  '  I  U)7.2  cm  '  11.37.2  cm'  12^1. 8  cm' 

1384,2  cm  '  1520.7  cm  '  1546.6  cm  '  1670, 1  cm  ‘  1445.0  cm  ' 

3284.4  cm'  3466.7  cm'  4016.4  cm' 

Vibrational  /cro  point  cnergv;  186.833  U/niol 

Rotation  constants:  3. 1 843  •  10'' s  '  4. 1322  •  10'' s  '  4.5007  ■  10'' s  ' 
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Multireference  Meller-Plesset  Perturbation 
Treatment  of  Potential  Energy  Curve  of  N2 
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Abstract 


A  muttireferenee  Moller-Plessct  (  mr-mp)  penurbation  mclhtxl.  at  the  seennj-oak-r  level,  is  applied 
to  the  potential  energy  eurve  of  the  ground  state  of  S:,  for  comparison  with  a  varietv  of  standard  ah 
initio  methods.  In  spite  of  the  drastic  simplitieation.  the  mr-.mp  results  are  vers  reliable,  fhe  energy 
errors  are  almost  independent  of  geometry,  allowing  unbiased  treatment  of  potential  energy  curves.  I  he 
potential  elfieiency  and  accuracy  of  the  mr-mp  approach  are  emphasized.  *  I'w;  John  Wiky  Sons,  ine 


Introduction 

During  recent  years  the  ah  initio  molecular  orbital  theory  has  moved  from  a 
qualitative  theory  to  a  quantitative  one  and  being  available  to  e.vperimentalists. 
The  conventional  correlated  theories  are  generally  effective,  at  least,  for  medium¬ 
sized  molecules  in  their  ground  state,  near  equilibrium  geometry  .  Typically  more 
than  98%  of  the  full  Cl  correlation  energy  is  accounted  for  in  a  given  basis  set. 
However,  the  difficulty  wiith  these  theories  is  that,  as  the  number  of  electrons  in¬ 
creases  and  the  molecular  bonds  are  stretched,  the  percentage  of  correlation  energy 
recovered  can  decrease  substantially.  We  are  now  seeing  a  similar  evolution  of 
techniques  that  are  accurate  for  any  large  molecule  in  all  nuclear  configurations. 
At  the  present  time  reasonable  accuracy  can  be  obtained,  but  this  is  not  obtained 
cheaply.  In  calculations  of  potential  energy  surfaces,  it  is  particularly  important  to 
use  an  approach  which  provides  a  balanced  description  of  the  various  regions  of 
surface.  In  addition,  the  explicit  determination  of  a  wavefunction  requires  the  cal¬ 
culation  of  the  variables.  Unfortunately,  the  number  of  variables  is  normally  much 
too  large  for  optimization,  even  though  significant  progress  has  been  made  in  the 
solution  of  large-scale  secular  equations.  For  these  reasons  there  has  been  a  growing 
interest  in  multireference  based  perturbation  methods  [1-4], 

In  the  previous  article  [4],  we  have  developed  a  multireference  Moller-Plesset 
(MR-MP)  method.  The  essential  feature  of  the  theory  is  that  the  multireferencc 
technique  is  used  as  a  means  of  recognizing  nondynamical,  near  degeneracy,  cor¬ 
relation  effects  and,  as  a  consequence,  of  ensuring  that  a  molecule  correctly  dis¬ 
sociates  into  its  fragments.  Once  these  state-specific  correlation  effects  are  included 
in  a  reference  function,  the  remaining  are  composed  mainly  of  dynamical,  trans¬ 
ferable  pair  correlations.  It  is  really  caused  not  by  the  full  Coulomb  repulsions  but 
by  the  sum  of  fluctuation  potentials  as  discussed  by  Sinanogiu  [5],  Asa  result  of 
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1  ABI  1  1 
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(iilernueleai  sepaKilioii  wiih  D/p*  h.isis 
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1  nergies  (  /  ) 

r(cif) 

SCI 
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M(’4 

<  isn‘' 

{  (  SO" 

1.5 

108.43720 

108.7(8180 

108.7201 1 

108, ■’0(815 

108  ■■  1209 

l.S 

108.90455 

109. 19082 

109.21070 

109.18794 

109.20472 

1.9 

108.95142 

I09.25.s02 

109.27558 

109.24260 

109.201  15 

2  0 

108.90801 

109  28553 

loo.to.sat 

109.20741 

109.2879'' 

2,068 

108.96062 

109,29403 

109.31.385 

109.2’ 182 

109.29388 

2,5 

108.83561 

109,2441s 

109.20594 

109.18054 

109  21-304 

2,75 

108.72623 

109.19^73 

109,2.3075 

109.095(10 

109.1,39  1  9 

3.0 

108.01885 

109  I0.S47 

109,23317 

109.01092 

10906702 

4.0 

108.28943 

109.2416! 

1 10.(8)405 

108.76109 

108.92926 

5,0 

108.10000 

109.57097 

1 1 5.94364 

108.6312.3 

_ 

6.0 

107.99052 

1  10(16605 

131.76845 

108.50262 

__ 

100, 

107.09824 

— 

— 

108.421  18 

— 

r  (Uo) 

Mcsci  -52 

M(S(  i-ro^ 

MK-(  ISI)'' 

MK-I  (  (M-' 

\ir-m('2'' 

1,5 

108,51797 
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108.71080 

108.71854 

108,09087 

1.8 

109.01  134 
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109,20805 

109,21603 
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1.9 

109.06853 

109.07999 

109,266.34 

109.27517 

109.24528 
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109,29516 

I09,.30422 

!()9, 27416 
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109.(15.34 

(09..30254 

109,3)  176 

109,28)6,3 

2,5 
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109,23566 

109  24590 

109.21659 

2.75 

108.96255 

108.97052 

109,16931 

109,18019 

109,15223 
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108,9(8)40 

108.913IO 

109,10861 

109,12020 

109.09418 

3.5 

108.82035 

108,82749 

109.02613 

109.0.3901 

109.01648 

4,0 

108.79409 

108.79695 

108,98477 

109.00561 

108.98290 

5.0 

108,78887 

108  78943 

108.98040 

108.99285 

)()8.9069.3 

6.0 

108.78889 

108.78903 

108  97879 

108.991  10 

108.96457 

l(K). 

108.78880 

108.78880 

108.97786 

108.99(8)4 

108.90.374 

^  Reference  [9] 

^  The  minimum  energy  is  109.2825 1  au  al  r  2.1035. 


the  short-range  nature  of  the  fluctuation  potential,  pair  correlations  are  nearly  in¬ 
dependent.  Thus,  the  pair  correlations  can  be  estimated,  to  a  good  approximation, 
by  the  second-order  M oiler- PI esset  (mf>)  perturbation  method  [6]  when  near  de¬ 
generacy  is  removed.  To  the  second-order  energy,  the  electron  pairs  decouple.  The 
concept  underlying  our  mr-mp  approach  is  simple.  That  is,  the  independent  electron 
pair  model  is  effective  if  no  near  degeneracy  is  present.  In  the  previous  article  [4], 
the  MR-MP  method  was  successfully  applied  to  potential  energy  surface  studies  of 
chemical  processes  involving  single  bond  breaking.  In  spite  of  the  drastic  simpli¬ 
fication  the  MR-MP  results  were  very’  reliable. 

This  study  has  as  its  main  objective  the  tc'sting  of  the  cff'ectivene,s.s  of  the  mr- 
MP  approach  for  the  description  of  a  potential  energy  surface  of  the  ground  state 
N2 .  After  a  brief  discussion  of  the  mr-mp  theory  in  the  next  section,  computational 
results  are  presented  in  the  final  section. 
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I 

Now  id  us  consider  the  perturbation  theory  based  on  the  M(  S(  i-  function.  Many- 
body  perturbation  theory  is  useful  only  if  the  /eroth-order  Hamiltonian  H(,  is  a 
one-electron  operator.  Fxpericnec  shows  that,  for  closed-shell  systems,  the  best 
results  arc  obtained  with  the  mp  partitioning,  that  is.  with  the  sum  of  one-electron 
Fock  operator  as  Ho.  The  possible  choice  of  the  one-electron  operator  for  the  MR 
case  is  the  generalized  Fock  operator  given  by  Eq.  { 4 ) .  However,  one  disadvantage 
of  the  choice  is  lack  of  the  physical  meaning  of  the  oix'rator  unlike  the  closed-shell 
case.  A  one-electron  operator  which  is  closely  analogous  to  the  closed-shell  Fock 
operator  can  be  defined  for  M(  sc  l  wavefunclions  as 

/•■=/»  f  2. //'(--/i  -  (5) 

In  order  to  remove  the  arbitrariness  of  the  density  vseighting,  we  use  the  natural 
orbitals  That  is.  canonical  MC  s<  t  orbitals  are  transformed  to  the  natural  orbitals 
before  perturbing.  The  complete  active  space  (c  as)  sc  f  wavefunction  [7]  is  invariant 
to  unitary  transformations  among  the  active  orbitals,  provided  the  c  i  coefficients 
are  reoptimized.  This  definition  is  unique  and  can  be  extended  to  the  virtual  space. 
The  orbital  energies  for  the  doubly  occupied  orbitals  correspond  to  the  Koopmans' 
ionization  potentials  and  those  for  virtual  orbitals  to  the  Koopmans’  electrern  af¬ 
finities.  The  orbital  energies  for  active  orbitals  are  the  average  of  ionization  potentials 
and  electron  affinities.  The  /-'is  not  diagonal  in  a  basis  of  orbitals.  The  one-electron 
operator  in  the  sense  of  diagonal  form  can  be  redefined  in  terms  of  natural  orbitals 
•I  X,  1  as 
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VV'c  then  ha\ c  cigoniunclidns  'I',  and  eigenvalues  II ,  ot'lhe  /erolh-order  I lamiltonian 


II /‘I’/  ( ■^ ) 

with 

lid  ^  i'l’/ ■  'I’/l  (f^l 

/  ( 

The  <l’(i  is  the  M(  S(  i  waserunelioii  with  the  eigenvalue 

II  „  2  ^  Ir  K\f-'\K, 

I  he  sum  in  1m.|.  (  H )  gnes  over  all  possible  orthonormal  eonligurations  !  '!'/ 1  which 
mav  he  constructed  from  the  oceupied  and  virtual  orbitals.  The  functions  !  ‘I>/  '  I 
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l  igurc  4  M(  S<  (-.*'2,  MR-Ml*.  ami  mr-Kx  si  fKitcnlial  cur\cs  l>)r  shiltL’il  such  that 
their  respeelne  dissociated  energies  are  /I’ro  I  he  various  curies  arc  idcniilied  as  I'ollows 
I  —  ♦— )  M(  S(  I  -52.  ( — i  i— 1  MR-Mi>.  and  (  )  mr-i  1 1  \i . 


which  span  the  hrst-ordcr  space  used  here  are  mutually  orthogonal,  orthogonal  to 
all  conligurations  in  the  reference.  However,  the  first-order  basis  generated  by  double 
excitations  of  the  reference  wavefunction(1.3]  is  not  orthogonal  and  orthogonali- 
zalion  step  is  necessary  to  avoid  the  complications  of  perturbation  calculations  in 
a  nonorthogonal  basis.  The  perturbation  is  r  =  H  -  Ho-  This  choice  of  H,,  in  the 
Rayleigh-Schrddinger  perturbation  series  guarantees  size  consistency  if  the  reference 
function  is  size  consistent.  There  is  a  very  close  parallel  between  the  standard  single 
reference  MP  theory  and  its  MR  version.  The  first-order  wavefunction,  for  instance, 
contains  only  double  substitutions.  Singles  cannot  contribute  due  to  the  generalized 
Brillouin  theorem  [8].  Triples  and  higher  substitutions  are  also  excluded  because 
any  configurations  having  a  nonzero  matrix  element  with  the  reference  function 
do  not  enter  into  the  first-order  correction  to  the  wavefunction. 

The  present  MR-MP  method  is  very'  efficient  and  cost  effective.  Neither  iteration 
nor  diagonalization  is  necessary  in  the  calculation  of  the  first-order  corrections. 
The  importance  of  efficiency  cannot  be  overestimated. 

Potential  Curve  of  N2 

The  ground-state  potential  energy  surface  for  Nv  has  been  well  studied  [9]  by  a 
variety  of  standard  ah  m/Oo  techniques  such  as  single  reference  ft  singles  and  doubles 
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(CISD).  finite-t)rdcr  Ml*  (X'rturbalion  llicors.  coupled  cluster  singles  and  doubles 
((■(  SD)  [KU-  multi  re  fere  nee  t'tsti  (MR-ctsltf  and  lineurli/ed  MR  coupled  cluster 
method  ( MR-t  ( (At )  ( 1 1  ].  We  also  apply  our  mk-mi’ approach,  at  the  second-order 
level  (  MR-Mt>2).  to  the  bond-breaking  process  of  N:.  The  basis  set  ( i)/  p+  )  and 
geometries  used  in  the  present  calculations  were  identical  to  those  used  b\  l.aidig. 
Saxe,  and  Bartlett  (9],  The  reference  space  for  the  mr-mp  method  was  of  the  (  \s 
s(  1  type.  The  (  \s  st  i  wavefunetions  were  obtained  by  distributing  six  electrons 
among  the  six  2p  active  orbitals,  corresponding  to  52  reference  configurations.  This 
is  the  smallest  active  space  which  leads  to  the  qualitatively  correct  description  of 
the  triple  bond  di.ssociation  process.  On  the  other  hand,  mr-c  isi)  and  MR-i  <  c  M 
results  by  Bartlett  et  al.  [9]  were  obtained  based  on  the  (  as  s(  i  function  with  176 
reference  functions.  The  M(  S(  I-  calculations  will  be  distinguished  via  either  a  ■  52 
or  a  176  sutlix.  T  he  two  Is-core  orbitals  were  fro/.en. 

Results  obtained  for  the  potential  curves  of  N;  with  the  i)/  p  f  basis  set  are  given 
in  Table  I  and  Figure  1 .  The  dissociation  energies  (  !),  )  and  equilibrium  distances 
(r,  )  are  listed  in  Table  IF 

T  he  S(  I  potential  well  is  over  three  times  as  deep  as  the  experimental  values  of 
9.91  cV  and  the  equilibrium  distance  is  nearly  0.0.7  A  shorter.  The  single  reference 
based  finite-order  perturbation  series  was  found  to  diverge  beyond  approximately 
3.0  bohr.  Fven  in  the  minimum  region  the  scries  is  oscillatory.  T  he  single  reference 
(  ISI > dissociation  energy  is  still  too  high  by  overa  factor  of2  compared  to  experiment. 
The  <  isi:)  and  experimental  r,.  values  ditfer  by  only  0.002  A.  The  full  (  I  r,.  in  this 
basis  is  estimated  around  1.113  A  [9].  If  this  is  the  case,  the  cist)  r,,  is  nearly  0.02 
A  too  short.  The  (  (  SI),  which  is  equivalent  to  our  symmetry  adapted  cluster  (  sac) 
theory  [12].  appears  to  give  a  much  better  estimate  of  r,..  Also  the  ( csi)  curve  is 
accurate  out  to  4.0  bohr.  However,  it  was  reported  that  C(  si)  curve  beyond  4.5 
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( /-MR  Mp;  /'  Mcs*  I  )■  in  hartree,  as  a  function  of  the  internuclear  separation. 


bohr  cannot  be  obtained  due  to  the  convergence  difficulties  of  the  CfSD  equations 
[9],  Thus,  none  of  these  single  reference  based  methods  can  describe  all  regions  of 
the  N;  potential  curve  to  high  accuracy. 

Now  let  us  examine  the  energy  errors  along  the  bond  lengths.  Since  the  full  n 
calculations  are  not  available  in  this  basis  set.  we  defined  the  energy  error  as  the 
difference  between  the  computed  energy  and  the  mr-i.ccm  energy.  These  energy 
errors  are  displayed  in  Table  HI.  In  the  calculation  of  potential  energy  surfaces,  it 
is  important  to  keep  this  error  as  constant  as  possible,  in  order  to  obtain  an  accurate 
surface.  It  is  obvious  from  Table  III  that  the  single  reference  based  methods  cannot 
be  expected,  in  general,  to  satisfy  this  requirement.  Appropriate  multireference 
based  methods,  on  the  other  hand,  can  give  a  more  balanced  treatment  and  nearly 
constant  errors. 

The  dissociation  energies  and  equilibrium  geometries  have  been  improved  in  the 
MR  based  methods.  The  MCSCF-52  surface  itself  contains  no  substantial  qualitative 
defects.  Like  mr-cisd  and  mr-i,ccm,  the  mr-mp2  energy  curve  dissociates  correctly 
and  the  three  are  nearly  parallel.  While  the  mr-mp  is  size  consistent,  the  MR-CiSD 
is  not  rigorously  size  consistent  just  like  any  truncated  ci.  The  present  mr-mp2 
gives  D,.  =  8.67  eV  and  r,,  =  1.1 13  A.  The  D,.  is  computed  only  12%  in  error  and 
r,.  is  within  0.015  A  of  experiment  and  nearly  identical  with  the  estimated  full  ci 
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.  in  I  igiiro  2  \\v  draw  potential  curves  lor  N;  computed  in  \i(  S(  1-52.  mr-MI’2. 
and  MR-I(  <  \l  methods  shdted  sucli  that  their  respective  vlissociated  energies  are 
/eio.  I  lie  M(  S(  ( -s2  dissociation  energv  ol'cS.sp  eV  is  within  0.22  eV  ol  tlie  MR- 
1 1  (M  result.  However,  the  Mt  S(  l-.■'2  curve  deviates  most  from  .mr-i  t  (  \1  surface 
m  the  region  surrounding  ,v,^  bohr.  On  the  conlrarv.  the  MR-Mt’2  curve  is  (.pine 
close  to  the  MR-l(  (M  curve  for  the  entire  bond  lengths.  I  his  suggests  that  the 
higher  order  contributions  are  almost  independent  of  the  internuclear  contiguration 
and  therefore  cancel  in  a  calculation  of  potential  energv  surfaces. 

In  terms  of  the  I'ermi  sea  determined  bv  the  referenee  function  the  first-order 
corrections  to  the  wavefunction  mav  be  classified  in  terms  of  the  number  <0.  1.  or 
2  )  of  e.\.ternal  orbitals  introduced  as  internal,  semi-internal,  and  evternal.  In  I  able 
I\  and  F  igure  3  we  showed  external,  semi-internal,  and  internal  contributions  to 
the  total  correlation  eneigv.  (  \,,v  /-sk  m  i  1.  ns  a  function  of  the  bond  length. 

I  he  internal  correlativin  is  found  to  be  small  within  0.01  au.  The  semi-internal 
terms  include  significant  single  excitations  w  hich  arise  from  the  failure  of  the  ref¬ 
erence  function  to  satisfy  the  Brillouin  theorem.  Although  the  semi-internal  cor¬ 
relation  IS  about  half  v)f  the  external  correlation  near  the  equilibrium  distance,  it 
increases  as  the  bond  length  and  becvimes  maximum  at  about  .3..s  bohr  and  com¬ 
petitive  to  the  external  correlation.  The  external  terms  resemble  the  pair  correlations 
of  the  closed-shell  theory.  .\s  expected  the  external  terms  are  found  to  he  rather 
insensitiv  e  to  the  cliange  of  the  bond  length.  Therefore,  the  total  correlation  curve 
is  almost  parallel  to  the  semi-internal  curve.  This  suggests  that  the  balanced  de¬ 
scription  of  the  potential  curves  cannot  be  obtained  before  the  semi-internal  terms 
are  correctly  taken  into  account. 

1  he  MR-Mi’  method  is  designed  to  compete  directly  against  the  traditional  highly 
correlated  methods.  I  he  theory  retains  the  attractive  features  of  the  single  reference 
Ml’  theory  without  a  consequent  loss  of  elliciency.  The  MR-Ml’  results  were  shown 
to  compare  favorably  w  ith  those  of  the  highly  correlated  methods  for  the  descripiivin 
of  the  triple  bond  breaking.  The  present  apprviach  is  very  powerful  as  a  reliable 
method  for  the  computation  of  civrrelation  energy  where  errors  of  the  order  of  a 
few  percent  are  acceptable. 
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Hydrogen  Bonding:  Methodology  and  Applicati 
Complexes  of  HF  and  HCI  with  HCN  and  Cli^C  * 


A  bsfracJ 

■\  JfUiik’il  iincMiu.ilmn  has  K-cn  mi.kIo  iit  Iho  inothiKinlo^K.il  ili-ivmk-rHc  ih  loini'iiiiii  sniulims. 
hitulinf;  oiu'iiik-s,  and  sonu-  '.ibtalumal  j'rnik'rtios  ol' sckvloi!  ludiui'a’".-h«MKk-it  omipk'vfs  Suuilim's 
and  'ibratu'nal  ircqiuauics  have  twn  cumputod  nsitii;  tdiii  ditli-ri’nl  Icm-K  ut  tlu'nis  in  n-'Uiii/i 
III  /('-.'I  /').  Ml" .  h-.' I(  il  (/K  and  \tl",  <>-'1  />)  (  (invI.ilK'n  piuti'A  clkals  nn  iimipiiu-d 

hindini;  nncrgios  and.  thp  basis  soi  ds'ponsk'iKV  ol  iIk'so  oik-iv.k's  hasp  bi'cn  i.’\,)lii.iii'd  tisinp,  iIk’  I  )unnin}i 
sorrckUion-^-onsiMcnl  pokm/cd  s.ik'iitv  dinibk--.  tuple-,  and  mineatcd  nuadviiple-sphi  basis  spis  ii.\. 
p\  \/,  ssit!'  \  /)  Ibi  sknihk',  /  Idr  tnpk'.  and  0  •<’!  truiK.ik-d  iiuadi  iiple  I.  .ind  these  same  b.isis  sets 

augmented  with  shtluse  I’lmelions  nn  nonhsdrojien  ati>ms  ie..-p\  \/  )  I  he  results  nl  these  siudies 

sugjtest  that  the  meth>>dok'ii\  ol  miiim  I  4  i  Mi'i/ee-pV  1  /  •  eleetrnnie  eiiereaes  w  it  In  Hit  ihe  eiHinierpeise 
enrieetion  esiniputed  al  Ml’,',  h-  II  t  (lU/.  /'l  iteimiclries  is  an  appinpriale  ihe.nvtieal  model  I'nr  inseslijaitine 
eompleees  RC  •  ll\,  with  W  HorClliandX  I  orCI  I  his  nunlel  has  been  appheil  lo  insestieali 
the  St  met  tires,  bindini:  eiieriries  .it  .ibsoUite  zero,  bindine  enthalpies  at  mom  tempei.it  me.  ,ind  v  ibrational 
t'requeneies  ol  these  eontplexes  I  remls  are  noteti.  aiul  eomp.irisons  are  nuule  with  .is.nlable  e\  pen  menial 
data,  '  bei’ John  WiU's  .e  Saii'.  hk 


intrciduction 

.(/’  inilio  studies  til'  Indnigen  bonding  dale  hack  about  20  years.  In  that  time, 
great  strides  have  been  made,  but  the  demands  on  theory  base  also  increased,  VN'ith 
new  methodologies,  improsed  algorithms,  and  sutx'reomputers.  it  is  incumbent 
upon  theory  to  provide  reliable  quantitative  information  abtnit  hydrogen-bonded 
systems  with  an  accuracy  comparable  to  that  which  can  be  measured  experimentally. 
I'hus.  a  goal  of  modern  theory  is  the  reliable  prediction  of  the  structures  of  hydrogen- 
bonded  complexes,  their  binding  energies  to  about  1  ks'al/mol.  ami  their  spectro¬ 
scopic  properties.  1  his  article  reports  the  results  of  a  systematic  study  t>f  the  de¬ 
pendence  of  some  of  these  properties  on  the  level  of  theory  employed  for  the  cal¬ 
culations.  I  he  computed  results  are  evaluated  by  two  criteria,  one  interna!  and  the 
other  external.  1  he  internal  criterion  refers  to  convergence  of  computed  properties 
with  respect  to  further  extensions  of  the  level  of  theory  ;  the  externa!  is  comparison 
with  experimental  data.  Ideally,  when  the  internal  criterion  has  been  satislied.  the 
agreement  between  theerry  and  experiment  should  also  be  good.  Unfortunately, 
there  can  be  problems  with  the  application  of  these  criteria.  In  some  cases,  it  is  not 
feasible  from  a  calculational  point  of  view  to  go  beyond  a  particular  level  of  theory. 
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SO  the  interna!  criterion  cannot  alwacs  he  applied.  In  other  cases,  reliahle  experi¬ 
mental  data  max  not  be  axailable.  Despite  these  limitations,  systematic  inxestigalions 
ot  the  methodological  dependence  of  computed  properties  ol  hydrogen-bonded 
complexes  are  essential  for  progress  in  this  area.  1  he  results  of  such  an  mxcstigation 
will  be  reported  here,  and  w  ill  be  used  to  identify  an  appropriate  level  of  theory  for 
investigating  the  structures  and  energies  of  hydrogen-bonded  complexes 
RCN  •  •  •  HX,  where  R  H  or  C  M  i  and  ,V  F'  or  C'l. 


Method  of  Calculation 

The  structures  of  the  monomers  Ml .  MCI.  MC'N.  and  CM,CN  and  the  complexes 
C'HiCN  •  '  ■  MF'.  MCN  -  ■  •  MF  ,  CMT’N  •  -  •  FICI,  and  MC'N  •  •  •  IK  1  have  been  op¬ 
timized  at  Hartree-F’oek  (  Ht  )  and  at  second-order  many -body  Moller-F’lesset  (x;r- 
tubation  theory  [  1-4]  (  Nti’:)  with  twoditl'ereni  basis  sets.  6-,5 1(  i(  J)  and  b-,5 1  »  Ci{  f/, 
/I).  6-}\G{il)  is  a  split-valence  basis  set  with  </  polari/ation  functions  on  nonhy¬ 
drogen  atoms  [5,6].  6-31  +Ci((/.  /i)  is  the  same  split-xalence  basis  with  first  polar¬ 
ization  functions  on  all  atoms  and  dilfuse  functions  t>n  nonhydrogen  atoms  [  7.8], 
Harmonic  vibrational  frequencies  have  been  computed  for  all  structures  to  verify 
that  they  are  equilibrium  structures  ( no  imaginary  frequencies )  on  the  appropriate 
potential  surface,  and  to  evaluate  zero-point  and  thermal  vibrational  energies. 

The  electronic  binding  energy  of  each  aympio.  at  absolute  zero  is  defined  as 
( or  -  /),)  for  the  reaction  RCN  +  HX  -►  RCN  •  •  •  HX.  where  R  -  H  or  CI  M 
and  .V  =  F  or  Cl.  The  binding  enthalpy.  A//-'"*,  can  be  obtained  from  the 
zero-point  and  thermal  vibrational  energies,  and  other  thermal  terms,  with  these 
latter  tc-ms  (rotational  and  translational  energy  terms  and  the  PV  work  term) 
evaluated  lassically.  The  nature  of  the  zero-point  energy  ■'>ntribution  and  its  de¬ 
pendence  on  the  calculational  model  will  be  examined  in  this  study. 

To  obtain  ar.  estimate  of  the  variation  of  binding  energies  and  the  basis  set 
superposition  error  [9]  with  basis  set  size,  calculations  have  been  performed  on  a 
selected  group  of  hydrogen-bonded  complexes  using  the  Dunning  correlation-con¬ 
sistent  polarized  double-,  triple-,  and  quadruple-split  valence  basis  sets  ( ce-pV  XZ. 
where  X  =  D  for  double.  T  for  triple,  and  Q  for  quadruple)  [!()].  and  these  basis 
sets  augmented  with  iiffuse  .v  and /)  functions  on  nonhydrogen  atoms  (cc-pVXZ-t  ). 
with  exponents  of  0.04.  0.06.  0.08,  and  0.10  for  carbon,  nitrogen,  oxygen,  and 
fluorine,  respectively.  These  basis  sets  were  chosen  because  they  systematically  in¬ 
crease  the  valence  space  as  the  polarization  space  is  also  increased,  and  include  a 
quadruple-split  valence  basis  set.  Since  the  GAUSSIAN  90  program  [11],  which 
was  used  for  all  calculations,  cannot  handle  functions,  the  Dunning  quadruple- 
split  basis  has  been  truncated  in  the  polarization  space  to  include  three  sets  of  first 
polarization  functions  and  two  sets  of  second  polarization  functions  on  all  atoms, 
omitting  the  third  polarization  functions  on  first-row  atoms,  and  /  functions  on 
hydrogen  (cc-pVQZ'  and  cc-pVQZ'-r).  The  Dunning  basis  sets  have  not  been 
defined  for  chlorine,  so  the  chlorine  basis  used  with  cc-pVTZ+  is  the  McLean- 
Chandler  (  1 2,  9 )  basis  set  '■'^ntracted  to  (6,  5 )  [  1 2  ]  augmented  with  a  set  of  diffuse 


'  aiKl  /’  I'unclioiis,  iwci  sols  o!  (/  tuiKtuiiis.  aiui  a  sol  ol'  /  I'lmoTuins.  with  ositonoiils 
taken  hi'ni  llioi'-oi  J/'i/)  basis  sol.  1  or  reasons  <>roi)iii|nitalu'na!  toasibiliu. 

the  basis  sol  suatv  has  boon  oarnoii  rnit  on  a  uroup  i<t  sniall  h>i.li(ision-l’'oiutoi! 
ooniplo\os.  inoliulinc  (111  )  .  1 1  i  C)  b.  i  \  H  ;  )■ ,  1 1  :  \  •  ■  -  111  aiui  IK  \  ■  ■  -  ill  iho 
ialloi  roprosonlalioo  ok  llio  oomploso's  Rr  \  •  ■  -ilX.  v\iih  A’  11  or  (  !l  aiul  \ 

1'  or  (  I,  Bind  I  no  onorgios  for  iho  oompk-\os  til  1 II  aiul  1 1(  1  w  illi  1 11  \  and  (  M  (  \ 
!ia\o  also  boon  o\aluaiOil  ^vith  the  iriplo-splii  n-.l  11  •  ( b  2(/'.  -’’/></)  basis  soi  1 1  '  j. 
uhioh  is  iho  same  si/o  as  oo-p^  I  /  ‘ .  \  dolailorl  riosoripiion  ol  the  Dunnin;'  basis 
sols  aiul  an  anabsis  iit  ihcir  portorinaiKo  lor  proiiioiinu  onorgios  ol  h'.droi.arbons 
aiui  oarbooalions  has  boon  roporloti  rooontb  [M]. 

(  r'rrolaiion  onorgios  tuoo  boon  o\aluatorl  using  n>an\ -boils  Mollor  I’lossoi  por- 
turbaiion  thoors  (  mhim  \ii’b  Sinoo  iho  vii*  ospaiision  tor  binding  onorgios  mas 
bo  sloub  oonsorgoni  in  pariioular  oases  (15],  the  appropnalonoss  ol  this  nioihod 
i'or  studs  ing  oomplexos  ol'  111  and  1 1(  I  ssiih  1 1(  'X  aiul  (  1 1  (  \  has  boon  iiuosiiualod 
b\  oompanng  \ti'  binding  onorgios  I'or  1 1( 'X  •  •  -  111  unh  the  binding  onoriis  ob- 
lainoil  Irom  iho  inlinito-orilor  molhod  ol  iiuadratio  oonliguralion  intoraition  ssith 
noniioraliso  uiolnsion  ol  the  otreot  ol'  inplo  oxoitalioiis  ISD  f  1  )|  llb|,  \il 
oalouialions  uoro  port'ormod  on  the  (  ras  ^'-\lPS  Sb4  i-oniputor  al  iho  ()hio  Su- 
poroomputor  (  onior. 

Kositlfs  u(id  Discussion 

S/fHi 

I  ho  siruoturcs  of  the  l  ompiexos  (  1 1 ,(  X  •  •  •  I H  .  1 1(  X  •  ■  ■111(11  (  X  •  •  •  i  |(  I 
and  IK  X  •  •  -IK  I  haso  boon  optimi/od  al  four  dilioivni  losoK  ol  thoors :  iii 
1(  i  ((/),!  It  b-.s  I  '(  i  ((/',/'  ).  Mi’.'  ft-. 's  1(  i(  (/).  aiui  Ml’.'  '  f'-.'  1  *  (  i  ( (/  /M  .  \t  all  los  ols, 
Iho  oomplexos  ss iih  I  K  X  haso  <  ssmmotrs.  sshilo  those  \sith  (  1 1  ,(  'X  haso  ( 
swnmotrs.  In  each  oomplox,  a  diroolod  lone  pair  ol'oloolrons on  the  proton  aooopior 
atom  partioipalos  m  a  linear  Indrogen  bond.  I  ho  miormolooiilai  distanoes,  inoroasos 
m  the  proton-donor  II  —  \  distances  m  the  complexes,  and  associated  changes  m 
the  II  —  \  siretchmg  lrei|ucncs  computed  at  the  sarious  lesels  orihoors,  ate  reported 
m  I  able  I.  In  complexes  ssith  111  as  the  proton  donor,  the  computed  sallies  ol 
those  sariables  depend  both  on  the  method  ol  etilciilalion  and  on  the  basis  sol  \t 
I  iartroo- 1  ock.  intermolocular  liistances  are  loo  long  tiiul  potential  curses  too  steep. 
I  hus,  the  1 1f  .' b-4  K  il  (/)  iniermoleciilar  distances  of  2  8'7S  and  2.92'!  A  m 
(  liX  X  •  •  •  111  and  IK'X  •  •  •  III  .  respeclisels,  are  reduceil  signilicanils  to 
and  2  808  \.  respeeliseis .  at  Ml’.’/b-.s|  />).  Simihiils.  the  11  —  I  hondlength 

in  those  Isso  complexes  lengthens  signihcanlis  as  the  lesel  ol  theors  is  impixisod 
t'rom  Id  b-.'' I  ( l(  (/)  to  Mi’:/b-.s|  ‘(itr/,  />).  I  he  increase  in  the  '1  —  I  hondlength 
is  accompanied  bs  a  decrease  m  the  II  —  I  stretching  treiiuenes  m  the  complex.  \l 
M)’.'  b  3 1  •  (;(//  /))  there  is  excellent  agreement  belsseon  the  computed  batho- 
chromic  shills  ol  the  II  —  I  stretching  I'reiiuencs  aiul  experimental  data  [  |7-|9j. 

Iho  mlermolocular  ilistancos.  ehttnges  m  11 — (1  hondlonglhs.  anil  shifts  m  the 
H . <■  1  sirclchmg  rreiiiioius  lor  ('ilX'X-  •  ■  IK'l  and  IK  X  -  •  •  IK  I.  also  repoiled 
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Tabu  i.  Intermolccular  dislanccs  (R.  A),  changes  in  H — \  distances  (.V.  A),  and  changes  in  H— -X 

stretching  Ireguencies  (Ai'.  cm  ' ). 


GF1,GN-  •  ■ 

•m 

FICN - HI 

R 

Ar 

rti' 

R 

nr 

rtf’ 

2.878 

0,007 

146 

2.427 

0.006 

106 

Mf/6-.71  aG((/,  />) 

2.850 

0.010 

274 

2,400 

0.(K)8 

!76 

MP2/ft-.^IG(^/) 

2.8.75 

0.004 

162 

2.875 

0.007 

1  19 

MP2/6-.t  1  +Ci((/,  />) 

2.758 

<M)15 

.74.7 

2.808 

0.012 

262 

Expon  menial 

7.74'' 

245’‘ 

(  11,(  N-  •  • 

•  HC'I 

HCN - HCl 

R 

rtf 

hv 

R 

rtf 

rtf' 

flF/6-.'IG(f/) 

.7.4.74 

0.008 

-  110 

.7.448 

0.005 

77 

nf  /6-.tl  iQtd.  />) 

.7.462 

0.008 

- 10.7 

.7.522 

0,(M)6 

-68 

MP2/fi--7lG(<7) 

.7. .724 

0.012 

177 

7.780 

0,004 

126 

.MP2/6-.tl+G(  (/./!) 

.7..716 

0.012 

167 

7.776 

0.009 

117 

Fi.xperimental 

.7.241' 

0.01.7' 

-  155'' 

7.402' 

0,01  C 

'  Refs.  17  and  18;  ^Refs.  17  and  1');  ‘Ref.  20;  '’Ref.  21. 


ir  Table  1.  show  a  strong  dependence  on  method  (hf' vs.  Mi’2)  but  little  dependence 
on  basis  set.  At  the  highest  level  of  theory  [MP2/6-3l+G(t/,  />)].  the  computed 
Cl— N  distances  of  3.316  and  3.376  A  for  CH.,CN-  •  -HCl  and  HCN-  •  •  HCl. 
respectively,  are  in  good  agreement  with  thee:  peri  mental  values  of  3.291  and  3.402 
A,  respectively,  reported  by  Legon  and  Millen  120].  The  0.012  and  0.009  A  increases 
in  the  H — Cl  bondlength  in  the  complexes  CH^CN  •  •  •  HCl  and  HCN  •  •  •  HCl, 
respectively,  are  also  in  agreement  with  Legon  and  Millen's  values  of  0.0 13  and 
0.01 1  A,  respectively  [20].  The  decrease  of  167  cm  '  in  the  H — Cl  stretching  fre¬ 
quency  in  CH3CN  •  •  •  HCl  agrees  with  the  experimentally  determined  decrease  of 
155  cm  '  [21].  Based  on  these  data,  it  would  appear  that  the  MP2/6-31-t-G((y,  p) 
level  of  theory  provides  consistent  structural  data  and  spectroscopic  H — X  frequency 
shifts  for  these  hydrogen-bonded  complexes. 

Electronic  Binding  Energies 

The  basis  set  dependence  of  correlated  fourth-order  Moller-Plesset  (mp4)  elec¬ 
tronic  binding  energies  has  been  investigated  for  selected  small  complexes  including 
(NH,);.  (H:0)2.  (HF)2,  H,,N-  •  •  HF  and  HCN-  •  -HF,  all  at  their  equilibrium 
MP2/6-3 1  +G(d.  p)  geometries.  Binding  energies  were  computed  with  the  cc-pVDZ, 
cc-pVTZ,  and  cc-pVQZ '  basis  sets,  and  these  same  basis  sets  augmented  with  diffuse 
functions  on  nonhydrogen  atoms.  Graphical  data  for  the  complexes  (HF):.  (H:©):, 
and  (NHi):  in  Figure  I  show  that  the  presence  of  diffuse  functions  leads  to  a 
significant  decrease  of  MP4/cc-pVDZ  hydrogen  bond  energies.  For  this  series  the 
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magnitude  of  this  decrease  is  dependent  on  the  nature  of  hydrogen-bonded  atoms, 
increasing  with  increasing  electronegativity.  FortHfi:.  diffuse  functions  decrease 
the  hydrogen-bond  energy  by  2.1  kcal/mol;  for  (  the  decrease  is  1.0  kcal  / 

mol;  and  for  ( NHj):.  0.5  kcal/mol.  Figure  2  presents  similar  data  for  the  complexes 
(NH0:<  H^N-  •  -HF.  and  HCN  •  •  •  HF.  which  have  nitrogen  as  the  proton  ac¬ 
ceptor.  The  0.4  kcal/mol  decrease  of  the  MP4/cc-pVDZ  binding  energy  of 
HiN  •  •  •  HF  by  diffuse  functions  is  similar  to  the  decrease  for  (  NH? );.  suggesting 
that  the  dependence  is  on  the  nature  of  the  proton  acceptor  atom.  Diffuse  functions 
lead  to  a  small  increase  of  0.2  kcal/mol  in  the  MP4/cc-pVDZ  binding  energv  of 
HCN  •  •  •  HF. 

The  MP4/cc-pVTZ  hydrogen  bond  energies  of  (HFb,  (  H:OF.  and  (  NH,):  also 
decrease  significantly  by  0.9. 0.8.  and  0.7  kcal/mol.  respectively,  when  diffuse  func¬ 
tions  are  added,  but  there  is  much  less  dependence  on  the  nature  of  the  proton- 
acceptor  atom.  Diffuse  functions  decrease  the  cc-pVTZ  binding  energies  of  ( NH  ^ ); 
and  H  jN  •  ■  •  HF  more  than  the  cc-pVDZ  energies,  but  this  may  be  a  result  of  some 
cancellation  of  other  limitations  of  the  cc-pVDZ  basis.  Diffuse  functions  have  no 
effect  on  the  binding  energy  of  HCN  •  •  •  HF. 

The  addition  of  diffuse  functions  has  a  small  effect  on  the  MP4/cc-pVOZ'  hy¬ 
drogen-bond  energies  of  (HF)2.  (H^O);.  and  HiN  •  •  •  HF.  decreasing  them  by 
only  0.3  to  0.4  kcal/mol,  and  has  no  effect  on  the  MP4/cc-pVQZ'  hydrogen-bond 
energy  of  HCN  •  •  •  HF.  It  is  significant  that  thecc-pVTZ-f-  hydrogen-bond  energies 
offHF);,  (H2O);,  and  HjN  •  •  ‘HF  are  within  0.2  kcal/mol  of  the  cc-pVQZ'-f- 
binding  energies,  these  latter  ones  serving  as  a  possible  benchmark  of  basis-set 
converged  values.  In  contrast,  the  cc-pVTZ  binding  energies  of  these  complexes 
are  about  0.5  kcal/mol  greater  than  cc-pVQZ'  energies,  and  1  kcal/mol  greater 
than  cc-pVQZ'+. 

Basis  Set  Superposition  Errors 

Computed  electronic  stabilization  energies  are  subject  to  a  basis  set  superposition 
error  ( BSSE)  [9],  which  results  from  the  use  of  an  incomplete  basis  set.  This  error 
artificially  increases  computed  binding  energies,  but  the  effect  should  disappear  as 
the  basis  set  approaches  completeness.  The  counterpoise  estimate  [9]  of  this  error 
and  its  basis  set  dependence  for  (H20)2.  (HF)2.  and  HCN  -  •  -  HF  are  shown 
graphically  in  Figure  3.  Diffuse  functions  reduce  the  basis  set  superposition  error 
dramatically.  Using  HCN  -  •  •  HF  as  an  example,  the  counterpoise  estimates  of  the 
BSSE  are  1.8.  1.1,  and  0.5  kcal/mol  at  cc-pVDZ,  cc-pVTZ,  and  cc-pVQZ'.  re¬ 
spectively.  These  corrections  are  reduced  to  1 . 1. 0.6,  and  0.3  kcal/mol  at  cc-pVDZ +. 
cc-pVTZ+,  and  cc-pVQZ'+,  respectively.  Figure  3  clearly  shows  that  the  coun¬ 
terpoise  correction  overestimates  the  basis  set  superposition  error,  since  the  corrected 
binding  energies  increase  and  approach  the  uncorrected  values  as  the  basis  set  is 
improved.  At  cc-pVQZ'-l-,  the  counterpoise  correction  is  reduced  to  0.3  kcal/mol 
for  all  of  the  complexes  investigated.  Table  II  shows  that  the  uncorrected  cc-pVTZ-t- 
binding  energies  of  (HF)2,  (H20)2,  and  HCN  •  •  •  HF  are  essentially  identical  to 
the  uncorrected  cc-pVQZ'+  energies,  differing  by  no  more  than  0.1  kcal/mol. 
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1  \Hi  [  11.  mi’4  (.  c-p\' I  /  •  and  Mi’4..ci.-pVQ/' •  htnilint"  (.-ncrgics  (kial  mul)  with  .ind  withoul  the 

tt>u  nierpiMse  eorreel  ion . 


ee-pV  1/  I  ec-pVDZ  . 


Ci'rrcclod 

1  iKoravicd 

C  orivi.  lcd 

1  ncorrcctcd 

(Hr); 

.VS 

4.5 

4.5 

4,2 

(H;()l; 

-4.4 

5.1 

5,0 

4.7 

HCN  -  • 

■  nr 

6.4 

7  > 

7.4 

7.1 

Moreover,  the  counterpoise-eorrected  MP4/cc-pVTZ+  energies  lie  outside  the  range 
of  the  corrected  and  uncorrected  MiM/cc-pVQZ'-i-  energies.  These  results,  and  those 
reported  in  the  preceding  section,  support  the  use  of  the  cc-pVTZ+  basis  set  without 
the  counterpoise  correction  for  the  calculation  of  hydrogen  bond  energies  at  minimal 
computational  expense. 

MP4  binding  energies  for  the  complexes  of  HF  and  HCI  with  HCN  and  C'H^CN 
have  also  been  computed  with  the  6-31 1  +  G(2 cil.  2pJ)  basis  set.  which  is  the 
same  size  as  cc-pVTZ+.  The  computed  binding  energies  arc  -9.4.  -7.7,  -6.2,  and 
-4.9  kcai/mol  for  CH,CN---HF.  HCN---HF.  CH,CN---HC1.  and 
FICN  •  •  •  HCI,  respectively.  These  energies  are  similar  to  but  slightly  greater  than 
the  MP4/cc-pVTZ+  energies  of -9.1.  -7.5.  -5.9.  and  -4.7  kcai/mol.  respectively. 
The  counterpoise  correction  for  HCN  •  •  •  HFat  MP4/6-31 1  +  G(  2i//.  2/>^/)  is  0.8 
kcai/mol.  which  is  0.2  kcai/mol  greater  than  the  MP4/cc-pVTZ+  correction. 

\ll’4  Versus  Q(  r  iJectrouic  Binding  liuerxies  Jor  l!CS’  -  •  ///•' 

It  is  known  that  in  specific  cases  computed  Moiler-Plesset  hydrogen-bond  energies 
may  be  slowly  convergent  [15].  Therefore,  it  is  appropriate  to  examine  the  variation 
of  these  energies  at  second-  (MP2),  third-  (mp.s).  and  fourth-  ( MP4)  order,  and  to 
compare  them  with  the  infinite-order  QCISD(T)  binding  energy.  The  computed 
cc-pVTZ+  binding  energies  of  the  model  'omplex  HCN  •  •  •  HF  at  nr  ,  MP2,  MP.v, 
and  MP4  are  -6.2,  -7.6,  -7.3,  and  -7.5  kcai/mol.  respectively.  The  OCISD(T)/ 
cc-pVTZ+  binding  energy  is  -7.4  kcai/mol.  At  both  MP4  and  QCISD(T).  the 
triples  contribution  leads  to  0.2  kcal/moi  stabilization.  The  smooth  behavior  of 
the  MP  energies,  and  the  good  agreement  between  MP4  and  QCISDIT)  suggest  that 
MP4  is  an  appropriate  level  of  correlation  to  use  for  the  complexes  of  HF  and  HCI 
with  HCN  and  CH,CN. 


Zero-Point  Energies  and  I  Ihrational  Spectra 

Zero-point  vibrational  energy  contributions  have  a  nonnegligible  effect  on  the 
stabilities  of  hydrogen-bonded  complexes,  but  they  also  show  a  dependence  on 
methodology.  Some  insight  into  this  dependence  and  the  origin  of  the  zero-point 
vibrational  energy  contribution  to  binding  energies  may  be  gained  by  examining 
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data  from  two  lewis  of  theory,  m  /6-3ICi(  J)  and  Mi”/f)-3 1  Ui((/,  />).  Sinee  eom- 
puted  Hartree-F'oek  vibrational  fretiiieneies  are  too  high  relative  to  experimental 
freqiieneies,  it  has  been  the  praetice  to  seale  these,  with  a  sealing  faetor  of  0.9  or 
0.89  [22].  { In  a  recent  study  in  this  laboratory  { 14).  and  also  in  a  study  by  Sehaelfer 
et  a!.  [2.1],  it  was  noted  tliat  the  sealing  used  to  reproduce  IVeciueneies  may  not  be 
the  most  appropriate  one  to  use  for  obtaining  /ero-point  vibrational  energies,  and 
both  studies  suggested  that  a  slightly  greater  scaling  factor  wxnild  be  better.  I'or  the 
purpose  of  this  analysis,  however,  the  standard  0.9  sealing  of  the  1  !arlree-i-ock 
vibrational  frequencies  and  the  energies  computed  from  them  will  be  used.)  Since 
Ml*2  frequencies  are  usually  closer  to  e.xperimental  values,  these  have  been  used 
without  scaling. 

Formation  of  the  hydrogen-bonded  complexes  CIFC'N-  •  -  III  ,  HCN-  •  -HF, 
CMiCN  •  •  •  nCI.  and  MCN  •  •  •  HCI  gives.rise  to  five  new  low-freciuency  vibrational 
modes  (“dimer  modes”).  The  normal  coordinate  analyses  of  these  modes  in  the 
nCN  •  •  •  Mb'  complex  has  been  given  by  Wolford  et  al.  [19]  and  are  shown  sche¬ 
matically  in  Figure  4.  e,,  is  the  doubly  degenerate  dimer  bending  mode  in  which 
one  monomer  unit  moves  clockwise  while  the  other  moves  in  a  eounterclockwise 
direction.  This  is  the  lowest-frequency  dimer  vibration,  r,,  is  the  hydrogen-bond 
stretching  mode,  which  changes  the  intermoiccular  distance.  /'/;  is  a  doubly  degen¬ 
erate  vibration  which  corresponds  to  an  excursion  of  the  hydrogen-bondetl  proton 
away  from  its  equilibrium  position  along  the  intermoiccular  F — N  or  Cl — N  line. 
This  is  the  highest-frequeney  dimer  vibration  in  these  complexes,  which  varies  with 
hydrogen-bond  strength. 

The  zero-point  vibrational  energy  contribution  from  the  new  dimer  modes  leads 
to  destabilization  of  these  complexes,  whereas  the  decrease  in  the  II — .X-stretching 
frequency  leads  to  stabilization.  These  six  modes  combined  account  for  the  entire 
zero-point  vibrational  energy  contribution  to  the  binding  energies  of  these  com¬ 
plexes.  This  is  evident  from  the  data  of  Table  III,  where  the  sum  of  the  energies  of 
these  six  modes  is  compared  with  the  zero-point  vibrational  energy  contribution 
computed  as  the  ditfercnce  between  the  zero-point  vibrational  energy  of  the  complex 
minus  the  sum  of  the  zero-point  vibrational  energies  of  the  isolated  proton-donor 
and  proton-acceptor  molecules.  This  implies  that  the  vibrational  frequencies  of  the 
proton-acceptor  molecule  are  essentially  unchanged  in  the  complex. 


H-C  =  N  H  -  F 


V 


I  ijiurv  4.  Dimor  modes  of  I  IC'N  •  •  •  lit-. 
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I  xBi  1  III.  7cro-pimn  \ibralionjl  cniTgi  i-ontnhutions  {kiul  molt 


DimiT 

MihJcs 

.'nil— .M 

Sum 

1  ull 

t'alculaOoii 

C'H,C'N  -  •  -  HI 

0.4  ■.  Ml 

l.(i| 

O.I4 

I  42 

1.40 

MP2'fi-.''l  -Out.  I') 

2.42 

0  44 

1. 4. 5 

2  (11 

iK’\- -  HI 

0  4  •  Ml/(i-.H(i((/) 

i.5> 

0,I4 

l.4i 

1.40 

vip2/0-tl  ‘(>(<7.  />) 

2. .55 

0..57 

I.4S 

2.05 

(  H,t'\-  •  IK'I 

0.4  ■  Ml /h-.HCiCi/) 

1. 22 

0,]4 

I  .(.IS 

1 . 1 .5 

MP2/6-.tl  -OiJ.  p) 

1. 40 

0.24 

1. 22 

l,2S 

HCN  ■  •  •  Ht'l 

0.4  V  MI,'(i-.SKi((/| 

1. 20 

0.04 

1. 1  I 

114 

mp2  h-.tl  '  CioA  /'I 

l  45 

O.Ki 

1. 24 

I-.5.5 

Tabic  III  also  shows  that  the  /cro-point  vibrational  energy  contribution  for  com¬ 
plexes  with  Hf-  as  the  proton  donor  is  about  0.3  kcal/mol  larger  when  evaluated  at 
MP2/6-3 1 -i-G(r/.  p)  than  at  0.9-scaled  in76-31G((/).  This  difterence  arises  from 
the  contribution  of  the  dimer  modes,  which  is  0.8  kcal/moi  greater  at  MP2/6- 
31  -l-G(r/,  p)  than  at  0.9-scaled  mf/6-3  I G(  7).  This  difference  would  be  even  greater 
except  for  the  underestimation  of  the  shift  of  the  H — F-stretching  frequency  at  Hi-  / 
6-31G(r/).  Table  IV,  which  lists  the  energy  contribution  from  each  dimer  mode, 
shows  that  the  difl'erence  arises  primarily  from  v,,.  the  doubly  degenerate  mode 
which  corresponds  to  the  excursion  of  the  hydrogen-bonded  proton  away  from  the 
hydrogen-bonding  axis.  This  is  a  higher-frequency  vibration  at  MP2/6-31 -l-G(7. 
p).  and  the  contribution  from  this  degenerate  mode  to  the  zero-point  energy  of  the 
complex  is  0.7  kcal/mol  greater  at  MP2/6-3 1 -fGft/.  p)  than  at  0.9-scaled  hk/6- 


l/VBI  1  IV. 

Zero-point  vi 

brational  energy  contributions  (kcal/mol)  from  dimer  modes. 

CHiC  N-  •  HF 

HC  N • ■ • HF 

o 

*7/ 

I'd 

^7( 

0.4  X  Mf/0-.tlG(c7) 

0.1 1 

0.21 

1..W 

O.IK 

0.21 

1.17 

.MP2/0-.5 1  tG(t/.  p) 

0.14 

0.24 

2.02 

0.24 

0.24 

1.86 

CHiCN  -  •  HCI 

HC.N  •  •  •  MC  I 

"« 

I'fi 

0.4  .X  hi/0-.5IG(</) 

0.04 

0.14 

1. 01 

0.14 

0.14 

0  42 

MP2/6-3I  t  C  />) 

0.10 

0.17 

1.20 

0.10 

0.17 

1.10 

in  ni<i)(,i  \  Kn\i>i\(. 


31Citi7i.  In  coiurast  to  the  ci'iii|ilc\cs  uilh  ni .  iho  /(.To-point  vihralioiial  onciuv 
contribution  tor  complexes  with  IK  1  at  ‘Cit*/.  />)  and  at  l1/>-scalcd  m 

6-.'lCi((/)  dtlier  h\  less  than  0.2  kcai  nnd.  liouevei.  even  this  sinall  ditlerence 
arises  from  the  ditlerence  in  tlie  energv  ol  tlie  vleuenerate  nuHle.  /•/,.  at  these  twii 
levels  ot  theorx . 

The  rreqiieiicies  of  the  dimer  modes  at  0.‘i-scaled  ill  O-.'Idl  i/)  and  at  Ml’.',  0- 
.'1  ‘  iff  (/.  I')  lor  all  complexes  are  reporteii  in  1  able  \  .  Also  given  for  comparison 
are  available  experimental  data.  It  should  be  emphasized  that  the  experimental 
trev)ucncies  arc  anharmonie  aiul  should  therefore  he  less  than  the  compulevi  Ire 
quencies  w  hich  are  harmonic.  I  he  experimental  value  of  e,.-  for  CH  .C'N  •  •  •  HI  is 
620  cm  '  (IS),  which  is  less  titan  the  computed  Ml’:/6-.vl  t  Cili/,  ;>)  value  of  ^00 
cm  but  larger  than  the  O.O-scaled  lit  /6-.'l(i(</)  value  vtf  4.^.i  cm  ‘ .  I  he  exper¬ 
imental  value  of  i'/(  tor  HCN  •  •  •  HI  is  >.s0  cm  '  (24).  which  is  again  lower  than 
the  MI’2/6-.41  t(i(r/.  /M  value  of  640  cm  hut  Itigl  er  than  the  0.0-scaled  lit  ,  6- 
.^l(j(r/)  value  of  406  cm  7  Ihe  experimental  value  of  this  mode  tor  the  complex 
C'HsC'N-  -  •  HC'l  is  .dsO  ^  100  cm  '  (21).  which  encompasses  btith  the  mi’.','6- 
.'  I  +G(  (I.  p)  value  of  4 1  7  cm  ‘  and  the O.O-scalcd  Iti  /6-.v  l(i(  </)  value  of  .>06  cm  ' 
Computed  zero-point  vibrational  energy  changes  should  be  compared  vvith  ex¬ 
perimental  data.  However,  this  cvtmparison  is  complicated  bv  two  factors,  first, 
the  computed  zero-point  vibrational  energies  are  derived  iVom  harmonic  frequencies. 
I  he  neglect  ofanharmonicity  particularlv  for  the  lovv-frequenev  dimer  modes  does 
introduce  an  error.  Second,  the  experimental  vietermination  of  zero-point  v  ibrational 
energies  is  also  ditheult.  It  is  1),..  dissociation  from  the  zero  vibrational  level  which 
IS  measured  expenmentallv,  1  he  zero-priint  vibrational  energv  change  which  leads 
to  /),  isgenerallv  approximated  from  anharmonicities  and  empirical  relationships. 


I  vl'.i  I  \  il'raiidfi.il  IroiiueiKics  uni  h  ot  UinKr  nikKli.  >. 
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WDtf'ord  ct  al.  [25]  cstimaicd  a  /ero-point  vibrational  energy  eoniribuiion  of  1.9 
kcal/mot  for  HC'N  •  •  •  HI',  in  good  agreement  with  the  MP2/6-31  +G(  d,  p)  value 
of  2,0  kcal/mot.  Legon  et  al.  [18]  estimated  a  /ero-point  vibrational  contribution 
of  only  0.7  kcal/mol  for  the  CHiCN-  •  -HF  eomple.v,  which  is  significantly  less 
than  the  MP2/6-3 H  G( p)  value  of  2.1  kcal/mol.  If  this  experimental  estimate 
is  correct,  the  experimental  electronic  binding  energy  of  CH?CN  ■  •  •  HF  would  be 
equal  to  the  experimental  electronic  binding  energy  of  HCN  •  •  •  HF  as  determined 
by  Wofford  et  al.  This  does  not  seem  likely  in  view  of  the  stronger  proton-accepting 
ability  of  CHiCN.  the  corresponding  experimental  data  for  HCN  •  ■  -  HF  uid  the 
computed  mp:/6-31  9  G(<:/.  p)  data. 

Binding  Energies  oj  Cojnplexes  and  Conipansons  w  ith  lixpi’rinu'nial  Data 

Based  on  the  above  analyses  of  methodology,  the  Miu/cc-pVTZ-l-  level  of  theory 
without  the  counterpoise  correction  has  been  used  to  compute  the  electronic  binding 
energies  of  the  complexes  CH,CN  •  •  •  HF.  HCN  •  •  •  HF.  CH,CN  •  •  •  HCl.  and 
HCN  •  •  ■  HCl  at  their  .MP2/6-31  +G(r/.  /;)  equilibrium  geometries.  Zero-point  and 
thermal  vibrational  energies  have  also  been  evaluated  from  mp2/6-31+G((/.  p) 
vibrational  frequencies.  Thus,  the  model  used  for  these  complexes  is  mP4/cc- 
pVTZ-f//MP2/6-31+G(  p). 

Computed  MP4/c'c-p  VTZT  binding  energies  IbrC'H^CN  •  •  •  HF.  HCN  •  •  "FH. 
CHW'N  •  •  •  HCl,  and  HCN  •  •  •  HCl  are  reported  in  Table  VI.  These  binding  ener¬ 
gies  ( or  -  A-),  measured  from  the  minima  on  the  mp2/6-31+G(c/.  p)  potential 
energy  surfaces,  vary  significantly  from  -4.7  kcal/mol  for  HCN  *  •  •  HCl.  to  -9.1 
kcal/moi  for  CH^CN  •  ■  •  HF.  This  wide  range  results  from  differences  in  the  proton- 
accepting  ability  of  HCN  and  CHiCN.  and  the  proton-donating  ability  of  HF  and 
HCl.  Substitution  of  methyl  for  hydrogen  in  HCN  increases  the  electron  density 
on  the  nitrogen  and  the  polarizability  of  the  proton-acceptor  molecule.  Both  of 
these  factors  make  CHjCN  the  stronger  proton  acceptor  for  hydrogen  bonding. 
The  greater  charge  on  the  hydrogen  in  HF  compared  to  HCl  makes  complexes  with 
HF  more  stable  than  those  with  HCl,  independent  of  the  proton  acceptor.  The 


Tahii  VI.  MP4/tc-pV'rZ  <  slabilitics  (kcal/mol)  of  complexes 
of  HP  and  HCl  with  HCN  and  CH,CN.‘’ 


Complex 

73 

~Po 

CHiCN-  •  -  HI 

9.1 

-7.1 

-7.6 

HC  N  -  ■  -  HI 

■  7,5 

5.4 

6.0 

(  tljC  N-  •  -  HCl 

-5.9 

4.6 

4.8 

HCN  ■  •  •  MCI 

4.7 

-3.4 

3.6 

“  I),.  i.s  Ihe  dissociation  energy  measured  from  the  minima  on 
the  rKjtcntial  surfaces;  Pn  is  the  dissociation  energy  measured  from 
the  zcro-rKiinl  vibrational  levels  of  the  potential  surfaces;  Stt''*" 
is  the  binding  enthalpy  at  298  K. 
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binding  cncrgios  incasiiicd  iVuni  ilio /cro-poiiu  vibratinnal  1l'\cIs  dt  inoniuiK'is  am! 
compk'NCs  I  /),  )  arc  (.iccroasod  ivlati\c  ti>  />,  In  a|ipni\iniak’!\  kial  nhiMm 
complexes  with  HI  .and  h>  l..^  keal  mot  lor  complexes  uitli  IK  I.  Binding  enili.ilpies 
at  298  K  (  A//  '' )  relleel  the  trend  in  binding  energies.  1)  and  IK  ■  (  liangc'-  m 
thermal  xibrational  energies  tleslabih/e  iIk'sc  complexes  at  29S  K.  xxiiile  ihe  re¬ 
maining  thermal  terms  and  tiie  P\  term  eontribiiie  2,1  keal  niol  to  tlieii  stahi- 
li/ation. 

I'he  binding  energies  eomputeri  m  this  xxork  max  be  eomparcxl  xxnh  orexious 
theoretical  ealeiilations  of  binding  energies  anil  with  experimeniai  ilala.  Most  (ire- 
xious  theoretical  studies  haxe  reported  biiuling  energies  at  the  I larlree- d  ock  level 
of  theory.  Among  the  more  recent  of  these  is  the  studx  of  I  )e  Almeida  and  Hinehhtle 
[26]  who  reported  Hartree-boek  siriielures  and  stabilization  energies  (  />,  i  lor 

H('N  •  ■  •  HCi  and  (1  i  ;CN  •  •  ■  HC'l  computed  with  a  small  basis  set  w  ithoiit  ililfuse 
fimetions  or  polarization  functions.  I  heir  Hartree-1  oek  bimlitig  energies  are  >A 
and  -6.7  keal/mol.  respectixeix .  Ihe  MCN-  •  •HI  complex  was  inxestigated  bx 
Somasundram  et  al.  [  27  j,  using  a  large  17  basis  set  including  two  sets  of  polarization 
functions  but  no  ditl'use  functions,  fheir  Hartree-I  oek  binding  energx  is  ’.() 
keal/mol.  fhese  binding  energies  are  greater  than  the  ill  /ee-pV  I  /  •  binding  ener¬ 
gies  computed  m  this  work,  which  are  .'.1.  4,1.  and  6.2  keal 'mol  for 

iiCN-  •  -HCI. CHA  N*  •  •IK'l.and  IK'N-  •  -III.  respeelixeb.  \se\ideni  from 
a  comparison  of  these  numbers  and  the  binding  energies  reported  m  fable  VI, 
electron  correlation  has  a  significant  etieet.  eoinributing  more  than  1  keal  mol  to 
the  stabilization  energies  of  these  complexes.  Botsehwina  [  28  j  computed  the  binding 
energx  (  ■  I),  )  of  HCN  •  •  •  HI'  using  the  (  l  l’\  method  lo  exaluaie  the  electron 
eorrelatiivn  contribution,  and  obtained  a  value  of  6.8  keal/mol.  I  his  value  isH.V 
keal /mol  greater  than  that  obtained  in  the  present  siudv.  Ihe  most  recent  inves¬ 
tigation  of  one  of  these  complexes  is  that  reported  bv  Baeskav  et  al.  |29|.  who 
examtned  the  HCN  -  •  •HC  I  complex  at  its  experimental  geometrv  with  a  split- 
valence.  polarized  basis  set,  anil  computed  its  eorreiateii  biniiing  energx  using  the 
averaged  eoupled-pair  functional  method  I  \(  I’l  ).  1  heir  binding  energv  is  4.1 
keal/mol.  which  is  0.6  keal/mol  less  tiian  the  xil’t/ee-p V  I  /  •  energx. 

Complexes  of  IK  N  and  CH-X'N  with  Hf  and  HC'l  have  also  been  inxesiigatcii 
experimentallx .  A  xerx  detailed  study  of  the  HCN  •  •  •  HI  complex  has  been  made 
by  Wolford  et  al.  (2,'v|  using  high-resolution  i'l  lR  speetroseopx.  fhex  reported  a 
•  />.,  value  of  5.0  keal/mol,  and  estimated  />  to  be  6,9  keal/mol.  fhese 
authors  evaluated  the  thermal  function  A//  using  three  dilfereni  approximations: 
an  anharmonie  approximation,  an  harmonic  approximation,  and  the  observed  fre¬ 
quencies.  1  hese  dilferent  approximations  resulted  in  A//  '  values  of  5.4.  5.4. 

and  5..^  keal/mol.  respeeiivelv.  I  he  computed  values  of  I),.  I)„.  and  A//  '' 

are  7,5.  5.4.  and  6.0  keal/mol.  respectixeix.  fhe  ditferenee  between  the  ex¬ 

perimental  and  the  theoretical  values  of  the  electronic  binding  energx  is  0.6  keal  ,’ 
mol.  but  the  zero-point  and  thermal  vibrational  energies  dilfer  bx  only  0.2 
keal/mol. 

Logon  et  al.  [  1 8  j  haxe  inxestigated  the  (  I  LCN  •  •  •  I  if  complex  using  microwave 
spectroscopy.  Their  reported  value  of  /)„  is  6.2  keal/mol.  which  makes  this 
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consislcni  with  the  computed  MlM/cc-pVTZ(  results,  which  show  that 
CHiCN  •  •  •  Hf-  is  1.7  kcal/rnol  more  stable  than  HCN  ■  ■  •HI'.  Howe\er.  I.egon 
el  al.  estimated  that  the  /ero-point  vibrational  energy  contribution  destabili/es  this 
complex  by  only  0.7  kcal/mol,  obtaining  a  ~  D,.  value  of  -6.0  kcal/mol.  I'his  is 
significantly  less  than  the  computed  value  of  9.1  kcal/mol.  Given  that  the  com¬ 
puted  /ero-point  vibrational  energy  contributions  to  the  destabilization  of 
HCN  •  ■  •  HF- and  C'H^CN  •  •  •HI- are  2.1  and  2.0  kcal/mol.  respectively,  and  that 
the  experimental  estimate  for  the  FICN'  •  •  ■  Hf-‘  complex  is  1 .9  kcal/mol.  it  would 
seem  that  the  zero-point  vibrational  energy  change  for  CH-X'N*  •  -  HF-  has  most 
probably  been  underestimated  experimentally. 

In  a  recent  article.  Ballard  and  Henderson  (21]  reported  a  study  of  the  hydrogen- 
bond  energy  ofCFI  (CN  •  •  •  HC'l  based  on  ii  iR  photometry  of  the  H — Cl  stretching 
mode  in  the  complex.  Based  on  their  temperature  dependence  measurements,  these 
authors  calculated  a  A//''"*  value  of  -3. .2  ±  0.3  kcal/mol.  I'rom  this  value  and  a 
series  of  assumptions,  they  estimated  - 1),  to  be  5.3  ±  0.4  kcal/mol.  A  recent 
communication  [30]  has  discussed  these  assumptions,  and  suggested  that  a  better 
estimate  of  -  /4,  would  be  —4.0  ±  0.4  kcal/mol.  although  this  number  is  still  subject 
to  some  uncertainty.  A  more  recent  friR  value  of  A//’'"*  gives  a  room-temperature 
binding  enthalpy  of  -5.7  kcal/mol  [31].  which  compares  favorably  with  the  Mi’4/ 
cc-pVTZ+  value  of -4.8  kcal/mol.  Mettee  has  also  recently  measured  A//'''**  for 
the  FICN  •  •  -  HC'l  complex,  and  obtained  a  value  of  -4,4  kcal  /  mol  ( 3 1  ] .  in  agree¬ 
ment  with  the  MP4/cc-pV  rZ+  value  of -3.6  kcal/mol. 
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sc-MEH-ci  Calculations  on  the  (NH4)4CuCl6  {Dih) 
Cluster  in  (NH4)2CuCl4 


E.  A.  BOUDREAUX.  E.  BAXTER,  and  K.  CHIN 


Ih'pdruncnt  ot  Chcnw^lrv.  L  nuvrsin  i>l  \  •»  ()rlaiii\.  .\i'n OrU’uns  l  oittMana  ~(>NS 


Abstract 

Calculations  of  electronic  sliucture  and  honding  via  the  S(  MlH-Mo  methiKi  with  limited  Cu  .></.  4s. 
and  4/)  configuration  interaction.  ha\e  tx-en  carrted  out  on  the  tetragonalK  coordinated  (  D.-h  svninietry ) 
CuClt(  SH4)^  structural  clu.stcr  unit  in  crvslalline  ( Nfl^f  .CuClj.  !  he  re.sulls  arc  compared  with  those  of 
other  calculations.  The  calculated  electronic  spectrum,  electric  field  gradient  l  H  t  f ) .  and  magnetic  data 
are  compared  with  e.xpcriment.  .e  W')2  John  Witcs  &  Sons.  Ine 


Introduction 

While  a  number  of  articles  dealing  with  the  electronic  structure  of  copper  11 
chlorides  have  appeared  over  a  period  of  years,  the  most  recent,  systematic,  theo¬ 
retical  treatment  is  that  of  Zerncr  et  al.  [1],  This  study  has  shown  that  specific 
effects  on  the  energetics  of  the  3d  levels  in  tetracoordinated  CuCU'  and  axially 
elongated  CuCl^'  complexes,  are  very  sensitive  to  the  positions  of  the  axial  chloride 
ions  in  these  clusters.  While  the  equatorial  Cu”Cl  bond  lengths  vary  only  from 
2.264  to  2.332  A,  axial  bond  lengths  range  from  2.78  to  3.26  A  [2-9J.  For  the 
purpose  of  this  investigation,  the  ( NH4)4CuClft  cluster,  defining  the  nearest  neighbor 
interactions  associated  with  the  crystalline  structure  of  (NH4)4CuCl4.  has  been 
selected  for  study.  The  equatorial  Cu  —  Cl  and  lengths  are  close  to  being  equivalent 
[2.332(x2)and  2.300(X2)  A],  and  the  axially  bonded  chlorides  is  at  the  relatively 
close  distance  of  2.793  A  [ 2 ] .  The  effective  local  symmetry  is  Da,  distoned  toward 
/J2/,.  While  this  is  only  1.3%  distortion  in  terms  of  bond  distances,  it  results  in  a 
5%  splitting  of  the  degenerate  orbital  in  pseudo- Da/,  symmetry  . 

Method  of  Calculation 

Molecular  orbital  calculations  were  performed  via  the  scmeh-mo  method,  as 
discussed  in  Ref.  10  and  other  pertinent  references  contained  therein  {i.e,.  Refs. 
2-10  in  Ref.  10).  The  ao  basis  functions  were  calculated  from  HF--SCF  quasi-rela- 
livistic  functions  for  Cl,  N.  and  H  orbitals.  The  MO  calculations  were  confined  to 
the  incorporation  of  only  the  valence  AOs  derived  from  the  atomic  calculations. 
The  required  atom  charges  and  respective  configurations  used  in  this  calculation, 
are  presented  in  Table  I.  Pertinent  bond  distances  and  associated  angles  are  given 
in  Table  H. 
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1  ABM:  1  .AtMmu.-  basis  I'unclions. 


•Atom 

r'onligu  ration 

Cu 

hi  "'4C4/-'  .  .V''4s-4/>' 

Cu" 

.W''4.»'-.  .W'4.v-;  ,W''4v'4/>' 

Cu* 

hi'-":  hr4s':  .WMv’;  hlUs'^ir 

Cu-’ 

.V*:  .W*4.v';  .W’4r  --.  .W4a'4/>' 

Cu” 

.V".  hi’ hi':  hi  ''as-,  hi  "hi' -ip' 

Cl 

.Ts-.V*' 

Cl- 

3.v^V':  .Vv'-V‘ 

cr 

hi' ip- 

N- 

Zs'lp-':  li'lp' 

N" 

2s'2p-:  2v2/C 

N* 

2.i'2p':  2s'2p' 

H 

t.v’ 

H" 

\s' 

As  pointed  out  above,  the  (NH4)4CuCl6  cluster  consists  of  a  planar  CuCU,  slightly 
distorted  unit,  plus  two  axially  elongated  Cl,  completing  a  structure  having  eftectively 
D;/,  point  group  symmetr>’.  Thus,  this  calculation  differs  from  those  made  by  Zerner 
et  al.  [1],  who  employed  bond  distances  of  2.265  and  2.95  A  for  equatorial  and 
axial  bonds,  respectively,  in  D4/,  symmetry,  with  counter  cations  omitted.  The 
NH4  groups  were  symmetrically  dispersed  between  the  axial  and  equatorial  chlorides 
at  the  ionic  bond  distance  observed  in  NH4CI. 

Unlike  previously  reported  SCMEH-MO  calculations,  molecular  correlation  was 
included  via  configuration  interaction  over  those  MOs  involving  Cu  orbital  contri¬ 
butions.  This  Cl  was  limited  to  one-election  promotions  between  the  initially  cal¬ 
culated,  occupied,  partially  occupied,  and  unoccupied  virtual  MOs,  The  final  ei¬ 
genvalues  were  adjusted  for  spin-pairing  interactions,  ligand  field,  and  spin-orbit 
splittings. 

Electronic  spectra  were  calculated  from  differences  in  total  energies  of  ground 
and  excited  doublet  states. 


Table  tl.  Bond  distances  and  angles  for  (NH4)4CurU.“ 


Bond 

Distance  (A) 

Angles 

(degrees) 

Cu  —  Cl(„i, 

2.3.32 

90 

Cu  -  Ct,^„. 

2..300 

90 

Cu-Cl„,„.. 

2.793 

180 

N  — Cl 

3.34-3,61  (3.48  ave.) 

Nonbonding 

Cl  — HNHjlctf) 

2.84-3.07  (2.96  ave.) 

Nonbonding 

Cl  — HNHjfax) 

2,48-2.68  (2.58  ave.) 

Nonbonding 

“  Data  from  Ref.  2, 


S(  -Ml  il-<  I  C  \l  (11  AIK  )\s 


\nothcr  ground  slate  comparative  ealeulation  uas  made  using  liie  all-eleetron. 
PMOl  -  ddensiu  t'unetional  program  with  eorrelatiini  (11). 

Ideelnc  held  gradients  at  C'u  were  calculated  from  the  scmi  it-c  i  results,  which 
were  utih/cd  in  a  I'uil  molecular  i  i<i  program  developed  hv  M  (irod/ieki  (12). 

Results  and  Discussion 

C  omparisons  ot  orbital  energies  and  their  respective  percent  ao  character  I'or 
S(  All  H  (vvith  and  wiiliout  t  I )  and  /) I/O/, .‘’1/ calculations,  are  presented  in  lahle 
III,  It  is  to  be  noicii  that  the  S(  \ii  ii-(  i  results  not  onlv  raise  the  energies,  but  also 
alter  the  order  ot  the  C'u  levels.  Notablv.  the  order  of  si/  levels  m  the  PMOl.^O 
results  ditl'ers  tVom  that  oi'ihe  S(  A11  h-( f.  however,  both  have  the  c  orbital  as  the 
highest  occupied.  I'he  fact  that  the  \  -r  and  e’  levels  he  shghtiv  above  the  zero 
ot'energv  is  likelv  due  to  the  incompleteness  of  the  (i  procedure,  which  also  neglected 
the  reavijustment  of  electrostatic  eHecisdue  to  ions. 

\ddilion;il  details,  such  as  orbital  populations  and  net  atomic  charges,  are  pro- 
vided  in  lable  I\  .  1  hose  data  vvere  obtained  via  I  owdin  and  Mulhken  tbrmahsms 
tor  the  S(Mi  n-c  l  and  PMOl.^  I).  respectivelv .  Interatomic  populations  were  not 
output  in  the  P\I(U.2  <>  calculations,  I  hese  show  data  that  the  covalencv  m  the 
equatorial  C'u  C’l  bonds  is  about  14-2()'<.  while  that  ot' the  asial  bonds  is  the 
order  of  1 5'  ^ . 

PUrn'onii'  SiHx  nn 

'I  he  normal  assignment  for  the  energies  of  the  C'u  }(/  levels  in  P^.  svmmetrv 
having  elongated  avial  ligands  is:  .v-y  >  c  >  vc  >  vr.rr.  I'he  associated  d-i/ 


Iviiit  III  vic  I  RoulO  li'r  (NIblat'ut  vvinini-usi 


SI  Ml  M 

1  no  <  1} 

SC  MI  It 

luiih  <  1) 

0M«  »i 

(ulUl 

2  0 

CIl 

M<  ) 

MO 

MO 

(tU)Mn 

(HOMO 

(lli>M() 

I 

and 

( 

and 

1 

and 

(c\  1 

InucD 

'  VI)  1 

(e\  1 

Icjwcri 

'  \'>('(/l 

(C\  1 

')  4')') 

if. 

2  I  s  !  \  !  -'l 

(MI4S 

Ci,. 

’”A  ij'l 

.4.404 

'2.0  C  l 

iii.r  ■ 

</. 

'M  (,:'l 

O.Uvt 

.'4.S  ( v  ->,  1 

4.24S 

44.4  (  i:-| 

1  1  K'.S 

ii: 

K  l.  pi 

1)1121 

r  (Hvii 

4,2'2 

)'2.4  0,-1 

1  11. S' 

l(  1  pi 

1  iSs 

h.^ 

r ')  I  vri 

4.fi2f> 

"1  2  1  \ ! 

1  !  rs' 

((  !-  pi 

1.202 

i"  0  0  :1 

5  S2  4 

('I'll 

1  i  4?S 

!'■  • 

l(  1.  pi 

.s  424 

(40 

:4  ;  ir'i 


1 1  A  I  '  1(1,  p) 

I  ''  '  I  ’  !\  I  '  A  I  >  ei 

n'O  MAiui 

Iv'Ms  I'l  1  li;) 

Mn“(i  u,  12-1' ii%) 


546 


BOliDRF.AUX.  BAXTHR,  AND  C  HIN 


Tabi  F  [V.  Charges  and  pnpulatiuns  tor  (N[t4)4C’uC  l6 


Atom  or 
bond 

Charge 

Atomic 

orbital 

Orbital  ptipulation 

SC'NU  fK  I 

miouovi 

Si  MI  H-t  1 

DMOI.JO  (1 

Cu 

0.97 

0,97 

id 

9.75 

9.54 

4.S 

0,277 

0.490 

4/1 

0,020 

■0.74 

-0.45 

-V 

5,74 

5.45 

"0,72 

•0.4.7 

■V 

5,72 

5,47 

Cl,...,, 

--0.87 

0.76 

3/> 

5,87 

5,76 

(NH4) 

0.92 

0.58 

— 

— 

— 

Cu  —  C  1,...,,. 

— 

— 

— 

0,198 

— 

C  U 

— 

— 

0,192 

— 

Cu--Cl,„.,, 

— 

— 

— 

0,149 

— 

Cl-H,„, 

— 

__ 

0,028 

— 

Cl  -  H,„„ 

— 

_ 

— 

0,066 

— 

N  -  H 

— 

— 

— 

0,569 

— 

-0,690 

TablI:  V.  Calculated  "d-d"  electronic  spectra  for  CuCIJ  . 


Method 

Symmetry 

r/-Orbitals 

AE(eV) 

Reference 

1N[X>C( 

_►  V--I- 

0,82 

{ir 

AV  -► 

1,09 

vj.  yz  -*■  v‘-r^ 

1.16 

MSXn 

,2  -►  .v^r’ 

1.85 

nr 

AT  -*•  A'‘-r^ 

1.51 

.vr.  yz  -V  x^-f' 

1.75 

SC-MKfi-CI 

Ihh 

,v’-v‘  -►  z^ 

0.94 

This  work 

xy  r‘ 

1.24 

,vr  —  r- 

1.58 

.ir  — 

1.66 

Observed 

Dif, 

0 

1.07 

[7] 

(or  /7:*?) 

•} 

1.24 

1.58 

yz\ 

1.62 

•  The  Cu  —  Cl  bond  distances  assigned  by  Ref.  1  are;  2.265  A(cq)  and  2.950 
A(ax). 

It  is  not  possible  to  unequivocally  assign  the  orbitals  in  /Jj),  symmetry,  since 
both  and  have  an  a,  irreducible  representation. 


M  -\!i  M  l  1  (Mill  \  1 1<  >NS 


sixvlra  transitions  tor  tho  doulrict  contijiuration  ol  C  m  I! )  arc:  (  />'—►  L  i  • 

(  — ►  //  .. )  <t  (  B'..-  -*  l\  ).  In  s\ninictr>  thosi.-  assignments  tveame  i  I  -*■ 

s!,)  <  (  ■  !,  -*  '  H,,)  -  (■’  I,,  —  '/<>,.  '/i,,). 

I  lie  highest  transition  imuKesa  rennnal  ol'llie  rlegeneraes.  h\  splitting 

intii  tlie  ■  /iv,  ariei  B.,  states  ot'/)..  sunnieirs.  Table  \  proiides  a  eom[iarison  ot 
(/-(/  eleetrome  speetra  ealeulatei.1  b>  diil'ereni  methods,  tor  the  tetragonal  (  u(  T‘ 
eliister.  In  this  work,  the  total  energies  ealeiilated  lor  both  groLiiui  and  eseiled  stales 
were  emplose'd  m  deroing  the  speetra. 

There  appears  to  he  no  publisher!  report  of  the  solid  sltite  eleetrome  speetrum  ot' 
{  NH4 t'C'uC'lj.  but  there  isa  single erssial  speetrum  reported  Tor strueturalb  similar 
C'.s-.CuC'l;  .Mlhough  the  aetual  siriieture  oTihis latter  eompouiul  isaC  1  bridged 
trimer,  the  C'u  C'l  boiui  distanees  are;  two  eaeh  at  2.,''.'s0  ;md  2.2S()  \  in  the 

equatorial  plane  and  two  at  d.'^SO  \  in  the  axial  (/  )  direelion.  Muis.  the  equatorial 

bonds  average  to  be  2.11.^  0 O.v^  A.  and  the  a.xial  bonds  at  2.~S  A.  are  quite 

comparable  to  those  reported  Tor  t  NTi^  tA'iiCTi  |2].  Although  the  closest  (  u  Cu 
distance  in  the  cesium  salt  is  shorter  (.^.062  A)  than  the  comparable  distance  in 
the  ammonium  salt  ( ,T42  ,\).  the  efTeet  is  not  signitieam.  since  a  Tr'rmal  Cu  Cu 
metallic  bond  is  2.5b  .\.  This  is  apparenth  confirmed,  as  Table  V  rcse'als  calculated 
spectra  Tor  ( .NH4  l.'CuClj  are  in  good  agreement  with  spectra  ohsersed  Tor  Cs-.CuCI 

}:U'iiric  }-ui<l  (haciicnl  a!  C'u 

Tor  an>  atom  the  electric  licld  gradient  (lit;)  mas  be  s{X’cilicd  b>  I  ' 

(’</ '  ( /  \.  1 .  r).  in  which  onh  the  duigonal  elements  of  the  lield  grariiem  tensor 

arc  nonsanishing  in  axial  s\mmeir\.  In  this  latter  case,  an  as\mmetr\  parameter, 

is  detined  according  to  the  following  equation 

I..  b,, 

- n  (  1  ) 

In  the  molecular  cnsironment.  the  tensor  Tor  the  net  1 1  (.  at  the  nucleus  oTa  specific 
atom.  .1.  ma\  be  expressed  m  the  i(  xo-xto  formalism  by 


1 

<i>, 

.f  cos  '  0-i 

\ 

t  > 

\ 

/ 

( MO)  ( AO) (  AO) 

In  Tq.  ( 2  )  all  diagonal  and  otT-diagonal  contributions  evaluated  over  aos  </>,  and 
<:>.  must  he  esaluated.  This  also  requires  the  familiar  Sternheimer  factors,  but  these 
must  be  calculated  with  reference  to  the  variation  of  the  position  of  the  electrostatic 
charge  relato  e  to  the  nucleus.  This  varies  from  the  usualK  reported  y  ,  Sternheimer 
tactors.  w  here  the  perturbing  change  is  at  a  relatiscK  large  distance  from  the  nucleus, 
and  is  thus  a  constant  \alue.  These  are  vcr\  dillicult  calculations.  e\en  for  isolated 
atoms  of  carving  charge  and  configuration.  All  the  pertinent  data  essential  for  the 
molecular  calculation  have  Ixvn  calculated  and  programmed  by  .M  (irod/ickc  fl2j. 

The  quadrupole  frequence  at  atom  .1,  r  is  given  by  the  expression 
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,  Q'e'q-  ,  ,,, 

t'  -  - :;7-  '  ( »  - 

2h 


(3) 


where  is  the  atomic  nuclear  quadrupole  moment.  Although  the  f  t  c;  is  calculated 
in  atomic  units  («„'),  it  is  desirable  to  convert  Eq.  (3 )  to  megahertz  (MHz)  units 
with  the  factor  1 17.64  MH2/a„\ 

The  calculated  efg  data  for  the  (NH4)4CuClf,  are  presented  in  Table  VI,  together 
with  magnetic  data.  There  are  no  observed  efg  data  reported  for  (NH4):CuCl4. 
but  there  are  data  for  the  analogs  methyl  ammonium  and  ethyl  ammonium 
salts  [13]. 

However,  Cu  —  Cl  bond  distances  in  these  latter  salts  are  somewhat  different 
from  those  found  in  the  ammonium  salt.  This  is  likely  to  effect  C.-.-  in  an  unpre¬ 
dictable  way.  Nonetheless,  the  agreement  between  calculated  and  observed  nuclear 
quadrupole  frequencies  is  quite  good  (see  Table  VI ). 


Magnetic  g  Tensors  and  Moments 

According  to  perturbation  theory,  the  magnetic  g  tensor  for  an  electron  in  a 
chemical  environment  varies  from  the  free  electron  value,  ge,  according  to  the 
relation: 


gi(/  =  X,  >’2)  =  ge  +  2  2 

n 


y  (  I  Lj  •  S|  i  )  ( tj)„  i  Lj  1 4>„) 

,  E„-  E„ 


where  the  free  electron,  g*,  equals  2.0023  and 


(4) 


Table  VI.  EFG  and  magnetic  data. 


A.  EFG  data  for  Cu  in  CuC16(£>2a)  cluster 
(IO-^*cm=)  (Ao-’)  r,  (MHz) 


31.64  (calc.) 

-0.15  -1.793  0.071  37.0  (obs,  O*) 


B.  Magnetic  data  for  CuCUt/J^^)  cluster 


\:u 

(eV) 

(eV) 

^2 

^  in) 

(eV) 

ft 

ft. 

ft 

<BM) 

-0.107 

-0.061 

0.375 

0.625 

1.619 

2,002 

2.100 

2.098 

2.067  (calc.) 
2.110 
(obs.)** 

1 ,797  (calc.) 
1.80  (obs.)' 

*  Reported  for  (MeNHsijCuCh  and  (EtNHjliCuCU  (13]. 

”  For  (MeNHjl^CuCU  (D^CuCl*  cluster);  /?(CuCI)„  «  2.9  A  [15]. 

'  For  powder  sample  at  290  K  [16].  The  reported  value  was  corrected  for  diamagnetic  contnbutions. 
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in  v^hich  tlic  otVocti\c  spin-orbit  coupling;  constant.  X  .  is  for  all  /  atoms  iinobcd 
in  the  ground.  (M  and  excited  stale  In  molecular  orbitals.  It  is  convenient  to 
express  i:u|.  ( 4  )  in  terms  of  an  upper  limit  to  the  second-order  correction,  as  shoun 
in  bq.  { .s  ),  where  dv/f,  ,  is  for  the  lowest  </-</ excited  state 


fJi  ft.- 


s  V 


( ) 


These  relationships  have  been  expanded  in  detail  forCuCl .  and  CuCl;'.  tetragonal 
clusters  (/>4,,)  b\  .Smith  (14],  V\'e  have  followed  the  same  approach  m  deriving 
similar  relationships  for  svnimetrv . 

•Molecular  g  tensors  have  been  calculated  from  the  s<  xii  n-t  i  orbitals.  The  re¬ 
quired  values  of  A,  were  interpolated  from  calculated  atomic  values,  as  a  function 
of  net  atom  charge  and  orbital  configuration.  Both  the  spatial  components  and  the 
average  g^.|i  l  -'-^(,e.  ^  g,  *  g- )  are  presented  in  fable  \’l. 

The  ellective  magnetic  moment.  /i,,|.  max  be  expressed  ti>  the  tirst  onier  as: 


M.-ii  |S(  S  +  I  1] '  ■  1 


r.-A,,  th'A,  1 

A/-.'(  (I.,  •*-  />  ..  ) 


B.M. 


(b  ) 


where  S  is  the  total  spin  ( ' :  for  the  ease  in  point );  A„,  and  A/  are  the  ellective  spin- 
orbit  coupling  constants  for  the  metal  (Cu  )  and  ligand  (Cl),  respectively;  C  ’\,  and 
Cj  are  the  respective  orbital  coelhcients.  The  results  vtbtained  for  the  magnetic 
moment  arc  contained  in  fable  VI.  It  may  be  concluded  that  the  computational 
data  presented  here  are  in  good  agreement  vviih  those  observed,  fhis  also  lends 
support  for  the  calculated  result  that  the  unpaired  electron  m  (  Nlljt'CuCf)  is  in 
an  xto  having  C  u  character,  rather  than  an  v  -r’  (vrbital  as  is  usuallv  found 
forCuCli  andC'uC  !,^  tetragonal  (  Oi,,)  clusters  [  14  | . 
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On  the  Electronic  Structure  of  Barrelene-Based  Rigid 
Organic  Donor-Acceptor  Systems.  An  imk)  Model 
Study  Including  Solvent  Effects 


I  HOMAS  I  OX.  MANF  RliD  KOI  ZI  AN.  and  NO  1  KI  R  ROSCH  * 

l.iitr-.nilii  Uir  / /,'ri'ri7/sc /;<■  ('  /(rii.’d  .  I  ci  he  I  niMi\iliil  Miiiulu-n  H <  uiu  him;  henniim 


.Abstract 

proscin  vin  imjii  s  molivular-orhiul  iinostigatum  iil' organic  molecules  coniaming  a  barreicne 
moicu  llial  pros  ules  a  rigai  link  be-tssceii  an  artmialic  donor  and  a  maleic  ester  acceptor  group.  Molecules 
ok  this  IS  pc  base  rsvenlls  been  ssnthesi/i'd  and  cliaracteri/ed  speclroscopicalls .  U'e  discuss  the  grounil 
stale  alls!  saru'us  escitevi  states  both  in  i<ii  i/o  ami  in  solution  Solsent  eliecls  arc  ineorporaieil  hs  use  ol 
an  clsvtrostalic  casits  model  sshich  is  not  restricted  to  a  spherical  casits.  hut  allosss  lor  a  casits  shape 
that  IS  aslaptesi  lo  the  solute  molecule,  I  he  calculations  indicate  loss-lsing  charge-transler  1 1  i  i  escitations 
in  the  legum  ol'  the  iirsi  aromatic  transitions,  esen  in  the  gas  phav.  •  b>'i:  .i.uin  ilcs  k  Sons.  l-. 


Introduction 

Ph(iU)induccd  iniramolecuiar  charge-transfer  (<  i  )  and  electron-transfer  (i  i  ) 
reactions  ha\e  recently  been  studied  intensively  (l-4j.  Much  attention  is  focused 
on  understanding  the  various  factors  that  intluence  the  rate  of  i  i  reactit  ns.  for 
evample.  the  nature  of  the  thermodynamic  driving  force  and  its  moditication  [5  j. 
the  etfects  of  the  surrounding  solvent  [1.6.7],  and  the  spatial  .adationship  between 
donor  and  acceptor  moieties  |2.S-1()|.  In  early  experimental  investigations,  the 
donor  and  acceptor  units  \sere  separated  by  a  flexible  spacer  which  exerted  only  a 
limited  control  oxer  the  spatial  relationship  between  donor  and  acceptor  groups 
[4.1  i|.  Detailed  inxestigations  iif  orientational  etfects  were  not  feasible  since  this 
type  of  mediating  bridge  allowed  for  a  variation  both  in  the  actual  donor-acceptor 
distance  as  well  as  their  relatixe  orientation.  In  recent  years,  new  insight  into  the 
nature  ,.  the  donor-acceptor  interaction  was  gained  by  connecting  donor  and  ac¬ 
ceptor  groups  X  la  a  rigid  bridge  [  1 2- !  4  j .  In  this  way.  both  groups  are  not  only  held 
at  a  fixed  separation,  but  also  in  a  definite  relative  orientation.  These  well-defined 
donor-acceptor  systems  also  made  it  possible  to  study  effects  of  the  bridge  that 
go  beyond  pure  geometrical  implications,  but  comprise  specific  ("through 
bond”)  modifications  of  the  electronic  interaction  between  donor  and  acceptor 
groups  ( 1 .8. 1  .s  ] . 


*  Xulhiir  ID  I'hom  <.'oiTvspDmlvni.i.-  should  hu  addressed. 
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Since  most  prev  ious  investigatior,;  have  been  carried  out  in  a  condensed  medium, 
it  was  rather  difficult  to  achieve  a  separation  ofthe  solvent  relaxation  and  its  intlucnce 
on  the  t  I  process  from  the  effects  of  intramolecular  degrees  of  freedom.  Particularly 
the  relative  importance  ofthe  intramolecular  and  the  solvent  reorgani/.aiion  energy, 
crucial  variables  in  til  theory  [2],  could  not  be  established  reliably.  Investigations 
of  ET  processes  in  the  gas  phase  would  provide  an  opportunity  to  overcome  these 
difficulties  since,  under  such  circumstances,  the  reorganization  energy  is  only  caused 
by  intramolecular  rearrangements.  Unfortunately,  molecules  exhibiting  t  l  char¬ 
acteristics  are  normally  rather  large  and  involatile.  However,  recently  a  large  family 
of  moderately  sized  donor-acceptor  molecules  has  been  sy  nthesized  and  charac¬ 
terized  [16]  which  holds  promise  of  providing  a  breakthrough  in  studying  this 
problem.  These  molecules  consist  of  a  central  barrelenc  unit  ( Fig.  1 )  w  hich  is 
substituted  by  annelated  aromatic  compounds  as  the  donor  unit  and  by  two  car- 
boxymethylester  groups  forming  the  acceptor  unit. 

In  this  article  we  shall  report  electronic  structure  investigations  of  dibenzo-bar- 
relene-dicarboxydimethylcster  (dbbd).  the  prototypical  compound  of  this  family 
( Fig.  2 ).  We  will  discuss  the  electronic  structure  of  dbbi>  by  building  this  molecule 
formally  from  barrelene  and  by  successively  adding  donor  and  acceptor  groups. 
We  will  focus  our  attention  on  the  role  of  the  rather  short  barrelene  “bridge"  in 
mediating  the  interaction  of  the  donor  and  acceptor  substituents.  In  addition,  we 
will  employ  an  electrostatic  cavity  model  ()7, 18]  to  investigate  the  intlucnce  of  a 
surrounding  solvent  on  the  transition  energies  of  the  charge-transfer  excitations. 
The  results  of  the  e.xtcnsive  spectroscopic  investigations  as  well  as  further  theoretical 
discussions  will  be  published  elsewhere  [19]. 

Method 

The  geometry  of  the  molecules  under  investigation  was  derived  from  molecular 
mechanics  calculations  [20].  Common  bond  distances  were  used  for  symmetry- 


Eigurc  1.  Sketch  ol  bicvcli)- j  2.2.2 |-2,5,7-ociatricni.‘ ( harrcicnc ). 
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Figure  2.  Sketch  of  dibenzo-barrelene-dicarboxymethylesicr  (dbbd). 


equivalent  bonds.  The  carbon  atoms  of  the  carboxymethylester  groups  were  found 
to  lie  in  one  plane  with  the  carbon  atoms  of  the  ethylene  moiety.  Relative  to  this 
plane,  the  O  —  C  —  O  moieties  were  found  to  be  rotated  about  the  C  —  C  axis  by 
an  angle  of  about  40°  with  the  carbonyl  oxygens  pointing  “outward”.  To  preserve 
the  C’l  symmetry  of  the  acceptor-substituted  barrelene  unit  (see  Fig.  2).  in  the 
subsequent  calculations  a  common  angle  of  45°  was  used. 

INDO/S  calculations  [21,22]  were  performed  to  obtain  the  electronic  structure 
of  the  ground  stale  and  of  the  excited  states.  To  incorporate  solvent  effects  in  the 
electronic  structure  we  used  an  electrostatic  cavity  model  with  a  cavity  surface  that 
is  adapted  to  the  molecular  shape  [18].  The  model  takes  the  polarization  of  a 
dielectric  medium  into  account  in  a  self-co.isistent  fashion.  Details  jncerning  this 
electrostatic  cavity  model  may  be  found  elsewhere  [17.18]. 

Results 

The  electronic  structure  of  barrelene  (bicyclo-[2.2.2]-2.5.7-octairiene,  see  Fig. 
1 )  has  been  the  subject  of  several  studies  [23-28].  The  order  of  the  frontier  (ir) 
orbitals,  a  textbook  example  for  simple  group  theory  arguments,  is  determined  by 
the  high  symmetry  ( )  of  the  molecule;  e'  <  a'2  (homo)  <  ^"(lumo)  <  a".  The 
TT  molecular-orbital  spectrum  is  displayed  in  the  middle  column  of  Figure  3,  also 
depicted  are  sketches  of  these  mos  as  viewed  along  one  of  the  three  twofold  axes. 
In  the  following  we  will  use  the  tt  molecular  orbitals  of  barrelene  as  a  reference  for 
the  discussion  of  the  electronic  structure  of  various  substituted  compounds. 

The  substitution  of  the  barrelene  “bridge”  by  two  adjacent  electron  withdrawing 
carboxymethyl  groups  reduces  the  symmetry  at  least  to  Cj  and  leads  to  a  rearrange- 
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mciH  ot'thc  -  molocu!jrorhiuils(scc  1  ig.  s).  Hie  orbitals  i>t'iliis  :u'ccptiir-substiuiic<.l 
barrclonc  (  B-A  )  arc  sketched  on  the  right-hand  side  ol'  1  igiire  3.  In  this  ligure  llie 
\ie\\  is  along  tlie  unique  ( axis  of  tlie  substituted  barrelene  compound  ( vertical 
in  Fig.  1  ).  However,  all  contributions  From  the  substituents  have  been  omitted  for 
claritx.  An  i\i)()  caleulation  finds  onl\  a  small  energetic  relaxation  ol'the  occupied 
orbitals,  whereas  a  strong  interaction  of  the  virtual  ir  orbitals  of  barrelene  with  the 
electron  withdrawing  substituents  is  observed.  I  wai  acceptor-derived  orbitals  are 
found  in  the  frontier  orbital  energx  region  of  one  sx  mmetric.  the  other  one 
antisymmetric  w  ith  respect  to  the  vertical  plane  that  contains  the  substituted  ( '  ( ' 

double  blind,  (  t  his  mirror  plane,  although  no  longer  a  symmetry  element  of  the 
substituted  compound,  may  still  be  invoked  to  a  rather  good  approximation.)  fhe 
antisymmetric  acceptor-derived  xirtual  orbital  interacts  strongly  with  that  orbital 
of  the  barrelene  it  xto  c'  sot  which  has  the  same  symmetry  characteristic.  Fhe 
bonding  combination  thereof,  the  i.i  mo  of  B-.A.  is  lowered  in  energy  by  about  I  ..s 
eV.  This  orbital  exhibits  an  acceptor  contribution  ( C'OOMe  )  of  and  a  C  C 
TT  bond  contribution  of  40'.'  .  There  is  almost  no  n-  interaction  with  the  second 
partner  of  the  c"  set  w  hich  originally  w  as  sy  mmetric  with  respect  to  the  nodal  plane 
at  the  substituted  double  bond.  The  tt  orbital  ci"  interacts  only  weakly  with  the 
acceptor  orbitals.  The  two  further  virtual  orbitals  of  B-.\  drawn  in  Figure  .i  (the 
second  and  third  from  the  top  in  the  right-most  column)  ha\e  dominant  acceptor 
contributions.  From  these  findings  a  distinct  energy  reduction  of  the  iioxto-l  i  .xto 
excitation  is  expected  for  the  acceptor-substituted  compound.  T  his  is  one  of  the 
key  features  of  the  family  of  donor-acceptor  molecules  under  discussion.  Based  on 
the  composition  of  the  corresponding  molecular  orbitals  this  ilOMO-i  t  xto  tran¬ 
sition  exhibits  charge-transfer  character  as  charge  density  is  shifted  “upward"  from 
the  unsubstiluted  “ethy  lene"  moieties  to  the  acceptor-substituted  “ethy  lene"  moiety 
and  to  the  dicarboxymethylesler  units. 

Fhe  orbitals  of  the  donor-substituted  compound  diben/obarrelene  (  D-B)  may 
be  viewed  either  as  orbitals  of  a  bent  (9.  l())-dihydroanthracene  perturbed  by  a 
bridging  ethy  lene  unit  or  as  perturbed  barrelene  orbitals.  Using  the  latter  scheme, 
one  may  relate  three  occupied  (/>:.  a,,  and  /p)  and  three  virtual  orbitals  (</|,  i/,-. 
an<l  (1: )  to  the  barrelene  orbitals  e',  ro,  <’"and  a",  respeetively  (  F'ig.  .4 ).  T  he  additional 
orbitals  of  D-B  in  this  relevant  energy  window,  two  occupied  and  two  v  inual  orbitals, 
may  be  rationali/ed  by  reference  to  the  fact  that  the  frontier  orbitals  of  ben/ene 
are  actually  comprised  of  degenerate  pairs,  ci  ,.  and  c;„.  A  significant  interaction  of 
the  two  ben/ene  fragments  in  a  bent  dihydroanthracene  leads  to  a  bonding  and 
antibondmg  linear  combination  of  each  of  these  four  ben/ene  tt  orbitals.  For  sym¬ 
metry  reasons,  the  ir  and  ;r*  orbitals  of  the  bridging  ethy  lene  moiety  can  only  mix 
with  one  orbital  in  each  of  these  submanifolds,  the  one  with  proper  nodal  structure, 
rherefore.  we  arrive  at  live  occupied  and  live  virtual  orbitals  as  sketched  in  Figure 
,U  Since  the  rt(  )Xto  of  ben/ene  is  deloeali/ed  over  the  ring  one  tinds  the  antibonding 
interaction  of  the  various  ('  C  rr  units  rcdiurd  in  the  lioxuv  of  D-B  compared 
to  ttftni;  and.  consequently,  the  nfiMo  energy  is  lonavd  by  0.4  eV  compared  to 
barrelene.  I  he  virtual  orbitals  of  the  bcn/o-substiluted  compound  are  shifted  to 
lower  energy  by  about  0  fi  eV  with  respect  tt)  the  c"  level  of  barrelene  for  analogous 
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reasons.  Ilieretbrc.  similar  to  the  situation  in  the  aeeeptor-substiiuted  barrelene. 
but  not  quite  to  the  same  extent,  the  gap  between  t  tOMO  and  i  i  M( )  becomes  smaller. 

From  these  results  one  would  expect  for  both  derivatives  of  barrelene  a  decrease 
of  the  energy  of  the  corresponding  iiOMO-i  tiMO  transition  as  is  indeed  the  case 
for  B-A  where  the  lowering  of  the  ttOMo-i.i  ixto  gap  by  abrvut  0.6  eV  with  respect 
to  the  value  in  barrelene  is  accompanied  by  a  decrease  of  the  energy  of  the  HOMO- 
11  MO  transition  by  6500  cm  ' .  However,  for  the  donor-substituted  compound  the 
simple  picture  of  the  one-eleclron  levels  fails  as  a  guide  for  the  transition  energy. 
Although  a  small  decrease  of  the  '.lOMo-i  i  mo  gap  is  found,  the  i\i)0-<:  I  model 
yields  a  value  for  the  nOMO-i  t  AlO  transition  which  is  about  .^000  cm  '  larger  than 
the  corresponding  value  calculated  for  barrelene.  As  will  be  shown  later,  the  tran¬ 
sition  energv  of  the  donor-acceptor  substituted  barrelene  results  from  a  combination 
of  both  efl'ects  which  leads  to  an  overall  decrease  of  the  transition  energy  with 
respect  to  the  unsubstituted  barrelene. 

The  one-electron  levels  of  dbbix  where  both  the  benzene  and  the  acceptor  groups 
are  attached  to  the  central  barrelene  unit,  are  shown  in  fable  1.  The  contributions 
from  the  various  fragments  of  the  molecule  arc  li,sted  in  percent:  C  -  H  denotes 
the  contributions  of  the  two  CH  fragments  connecting  the  two  benzene  rings  (  Benz. ) 
and  the  bridging  ethylene  unit  (C  -  C).  In  accordance  with  the  acceptor  substituted 
barrelene  compound  B-A.  the  l,l  \to  (25a)  of  liBBD  is  located  on  the  bridging 
ethylene  and  on  the  acceptor.  It  consists  of  54'  ;  C  C  and  .14'  ;  COOMe  contri- 

I  AHl  I  I.  Knergv  and  Mullikcn  populations  of  pertinent  molecular  orbitals  of  dhuo  (in  ( sv  nimetrv  1. 
C— H  denotes  the  populations  of  the  fragments  that  connect  the  two  benzene  rings  iBenz)  and  the 
bridging  ethvlene  (C  (');  COOMe  denotes  the  contribution  of  the  acceptor  groups,  the  orbital  -Vd  is 

the  HOMO  of  OBBi). 
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bulions.  Compared  lo  D-B.  the  liMo  encrirv  is  loufrcd  by  t) >>  e\  ihroueh  the 
inieraclion  with  the  acceptiM'.  The  higher  King  \iitua!  orbitais  are  loealed  dh  ilie 
aromatie  systems,  acceptor  orbitals  follou  at  even  liigher  energ;.  None  of  the  lour 
!'>!,^hest  os'cupied  molecular  orbitals  carries  an\  signiticam  contributions  trom  the 
acceptor.  At  knser  energ>  one  tinds  acceptor  orbitals.  cssentialK  ot  i>\>gen  lone 
pair  eliaracter. 

On  the  basis  ol'  the  abose  tli.scussion  of  the  electronic  structure  ol  DUMlr  one 
e.xpeets  several  low-King  excitations  ol' some  charge  transfer  character  from  the 
highest  occupied  orbitals  into  the  I  i  xio.  I  he  calculated  excitation  energies,  the 
nonzero  cartesian  component  of  the  state  dipole  as  well  as  the  corresponding  os¬ 
cillator  strength  are  shown  in  fable  11.  1  he  lowest  transitivm  at  cm  results 

from  the  tlOMO-l  i  xio  excitation  and  is  •lassitied  as  a  1)  -*  A  transition.  I  he 
amount  of  charge  transfer  is  measured  h\  the  change  of  the  Mulhken  population 
of  the  acceptor  moielv  (C  C  plus  (X)OMe;  also  shown  in  1  able  II ).  About  0.4 
atomic  units  of  ehaige  arc  transferred  to  the  acceptor  during  this  transition,  fhe 
next  higher  states  up  to  about  42500  cm  '  arc  intra-aromatic  transitions  (  D  -►  D ) 
that  exhibit  \er\  little  charge  transfer,  fhe  admixture  of  A  ->•  A  type  to  the  state 
J/i  is  an  artifact  of  the  present  i\D()  parameieri/ation  which  places  n  -*•  jt*  tr;:n- 
sitions  too  low  in  energy  [17).  fhe  next  higher  transitions  beyond  42000  cm  '  are 
excitations  into  the  orbital  2'/>  which  is  an  almost  pure  acceptor  orbital,  fhese 
excitations  may  therefore  be  viewed  as  "classicaf  donor-acceptor  transitions,  fhe 
nonzero  component  of  the  state  dipole  also  shows  the  largest  change  for  these 
charge-transfer  excitations.  From  these  findings,  it  becomes  clear  that  the  goal  of 
designing  a  relatoely  small  compound  that  exhibits  a  low-lying  electron  transfer 
excitation  may  be  within  reach  by  using  members  of  the  harrelene  based  donor- 
acceptor  coinp'cxes  (Id).  First  experimental  evidence  supporting  this  statement 
has  been  obtained  from  fluorescence  spectra  of  i)BHD  in  various  solvents  [lb]. 


1  Mil  I  II  (  .ilcui.ik’d  ovcilcU  sUik-'-  I'f  !)li»l>  im  (  s-.nimory  I  iiMni;  lM,)o  singlo  rxcit.ilions  I  he  JorL’C- 
irLinster  is  mc.isuax!  h>  ihe  chariEf  of  ;hc  Muiliki'n  p'>piilalions  nl  ihc  <  ( ’  and  the  1  <  X)Me  moiOK''. 
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However,  close  inspection  of  the  theoretical  results  presented  here  makes  it  evident 
that  the  lowest  excitation  of  outtix  although  of  detiniie  (  i  character,  does  not 
provide  an  example  for  a  pholoinducod  electron  transicr  excitation.  In  such  a  pho* 
loinduced  i:r  process,  an  intra-donor  excitation  is  followed  by  a  configurational 
change  of  molecular  ( and  solvent )  degrees  of  freedom  u  hich  entails  a  siahili/ation 
of  a  charge-separated  state  that  would  otherwise  lie  too  high  in  energv  [1.2, 2d], 
The  barrelene-derived  ethylene  bridge  in  i>bhi>  plays  a  dual  role  in  that  it  provides 
a  close  spatial  arrangement  of  donor  and  acceptor  unit.  But  it  also  entails  quite  a 
strong  direct  electronic  coupling  of  these  two  moieties.  The  ethylene  bridge  (C  C ) 
contributes  suhstantially  both  to  the  donor  homo  (24'i  .  .see  Table  1)  and  to  the 
acceptor  LUMO  (  54"  ;  ).  Therefore,  the  lowest  excitation  is  no  longer  of  pure  dt>nor- 
donor  character  from  which  an  electron  transfer  process  evolves,  but  exhibits  direct 
CT  character.  This  may  be  contrasted  with  the  nature  of  some  higher  lying  excitatiems 
of  f  'pe  D  -♦  A  which,  after  suitable  geometrical  relaxations,  could  evolve  into 
typical  final  states  of  an  electron  transfer  process  that  originated  from  suitable 
D  -*•  D  excitations  Examples  for  such  "precursors"  of  I  i  final  slates  are  provided 
by  the  excited  states  5.1  and  6.1  (sec  Table  11 )  which  may  be  described  as  a  mixture 
of  the  excitations  from  the  MO  24a  into  25a  and  from  Mt>  24!>  inlv)  2"/)  (see  Table 
1).  In  these  cases  one  finds  the  acceptor  orbitals  spatially  well  separated  from  the 
donor  orbitals  which  allows  classification  of  the  transitions  /.  1  -*  5,1  and  JA  -* 
6.1  as  D  -*■  A  CT  excitations. 

The  different  nature  of  the  various  c  i  transitions  is  also  rellected  in  the  calculated 
solvatochromic  shifts.  Typically,  such  shifts  ofc  i  excitations  may  range  up  to  4500 
cm  '  in  a  polar  solvent  [.^0].  Calculated  values  for  the  solvent-induced  shift  of 
excitations  of  Dbbd  in  an  unpolar  ( cyclo-he.xane )  and  in  a  polar  .solvent  (water) 
are  collected  in  Table  Ill,  The  transition  energies  of  the  three  lowest-lying  excitations 
with  significant  charge  transfer  are  shown.  The  HOM()-l,l.!M()  transition  IB  under¬ 
goes  a  solv  ent  shift  of  about  1000  cm  ' ,  a  moderate  value  which  rellects  the  rather 
low  degree  of  charge  separation.  For  the  higher  lying  transitions  with  a  more  pro¬ 
nounced  CT  character  the  red  shift  amounts  to  1600  cm  '.As  noted  previously 
[17,18],  the  difference  of  the  shifts  in  the  two  solvents  investigated  is  rather  small 
compared  to  the  calculated  shift  on  going  from  vacuum  to  an  unpolar  solvent  like 
cyclo-hexane.  Here,  it  is  important  to  note  that  the  cavity  model  employed  only 
includes  electrostatic  contributions,  but  does  not  take  dispersion  interaction  into 
account  [18],  A  rough  estimate  of  the  dispersion  contribution  [17.31]  y  ields  an 


T'VHI.i  III,  Transition  energies  (in  cm  ')  of  the  lowest- 
lying  cliarge-transfcr  excitations  of  okbu  hi  vacuo  and 
solvated  in  eydo-tiexane  and  in  HT). 
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additional  red  shift  for  all  transitions  of  about  230  cm  '  in  cyclo-hcxanc  and  190 
cm  '  in  water. 

It  is  interesting  to  insestigate  the  effect  of  the  surrounding  solvent  on  the  charge 
density  in  the  ground  state  and  in  the  lowest  lying  C  l  states  of  dbhd.  We  will  use 
the  total  Mulliken  charges  on  t.ie  acceptor  group  ( A  )  and  the  donor  group  (  D)  as 
a  rough,  but  informative  measure  for  such  solvent-induced  changes  (see  I  able  IV  ). 
While  the  ground-state  charge  distribution  remains  nearly  unchanged  upon  sol¬ 
vation,  one  finds  the  amount  of  charge  separation  remarkably  increased  in  the 
D  -»■  A  e.scited  states,  an  immediate  reflection  of  the  stabili/ation  provided  by  the 
surrounding  solvent.  The  charge  transfer  from  the  donor  to  the  acceptor  unit  in¬ 
creases  by  305!  ,  but  again  this  effect  is  significantly  larger  for  the  proper  ci  states 
5,-1  and  6.1  compared  to  the  first  excited  state  Ili. 


Conclusions 

We  have  analyzed  the  electronic  structure  of  dibenzo-barrelene-dicarbo.xydi- 
methyl-ester  (dbbd)  and  we  have  compared  the  donor-acceptor  substituted  bar- 
relene  with  both  the  donor-  and  the  acceptor-substituted  compound.  The  INIX) 
model  calculations  yield  a  first  e.xcited  state  with  definite  <  i  characteristics,  in 
agreement  with  experiment  [16].  We  were  able  to  identify  the  structural  features 
which  are  responsible  for  the  fact  that  this  molecule  has  such  a  low-lying  r  i  state, 
even  in  the  gas  phase.  However,  this  transition,  although  accompanied  by  a  sub- 


Tabi  I  IV  Solvent  cHcct  on  the  Mulliken  charges  ol  the  donor  ( Dl 
and  the  acceptor  (.A)  unit  of  trBBI)  for  the  ground  state  ( /  I)  and  for 
various  eseited  slates  I IH.  .51,  and  6  i).  t  he  following  quantities  are 
displaced;  A.  Mulliken  population  of  the  C  C'-bndge  and  the 
COO.Me  groups;  D,  Mulliken  population  of  the  ben/enc  rings;  D  -► 
A,  charge  transfer  from  the  donor  to  the  acceptor  monitored  b>  the 
change  in  the  population  of  the  acceptor  unit  A. 
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slantial  charge  separation  of  about  0.4  a.u..  docs  not  exhibit  the  characteristics  that 
are  typical  for  a  photoinduced  I  i  process  since  the  ethylene  bridge  betueen  donor 
and  acceptor  groups  contributes  both  to  the  initial  and  final  slate.  I  hcreforc  it 
remains  to  be  seen  to  uhat  extent  barrelene  based  compounds  will  be  able  to  serve 
as  models  for  the  investigation  of  photoinduced  electron  transfer  phenomena  (1*^1. 

In  addition  we  have  applied  an  electrostatic  cavitv  model  to  investigate  the  clfect 
of  a  surrounding  solvent  on  the  energy  of  various  electronic  excitations  and  the 
corresponding  tinal  state  charge  distribution.  We  showed  that  the  electrostatic  in¬ 
teraction  leads  to  a  considerable  increase  of  the  charge  separation  for  the  <  r  states. 
Concomitantly  their  excitation  energy  is  lowered,  but  this  shift  is  only  of  moderate 
size  due  to  the  short  distance  over  which  the  charge  separation  occurs. 
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Abstract 

Gas  phase  aenionitrile  electron  affinity  has  recently  been  estimated  to  be  in  the  range  0,01  to  0.02 
eV,  In  spite  of  a  strong  theoretical  prediction  on  the  existence  of  stable  anions  for  molecules  basing 
dipole  moments  larger  than  the  critical  1.625  D.  it  has  not  been  possible  to  obtain  a  positise  electron 
affinity  for  acrylonitrile  (dipole  mstment  =  .2.0  D)  by  ah  i  and  Mt’2  calculations  using  6-.21Ci. 

6-2 IG*.  6-.2 1  +G(d ),  6-.2 1  +  t-Gld.p).  and  6-.21 1  +  fG(  2d.2p)  bases.  ■  luyy  ji>hn  wik-s  .k  Suns.  Inc 


Introduction 

The  formation  of  the  acrylonitrile  anion.  AN  +  e  -*■  AN’  (AN: 
CHs-'CH  —  C^N).  has  long  been  known  to  play  an  important  role  in  organic 
electrochemistry'  [  1  ] .  Recently  it  has  received  renewed  attention  with  the  possibility 
of  chemisorbing  electrochemically  the  acrylonitrile  terminal  v  inylic  carbon  on  ox- 
idizable  metal  surfaces  and.  from  the  resulting  chemisorbed  acrylonitrile  anions, 
to  grow  poly(  acrylonitrile)  chains  via  an  anionic  mechanism  [2.3].  In  spite  of  basic 
dilferences  between  an  electron  transfer  taking  place  from  a  cathode  to  a  molecule 
in  an  electrolytic  medium  and  the  formation  of  an  anion  in  gas  phase,  good  cor¬ 
relations  between  calculated  electron  affinities  ( f- a  )  of  the  isolated  species  and  their 
reduction  potentials  arc  often  obtained  and  used  to  assess  the  potential  of  new 
monomers  prior  to  their  synthesis  and  polymeri/ation  [4].  We  ourselves  have  noted 
a  satisfactory  relationship  between  the  reduction  potentials  and  the  3-2 IG  and  3- 
21+G  l  UMG  energies  ( Koopmans'  theorem)  of  neutral  acry  lonitrile  and  some  of 
its  methyl  derivatives  [  ?  j .  However,  to  be  confident  in  such  correlations  one  ought 
to  understand  the  important  differences  existing  between  gas  phase  i:  \  and  reduction 
potentials  [4.5b].  Theoretical  calculations  on  the  relative  stability  of  the  anion, 
bryth  isolated  and  subject  to  the  fields  experienced  in  condensed  phase,  are  expected 
to  give  insight  on  the  dominant  inlermolecular  interactions  responsible  for  these 
dilferences  [6 ). 

classical  theorem  [7.8]  states  that  polar  molecules  having  a  permanent  electric 
dipole  moment  larger  than  a  critical  value.  |p„i  >  1.625  D.  should  yield  a  positive 
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electron  uHinity.  at  least  in  the  fixed  nuclei  approximation,  Koopmans'  apprt)\i- 
mation  of  the  vertical  electron  aH'initx  (  vi  xfdoes  not  predict  stable  isolated  anions 
for  acr\  lonitrilc  and  its  methyl  derivatives  [  5 ) .  in  spite  of  having  permanent  dipole 
moments  larger  than  the  critical  value  (in  that  series;  3.64  •  ip,,!  -  4.50  D.  e\- 
penmentally  [9],  and  3.92  s.  ipi,|  <  4.62  D  theoreticallv  (  khi  -3-21(3  )  [56) )  and 
contrary  to  the  prediction  of  the  theorem.  Since  Koopmans'  prediction  oft  \s  can 
easily  be  seen  to  be  deficient  [lb],  more  rigorous  treatments  incorporating  relaxation 
and  correlation  effects  are  needed  to  claim  quantitative  results. 

.'\  literature  search  for  theoretical  results  on  the  electron  affinity  of  acrylonitrile, 
the  simplest  in  the  series  considered  in  Ref.  [5],  surprisingly  indicates  that  only 
three  works  have  been  published  over  the  last  20  years,  all  having  been  carried  out 
at  the  semiempirical  level  and  yielding  rather  different  results.  Houk  and  Mun¬ 
chausen  [1  1]  obtain  1  \  --  +0.02  eV  with  a  frontier  orbital  treatment.  Using  the 
ppp  method  and  the  Koopmans'  appro.ximation.  ^ounkin  el  al.  [12]  predict  a 
much  larger  value.  I  \  -  -i  1.3  eV.  From  their  scaled  M\i)()  Koopmans  results. 
Mirek  and  Buda  [13]  predict  an  experimental  adiabatic  electron  affimtv  (  \i  \ )  of 
+  0.33  eV. 

Several  exfierimental  studies  have  been  devoted  to  acrylonitrile  [14-18].  but  it 
is  only  recently  that  the  isolated  acrylonitrile  molecular  anion  has  been  claimed  to 
have  been  observed  in  collisional  elecinm  transfers  from  high-Rydberg  atoms.  Kr*  * 
and  .Ar**.  to  .A.\  molecules  (19).  J'he  coIJi.sional  electron  transfer  from  Kr**  to 
acrylonitrile.  AN  4  Kr**  -♦  AN*  +  Kr'.  indicates  that  the  experimental  \i  a  of 
.AN  should  he  larger  than  the  ionization  potential  of  Kr**.  that  is.  in  the  range 
0.01  to  0.02  eV. 

In  view  of  the  dispersion  of  the  theoretical  results  on  acrylonitrile  vi  \  presently 
available,  the  rather  low  experimental  value  ( ■  0.02  eV  )  for  a  conjugated  molecule 
exhibiting  a  large  dipole  moment  due  to  the  strong  electron  attracting  nitrile  group, 
and  the  lack  of  rigorous  theoretical  treatments,  we  attempt  m  this  contribution  to 
compute  the  vertical  ( v  (  \ )  and  adiabatic  (  xi  \  )  electron  atfmities  of  acrylonitrile 
by  various  i//>  itmio  procedures  using  several  basis  sets. 

(  (imputational  Details 

As  pointed  out  in  previous  works  on  <//>  /u.u/c  electron  alfmity  calculations  of 
isolated  molecules,  the  quality  of  the  wave  function  and  therefbre  the  basis  set  play 
a  major  role  [  10.20 ] ,  1  he  6-3 1 ( i  basis  ( I )  ( 2 1 .22 )  is  know n  to  y icld  equilibrium 
geometries  that  compare  well  vsnh  experiment  [21]  and  total  energies  accurate 
enough  to  obtain  reliable  results  from  total  energy  ditierences.  It  therefore  constitutes 
an  acceptable  reference  basis  to  be  gradually  enriched  with  difiuse  atomic  functions 
needed  for  electron  aflinity  calculations.  I  he  basis  sets  [23-25]  that  will  be  con- 
sidcievl  here  arc  the  6-3  K  i  *  ( II ).  6-3  I  •  (i(  (.1)  (  MI  i.  6-3  t  ^  Kil  d.p )  ( 1\  I  and  6- 
311*  ‘  ( i(  2d.2p  H  N  ):  the  exponents  of  the  polarization  and  additional  diffuse  lunc- 
lions  in  bases  1 1! )  to  (  \  )  are  listed  in  1  able  1 

(  alculations  have  been  carried  out  with  diese  bases  at  the  restricted  ffartiec- 
Fock  I  Rill  ).  unrestricted  Hartree-I  ock  ( i  hi  land  Mdllcr-l’lessei  (  mp)  levels  with 
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i  \ni  I  I  I  '.('k'lKiils  (»t  titc  pukin/ation  anj  ililluw  luiKliiMis  .ukloil  !o  Iho 
k- 1 1(  i  b;!Ms  1 1)  Basis  soi  nolalion:  ill)  6-  !Kj*.  illli  h  -  >  I  ‘  ( ilsl  i  ( |  \  ) 
6-il  •  •  (  iUt.  p).  (\  )  '  ( il  2<.i.  'pi. 


Basis  set 

III) 

(Ill) 

(l\  1 

(X  I 

Itwlrogcn 

r 

1. 1000 

1  SlHIO 

— 

— 

O.wN) 

S 

0  0.56{  = 

0 

Carbon 

ju  iliiriziUh'n 
<1 

(I.SIUHI 

0  SOOO 

i.ijs: 

— 

— 

0  1 1  to 

dilh(\c 

'/> 

o.oa.t.s 

limes 

o.m.es 

Nitrogen 

ii 

o.soou 

o.sooo 

o.xooo 

i,s:6o 

— 

— 

0.4'6S 

ihtinH' 

V’ 

— 

(1,06  M 

(I,06t‘l 

0.06  ts) 

the  Gaussian-9()  series  of  programs  [26  J  running  on  a  I  !’S5  I  I  computer.  Standard 
threshold  conditions  hasc  been  imposed:  10  "'a.u.  as  two-clcctron  integral  cutot!'. 
10  '  for  the  requested  consergence  on  the  densits  matrices,  and  5.10  har- 
tree.bohr  '  as  the  minimum  residual  forces  on  the  cartesian  components. 

Results 

The  equilibrium  geometries  and  the  charge  distribution  indices  arc  presented 
first,  followed  h>  the  computed  electron  alfinits  results. 

(n’oiiu’irv  and  C/iar'.'cs 

f  or  each  basis  set.  the  gei>metr>  of  the  neutral  and  the  anionic  species  hav  e  been 
fu!K  opiimi/cd  at  the  Rtli.  t  tti.  and  Ml’2  levels,  respectively.  The  equilibrium 
structures  for  the  neutral  and  the  anionic  species  are  predieted  to  be  planar,  fhe 
notation  for  the  structural  parameters  (bond  lengths  and  angles)  is  indicated  in 
J  igurc  I .  and  the  corresponding  values  together  with  the  Muiliken  net  atomic  charges 
</,  and  the  dipole  moment  ip,,!  are  listed  in  fable  II  for  Klii  and  rill  results  and 
in  d  able  III  for  Ml’2  calculations.  In  the  case  oft  in  ealeulations,  S  is  also  given 
to  assess  the  amount  of  spin  eontamination  present,  as  compareii  to  the  idea! 
0.7;'  value. 

With  the  exception  of  the  ('  N  bond  length,  which  is  gcnerallv  prcdictcii  too 
short  at  the  Hartree-I  ock  level,  the  geometrical  parameters  ofacrv  loniirilc  calculated 


566 


MAlXyi  HAl!  I  I  Al 


H,  H3 


Figure  t  l.dbeling  con'.onlion  used  in  Tables  II  and  III  to  refer  to  the  geometrical  pa¬ 
rameters  oracr\lonitrile,  neutral  and  anion. 

with  all  bases  are  in  good  agreement  with  gas  phase  microwave  spectroscopy  data 
[27],  The  RHF  calculated  dipole  moments  range  from  4.26  to  4.36  D  and  are  also 
comparable  with  the  experimental  [9]  gas  phase  value.  3.87  D.  but  in  the  average 
they  arc  overestimated  b''  about  0.5  D.  In  spite  of  a  strong  dependence  of  the 
Mullikcn  net  atomic  charges  on  the  basis  set,  a  general  observation  concerning  the 
polarity  of  the  molecule  can  be  made.  At  one  end  of  the  molecule,  the  nitrogen 
atom  bears  a  large  negative  charge,  while  at  the  other  end  the  hydrogen  atoms  are 
positively  charged.  C  i  and  C  -,  are  consistently  negative  and  positive,  respectively, 
while  nothing  definite  can  be  concluded  from  the  Mullikcn  charges  for  6';.  The 
results  of  geometry  optimization  at  the  mp2  level  are  slightly,  but  consistently  better 
agreement  with  experimental  data,  the  C=N  bond  length  being  the  one  that  ex¬ 
periences  the  largest  improvement.  The  mp2  dipole  moments  are  in  excellent  agree¬ 
ment  with  the  experimental  value.  The  charge  distribution  is  very  similar  to  that 
obtained  at  the  rhi  level. 

1  here  is  no  experimental  data  on  the  molecular  geometry  of  the  acrv  lonitrilc 
anion  to  compare  with  our  calculations.  Thus,  we  can  only  an;’lyze  the  changes  in 
the  geometrical  parameters  w  ith  respect  to  those  of  the  neutral  molecule  and  their 
evolution  with  the  basis  set.  Considering  the  tan  results  first,  the  observations  to 
consider  are  an  increase  of  C  C.  ca.  0. 10  .A.  a  decrease  of  C  -  C.  ca.  0.05  A.  and 
an  increase  of  (  i-.N,  ca.  0  02  A.  disi.ances  with  respect  to  the  corresponding  ones 
in  the  neutral  molecule.  As  in  the  case  of  the  neutral  molecule,  the  length  of  C  C. 
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1  AHi  I  111.  Sclated  bond  distiinces  (rl  and  angles  (a.)  of  iho  ctjuilibnum  siruelure  of  neutral  acrslonitrilc 
and  its  anion  calculated  at  the  mi*2  level,  lengths  in  A  and  angles  in  degrees.  .Mulliken  net  atomic  charges 
((/,).  permanent  dipole  moment  ip,,;  (in  debve),  and  ^  S’  of  t  ill  results.  Basis  set  notation;  (I)  6- 

.^IG.  (Ill  b-.vIG*.  (Ill)  6-,^l  tG(d).  (IV)  I  fCild.  pi.  (V)  6--G  I  r  rGl2d,  2pi. 


Basis  set 

(1) 

(II) 

(III) 

(IV) 

(V) 

Isp. 

Acrvlonilrile 

n 

(.M(‘2) 

1..141 

1..144 

1  .143 

1 .317 

1.319  [27| 

r 

1.448 

1.4.12 

1.433 

1.43.1 

1.431 

1.426  [27] 

ry 

1.20.'! 

1.182 

1.183 

1.18.1 

1.171 

1.164  |27] 

«l 

12.4.2 

1  ■>'>  f) 

1  1 

p'y  j 

1  T 

122.6  |27] 

1 16.1 

116.6 

116,6 

1 16.5 

1 16.5 

115,7  [27] 

</ci 

-0.27 

-0..1.1 

-0.40 

-0.16 

-0.18 

tk: 

-0.08 

-0.16 

0.01 

0.04 

0.17 

0.04 

0.2.1 

0.05 

0.01 

■  0.03 

‘/ill 

0.16 

0.19 

0,22 

0.14 

0.10 

</n.- 

0.17 

0.20 

0.23 

0.14 

0.10 

i/n.l 

0.20 

0.22 

0,25 

0.16 

0.1  1 

-0.2.1 

-0..16 

-0.36 

-0.15 

-0.27 

IPlC 

3.7.1 

3,79 

3.95 

3.88 

3.87 

3.87  [9] 

Acrylonitrile  anion  (mp2) 

f,  1.447 

(.425 

(.419 

1.418 

1.416 

T; 

1 .404 

1,.190 

1..398 

1.398 

l.,197 

ry 

1,197 

1.191 

1.140 

1.190 

1.180 

a, 

124.0 

124.2 

123.0 

122.9 

123.2 

1  16.9 

1 16.3 

1 16.8 

116.6 

116.2 

t/ci 

■•■0..17 

-0.46 

-0.78 

-0.56 

-0.56 

Q(2 

•  0.27 

-0.33 

-0.21 

-0.15 

-0.02 

e<  1 

-0.0.1 

0.16 

0.13 

0.09 

-0.01 

t/iii 

0.0.1 

0.06 

0.15 

0.08 

0.04 

Vh: 

0.05 

0,07 

0.17 

0.09 

0.04 

Qh\ 

0.06 

0.08 

0.17 

0.09 

0,03 

Qs 

-0.46 

-0.57 

-0.64 

-0.63 

1 

P 

corresponding  mp2  equilibrium  geometries  have  also  been  carried  out  for  6-3 IG 
( I )  and  6-3 1  +G(d )  ( III )  bases  to  assess  the  convergence  of  the  correlation  correc¬ 
tions.  Total  energies  are  listed  in  Table  IV. 

The  dependence  with  the  basis  sets  for  predictions  of  vi;a  and  aha  values  cal¬ 
culated  in  different  ways  are  compared:  Koopmans.  Ascf  and  Amp.v  (.v  =  2,  3. 
and  4).  Koopmans  vertical  electron  affinity  (vi;a)  is  directly  obtained  from  the 
frontier  orbital  energies  of  the  neutral  system  (vi  a^,!  -  -cu  mo).  Another  meas¬ 
ure  of  the  electron  affinity  is  provided  by  the  electron  detachment  energy 
I  Da  AN"  -*■  AN  t  e  ,  approximated  at  the  Koopmans  level  from  the  energy  of 
the  highest  occupied  orbital  of  AN*  in  its  equilibrium  geometry,  calculated  here 
at  the  (  111  level.  <l  Oa  fiioMo).  Total  energy  differences  at  the  sc  r  and  MP.k 
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Tabi  1  IV,  RHI ,  l  Hr,  mp2  total  energies  (in  a.u.I  lor  llie  equilibrium  geometries  ot'aerslonilnle.  neutral 
and  anion,  in  the  case  ot'MP.'^  and  mp4  results,  the  corresponding  mp2  equilibrium  geometries  hare  been 
used  in  the  calculations,  rhi  *  corresponds  to  total  energy  of  the  neutral  molecule  in  the  equilibrium 
geometry  of  the  anion  obtained  at  the  tm  level.  Basis  set  notation:  (1)  h-.flG.  (II)  (III) 

-  6-,^  l+G(d),  (IV)  -  6-.M  +  +G(d.  p>.  (V)  -  6-.sl  I  f  rG(2d.  :p). 


Basis  set 

(I) 

(ID 

(HI) 

(IV) 

(V) 

Acnlonurile 

RHF 

-169,69.392 

-169.76801 

169.77,343 

169.77896 

169.81922 

RH(-* 

-169.97895 

-169.75196 

1  (<9.75929 

169.76492 

169.80503 

mp2 

-170.08303 

-170.31611 

-  1 70.32698 

170.35105 

170.50218 

mp3 

-170.07376 

— 

170.31792 

mp4(ixj) 

- 1 70.08826 

— 

170.32294 

_ 

__ 

MP4(S(XJ) 

-170.09401 

— 

170.33088 

__ 

— 

Acnlonitrilc 

CHF 

anion 

-169.64552 

-169.71569 

-169.74013 

-169.74629 

169.78655 

mp2 

170.01471 

-I70.2.S888 

-170.29801 

-170. 3  24 16 

-  1  70.484 1  8 

mp3 

-170.01513 

— 

-170.291 1  1 

— 

— 

mp4(d<j) 

-170.02509 

— 

170.29474 

— 

__ 

MP4(S[X)) 

-170.03149 

— 

-170..30.3.39 

— 

— 

levels  are  used  to  estimate  the  vertical  (  vea:  anion  in  the  equilibrium  geometry  of 
the  neutral  molecule)  and  adiabatic  (aea:  anion  in  its  equilibrium  geometry)  elec¬ 
tron  affinities  of  acrvionitrile.  These  calculations  are  denoted  by  the  self-explanatory 
notations:  vtA^se  t  .  ''EAampa.  ae.a^sci  .  ^^d  AE.AjiMi>,.  Finally,  we  have  considered 
VEA  Isr  ,  the  vertical  electron  affinity  computed  as  the  difference  between  umf  total 
energy  for  the  anion  in  its  equilibrium  geometry'  and  the  RHF  total  energy  of  the 
neutral  in  the  equilibrium  geometry  of  the  anion.  The  results  are  listed  in  Table  V. 

The  energy  and  symmetry  of  the  relevant  frontier  orbitals,  the  HOMO  and  the 
two  unoccupied  orbitals  of  lowest  energy,  eumOj  and  lumOs.  for  acrylonitrile  and 
its  anion  obtained  at  the  Rhf  and  uhf  levels,  respectively,  are  given  in  Table  VI; 
a’  corresponds  tc  a  state  of  a  symmetry,  while  a”  indicates  a  tt  symmetry. 

First  to  note,  is  the  fact  that  Koopmans  approximation,  veam,  in  Table  V.  does 
not  yield  a  positive  vertical  electron  affinity.  On  the  contrary,  the  electron  detach¬ 
ment  energy,  ed^  eventually  yields  positive  values  as  the  basis  sets  include  po¬ 
larization  and  diffuse  functions.  However,  these  values  are  an  order  of  magnitude 
larger  than  the  proposed  experimental  value. 

Total  energies  (Table  IV )  still  show  the  anion  unstable  with  respect  to  the  neutral 
molecule,  and  the  better  theoretically  grounded  schemes  considered  in  this  article 
to  compute  the  vertical  and  adiabatic  electron  affinity  do  not  predict  positive  electron 
affinity  values.  The  larger  discrepancies  are  observed  at  the  SCF  level  where  veAj,s<t 
and  AEA^sd  range  from  -1.693  to  -1.225  eV,  and  from  -1.317  to  -0.889  eV, 
respectively.  As  the  basis  set  is  enriched  with  polarization  and  diffuse  functions. 
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T Mil  i  V.  Acr>lonilrilc  \crtn;al  (M  adiahatic  (  \l  \)  cici  lron  alii  nines  and  elcL  tron  dclat  hmcnl  (1)1 
energs  jin  eV).  Basis  set  nolalion;  (1)  6-3ICi.  (11)  (Ill)  6-31  tCi(d).  (1\  )  6- 

31  t  iGjd.  p).  (V)  6-31 1  i  t(i(2d.  2p). 


Basis  set 

(!) 

(11) 

(Ill) 

(IV) 

(V) 

Acrylonitrile 

2.6tl7 

2.802 

1.71  1 

0.413 

0.886 

1)1* 

-0,003 

-0,01  1 

0.454 

0,464 

0.312 

^  '‘AS(  f 

1.603 

1.827 

1.238 

1.214 

1.225 

M  tlvt 

0.4 1 8 

-0.487 

0.521 

-0.307 

0,-303 

I  ! 

■  1.317 

1.424 

0.406 

-0,884 

-0,88‘J 

\  1.  SjMP; 

2.231 

2.268 

0.448 

-0.841 

0.638 

VI  '.iMp: 

1.834 

■  1.337 

-0.788 

-0.732 

0,440 

— 

0.7.30 

— 

— 

1.7  14 

— 

0.767 

— 

P4(Sm3l 

1. 701 

— 

■0,748 

— 

— 

''  I  Aasi  I  and  AEAj^sc  1  slowly  tend  towards  less  negative  values  ( Fig.  2 ).  As  expected, 
the  vi-A  *sci  data  are  considerably  less  negative  than  the  vl  aasc  i  and  AJ-.AAsc  r  values, 
but  still  indicate  that  the  anion  is  less  stable  than  the  neutral  molecule  at  the  HF' 
level,  even  at  the  computed  equilibrium  of  the  charged  species.  When  adding  cor¬ 
relation  corrections  at  the  mp2  level,  the  situation  is  improved  but  the  results  remain 
negative  both  for  the  adiabatic  and  the  vertical  electron  affinity.  The  importance 
of  diffuse  functions  for  the  consistency  of  the  treatment  can  be  seen  from  Table  V 
where  correlation  corrections  to  the  electron  affinity  arc  approximately  0.2  eV  for 
basis  (I)  and  reduce  to  0.03  eV  for  basis  (III)  as  the  order  in  the  pcrturbational 
treatment  increases.  This  results  lends  to  support  the  observation  by  Baker  et  al. 


r.vBLi-:  VI.  RHI  and  (MF  energies  (in  eV)  of  the  homo  and  the  two  unoccupied  orbitals  of  lowest 
energy,  l  IMO,  and  h'MO;  of  acrylonitrile,  neutral  and  anion.  Basis  set  notation:  (I)  ^  6-3 IG.  (H)  ^  6  • 
3IG*.  (HI)  “  6-31+G(d),  (IV)  =  6-3lFfG(d,  p).  (V>  -  6-311+  rG(2d.  2p). 


Basis  set  (I)  (11)  (III)  (IV)  (V) 


Acrylonitrile  (khi  ) 


HOMO 

-10.770  (a") 

-10.821  (a") 

- 10.463  (a”) 

-10.460  (a") 

11.026  la") 

JJMOj 

2,607  (a") 

2,802  (a") 

1.711  (a) 

0.415  (a) 

0.886  (a') 

1  t'MOj 

5.133  (a) 

5.348  (a') 

1.850  (a") 

1.454  (a'l 

1 .432  (a') 

.Acrylonitrile  anion  (l'nt ) 

HOMO 

0.003  (a") 

0,01 1  (a") 

-0,454  (a") 

-  0,464  (a") 

-0,512  (a") 

l-OMOt 

10.013  (a") 

10.220  (a") 

5.687  (a') 

4.286  (a) 

4.213  (a) 

LI!M02 

10.983  (a') 

11.212  (a') 

5.746  (a') 

4.308  (a') 

4.230  (a') 

I'igurc  2.  Ksolulion  with  llic  basis  set  of  the  various  electron  allitiitv  estimates  lor  acry¬ 
lonitrile. 


[  20  ]  that  correiation  corrections  at  the  mp2  level  can  lead  to  good  agreement  between 
theory  and  experiment. 


Discussion 

The  critical  dipole  theorem  is  a  very  strong  one.  It  implies  that  any  i.solated 
molecule,  in  the  Born-Oppenheimer  appro.ximation.  should  have  an  inlinilc  number 
of  bound  anionic  states  f  rovided  that  the  leading  component  of  a  multipolar  ex¬ 
pansion  of  the  long  range  part  of  the  potential  experienced  by  an  incoming  electron 
is  dipolar,  and  that  the  critical  dipole 's  exceeded.  Details  of  the  short-range  potential 
(whether  repulsive  or  attractive)  arc  irrelevant  to  the  existence  of  bound  .states, 
although  they  do  affect  their  actual  positions  in  the  spectrum.  Indeed,  the  bound 
states  should  manifest  themselves  in  terms  of  negative  unoccupied  HK  orbital  energies 
if  the  conditions  of  the  theorem  are  satisfied.  It  is  rather  unexpected,  therefore,  that 
a  conjugated  molecule  such  as  acrylonitrile  with  the  powerful  electron  withdrawing 
C=N  group  leading  to  a  dipole  moment  larger  than  the  critical  value  of  1.625  D 
does  not  readily  lead  to  a  stable  isolated  radical  anion  with  the  basis  sets  used.  The 
situation  as  it  stands  is  rather  disappointing  because  these  basis  sets,  which  have 
been  proposed  and  shown  to  work  on  more  “innocent"  anions  [  20.25  ] ,  are  already 
quite  large  and  prevent  larger  molecules  from  being  studied  in  this  way. 

Our  results,  combined  with  the  analysis  that  leads  to  the  critical  dipole  moment 
theorem  about  [7,8],  suggest  that  the  stale  of  the  acrylonitrile  anion  should  be  of 
a  symmetry,  resembling  a  Rydberg  state,  the  electron  distribution  of  the  extra  elec- 


572 


MMOIIM  II  \I 


iron  being  localized  in  the  positi\eh  charged  regions  ofacry lonitrile,  that  is.  nearby 
the  h\drogen  atoms  and  possibly  (  5.  and  far  from  the  electron  rich  areas,  that  is. 
the  nitrogen  atom  and  the  C'  C  bond.  Indication  tor  this  is  provided  the  fact  that 
the  i  t'MOi  in  neutral  acrylonitrile  is  oi'^r'  (or  n)  symmetry  for  bases  ( III)  to  (  V  ) 
which  include  ditl'use  functions,  while  bases  ( i )  and  ( II )  belong  to  u”  (or  jr )  sym¬ 
metry.  However,  results  on  ttie  anion  at  the  i  Hi  and  Mi’2  levels  indicate  that  the 
additional  electron  charge  is  mainlv  distributed  on  the  C  C  -C'^sN  backbone 
where,  as  indicated  by  Mulliken  atomic  charges,  (VC  V  and  A  bear  more  negative 
charge,  in  agreement  with  the  fact  that  the  anion  iio.MO  is  of  u"  (or  n)  symmetry. 

While  still  so  far  away  from  a  positive  value,  the  use  of  more  refined  theories 
( e.g,,  higher  orders  of  mp,  direct  methods )  is  not  justihed,  and  unlikely  to  he  rewarded 
in  leading  to  a  more  accurate  (or  positive)  estimate  of  i  a.  Indeed,  calculations 
with  largest  basis  set  at  the  mp2  level  still  yield  an  estimate  for  PA  of  “0.5  eV.  a 
long  way  from  being  positive,  indicating  that  something  quite  fundamental,  possibly 
in  the  basis  .set,  is  still  missing  from  the  treatment.  It  is  unfortunately  difficult  to 
know  what  extra  functions  might  need  to  be  included — both  in  terms  of  angular 
momentum  and  exponents.  Intuition  or  trial  and  error  is  not  desirable,  not  only 
because  basis  set  calculations — particularly  on  inclusion  of  correlation — represent 
a  major  computational  undertaking  but  also  because  there  is  a  need  to  maintain 
balance  in  treatment  to  avoid  a  better  representation  of  the  anion  compared  to  the 
neutral  that  might  lead  to  spurious  results  in  total  energy  differences. 

The  case  of  acrylonitrile  serves  to  illustrate,  once  again,  the  difficulties  encountered 
in  calculating  pa's.  Yet,  to  get  a  detailed  understanding  of  the  electrochemical 
reduction  process  in  condensed  phase,  it  is  essential  to  know  about  the  intrinsic 
electron  attachment  capabilities  of  molecules,  that  is.  gas  phase  electron  affinity. 
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Isotope  Substitution  Effects  on  Preferred 
Conformations  of  Some  Hydrocarbon  Radical  Cations 
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Abstract 

The  stability  of  ditt'erent  contbrmational  i«>mcrs  of  partially  deutcrated  radieal  cations  of  ethane, 
butane,  and  cyclopropane  vs  studied  at  the  lU /h-.tlG*'  and  MPI./h-sKi**  levels  U  is  shown  that  the 
superposition  patterns  of  spectra  correspiinding  to  different  isomers,  observed  in  bSR  spectroscopy,  are 
accurately  reproduced  by  Boltzmann  statistics  based  on  diflerenccs  in  vibrational  /erivp<iinl  energies 
(ZPE).  provided  that  the  temperature  is  high  enough  to  overeomc  evicting  barners  toward  internal  pseu¬ 
dorotation  in  the  cations.  For  the  ethane  and  butane  cations,  the  most  stable  eonformationv  arc,  as 
expected,  those  which  are  deuterated  in  the  short  CH  bonds,  while  .his  is  found  not  to  he  the  ease  lor 
the  cyclopropane  cation.  The  latter  result  is  explained  by  shifts  in  the  low-frequency  bending  modes, 
which  counteract  the  anticipated  isotope  effect  on  the  H  stretching  mixies.  <  John  yviley  & 
Sons,  Ine 


Introduction 

Radical  cations  have  recently  been  the  subject  of  several  experimental  and  theo¬ 
retical  investigations  [1],  partly  because  of  their  importance  as  (highly  reactive) 
intermediates  or  initiators  in  a  large  number  of  chemical  reactions.  The  experimental 
techniques  used  in  most  of  these  studies  is  low-temperature  matrix  isolation  electron 
spin  resonance  (ESR)  spectroscopy,  where  the  test  compound  is  mixed  with  a  matrix 
substance  (usually  a  noble  gas,  a  halocarbon  or  S{-\)  in  low-concentration  (typically 
1/10,(X)0),  after  which  the  mixture  is  frozen  and  irradiated  by  7-  or  X  rays. 

In  the  study  of  hydrocarbon  radical  cations,  selective  deuleration  in  combination 
with  ESR  spectroscopy  makes  it  possible  to  clearly  distinguish  between  chemically 
inequivalent  protons,  providing  detailed  structural  information  about  the  radical 
cation  in  question.  The  important  difference  between  the  proton  and  deuteron  in 
this  connection  is,  of  course,  their  different  magnetic  properties.  At  the  same  time, 
however,  the  mass  difference  between  the  two  isotopes  will  affect  the  vibrational 
properties  of  the  radical  cation.  In  a  simple,  uncoupled  harmonic  oscillator  model, 
the  zero-point  vibrational  energy  (ZPE)  of,  e.g.,  a  C  —  H  stretching  vibration  is 
proportional  to  ikjmn,  where  k  is  the  force  constant  of  the  C —  H  bond,  and  m,i 
is  the  mass  of  the  hydrogen  atom.  This  implies  that  upon  deuteration.  the  deuterium 
atoms  will  preferentially  occupy  sites  with  large  force  constants  in  order  to  lower 
the  total  ZPE.  This  is  of  special  importance  when  chemically  equivalent  protons 
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in  the  neutral  molecule  become  inequivalent  in  the  loni/ed  ssstems,  as  a  result  of 
Jahn-Teller  or  other  distortions. 

In  the  above-mentioned  ESR  experiments,  the  deuteration  is  performed  before 
the  radical  is  produced.  In  cases  where  it  is  possible  to  obtain  ditferent  substitutional 
or  rotational  isomers,  relating  hydrogen  ptrsitions  which  are  chemicalh  equivalent 
before  ionization,  it  may  be  ditlicult  to  observe  a  unique  ground  state  structure.  .At 
low  enough  temperatures,  however,  it  may  be  possible  to  reduce  the  vibrational 
(thermal)  motions  of  the  system  enough  to  single  out  a  unique  ground  state  con¬ 
formation.  in  the  case  of  the  partially  deuterated  species,  the  bonds  having  the 
largest  force  constants  are  generally  the  shorter  C'  H  bonds:  these  will  thus  be 
expected  to  be  occupied  by  the  deuterons.  .An  illustrative  case  is  provided  b\  the 
methane  radical  cation  where,  by  using  doubly  deuterated  methane.  CH.-D:.  it  was 
shown  that  the  Jahn-  Teller  active  cation  distorts  into  a  structure  of  C';,  symmetry, 
with  two  elongated  (C —  H)  and  two  shortened  (C  D)  bonds  (2).  This  has  also 
been  confirmed  by  extensive  theoretical  .studies  of  the  vibrational  motions  in  this 
system  (.^,4).  in  a  more  detailed  treatment,  of  course,  the  full  potential  energy 
surface  must  be  calculated,  and  the  vibrational  energies  extracted  from  this  by 
means  of  a  normal  mode  analysis. 

At  somewhat  higher  temperatures,  however,  it  may  not  be  possible  to  deduce  a 
unique  ground  state  conformation,  and  a  superposition  of  spectra  corresponding 
to  various  isomers  is  instead  observed.  Let  us,  as  an  example,  consider  the  ethane 
radical  cation.  The  structure  of  this  species  is  such  that  two  of  the  C  —  H  bonds 
(in  trans  positions)  are  elongated  and  tilted  inward  (cf.  Fig.  I)  [5].  These  will  be 
referred  to  as  the  "in-plane”  protons.  The  four  out-of-plane  hydrogens  with  short¬ 
ened  C  —  H  bonds  constitute  the  second  set  of  chemically  incquivalent  protons. 
The  hyperfine  structure  is  confined  to  the  two  in-plane  hydrogens  in  the  trans 
positions.  For  example,  in  the  doubly  deuterated  ethane  cation,  CfTDC'Fl^D' ,  there 
are  three  possible  rotational  isomers  that  can  be  observed  experimentally,  the  spectra 
of  which  differ  strongly  because  of  the  different  magnetic  properties  of  the  nuclei. 
These  are  formed  in  such  a  way  that  none  (I),  one  (II).  or  both  (III)  of  the  in-plane 
protons  are  deuterated,  as  depicted  in  Figure  2.  The  observed  spectra  will  be  a 
supeiposition  of  these  three  isomeric  types.  The  relative  abundances  of  the  different 


Figure  1 .  The  geometry  of  the  f  t,  electronic  ground  state  of  the  ethane  radical  cation, 
optimized  at  the  MP2/6-31G**  level  (from  ref.  5). 
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isomers  are  deduced  from  the  relative  contribution  of  the  corresponding  spectra  to 
the  observed  spectrum. 

In  this  studv.  it  is  shown  that  the  relative  abundances  ol'diil'erent  substitutional 
isomers  at  a  given  temperature  can  be  predicted  from  Bolt/mann  statistics  based 
on  their  ZPE  differences.  The  partially  deuterated  radical  cations  ot  ethane  (C'Tli,). 
w-butane  (CaH.O.  and  cyclopropane  ((-C-.H,,)  are  given  as  examples. 

Method 

Equilibrium  geometries  were  calculated  on  the  MP2/6-3  ICi**  level  for  the  ethane 
radical  cation  and  on  the  HF/6-3 IG**  level  for  the  n-butanc  and  (  -propane  cations. 
At  the  equilibrium  geometries,  vibrational  frequencies  and  ZPE.  were  calculated 
for  the  undeuterated  and  partially  deuterated  cations,  using  the  same  levels  of  ap¬ 
proximation.  re.spectively.  The  program  systems.  GAUS.SIAN  90  [6]  and  CJAMESS 
[Tj.  were  used.  The  relative  abundancicsof  the  different  substitutional  isomers  were 
calculated  using  Boltzmann  statistics,  based  on  the  ZPE  differences  between  the 
isomers. 


Results 


C:/J: 

The  ethane  radical  cation  is.  like  the  methane  cation.  Jahn-  feller  unstable.  Re¬ 
moving  an  electron  from  the  hy.  orbital  of  the  neutral  molecule  (Di,/  symmetry), 
the  system  distorts  in  such  a  way  that  two  of  the  hydrogens  become  tilted  inward, 
as  mentioned  above.  The  cation  thus  attains  a  structure  of  C;/,  symmetry,  and  has 
a  '.-ff.  electronic  ground  state.  Computationally,  the  MP2/b-3IG**  level  has  been 
found  to  be  the  lowest  possible  level  to  reproduce  the  correct  type  of  structure  {5]. 
and  has  been  used  throughout  this  study. 

Considering  the  three  types  of  isomers  (cf.  Fig.  2).  it  is  found  that,  for  a  given 
stoichiometric  composition,  the  difference  in  ZPE  between  isomeric  types  I  and  II. 
and  between  isomers  II  and  III,  is  approximately  1.5  kJ/mol.  Type  I.  where  only 
the  short,  out-of-planc  bonds  are  deuterated.  is  the  most  stable  form  (Table  I).  At 
4  K.  only  the  isomers  with  the  lowest  ZPE  (II  for  CH.DC'Dl  and  C'HD:CDi .  I  for 
the  rest),  are  present.  When  the  temperature  is  increa.scd,  the  other  isomeric  forms 
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T\bi  i  I.  MP2/6-^lC;**  calcutaled /ero-point  t'liergies 
and  dcgeni‘rac>  factors  for  the  sanousdcutcraicd  tsomerv 
of  the  ethane  radical  cation  Isomeric  t>pc  I  has  neither 
positions  I  nor  2  (ef  f  ig,  I )  deuteraied.  In  type  II.  one  of 
the  positions,  1  or  2.  is  deulerated  and.  in  type  III.  both 
HI  and  M2  have  been  subsliluled  for  deutcrons. 


Deuterated 

position 

ZPf 

(kJ/mol) 

IX-gcncraey 

factor 

Isomeric 

type 

_ 

185.9422 

! 

1 

177,4849 

4 

I 

! 

178,97X0 

T 

II 

3.  4 

Ift8.9ft27 

A 

1 

4.  5 

lft9.(K>67 

1 

3. 

169.0173 

T 

1 

1.  3 

170,4508 

4 

II 

1.  5 

170.5081 

4 

11 

1.  2 

171.9890 

1 

III 

3.  4,  5 

160.4753 

4 

1 

1,  3.4 

Iftl  8616 

2 

11 

I,  3,  6 

161,9628 

4 

II 

1.  3.  .s 

161.9716 

4 

II 

2.  3.  4 

I6I.9737 

2 

II 

(.  2.  3 

163.4505 

4 

III 

.3.  4.  5.  ft 

151,9250 

1 

1 

1.  3.  4.  5 

I53..3654 

4 

II 

1,  3,  5.  ft 

15,3.4202 

4 

II 

1.2,  .3,4 

1 54,8504 

2 

III 

1 ,  2.  .3.  ft 

154.8964 

III 

1 .  2.  3.  5 

1 54  90  36 

“i 

III 

1,  3.  4.  5.6 

144.8065 

2 

11 

1,  2.  3.  4.  5 

146.2889 

4 

111 

1 ,  2.  .3.  4.  5.  ft 

137.6673 

1 

111 

also  start  to  be  populated.  At  77  K.  the  calculated  ratio  1:11  (11:111)  ranges  from  5: 
2  (CHD2CHD2)  to  20:1  (CH2DCDJ)  (Table  11).  These  results  are  in  qualitative 
agreement  with  the  expenmental  findings  of  the  ESR  measurements  made  in  SFf, 
matrices  at  4  and  77  K  [8.9].  Analyzing  the  individual  frequencies  of  the  singly 
deuterated  species,  it  is  shown  that  the  differences  in  ZPE  between  the  isomeric 
forms  can  be  accounted  for  by  the  difference  in  stretching  frequency  of  one  particular 
C  —  H  bond  before  and  after  deuteration  (cf.  Fig.  3).  This  difference  is  approximately 
160  cm  '  (1.8  kJ/mol).  to  be  compared  with  the  total  ZPE  difference  ofca.  1.5  kJ/ 
mol.  The  uncoupled  harmonic  oscillator  model  thus  provides  a  satisfactory  model 
for  the  observed  behavior  of  the  partially  deuterated  ethane  cation. 

n-CMi 

The  ESR  measurements  of  the  doubly  and  quadruply  deuterated  n-butane  cations 
(Fig.  4)  in  CFyCCly,  at  temperatures  between  4  and  120  K.  clearly  indicate  a  non- 
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Tablk  II,  Biilt/mann  ptipulalions  and  abundance  ratios  (in  " )  at  4.2  K  and  77  K.  calculated  lor  the 
dirt'erent  isomenc  conformations  in  f  able  1 


Deuteraied 

position 

Isomenc  t\pc 

exp|(I 

O.'RIl 

AhuridancL*  ratio 

4.2  K 

77  K 

4  2  K. 

77  K 

I 

1.0 

1.0 

IIXI.O 

95  4 

1 

II 

2.7-  10 

0.097 

__ 

4  6 

.t.  4 

1 

1.0 

1  0 

UHfO 

83.6 

1.  .1 

II 

,3.1  •  H) 

0.098 

— 

16  4 

4,  5 

1 

1.0 

1  () 

57. > 

4  5  A? 

3.  5 

I 

0.738 

0.984 

415 

45.1 

1,  5 

11 

2  1  •  10  '■" 

0.096 

— 

8.8 

i.  2 

III 

81- 10  " 

0.(K»9 

— 

0.2 

3,  4.  5 

I 

1,0 

1.0 

100.0 

79.8 

1.  3.  6 

II 

.3.2-  10 

0.098 

— 

7,8 

1.  3.  .5 

II 

2.5-10  '■* 

0.097 

— 

7.7 

2.  3,  4 

II 

2.3-10  >■' 

0  096 

— 

3.8 

1,  2,  3 

III 

9.9-  10 

0.010 

— 

0,9 

3.  4,  5.  6 

1 

1.0 

1.0 

UMl.O 

70.2 

1.  .3,  ,3,  6 

II 

2.5-  10  ” 

0097 

— 

27,2 

1,  2,  3,  6 

III 

1,1  - 10  '■ 

0.010 

— 

14 

1.  2,  3,  5 

111 

9.0-  10  ' 

0.010 

— 

1.2 

’ .  3,  4,  5 

11 

1.0 

1,0 

I(8).0 

95.3 

1,  2.  3.  4 

III 

3.4- 10 

0.098 

— 

4.7 

1.  3.  4,  5,  6 

II 

1,0 

1.0 

IIXI.O 

83.5 

1.  2,  3.  4.  5 

III 

3.7-  10 

0,099 

— 

16.5 

statistical  superposition  pattern  of  the  different  rotational  isomers  possible  [  1 0. 1 1  ], 
in  analogy  with  the  discussion  made  above.  Defining  the  terminal  in-plane  hydrogens 
by  the  H  — C  — C  —  C(  —  Me)  and  (Me —  IC  — C  —  C  —  H  planes,  the  three  iso¬ 
meric  forms,  I,  II,  and  HI,  are  analogous  to  those  for  the  ethane  radical  cation  (cf. 
Fig.  2).  The  statistical  ratio  between  the  three  isomeric  conformation  types  I,  U, 
and  III  is  for  the  «-butane-l,1.4.4-r4  cation  1:4:4.  and  4:4:1  for  the  «-butane-1.4- 
dz  cation,  respectively.  The  in-plane  C  —  H  bonds  of  the  terminal  methyl  groups 
are  the  longer  ones,  analogously  with  the  ethane  cation.  For  the  «-butane  cation, 
the  in-plane  C  —  H  bond  lengths  are  1.1095  A.  and  the  four  methyl  out-of-plane 
bonds  are  1 .0905  A  (MP2/6-3 IG*).  Correspondingly,  the  ZPE  for  the  species  with 
the  out-of-plane  positions  deuterated  are  expected  to  be  lower  than  those  where 
one  or  both  of  the  in-plane  protons  are  replaced  by  dcuterons.  This  is  also  confirmed 
by  the  calculations  (Table  III). 

The  observed  ratios  for  the  partially  deute:ated  l,l,4,4-6/4  cation  of  «-butane  at 
77  K  are  not  the  statistical  (degeneracy)  ratios  of  1:4:4,  hut  rather  .3.0:4.9:2.1 .  The 
ZPE  calculations  at  the  UHF/6-.3  IG**  level,  and  subsequently  calculated  abundance 
ratios,  give  the  distribution  2.9:4. 7:2.4  at  77  K  (12],  i.e.,  in  excellent  agreement 
with  the  experimental  data  (Tables  III  and  IV). 
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(cm  * ) 


(b)  (a)  (c) 


Figure  3.  Vibrational  frequencies  of  the  (a)  undcutcratcd:  (b)  in-pianc  singly  deutcraied. 
and  (c)  out-of-plane  singly  deuterated  isomers  of  the  ethane  radical  cation,  obtained  from 
MP2/6-3IG**  frequency  calculations.  Cases  (b)  and  (cl  belong  to  the  isomeric  types  II 
and  I  of  Figure  2.  respectively  . 


For  the  \A-d2  cations,  the  experimental  ratio  at  77  K  is  6:3:(I).  which  is  also 
reproduced  very  well  by  the  theoretical  analysis.  The  theoretically  obtained  ratio 
at  77  K  is  6.5:3.2;0.3.  At  4  K,  the  experimental  distribution  is  7;2:(0)  which,  from 
the  theoretical  analysis,  indicates  that  the  rotational  motion  of  the  terminal  methyl 
groups  are  frozen  at  40-45  K  (Table  V),  The  activation  energy  for  the  rotational 


iI3  H4 

2.003  V 
^Cl - C2 

”‘c/ 


Figure  4.  The  HF/6-3IG**  optimized  geometry  of  the  gauche  form  of  the  n-butanc 
cation  [  1 2],  showing  the  labeling  used  in  Tables  Hl-V. 
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Tabu  111.  Calculated  /cm-pt)int  xihralional  energies  and  Bolt/mann  populations  lor 

the  ditlerent  rotational  isomers  otThe  >i-butane-l.l.4,4,-(/4  cation  (flt7.?-2Ki  results  in  purenthesesl. 


I’ndeuterated  positions 

Statistical 

weight 

ZPF,  energy 
(kJ/mol) 

cvpI(t:-F„)/RI] 

T  77  K 

isomcT 

A.  /rariv  conformation 

5.  6 

1 

.720.0.42 

1.00(H) 

1 

5,  8  [.s,  10;  6.  7;  6,  0] 

4 

.720.461 

0.51  16 

11 

7,  8  [9,  10] 

-> 

.720.981 

0.2271 

in 

7,  10  (8,  9] 

2 

.721.014 

0,2157 

HI 

B.  (iaiii  hv  conformation 

5.  6 

1 

720.190  (727  028) 

1.0000  (I  .IHKH)) 

1 

5.  8  [6.  7] 

720.776  (72.7.706) 

0.4004  (0.6477) 

li 

5.  10  [b.  9] 

-> 

,720.744(72.7.277) 

0.4209  (0.6820) 

II 

7.  8 

1 

72)  ,708(724.107) 

0.1744(0,1865) 

III 

7.  10  (8.  9] 

•> 

.721.180  (72.7.81  1) 

0.21.70  (0.2947) 

III 

9.  10 

1 

721.145  (727.679) 

0.22.^0(0.7617) 

III 

motion  has  been  estimated  to  be  9.5-10  kJ/mol.  with  a  frequency  factor  of  1.8 
-3.9-  10"  s  '  (13).  Inserting  these  numbers  in  a  rate  equation  of  Arrhenius  type, 
the  lifetimes  1  second  at  45  K.  and  1  min  at  40  K  are  obtained.  Below  40  K.  the 
rotational  motions  may  thus  be  assumed  to  have  stopped,  which  agrees  very  well 
with  the  theoretical  findings. 


c-Cjin 

The  cyclopropane  radical  cation  is  Jahn-Teller  active,  and  distorts  from  the 
symmetric  D.y,  structure,  to  an  isosceles,  obtuse  triangle  of  C2,  symmetry  (Fig.  5). 
The  electronic  ground  state  is  ’,-1 1 .  In  the  study  of  the  different  isomers  of  the  doubly 


Tabu  IV.  Calculated  (HF/6-.1IG**)  and  obscn.cd  abundance  rallixs  of  the  rotational  isomers  l-ill 
of  the  n-butanc-l.  1.4,4. -1/4  cation  (tlF/,T21Cr  results  in  parentheses). 


Rotational  isomer 

1 

II 

III 

A.  Trtins  conformation 

Statistical  abundance  ratio 

1. 

4 

4 

Calculated  Bolt/mann  population 

1. 

2,0466 

0.8855 

Calculated  abundance  ratio 

2.5 

5.2 

2.7 

B.  Ouwc/ie  conformation 

Statistical  abundance  ratio 

1 

4 

4 

Calculated  Bolt/mann  population 

1.(1.) 

1  6426  (2,6594) 

0.8254  (1.1.768) 

Calculated  abundance  ratio 

2.9  (2.1) 

4.7  (5.5) 

2.4  (2,4) 

Experimental  abundance  ratio’ 

,7,0 

4.9 

2.1 

Ref.  tO;  observed  in  CFyCCb  at  T7  K. 
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Fabi  I  V  Caiculatcct  and  observed  abumlaneo  ratios  o!  the  rotational 

isomers  I-lll  of  the  gauche  form  of  the  /i-butane- 1 cation. 


Temperature 

(K) 

Rotational  isomer 

1 

If 

III 

Statistical  abundance  ratio 

4 

4 

1 

Calculated  abundance  ratio 

77 

6.5 

3.: 

0,.i 

50 

7.4 

2.5 

0.1 

45 

7.6 

2.3 

0.1 

40 

7.9 

2.0 

0.1 

.to 

9.4 

0.6 

0.0 

4 

10.0 

0.0 

0.0 

Experimental  abundance  ratio 

IV 

6 

3 

4' 

7 

2 

(If 

“  Ref.  !  1,  observed  in  CFjCClj. 

''The  contribution  from  isomer  III  is  only  approximate,  because  the  center  tines  of  the 
spectra  are  affected  by  quart^  signals  ( 1 1 1. 

'■  Ref.  1 1;  observed  in  CF.CICFCI:, 


deuterated  cyclopropane  radical  cation,  the  ZPE  were  calculated  at  the  UHF/6- 
310**  level  of  theory,  and  the  abundance  ratios  were  computed  as  outlined  above. 
The  ESR  measurements  with  which  the  computational  results  are  compared,  were 
performed  at  different  temperatures  between  4  and  77  K  [14], 

The  six  protons  of  the  cyclopropane  cation  form  two  sets  of  chemically  inequi¬ 
valent  atoms;  the  four  “basal”  hydrogens  (R(C  —  H)  1.075  A),  and  the  two  “top” 
hydrogens  (R(C  —  H)  1.078  A),  respectively.  From  the  uncoupled  harmonic 
oscillator  model,  one  would  thus  assume  the  deuterons  to  preferentially  occupy  the 
basal  positions  where  the  C — H  bonds  are  shorter.  However,  the  ESR  measurements 
of  the  doubly  deuterated  isomers  of  the  cyclopropane-! .  l-tfy  radical  cation  show 
that  the  1,1 -substitution  (i.e..  deuteration  at  the  “top"  carbon)  is  preferred  at  low 
temperatures  [14],  As  can  be  seen  from  Table  VI,  the  same  result  is  obtained  from 
the  theoretical  calculations  [15], 

At  4  K,  the  observed  ratio  between  deuteration  of  the  top  carbon  (1)  and  the 
basal  carbons  (II)  is  2:1,  instead  of  the  statistical  ratio  1:2.  According  to  the  ZPE 


Figure  5.  The  optimized  structure  (HF/6-.t  IG**,  ref.  1 5)  and  labeling  of  the  cyclopropane 
radical  cation  (C.^.  symmetry  ). 
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!  \iu  I  VI.  Boli/mann  tliMribuiions  amt. 
paronllieses.  calculated  ahumlance  ratios  lor 
the  1.1  ami  2,2  (.^,,^1  isomers  of 

e>  eltrpropane '  — </; . 


Itinpcrauire 

(Kl 

i.i 

2.2(.t..t) 

HK) 

I.IKIIHI 

().4'W5 

(f.,2) 

(.v.t) 

77 

l.(HMIII 

0..t.t06 

(7..q 

(2  .') 

50 

l.(l(HH) 

11.1248 

(III 

20 

l.OtXM) 

0  0010 

(lO.O) 

(0.0) 

analysis  (Table  V'l).  this  corre.sponds  to  freezing  the  thermal  equilibration  at  100 
K.  This  temperature  agrees  with  the  experimentally  observed  temperature  for  the 
onset  of  a  dynamical  averaging  between  isomers  I  and  II  [14], 

At  temperatures  below  50  K.  only  the  isomeric  type  I  has  a  tionnegligible  pop¬ 
ulation.  which  agrees  with  the  experimental  result  obtained  after  annealing  the 
sample  frozen  to  4  K  at  slightly  higher  temperatures,  in  which  only  isomer  1  is 
observed. 

The  results  from  both  the  theoretical  and  experimental  studies  show  that  the 
uncoupled  oscillator  model  alone  cannot  explain  the  preferred  occupation  sites  of 
the  doubly  deuterated  cyclopropane  radical  cation.  In  an  analysis  of  the  individual 
frequencies  of  the  undeuterated  and  singly  deuterated  cyclopropane  cations  (cf 
Fig.  6).  it  was  found  that  the  changes  in  the  high-frequency  region  (>2000  cm  '). 
corresponding  to  the  C  —  H/C  —  D  stretching  vibrations,  are  such  that  the  ZPE  is 
lowered  more  for  the  isomer  where  one  of  the  basal  carbons  is  deuterated.  than 
when  a  top  hydrogen  is  replaced  by  a  deuteron  (Table  VII).  This  is  thus  in  accordance 
with  the  simple  harmonic  model.  The  fact  that  the  opposite  is  observed  in  '■eality 
is.  hence,  a  result  of  the  strong  effects  on  the  low-frequency  bending  modes,  which 
generate  a  lower  total  ZPE  for  deutcration  at  the  top  carbon,  than  for  the  case 
where  a  basal  position  is  deuterated. 

Conclusion 

Vibrational  analyses  have  been  performed  at  the  UHF/6-31G**  and  MP2/6- 
31G**  levels  on  partially  deuterated  isomers  of  the  ethane,  n-butane.  and  cyclo¬ 
propane  radical  cations.  In  the  first  two  cases,  it  is  found  that  deutcration  prefer¬ 
entially  occurs  at  the  shorter  binding  sites,  where,  on  account  of  larger  force  constants 
for  C  —  H  stretching,  the  largest  lowering  of  the  total  ZPE  is  expected.  In  the  cy¬ 
clopropane  cation,  however,  the  effects  on  the  C  —  —  D  stretching  vibrations 

arc  compensated  by  strong  effects  on  the  low-frequency  bending  modes,  thereby 
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25IKI  —I 


(hj  (ill  ic) 


Figure  6.  Frequency  dislrihuiions  (cm  ')  of  the  undeuterated  (a)  and  Cl  and  C2  singly 
dcuterated  ((b)  and  (c),  respcclivclvj  cyclopropane  radical  cations.  From  ref,  15, 


Stabilizing  those  isomers  where  the  deuteration  occurs  at  the  longer  binding  sites 
(at  the  “top”  carbon  atom).  For  all  these  species,  the  Boltzmann  populations  and 
abundance  ratios  are  calculated  at  different  temperatures.  These  analyses  fully  de- 


Tabi  I  VII.  Vibrational  frequency  components  in  the  high-  and  low-frequency 
regions  (cm  ')  along  with  the  total  ZPE  (kJ/mol)  for  the  undeuterated  and  singly 
dcuterated  isomers  of  the  cyclopropane  cation.  The  results  are  from  IJHF/6-.tlG** 

calculations. 


Frequency  range 


Dcuterated  High  low  ZPF 

position  (2(K)0-.t500  cm  ')  (()-20U()cm  ')  (kJ/mol) 


—  la) 

Cl,  apical  (b) 
C2.  basal  (c) 


20200.2') 

I9,t21.48 

19.^02.47 


!h454.88 

1.57,5.C8I 

I586X.68 


2l9.0ri72 
20'),  ■'940 
210.4704 
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scribe  the  nonstatistical  sups‘rposition  patterns  between  ditf'erent  substitutional  istr- 
mers,  observed  in  low-tonitx'rature  I  SR  experiments. 
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Abstract 

The  interaction  ol  CO  with  rhodium  clusters  of  different  si/es  is  studied  b\  means  of  Iniermediate 
Neglect  of  Differential  Orbital  ( isw))  calculations.  Interactions  of  both  n  and  r  tspe  are  well-known  to 
contribute  to  the  metal  — CO  bond  formation.  I'he  relative  importance  of  the  repulsive  Rh  C  O 
interaction  with  the  metal  and  the  back-bonding  to  the  CO  emptv  orb.tal  in  the  siabili/ation  of  the 
bond  IS  analyzed  as  a  function  of  the  cluster  size  and  the  crwrdi  lation  geometry  It  is  found  lliat  the 
shift  of  charge  in  the  larger  metal  clusters  brings  about  a  rcduclain  of  the  Rh  5a  C'O  repulsion,  and 
this  redistribution  is  important  to  change  the  optimal  CO  bonding  geometry  from  /iru/ec  to  o/i  top 
.c  l>tu’  John  Wiley  A  Sons.  Inc 


Introduction 

The  catalytic  activity  of  metal  surfaces  can  be  modified  in  order  to  selectively 
improve  the  performance  of  a  given  reaction.  A  rational  modification  of  the  metal 
topology,  electronic  and/or  magnetic  characteristics  by  means  iT  the  addition  of 
either  inhibitors  or  promoters,  that  may  vary  from  alkali  metals  to  foreign  transition 
metal  atoms  deposited  in  controlled  amounts,  makes  it  possible  to  desig.i  the  best 
catalyst  for  a  given  reaction  [1-4], 

The  design  of  a  catalyst  is  based  on  the  knowledge  of  the  effect  that  a  given 
modification  will  have  on  the  activity  of  a  given  surface  towaid  a  given  reaction. 
Understanding  the  interactions  between  small  molecules  and  transition  metal  atoms 
is,  thence,  a  central  matter  for  the  design  of  elcctrocatalysts.  Quantum  chemical 
calculations  are  particularly  appropriate  for  this  objective,  as  they  give  a  quantitative 
description  of  the  interactions  at  an  electronic  level  a.td  a  quantitative  trend  of 
their  change  under  the  effect  of  different  perturbations. 

Second-  and  third-row  transition  metal  atoms  are  the  choice  in  industry  because 
of  the  selectivity  of  their  reactions  in  normal  environments.  The  large  number  of 
open-shell  orbitals  associated  with  them  makes,  on  the  other  hand,  the  quantum 
chemical  calculations  of  these  systems  a  challenge  for  the  theoretical  chemist. 

A  great  interest  exists  in  characterizing  the  interaction  of  CO  with  transition 
metal  surfaces  [5-12],  Carbon  monoxide  provides  a  particularly  suitable  model 
adsorbate  because  of  the  sensitivity  of  its  properties  to  the  characteristics  of  the 
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bond.  It  has  the  addilionat  significance  of  acting  as  a  poison  for  the  catalytic  oxidation 
of  small  organic  molecules  on  noble  metal  surfaces  [1.^,  14). 

Rhodium,  on  the  other  hand,  matches  the  requirements  of  being  an  important 
catalyst  in  the  oxidation  of  organic  fuels  and  in  energy  conversion  meehanisms 
{15).  and,  as  an  element  of  the  4d  block  has  only  received  cursory  theoretical 
attention. 

Although  surfaces  may  be  approached  as  a  continuum  through  the  definition  of 
two-dimensional  periodical  properties  { 1 6 ) ,  chemisorption  at  low  coverages  is  usu¬ 
ally  better  described,  because  it  implies  a  localized  interaction,  by  means  of  the 
interaction  of  adsorbates  with  finite  clusters  that  mtxlel  the  surface  and  the  adsorbed 
ensemble  [17-19]. 

In  this  initial  study,  we  analyze  the  interactions  of  a  single  CO  molecule  with 
Rh  clusters  of  different  sizes  to  study  the  influence  of  the  size  of  the  cluster  in  the 
description  of  the  adsorption  bond. 

Different  CO  coordination  geometries  have  been  identified  on  both  small  Rh 
clusters  (20,21)  and  Rh  surfaces  (22-24).  Whereas,  according  to  ah  initio  calcu¬ 
lations,  two-fold  ( bridge)  coordination  is  more  stable  for  the  small  structures  (11). 
experimental  data  indicates  a  slight  preference  for  the  one-fold  (linear,  on  top) 
coordination  on  Rh(  111)  and  Rh(  100)  surfaces  (23). 

Interactions  of  both  a  and  ir  type  are  well-know  n  to  contribute  to  the  metal  —  CO 
bond  formation  [5.12],  According  to  ah  initio  calculations,  interactions  of  the  a 
type  are  mainly  repulsive  ( Pauli  repulsion )  ( 5-7  ] ,  The  metal  charge  in  a  symmetry 
orbitals  hybridizes  and  polarizes  away  from  CO  to  reduce  the  metal  —  Sa  CO  overlap 
and.  hence,  reduces  the  repulsion.  The  interactions  of  the  ir  type  arc.  on  the  other 
hand,  bonding,  and  are  most  important  in  the  stabilization  of  the  bond.  .Although 
this  model  has  been  frequently  used  to  explain  the  interaction  of  CO  with  transition 
metal  surfaces,  it  has  been  mainly  built  up  using  triatomic  Me  —  CO  molecules 
(5-7)  as  examples.  No  systematic  analysis  of  the  relative  importance  of  both  in¬ 
teractions  for  metal  clusters  of  different  sizes  has  been  done  at  the  self-consistent 
field  or  more  accurate  levels  of  calculation. 

In  this  work  we  will  apply  a  version  of  the  Intermediate  Neglect  of  'differential 
Overlap  (indo)  (25)  model  at  both  the  self-consistent  field  (SCF)  and  the  config¬ 
uration  interaction  (C  l)  level,  using  the  ZINDO  program  (26).  examining  the  effects 
of  different  size  clusters,  from  one  Rh  atom  to  15,  on  the  bonding  and  structure  of 
the  CO  adduct. 

These  calculations  are  our  first  attempt  to  model  CO  interactions  with  Rh  metal 
surfaces.  They  also  give  us  the  opportunity  to  compare  our  results  with  those  derived 
from  ah  initio  [10. 1 1]  and  density  functional  theory  (12)  calculations  on  the  tria¬ 
tomic  Rh  —  CO  systems  and  to  support  the  use  of  the  indo  model  on  more  extended 
metal  systems. 


Calculations 

In  order  to  better  understand  the  localized  interactions  involved  in  the  bonding 
of  CO  to  Rh  metal  models,  we  start  with  the  Rh-CO  triatomic  molecule,  increasing 
then  the  size  of  the  cluster  up  to  15  Rh  atoms  (Figs.  1-3). 


CO  HONOIVi  lO  Kft  Cll  SliKS 


Rh,  H  =4 


I  iguro  I .  t)itt\.'rcrn  |  Rh  ]„  clusters  analyzed  by  means  nf  sr  i  -<  l  isiX)  caleulaiions.  A/ 

multiplicily  2v  *  1. 


With  the  exception  of  the  diatomic  Rhy,  which  is  also  studied  for  the  optimized 
molecular  geometry,  the  Rh  —  Rh  interatomic  distance  is  fixed  at  the  bulk  value 
(2.690  A  [27]).  Linear  [Rh]„  clu.sters  (I  <  n  <  5)  are  chosen  as  a  common  unit 
for  the  dift’erent  metal  topologies.  Calculations  are  then  extended  to  [Rh(  1 1 1  Ijm 
and  [Rh(  1 1 1  )]is  clusters  in  order  to  study  the  eft'ect  of  lateral  metal  atoms  on  the 
Rh  CO  bond,  when  going  from  a  one-dimensional  to  a  two-dimensional  structure, 
and  that  of  the  underlying  metal  atoms  when  going  to  a  three-dimensional  fee  one. 

A  Lock  operator  for  the  average  energy  of  each  configuration  [  28  ]  is  used  to  help 
overcome  the  state  degeneracies  that  hinder  set  convergence  caused  by  the  large 
number  of  near-degenerate  states  as.sociatcd  with  [Rh]„  clusters.  The  average  op¬ 
erator  is  defined  for  the  nine  valence  electrons  of  each  Rh  atom  distributed  in  the 
five  4d  valence  orbitals.  The  orbitals  from  the  averaged  operator  form  the  reference 
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Figure  2.  Local  density  charge  on  the  atomic  centers  of  the  CO  molecule  bridge-bonded 
to  the  ( Rh)„  clusters  of  different  size. 


for  a  subsequent  projection  over  pure  spin  states  by  means  of  a  Rumer  Configuration 
Interaction  [29]. 

The  geometry  of  the  adsorbed  structures  is  optimized  by  means  of  the  Head  and 
Zerner  technique  [30-32],  using  the  BFGS  algorithm  to  update  the  inverse  Hessian 
matrix.  For  systems  of  high  symmetry,  such  as  metal  surfaces  examined  here,  it 
becomes  advantageous  to  use  Cartesian  coordinates  in  order  to  avoid  possible  sin¬ 
gularities  in  the  inversion  of  the  metric  matrix. 

The  INDO  model  that  we  use  for  these  studies  have  been  modified  by  choosing 
the  resonance  integrals  according  to  formulae  that  take  into  account  different  elec¬ 
tronegativities.  A  description  of  those  modifications  is  in  preparation.  All  other 
aspects  of  the  method  are  as  described  elsewhere  [25,33]. 

Two  parameterizations  of  the  indo  theory  arc  used  in  these  studies:  one  for 
geometry,  which  utilizes  two-center  coulomb  integrals  calculated  ah  iniiio:  and  one 
for  spectroscopy  at  fixed  geometries,  which  obtains  these  coulomb  integrals  from 
experiment  [25,33-35]. 


CO  BONI)IN(.  lO  Rh  (  H  SI  I  RS 


sy  I 


figure  3.  l,<Kal  density  charge  on  the  atomic  centers  of  the  CO  molecule  linearly  (on 
lop).  bonded  to  the  [  Rh  )„  clusters  of  different  si/e 


Geometries  are  optimized  at  the  rohf  level  of  theory  [28.36],  Spectroscopic 
states  are  examined  using  the  orbitals  obtained  from  the  Configuration  Average 
Hartree-Fock  (CAHF)  methods  for  a  subsequent  Rumer  ci  diagram. 

Results 

MullipUcity  of  the  Clusters 

By  means  of  a  Rumer  ci.  the  average  vectors  belonging  to  the  SCF  calculations 
are  projected  over  pure  spin  states  for  each  of  the  different  structures.  In  this  way, 
the  stability  of  different  multiplicities  for  each  structure  is  comparatively  analyzed 
at  the  CI  level.  The  multiplicities  (A/  =  5(5  +  I ))  of  minimum  energy  are  chosen 
to  represent  both  the  initial  (naked  metal  cluster)  and  the  final  (adsorbed  ensemble) 


592 


I  STIU  AND  Zf  RNt  R 


TaBI  K  I.  tncrgies  (a.u.)  rclalive  to  the  rmisl  stable  state  for  the  different  multiplieities  ol  (Rh)„  clusters. 
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states.  Data  collected  in  Tables  I  and  11  show  that  they  correspond,  without  exception, 
to  intermediate  spin  states. 

For  the  Rhs  diatomic  we  have  examined  two  structures:  the  minimum  energy 
structure,  which  we  can  compare  with  the  results  of  others  (1 1.37-39],  and  the 
simplest  two-atom  model  of  the  surface,  in  which  the  interatomic  distance  is  fixed 
at  r  =  2.690  A. 

The  ground  state  of  the  Rhs  diatomic  is  controversial,  both  its  symmetry  and  its 
bond  length.  At  the  level  of  theory  we  utilize  for  the  larger  clusters  we  calculate  the 
lowest  energy  state  of  Rh:  as  a  -2)„(  l<Tj2(T^l(r,',6^5f,irjiri).  with  an  interatomic 
separation  of  2.35  A.  This  agrees  with  the  dhf  results  of  Mains  and  White  [r  - 

2.28  A)[ll]. 

Balasubramanian  and  Liao  [37],  who  have  included  spin-orbit  and  other  relativistic 
effects  directly  into  their  calculations,suggest  •Ay(62%  1  o-‘,2(t‘1  er with 
r  =  2.28  A,  as  lowest  lying.  They  do  not  report  a  '2,,  state.  On  the  other  hand,  we 


Table  II.  Energies  (a.u.)  relative  to  the  most  stable  state  for  the  ditferenl  multiplicities  of  (Rh)„  (CO) 

clusters  of  different  geometrv. 
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csiiniato  a  lo\\-l\iiig  stau-.  I'nuii  i  i  calonlaiions,  ''S'>n  cm  '  liiehcr  in  cncrjis 
lhan  our  1'  ,  Balasuhramaniaii  aiul  I  tao'c  Nlalc  is  a  lK’a\>  mislurc  ot  conlig- 
uralions,  uitli  si/cahlc  comnhutions  liom  hiuhoi  cnorgs  conliguiaiioiis  that  uc 
have  not  incliKloii  in  tliisr  i.  I  ltc\  (.'stiinatcabinilmucncrus  i>i  2  I  c\  ti)  bccomparal 
'.Mill  an  experimental  \alue  of •  0.2'  e\  140  j.  uheieas  \xe  obtain  a  xalue  ol 
O.bO  e\  estimatei.i  liom  the  ilissoeiation  ot  the  loxxest  septet 

lllas  et  al  1 '4  I  ibuiul  a  .i,,(  la  2n  I  a "  ,t  ' )  (  r  2.('~'  \)as  the  most 
stabk'  stale.  iMlh  a  bindink;  enerux  ol  1.5  e\  .  \  1  ( /  2b'S  \  )  in  ealeulaleil  lo  lie 
'25  em  '  higher  in  energx.  The  'A  state  D  2.(>l  \t  eoi respoiuhng  to  th.il  of 
Balasubramanian  aiui  I  iao.  is  2400  em  '  higher  m  energx  than  the  '1  .  I  he  m- 
leratomie  xlisianees  ealetilateil  b\  lllas  et  al.  are  all  largei  lhan  those  of  our  xxork 
aiui  those  of  Halasubramanum  aiul  1  lao  |  5' I  aini  Mains  aiul  W  hite  1 1  1 1 

Reiiealing  our  ealeulaiiims  utih/ing  the  t Mil  meihoxi  for  12  eleelix'ns  m  eight 
xirhiialst  liT.  ,To),'o,>  '  I  <i '  '2a;  '  I  at  a  lixexKlislanee  of  2  2S'  \  to  generate  the  starting 
orbitals,  aiKl  (xerformiiig  a  t  isti  fnmi  the  leferetuvs  la  'a  ‘  n-  2a  I  a  i '2; , 

I  (T ;.  IT  .b)  bi ,7 ;  I  (t.',2(I '.( 'A.I-  .mil  I  a  or  b") ,7  I  a  ;2a  .( '  A.,  I.  xielils  the  A.  loxxest. 

1  he  'A ,  stale,  at  this  geomeirx.  is  (>.>00  em  '  higher  in  energx.  .iihI  the  'A  ,  state  is 
i2.4,XSem  '  higher.  I  he  biiulmg  energx  is  esiimaiexi  as  1.2  e\  .  1  his  resulls  are  m 
best  aeeoiil  with  thi'se  obtained  bx  Ifalasubramaman  aiui  I  iao. 

I  able  I  indie.iies  that,  .it  r  2. 64  V.  the  septet  is  the  louesi  energx  sirueture. 
xxhen  the  ieehnu|ue  ileserihed  earlier  to  examine  the  l.irger  elusiers  is  uiih/ed.  1  his 
septet  .ilso  IS  ealetilateil  to  haxe  .1  minimum  ;it  r  2.54  \  aiul  is  predieted  to  be 
bound  bx  about  0.('  e\  as  is  the  'A  .  I  he  sirueture  eorres|ixnuis  to  txxo  ‘1  Kh  .itoms 
brought  together  xxiilunii  spin  eou|ilmg.  but  xxith  some  'i/h\bndi/,iiion  responsible 
for  the  weak  bonding. 

1  he  number  of  unpaired  eleetrons  is  kept  tilniost  eonsiant.  tirouiui  sexen  .ind 
eight,  for  ihe  Imetir  (  Rh  |.  elusters  1  I  aisle  1 1. 

Although  for  a  ihtferent  (triangular)  geometrx.  the  s.mie  multipheiix  as  ours 
( .1/  X )  has  been  found  b\  Mains  and  W  hite  [Mi  for  Rh:.  xxhieh  deseribes  a  ^1 
Rh  atom  xeeaklx  bound  lo  ;i  Rh  -  sirueture.  The  Mulliken  population  amilxsis  of 
our  linear  Rh:  struelure  (  diseusseii  later)  shows  lhal  it  is  formed  from  txxo  termiiKil 
"I  Rh  atoms  and  one  eentral  I)  Rh  atom. 

lor  a  rhombic  iilaiuir  Rh4  structure.  Ntains  and  W  hite  found  a  mullipheitx  equal 
to  nine.  \xilh  txxo  'I  and  ixvo  I)  Rh  atoms  at  opposite  xerliees.  In  our  linear  structure. 
txM)  terminal  Rh  atoms  are  I)  and  the  t'xo  eentral  atoms  ‘I  I  he  strueture  resembles, 
though,  txxo  Rh-  molecules  xeeaklx  bound. 

I  he  iTiultiplieitx  of  the  tvxo-dimensional  [  Rh  |,,,  slruetures  (  M  4  )  shows  that 
thex  correspond  to  more  tightlx  bonded  structures. 

I  he  multiplieitx  of  the  bilaxers  deserxes  further  comments  I  he  most  stable 
multiplicity  for  the  (  Rht  I  I  1  i],,,  single  taxers.  1/  4.  corresponds  to  O.X  unpaired 

eleetrons  per  surface  atom.  If  this  volin’  /ur  dltun  is  transferred  lo  the  [Rh(  I  I  I  )1|. 
cluster,  which  has  the  same  structure  of  the  topmost  laxer  as  |Rh(  I  1  I  Ij,,,.  12 
unpaired  electrons  might  be  expected  for  the  IRh],.  cluster,  corres|ioiuling  to 
M  12  or  \l  14.  as  M  l.f  is  not  cximpalible  xxith  this  cluster  si/e.  W'e  found 
the  greater  stability  for  M  I4  (  I  able  I).  I  oxxer  nuilliphcities  xxould  iniplx  the 
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cancellation  of  the  unpaired  spins  of  the  first  layer  with  the  unpaired  spins  of  the 
second  one,  which  may  he  seen  as  a  partial  description  of  a  semi-infinite  system, 
as  the  second  layer  would  also  interact  with  lower-lying  metal  atoms  in  the  bulk 
solid.  Higher  multiplicities,  on  the  other  hand,  may  belong  to  unpaired  spins  of 
the  second  layer  and  the  borders  of  the  cluster  which,  on  the  same  basis,  may  be 
canceled  if  a  larger  number  of  layers  are  defined.  Knowing  that  we  are  dealing  w  ith 
an  indeterminacy  at  this  point,  we  choose  .V/  =  14  to  model  the  bilayer  clu.ster.  on 
the  basis  that  the  fractional  number  of  unpaired  electrons  per  atom  in  the  first 
metal  layer  is  likely  to  be  the  most  important  concept  for  the  definition  of  the 
number  of  unpaired  spins  on  the  surface. 

Coordination  of  CO  decreases  the  multiplicity  of  the  linear  ( Rh  ]„  structures  (the 
particular  case  of  two-fold  coordination  on  Rh4  will  be  discussed  later)  (Table  II ). 
The  triatomic  Rh  —  CO  molecule  has  a  lower  M  than  atomic  Rh.  The  decrease  of 
the  M  of  Rh;  after  bonding  to  CO  is  in  agreement  with  UHF  ah  iniiio  [11]  and 
local  density  functional  [12]  calculations.  The  .U  is.  however,  preserved  when  one 
CO  is  bonded  to  two-  and  three-dimensional  structures,  as  the  electronic  spins  can 
be  relaxed  through  the  metal  —  metal  bonds  to  their  most  stable  distribution. 

A  similar  decrease  in  the  local  magnetic  moment,  not  always  retlected  in  a  decrease 
of  the  global  magnetic  moment,  has  been  found  from  i.SD  calculations  for  the 
adsorption  of  CO  on  Ni  clusters  [41],  On  the  basis  of  those  calculations,  the  decrease 
in  the  magnetization  was  related  to  the  antibonding  interaction  of  the  Sa  CO  orbitals 
with  the  .sc/band.  which  destabilizes  and  empties  the  upper-level  orbitals,  triggering 
a  spin-dependent  rearrangement  of  the  J  electrons,  which  in  turn,  leads  to  the 
decrease  in  the  magnetization  (42  J.  As  this  is  mainly  a  localized  interaction,  it  has 
a  much  less  pronounced  effect  on  the  magnetic  moment  of  the  metal  atoms  not 
directly  involved  in  the  bond.  The  local  magnetization  change  without  global  mag¬ 
netization  change  has  been  found  [41]  for  several  coordination  geometries  and 
cluster  sizes.  The  lack  of  global  magnetization  change,  on  the  other  hand,  was 
explained  as  a  compensation  effect  due  to  the  increase  of  the  magnet-  moments 
of  the  atoms  not  directly  bonded  to  CO. 

Both  the  -T  and  the  ir  interactions  change  the  number  of  unpaired  electrons  in 
the  [Rh]„CO  systems  and.  thence,  M  of  the  cluster.  The  final  A/  value  will  be  the 
result  of  a  balance  of  both  effects.  However,  when  the  charge  in  the  a  orbitals  is 
polarized  to  the  adjacent  atoms  of  the  cluster,  the  local  change  in  the  number  of 
unpaired  spins  is  only  determined  by  the  back  bonding  effect.  This  effect  is  not 
large  enough  to  give  a  net  change  in  the  global  magnetic  moment.  On  the  other 
hand,  the  rcdisliibulion  of  the  electronic  spins  through  polarization  allows  the 
system  to  reorganize  again  to  the  minimum  energy  spin  distribution. 

A  larger  decrease  is  found  for  the  smaller  clusters  as  they  do  not  have  the  ability 
to  spread  the  perturbation  caused  by  the  bonding.  In  our  description,  the  interaction 
of  the  5(7  CO  electrons  with  the  Rh;  and  Rh^  clusters  decrease  their  multiplicity 
through  the  filling  of  empty  d  holes  in  the  sd  hand. 

Adsorption  Geometries  and  Energtes  as  a  Function  of  the  Cluster  Size 

The  calculated  optimized  geometries  of  the  (Rh]„CO  species  are  given  in  Table 
III,  where  they  are  compared  with  data  derived  from  ah  initio  and  i.PF  calculations. 
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Mic  equilibrium  gcumctrics  uerc  obtained  through  gradient  optimi/ation.  keeping 
IVo/en  the  coordinates  of  the  metal  atoms.  Bond  distances  and  bond  angles  were 
optimized  simultaneously.  In  order  to  model  CO  on-iop  coordination  on  Rh;  and 
Rhj  clusters,  the  translational  mocement  ot'thc  CO  molecule  was  restricted  to  the 
a.\is  perpendicular  to  the  metal  atom  row  to  avoid  its  evolution  to  the  most  stable 
bridge  structure.  Ihis  procedure  was  not  necessary  tor  model  Rhi.  Rio.  Rhi,,.  and 
Rh,*  clusters,  because  there  are  relative  minima  in  those  structures  for  both  coor¬ 
dination  geometries. 

F'Or  all  the  structures  analyzed,  we  found  a  coordination  of  CO  perpendicular  to 
the  surface,  through  the  carbon  end.  without  angular  deformation  of  the  Rh — C — 
O  bond. 

Both  the  linear  and  the  bridge  coordination  involve  interactions  of  the  n  and  x 
t\pe.  <T  Interactions  are  composed  of  a  charge  transfer  fnim  .‘'rr  CO  to  empty  metal 
orbitals  along  with  a  repulsive  interaction  (  Pauli  repulsion  )  between  the  electronic 
clouds  centered  on  the  sir  CO  lone  pair  and  the  adjacent  metal  orbitals,  w  Inter¬ 
actions.  on  the  other  hand,  imply  back  bonding  from  the  metal  orbitals  to  empty 
IT*  orbitals  on  the  CO. 

f'or  the  C — O  interatomic  bond  directed  along  the  r-a.\is.  the  one-fold  (on-top) 
interaction  invoices  a  >(t  CO — d  :  Rh  repulsion,  together  with  charge  transfer  to 
empty  />.  metal  orbitals.  Back  bonding  is  completed  from  </,  .  d,  Rh  orbitals  to 
the  empty  tt*  CO  orbital  [  I  ig.  4{a)i.  Bridge  coordination  implies  the  interaction 
of  the  .Sit  (  ()  orbital  vv  ith  d,  .  d,  Rh  orbitals,  and  charge  transfer  to  emptv  />,/), 
metal  orbitals  directed  along  the  Me — Me  bond.  Back  bonding  not  only  involves 
d;  and  d,  metal  orbitals  but  also  d  and  />  [  f  ig.  4(  b )  | .  y  ielding  a  more  effective 
back  bonding  interaction  for  this  coordination  geometry.  Due  to  the  antibonding 
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Figure  4.  Molecular  orbital  interactions  involved  in  the  stabilization  of  the  adsorption 
bond.  The  c-axis  is  directed  along  the  adsorption  bond,  perpendicular  to  the  metal  surface, 
(a)  One-fold  ( linear,  on  top) coordination,  {a.  1  iSwCO-tf.-:  Rh  interaction.  Charge  transfer 
5<t  CO — Pj  Rh.  (a.2)  Back  bonding  from  orbitals  to  the  w*  CO.  (b)  Two-fold 

(bridge)  coordination,  (b.l )  5<r  CO — t/,..,  </,.;  interaction.  Charge  transfer  5<t  CO — p,.  p, 
Rh.  (b.2)  Back  bonding  from  the  d„,  d,-,  d.!.  p;  Rh  orbitals  to  the  ir*  CO. 


character  of  the  CO  w*  bond,  this  more  effective  charge  transfer  results  in  a  longer 
C — O  bond  for  the  bridge  coordination  (Table  Ilf). 

Binding  enei^y  values  (BE)  are  calculated  as  the  difference  between  the  total 
energy  of  the  adsorbed  [  Rh  ]„CO  structures  and  the  sum  of  the  total  energies  of  the 
metal  cluster  [  Rh  ]„  and  the  CO  molecule,  for  the  most  stable  M  of  each  structure 
(Table  II),  evaluated,  at  the  Cl  level,  for  the  optimized  geometries  (Table  III). 
Positive  BE  values  indicate  adsorption. 


CO  iK)Ni)iN(;  ro  Rh  <  nisri:Rs 


597 


It  is  well-known  that  the  lNt)o  method  used  here  overestimates  bonding  energies 
134].  To  aecount  for  this,  the  set— ci  BK  values  derived  from  indo  calculations 
have  been  corrected  by  2.5  eV  per  Rh— C  bond  to  match  the  data  derived  from 
other  calculation  procedures  (Table  IV)  as  no  BI-  e.xpcrimental  values  are  available. 
While  the  on-top  coordination  involves  one  Rh — C  bond,  the  bridge  coordination 
in  the  linear  [Rh]„  clusters  implies  the  interaction  of  one  C  atom  with  two  Rh 
atoms,  for  the  same  C — Rh  distance  obtained  in  both  cases.  However,  in  the  iwo- 
dimensional  [Rh{lll)]|„  structures,  lirst-ncarest-neighbor  and  second-nearest- 
neighbor  Rh  atoms  are  to  be  considered  for  CO  bridge  adsorption.  On  the  basis  of 
the  analysis  of  the  atomic  bond  index  matrix  [43].  a  correction  of  a  quarter  the 
value  of  a  Rh-first-nearcst-ncighbor — C  bond  is  added  for  each  interacting  Rh- 
sccond-ncarcst-neighbor  atom  to  calculate  the  Rh — CO  BE  correction.  No  further 
correction  is  necessary  for  the  CO  interaction  with  Rh  bilayers  as  the  C — sccond- 
laycr-Rh-atom  bond  indices  arc  negligible. 

In  agreement  with  ah  initio  calculations  for  the  interaction  of  CO  with  [Rh]^ 
[II],  we  found  a  higher  stability  of  bicoordinaled  CO  on  the  [Rh]„(  1  <  /;  s  5) 


Tahi  i:  IV.  Itinidng  llncrgics  (HI!)  (cV)  of  the  CO  molecules  on  the  clillerent  slriiclures. 
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linear  clusters.  The  relative  energy  diH'erence  (  Bf:„„  n.p)  decreases  as  the 

cluster  size  increases  ( Table  IV ).  This  trend  is  alsu  observed  for  the  two-dimensional 
[Rh(  1 1 1  )],ii  clusters.  The  addition  of  in-plane  atoms  does  not  appear  to  further 
reduce  the  preference  for  bridge  coordination  over  the  on-top  coordination.  Since 
on-top  binding  is  experimcnlaliy  observed,  monolayers  of  Rh  atoms  do  not  appear 
to  v  ield  a  good  model  for  the  interaction  of  CO  vv  iih  a  metal  surface. 

A  similar  BE  for  both  geometries  ( Table  I V )  is  found  when  the  surface  is  mcxleled 
by  the  (Rh{  1 1 1  )]i^  bilayer  structure.  This  fact  rctlects  the  importance  of  a  proper 
modeling  of  the  immediate  environment  of  the  metal  atoms  that  are  defining  the 
adsorption  site  in  order  to  reproduce  the  electronic  interactions  involved  in  the 
adsorption  bond.  In  the  bilayer  structures,  the  Rh  atoms  bonded  to  CO  have  the 
same  number  of  nearest  neighbors  as  in  the  actual  solid  surface.  We  anticipate  that 
on-lop  bonding  will  be  more  stable  within  a  three-layer  model,  as  this  will  be  better 
able  to  distribute  the  a  bond  repulsions. 

MiilL'kcn  Fapulc'ion  Analysis 

The  analysis  of  the  metal — CO  bonding  in  terms  of  tr.  tt  interactions  is  usually 
based  on  population  analysis  results  [44].  The  change  of  the  Mulliken  populations 
on  the  atomic  orbitals  after  adsorption  (coordination)  allows  one  to  separate  the 
different  effects  (<t  charge  transfer,  a  polarization,  and  rr  hack  bonding)  that  are 
involved  in  the  definition  of  the  adsorption  bond,  and  to  rationalize,  then,  which 
is  the  more  important  effect  for  each  structure  ( defined  by  the  coordination  geometry 
and  cluster  size).  For  the  Mulliken  population  analysis,  the  INDO  basis  is  assumed 
to  be  related  to  the  Slater  basis  through  symmetrical  orthogonalization. 

The  corresponding  orbital  analysis  after  the  indo  calculations  shows  that  the 
relative  importance  of  the  a,  tt  interactions  is  highly  dependent  on  the  size  of  the 
cluster  and  on  the  coordination  geometry  (Tables  V  and  VI). 

There  is  good  agreement  between  our  analysis  of  the  Rh — CO  molecule  and  that 
obtained  from  ah  initio  calculations.  The  charge  transfer  from  the  metal  to  empb 
TT*  CO  orbitals  is  the  most  important  bonding  interaction,  and  leads  to  an  increase 
of  the  population  of  the  p  orbitals  centered  on  the  C  and  O  atoms  (Table  V ).  The 
5(t  CO — metal  interaction  is  not  as  effective,  because  the  charge  ir.  che  a  orbital 
can  only  be  distributed  in  the  unique  metal  center.  The  overall  effect  leads  to  a 
negative  charge  density  on  the  CO  moiety. 

When  more  than  one  Rh  atom  is  considered  in  the  model  cluster,  the  charge  is 
polarized  to  the  adjacent  metal  atoms.  This  polarization  causes  the  a  charge  as¬ 
sociated  with  the  adso'ption-site  metal-atom  to  be  directed  a  vay  from  CO  leading 
to  a  reduction  of  the  n  repulsion  between  the  metal  and  CO. 

This  decrease  of  the  repulsion  in  the  rr  bonding  allows  a  electrons  of  linearly 
(on-top)  bonded  CO  to  be  transferred  to  the  metal,  yielding  a  positively  charged 
CO.  The  magnitude  of  the  charge  transfer  and  back  bonding  effects  do  not  change 
when  the  number  of  Rh  atoms  increases  in  the  linear  clusters  (Table  V ).  The  local 
density  charges  on  the  C  and  O  atoms,  as  well  as  the  stability  of  the  different 
(Rh]„CO  structures  depends  on  the  decrease  of  the  Pauli  repulsion  in  the  <T-bonding 
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orbitals,  which  is  accomplished  by  either  hybridization  in  the  Rh  at*rm  bonded  to 
C'O  or  polarization  to  adjacent  atomic  centers. 

Due  to  the  symmetry  ofthe  orbitals  involved  in  the  interaction  ( I  ip,.  4  ).  tt  back 
bonding  is  more  ellective  for  the  two-fold  coordination,  and  the  C'O  molecule  has 
a  negative  net  charge  when  bonded  to  fRhl:;  and  [  Rh  ],  structures.  However,  since 
the  polarization  ofthe  charge  to  the  adjacent  atoms  is  not  only  important  for  the 
linear  but  also  for  the  two-fold  coordination,  it  is  important  for  the  model  that  CO 
be  bonded  to  inlrnuil  atoms  for  both  geometries.  [FCh].,  is  therefore  the  smallest 
structure  able  to  properly  describe  most  of  the  elfects  involved  in  the  interaction. 

When  CO  is  bridge-bonded  to  [Rh]4.  the  decrease  of  the  repulsion  in  the  (t- 
symmetry  orbitals  allows  a  greater  <t  donation,  which  becomes  even  more  evident 
than  the  back  bonding  change  observed  along  the  rr-type  orbitals,  and  the  coordi¬ 
nated  C'O  molecule  is  again  chaiacterized  by  a  positive  charge.  The  importance  of 
the  extra  stabilization  ofthe  [RliJ^CO  bridge  structure  through  polarization  of  the 
charge  is  reflected  by  its  multiplicity.  4/ (Table  11).  The  reduction  ofthe  multiplicity 
of  this  structure  from  A  f  -  9  to  a  lower  value  empties  the  homo  orbital,  which  is 
responsible  for  much  ofthe  charge  polarization  to  the  terminal  Rh  atoms  in  the 
linear  cluster  (Fig.  5).  The  stability  of  the  structure  decreases  by  0.7  eV  when  the 
multiplicity  changes  from  9  to  7. 

When  the  cluster  is  defined  by  more  than  one  row  the  charge  is  mainly  polarized 
away  from  CO  to  adjacent  rows.  This  more  cflective  reduction  of  the  tr  repulsion, 
which  is  reflected  in  a  shorter  Rh — C  bond  length  (Table  111),  and  in  a  larger 
positive  charge  on  the  CO  molecule  (Figs.  2  and  3).  stabilizes  both  coordination 
geometries.  Although  the  relative  energy  diflcrcnce  decreases  (Table  IV).  a  single 
layer  Rh  cluster  is  not  enough  to  reproduce  the  experimental  results  of  a  slightly 
higher  stability  of  the  on-top  coordination. 

In  the  bilayer  metal  clusters,  there  is  a  competition  for  the  use  of  the  5  and  tt 
orbitals  of  the  adsorption  .site  between  forming  a  bond  with  CO  or  with  other  metal 
atoms  of  the  .second  layer.  The  lower  availability  of  the  6  and  rr  orbitals  decreases 
the  back  bonding  (the  C — O  bond  length  is  shorter.  Table  111)  and  lowers  the 
calculated  stability  of  the  CO  adsorption,  more  markedly  for  the  bridge  structure 
than  for  the  on  top  one. 

The  charge  transfer  from  CO  to  the  metal  is  more  elficicnt  than  in  a  single  layer 
metal  cluster  (larger  positive  charge  on  CO,  F'igs.  2  and  3)  because  the  charge  is 
afso  polarized  to  the  second  metal  atom  layer. 

As  the  back  bonding  effect  is  more  important  for  the  bridge  coordination,  the 
decrease  of  this  interaction,  which  is  reflected  in  an  increase  ofthe  negative  charge 
on  the  Rh  atoms  bonded  to  CO.  results  in  a  destabilization  of  the  two-fold  vs.  the 


one-fold  coordination.  Although  not  directly  involved  in  the  coordination,  the  pres¬ 
ence  of  the  .second-layer  metal  atoms  reverse  the  sign  ofthe  energy  difference  lx.*lween 
two-  and  one-fold  coordination  geometries,  yielding  the  experimentally  observed 
result. 


We  might  conclude,  then,  that  bilayer  (Rh(  1 1 1  ))n  clusters  arc  ofthe  appn'priate 
size  to  model  the  adsorptive  interaction  with  a  CO  molecule. 
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7  90  ,/ 

0.25  S 

0.14  /. 

8.4'  ,/ 

Rhd 

0  26  s 

0  19  /> 

S..60,/ 

0.52  s 

0,49;. 

8  76  1/ 

f 

1.70  .s 

1 .99  /> 

1.51  s 

2.70/, 

() 

I.7S  s 

4  42  /- 

l.’6  , 

4,45  /, 

to 

6.(K)  a 

4.(K1  a 

5  45  a 

4,44  a 

RhaCO 

Rb, 

0  40  V 

0.12 

8.55  </ 

0.22  s 

0  1 .5 

8  ,70  (1 

Rh;“ 

0.70  .s 

0.2S 

8  (I2  </ 

0.60  s 

0  52  ;> 

8.28  a 

Rhi 

0.70  , 

0.2S  /> 

8.02  J 

0.5’  , 

0.2,8  r 

8.20  d 

Rhi 

0.40  s 

0. 1 2  /> 

8.55  </ 

0,49  s 

0,15  ;, 

8.71  t/ 

t 

t  .70  V 

1.99  /, 

l,7|  s 

2.70/, 

() 

l  ,7S  , 

4,42  /> 

1  76  s 

4  50  r 

Cf) 

6.00  a 

4.(K)  T 

5,4  7  a 

4  4'"  a 

RhsCO 

Rhi 

()..74  V 

0  lO/i 

8,75  ,/ 

0  49  s 

0, 18  ;> 

8,52  (5 

Rh: 

0.70  s 

0.26  /, 

8.20  </ 

0.07  V 

0.51  /' 

K.I8  d 

Rhi' 

0.20  s 

0.27  p 

8.47  il 

0.65  V 

0  49  r 

•  78 

( 

1.79  , 

1 .99 

1.51  s 

O 

1.7S  s 

4  42  /. 

1  76 

4  .'  .7  /I 

CO 

6.00  a 

4.(K)  TT 

.44  a 

4  50  .T 

Rh,„(() 

Rh, 

0.‘'6  .s 

0  40  /' 

7  96  / 

0.55  s 

0.55  /, 

8.05  d 

Rh;' 

O.'tO  , 

0.7S 

7.87 

(1  v- 

1 ,0'  ,’> 

7.87  (/ 

Rh, 

0  90  s 

0.7S  ;> 

7  87  ,/ 

0  90  s 

(1 

7.94  d 

Rhi 

0.S6  V 

0  40  /> 

7.96  ,/ 

0.54  s 

03^  p 

8.20  r/ 

Rhs 

0..S9  V 

0  52  /, 

7.97  ,/ 

0.55  s 

0,  56  ;> 

8.06  d 

Rh^ 

0.64  s 

0  49  /> 

7.74  ,7 

0.61  s 

0.42  /> 

7.88  d 

Rh^ 

0.59  , 

0  72  /> 

7  97  J 

0.52  s 

0.52 

7.71  d 

Rb» 

0.29  s 

0  .72  r 

7.97  ,/ 

0.55  ., 

0.  76  /, 

8.06  d 

Kh„ 

0.64  , 

0  49  /. 

7  74  ,7 

0.61  1 

0.42 

7  88  d 

Rh,„ 

0.69  ., 

0,  72  /• 

7  .97 

0.52  s 

0.72  /> 

7.71  d 

f 

1 .79  s 

1 .99  /. 

1.22  s 

2.75  /, 

O 

1  "S  s 

4  42  /> 

l.’b  s 

4  49/1 

to 

6  <»()  a 

4  (10  a 

5.50  a 

4,57  a 

(  ()  i(>  Kh  ( I  rsii  ks  oO! 


1  \HI 1  \  (<  . 

nfiniiCii  1 

Atom 

Bctv>rc  cot»riiinvjlion 

Alter 

Ct  birOiruilii 

n 

Rhi.(X)  Rh, 

0  SI)  > 

0.4"  r 

’  J 

O  -x  1  X 

0,5  1  p 

’  ss  d 

Rh.e 

O.S  '' 

0  O.S  p 

7  4’  ii 

Ml. 

\  p 

.  '  li 

Rh. 

()..s.I  . 

O.'iS  ;* 

7  4-’</ 

0  St  s 

1  o:  /■ 

"  44  ii 

Rhu 

0  50  ^ 

0.4^  p 

^  S5  i/ 

0  p 

"  SS  J 

Rh. 

0  >4  \ 

0.4')  p 

"  S’  ,/ 

0  ‘  N  X 

t  /' 

'  S  I  ii 

Rh^ 

().■’>  ^ 

0."6  p 

7  60  ,/ 

If  s:  s 

0  SI  p 

’  :^s  d 

Rh- 

()  54  X 

0  40  /• 

?  S’  J 

0  50  X 

04X0  p 

’  'f*  d 

Rhs 

(1.55  ( 

0.44  /. 

"..sa  ii 

0  X 

0  54  p 

’.s:  ij 

Rh„ 

().':  s 

ti. -0/' 

"^  4x0  J 

0  '(X  s 

0 't  p 

’  (’4  (J 

Rh|„ 

0.55  X 

0.44  p 

■  .54  ii 

0  \ 

0  5i  p 

’  S<  i/ 

Rhi, 

(I.fi4  . 

0.",5  p 

'  5'  ,/ 

0  ’5  ' 

IMS/, 

’  4*'  (1 

Rh,: 

0  64  . 

o'H/; 

y  d 

(WxO  X 

OKI  5  p 

’  4.)  ,/ 

Rh,. 

0,5.5  ' 

0  66  p 

■’.(<4  ,/ 

0  o:  X 

0  fi-t  P 

’  54  ii 

Rh„ 

0.'4  ^ 

/- 

■’  d 

0  S(*  X 

0  sw  p 

'  44  ii 

Rh,. 

0.5.5  \ 

0  66  p 

’  d 

0  00  \ 

0  y  p 

’  54  ,i 

(' 

l  .'O  . 

1  5)4  /• 

1  _'!  s 

-  /' 

O 

I,’5  N 

4  4_’  p 

1  ■(, . 

4  45  p 

CO 

6.00  a 

4.00  r: 

5  .>) 

4  40  r: 

'  Melal  atom  coordic 

■led  to  the 

CO  m.ileeiile 

Conclusions 

Wc  characterize  the  metal — CO  bonding  as  a  tt  donation  from  the  metal  coupled 
with  a  a  donation  from  CO.  This  latter  interaction  can  become  less  repulsive  b\ 
spreading  charge  to  neighboring  metal  atoms  ir  order  to  reduce  the  repulsion  be¬ 
tween  the  5(7  CO  bond  and  the  chelating  Rh  atoms. 

The  CO  molecule  must  be  bonded  to  internal  surface  atoms  ( as  regarded  to  edges 
and  ends)  to  properly  model  this  charge  transfer  ctreci.  In  addition,  the  second 
metal  layer  is  of  utmost  importance  in  mixleling  the  metal-metal  interactions, 
avoiding  in  this  way  an  overcstimation  of  the  back  bonding  to  the  CO  molecule, 
and  correcting  for  the  preference  of  bridged  vs.  on-top  bonding. 

Although  a  four-metal-atom  cluster  defines  the  minimum  size  for  a  good  qual¬ 
itative  description  of  the  interactions  involved  in  the  CO — metal  bond,  three-di¬ 
mensional  bilayer  clusters  are  really  necessary  to  reproduce  c.sperimental  findings 
on  a  metal  surface.  We  might  extrapolate  from  this  that  large  clusters  cannot  he 
modeled  by  fewer  than  the  number  of  atoms  needed  to  define  the  adsorption  site 
environment  with  the  same  number  of  neighbors  as  in  the  actual  metal  surface. 

We  find  that,  although  back  bonding  from  the  metal  to  the  (.  C)  is  the  most 
important  bonding  interaction  in  the  Rh-CO  molecule,  as  is  also  found  from  ah 
initio  and  I..SD  calculations,  charge  transfer  followcu  by  polarization  of  the  charge 
to  the  adjacent  atoms  is  the  most  important  effect  when  the  interaction  with  larger 
metal  clusters  is  considered. 
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Tabi  I  VI.  Changes  in  the  Mulliken  (Xipiilalions  on  the  Rh.  C,  and  ()  atonne  orbilals  and  on  the  CO 
molecular  orbitals  through  lv.o-t'otd  eiKirdinalnm. 


-Mom 

Bel'ore  coordination 

/M’ler  coordination 

Rh;CO 

Rh‘ 

1 .01)  .V 

0  1 5  p 

7  8.1  d 

0.14  V 

0.24  p 

8,11  d 

C 

l.7d  .V 

1  44/) 

1.22  1 

2.46  p 

O 

1.78  V 

4  42  /) 

1 .76  A 

4.54  p 

CO 

h.(K!  .r 

4  (K) 

5.. 10  n 

4.72  jr 

Rh,CO 

Rh,-* 

0.40  V 

0.04  p 

7.40  d 

0.40  .s 

0,27  /, 

8.16  d 

Rhd 

0.26  .V 

0.14  p 

8.50  </ 

0.51  .V 

0.48  p 

8  .06  d 

Rh, 

0.40  .1 

0-04  p 

7.40  d 

0.46  A 

0.12  p 

8.15  d 

C’ 

1.74  .V 

1 .44  p 

1  21  .A 

2.46  A 

O 

1.78  ,v 

4.42  p 

1.76.) 

4.5A  p 

CO 

6.(K)  n 

4.0t)  ir 

5.10  0 

4.71  IT 

Rh/'O 

Rh, 

0.40  .V 

0.12  p 

8. 15  d 

0.84  .1 

0. 1  1  p 

7.47  d 

Rhd 

0.70  ,v 

0.28  p 

8.02  d 

0.52  A 

0.45  /) 

8.14  </ 

C 

1.74  .V 

1.44/) 

1  2  1  .V 

2.41  p 

o 

1.78  ., 

4,42  /) 

1.76  ,v 

4.44  p 

CO 

6.00  u 

4.00  IT 

5., 10  (I 

4.54  7t 

Rh.CO 

Rh, 

0..C^  .V 

0.10/) 

8.15  d 

0,04  V 

0.14  p 

8.72  </ 

Rhd 

0.70.V 

0.26  /) 

8.20  d 

0.40  .1 

0.42  p 

8.14  d 

Rh,‘ 

0..'!0.v 

0,27  /) 

8.47  t/ 

0.54  V 

0..10  /) 

8.05  d 

Rh4 

0.70.V 

0.26  /) 

8.20  d 

0.14  .V 

0.40  p 

8.57  d 

Rh, 

0..7.')  .V 

0.10/) 

8.15  d 

0.02  .V 

O.lOp 

8,65  r/ 

1.74  .V 

1.44/) 

1,21  .V 

2.45  p 

O 

1.78  .V 

4.42  /) 

1,76  .V 

4.56  p 

CO 

6(K),r 

4. TO  )r 

5,15  <7 

4.65  JT 

Rh,„CO 

Rh, 

0.56.V 

0.40  p 

7.46  £/ 

0,44  ,v 

0,11  /) 

7.42 

Rhd 

0.40  .s 

0.  /8/) 

7.81  d 

0,62  .s 

0  41  p 

7.89(7 

Rh, 

0.54.V 

0.  .12  p 

7.97  d 

0,52  ,v 

0,11  /) 

7.96  d 

Rh, 

0.64  .s 

0.44  /) 

7.74  d 

0.51  .V 

0,60  p 

8.08(7 

C 

1.74  .V 

1.44/7 

l.ll.v 

2.46  p 

o 

1 .78  .V 

4.42  /) 

1.76  .S' 

4.48  p 

CO 

6.00  <T 

4.00  TT 

5.22  <7 

4.62  T 

Rh,>CO 

Rh, 

0.50  .s 

0.47  p 

7.85  <7 

0.52  .s 

0.52  p 

7.41  (7 

Rh/ 

0.8.1  .s 

0.48/7 

7.47  d 

0.92  ,v 

1.01  p 

7,42  (7 

Rh, 

0.54  .V 

0.44  p 

7.87  d 

0.55  .V 

0.52  p 

7.80  (7 

Rh, 

0.7,s  V 

0,76/7 

7.60  d 

0.84  .1 

0.81  p 

7,56  (7 

Rh, 

0.53  .V 

0.44  p 

7.84  r/ 

0.57  .5 

0,51  p 

7.82  (7 

Rh, 

0.71  s 

0.70  p 

7.66  d 

0.61  V 

0.75  p 

7,67  (7 

Rh,, 

0,64  ,t 

0.78  p 

7.57  d 

0.68  V 

0.80  p 

7,51  d 

Rh„ 

0.58  .V 

0.66  p 

7  69d 

0.54  .y 

0.67  p 

7.59  d 

Rh(4 

0,74  .s 

0.84  p 

7.56  d 

0.84  .s 

0.42  p 

7.48(7 

C 

1.79  ,v 

1.49  p 

1.08  .y 

2..14p 

o 

1.78  s 

4,42  p 

1.75  .V 

4.40  p 

CO 

6  TO  a 

4.TO  TT 

5.24  IT 

4.44ir 

*  Metal  atoms  coordinated  to  the  CO  molecule.  Only  the  populations  on  noncquivaicnt  atoms  are 
reported. 


H)  iO  Rh  (  I  rsn  KS 


I  igutc  5.  tirhiials  nnol\cil  ni  iho  homo  t>t’ tiK*  [KhjjC  (>  biKigi;  slructiifi-  I  hf 

si/c  ot'  ihc  orbitals  rctlccls  the  ivlatoc  coiunbutjons  to  the  molecular  orbital  Jcroetl  irom 

the  NK)  eoelheieius. 
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Abstract 

V\c  hu'C  piTlornK'd  a  linear  eomhinalion  o('(iaussian-l>iX'  iirbitals,  I  <  (.m,  local  ilcnsiu  luncuonal, 
I  I>1 ,  calculalionc  on  a  senec  of  los\-  and  high-nuclcarit>  carhonclalcd  \i  clusters  and  on  then  naked 
eounlerparts.  \ke  ha^c  loiind  that  vshile  the  hare  M  elusteredo  exhibit  several  I'ealiires  in  eomnion  ssiih 
the  hulk  metal,  the  low-nuelearit%  s'arbonv  laled  clusters  do  not  sinns  ans  metallic  behavior  Si^ns  of  a 
developing  metallic  character  are  found  for  high-nuclearitv  \i  cluster  carbons K  where  it  is  possible  to 
distinguish  between  "surlace  "  atoms,  which  are  dirs’ctiv  interacting  with  the  ligand  sphere,  and  "bulk  " 
atoms,  which  are  onlv  interacting  with  other  metal  atoms.  Through  the  anuivsisol'thc  magnetic  j'ro(X'rties 
ol  these  sv stems  it  is  possible  to  formulate  a  general  model  which  rationalizes  both  the  metallic  behavior 
of  the  Iree  Ni  clusters  and  the  nonmctallic  behavior  in  cenain  carbonslatcd  Ni  clusters.  I  his  model  is 
based  on  the  pcnurbations  inducetl  hv  the  ligands  on  the  electronic  structure  of  the  metal  atoms  in  the 
cluster.  ‘  l'i‘i,v  John  Wilev  tS  S(»ns,  Inc 


Introduction 

Molecular  metal  clu.sters  constitute  a  relatively  young  field  in  coordination 
chem).str>  [I]  which  opens  new  perspectives  for  understanding  the  transition  from 
the  molecular  to  the  metallic  state.  Molecular  metal  clusters  can  he  obtained  in 
solution,  but  also  exist  in  the  solid  state,  giving  rise  in  several  cases  to  crystalline 
structures  [2].  When  a  crystal  is  obtained,  it  consists  of  an  assembly  of  identical 
macromoleeules.  the  inorganic  clusters,  which  are  composed  of  a  core  of  metal 
atoms  surrounded  by  a  shell  of  ligands,  which  include  carbonyls,  phosphines,  and 
atoms,  such  as  Cl.  S.  O.  etc.  fhis  ligand  shell  is  essential  for  the  chemical  stabili/ation 
ol  the  complex  and  for  preventing  (he  coalescence  of  the  metal  cores  to  form  large 
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metallic  particles;  furthermore,  it  provides  an  “insulating”  phase  between  the  metal 
cores.  These  cores  are  usually  composed  of  a  few  (from  ^  to  10-15)  metal  atoms 
but.  in  some  cases,  the  si/e  of  the  metallic  pan  of  the  cluster  can  be  considerably 
larger.  Clusters  containing  up  to  about  50  metal  atoms  have  been  s\nthesi/ed. 
cry.stallized.  and  characterized  by  X-ray  dilfraction  techniques  (2).  Much  larger 
clusters,  containing  several  hundreds  of  metal  atoms  have  also  been  synthesized 
[!c):  for  these  "giant”  clusters,  which  stan  to  resemble  colloidal  panicles,  it  has 
been  impossible  to  obtain  crystalline  structures  and  the  characterization  of  the 
stoichiometry  and  shape  of  the  cluster  "molecules"  has  been  done  by  high-resolution 
electron  microscopy. 

These  inorganic  compounds,  containing  a  frame  of  a  few  hundred  metal  atoms 
are  an  ideal  class  of  materials  for  investigating  the  evolution  of  the  propenies  as¬ 
sociated  with  metallic  behavior.  A  great  advantage  compared  to  other  methods  of 
producing  isolated  metal  clusters,  like  the  cluster  beam  techniques  [.^],  is  that 
considerable  yields  (of  the  order  of  a  few  grams)  of  the  material  can  be  obtained 
through  chemical  synthesis;  moreover,  inorganic  clusters  are  stable  under  normal 
e.xperimental  conditions  (2]. 

In  this  way  it  has  been  possible  to  perform  a  scries  of  physical  measurements  on 
clusters  of  various  size  [4-8].  Recently.  EXAFS  studies  [5]  on  Au^T  PPh) )|,>C1„. 
where  the  Au^<  unit  has  a  cubo-octahedral  structure,  have  shown  that  the  X-ray 
absorption  edge  of  the  cluster  has  several  features  in  common  with  the  bulk.  Also 
the  photoelectron  spectra  [6]  of  this  gold  cluster  shows  striking  similarities  with 
that  of  the  metal.  On  the  other  hand,  significant  differences  have  been  found  with 
Mdssbauer  measurements  [7],  because  the  response  of  the  "surface”  Au  atoms, 
directly  mteracting  w  ith  the  ligand  shell,  is  different  from  that  of  the  "internal"  Au 
atoms,  where  the  average  coordination  resembles  that  of  the  bulk.  A  similar  effect, 
i.e..  a  different  behavior  of  the  "surface"  with  respect  to  the  "bulk"  metal  atoms 
in  high-nuclearity  clusters,  has  been  recently  proposed  in  order  to  interpret  the 
spin-lattice  relaxation  time  and  the  metallic  Knight  shifts  in  Pt  NMR  experiments 
on  a  PtHwPhcru^Oid  cluster  [8].  Even  more  interesting  for  the  understanding  of 
the  development  of  a  metallic  behavior  are  the  magnetic  measurements  performed 
on  carbonylated  clusters  [4].  Interestingly,  all  the  low-nuclearity  clusters,  with  a 
metal  core  composed  of  up  to  about  10  atoms,  are  diamagnetic.  Temperature- 
dependent  magnetic  susceptibility  measurements  on  larger  clusters,  composed  of 
about  40  metal  atoms,  exhibit  a  total  magnetic  moment  per  cluster  of  the  order  of 
4-9  [4].  The  average  magnetic  moment  per  atom  in  bulk  Ni  is  0.6  aw  [9];  for 

a  cluster  containing  40  atoms,  this  should  correspond  to  a  total  magnetic  moment 
of  24  unpaired  electrons,  while  the  observed  moment  is  much  smaller  [4]. 

All  these  data  indicate  that  the  ligand  shell  induces  strong  modifications  in  the 
electronic  structure  of  the  metal  frame  so  that  some  of  the  metal-like  properties 
are  retained  while  others  are  partly  or  totally  lost.  Moreover,  some  of  these  properties 
change  asa  function  of  the  cluster  nuclearity.  Clearly,  the  large  body  of  data  collected 
on  these  systems  requires  rationalization  in  a  comprehensive  theory.  In  this  article 
we  present  a  unifying  theory  which  accounts  for  the  different  behavior  of  ligand- 
free  metallic  clusters,  like  the  ones  obtained  in  gas-phase  cluster  beam  experiments. 
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and  of  molecular  metal  clusters,  usualh  prepared  by  organometallic  synthesis.  This 
theory  is  based  on  electronic  structure  calculations  performed  vs  ith  the  linear  com¬ 
bination  ofGaussian-lype  orbitals U  (  ro).  local  density  functional  M  i)i  )  method 
(10.12).  which  allows  a  self-consistent  all-electron  treatment. 

We  will  show  that  the  surrounding:  ligands  stabilize  the  organometalhc  cluster, 
but  also  that  they  deeply  modify  the  electronic  characteristics  of  the  metal  atoms 
of  the  cluster.  The  perturbation  of  the  ligand  shell  is  strong  enough  so  that  all  the 
'■metallic”  properties  are  lost  for  the  “surface”  metal  atoms,  while  some  "metallic'' 
behavior  is  still  present  on  the  ■'bulk”  metal  atoms,  provided  that  the  cluster  is 
large  enough  to  allow  for  such  distinction. 

Computational  Method 

All  the  calculations  have  been  carried  out  by  means  of  the  t  ( <;io-i  i)i  method 
[10-12],  This  computational  technique  is  quite  well  suited  for  the  study  iil' the 
transition  from  molecular  to  metallic  systems.  Here  we  recall  only  the  major  features 
of  the  method.  Further  details  can  be  found  elsewhere  [  12 ) . 

In  the  icciio-bDl  method  one  has  to  solve  one-electron  equations  derived  in 
the  Kohn-Sham  approach  to  density  functional  theory  (10. 1  Ij: 

[-U'-  +  f(r)l  i,{r)  ■-  oi/.-tr) 

where  the  local  potential,  L'(r).  iscompo.sed  of  the  nuclear-electron  attraction,  the 
classical  inlerclectronic  repulsion,  and  the  e.xchange-correlation  potential,  i'.,  (r)- 
In  the  present  investigation,  (r)  is  taken  to  be  the  .Vo  variant  of  the  I  i>l  ap¬ 
proximation 

i\,(r)  -  -.F/2  o  [(.V7r)/.(r))'  ■' 
where  fj{r)  is  the  charge  density 

/)(r)  =  2;«,[i;,(r)]- 

and  «  is  set  to  0.7. 

The  l,(  Ci  ro-i.Df  method  makes  use  of  three  Gau.ssian-ty  pc  basis  sets,  one  for 
the  construction  of  the  Kohn-Sham  orbitals;  one  to  tit  the  charge  density,  p(r), 
when  calculating  the  interelectronic  repulsion  potential;  and  one  to  tit  the  exchange- 
correlation  potential,  .All-electron  calculations  have  been  performed  in  order 

to  determine  the  cluster  ground  state  using  a  spin-polarized  version  of  the  method. 
The  filling  of  the  one-electron  levels  is  done  according  to  the  fractional  occupation 
number.  tON,  technique  [12];  according  to  this  procedure,  one  formally  broadens 
each  one-electron  level  by  a  Gaussian  (half-width  0..^  eV )  and  fills  the  resulting 
density  of  states,  [X)S,  by  the  appropriate  number  of  electrons.  Thus,  a  cluster  Fermi 
energy  is  determined  in  a  self-consistent  way.  and  need  not  result  in  an  occupied 
highest  occupied  molecular  orbital  (no.vo)  that  contains  an  integral  number  of 
electrons. 

The  calculations  have  been  performed  on  a  scries  of  bare  and  carbonylated  Ni 
clusters  of  various  .sizes;  the  cluster  structures  arc  taken  from  the  corresponding  ,X- 
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ray  crystallographic  data  [2].  In  some  eases,  the  experimental  structure  has  been 
idealized  to  take  advantage  of  the  symmetry  properties  of  the  computational  pro¬ 
gram.  To  give  an  idea  of  the  complexity  of  the  calculations,  we  mention  that  the 
basis  set  for  the  largest  cluster  considered.  [  Ni44(  CO  )4.s  ]"  ,  consists  of  about  .Tf(H) 
contracted  functions;  the  compound  contains  1 40  atvims  and  more  than  I  d(M)  elec¬ 
trons.  depending  on  the  net  charge. 

The  accuracy  of  the  method  in  predicting  electronic  and  structural  properties  of 
carbonyiated  Ni  clusters  is  shown,  for  instance,  by  the  results  of  the  partial  opti¬ 
mization  of  the  Ni— -C  distances  in  Nii(CO),,;  the  optimal  r(  Ni — CO.  terminal) 

1 .76  A  and  r(  Ni — CO.  bridge)  =  1.86  A  are  in  excellent  agreement  with  the  average 
experimental  bono  lengths.  1.75  A  and  1.00  A.  respectively  [2j. 


Free  Ni  Clusters 

In  the  last  decade,  the  knowledge  of  the  physical  properties  of  small,  ligand-free. 
metal  clusters  has  grown  considerably  thanks  to  the  development  of  sophisticated 
experimental  techniques  in  which  gas-phase  clusters  are  produced  under  controlled 
conditions  and  investigated  by  means  of  photophysical  measurements  (.^j.  In  ad¬ 
dition.  accurate  quantum-mechanical  calculations  have  been  performed  to  interpret 
the  experiments  and  to  predict  other  properties  that  are  not  easy  to  obtain  exper¬ 
imentally  {1  ?1. 

Gas-phase  Ni  clusters  have  been  studied  theoretically  [12.14-19]  and  experi¬ 
mentally  [20|.  The  present  l  Df-  calculations  indicate,  in  agreement  with  oth.  r 
theoretical  investigations  [14-18].  that  Ni  clusters  arc  highly  magnetic,  see  Table 


Tahii  I  Binding  cnerg)  per  atom, ///,/«  (eV);  f  ermi  encrg>, /.,  (cVl;  total,  .V,  ,\„j,  and 

average,  n.  Si/ii.  number  ol  unpaired  electrons  m  bare  Ni„  clusters. 


Ni„ 

from  Ni„((  0),„ 

r,.r-' 

/., 

.V, 

n. 

Nh 

from  Ni,((  f)l». 

2..tX 

I.1.S 

2.41 

2.44 

0.81 

Ni. 

from  NidC  Ol,; 

2. .IS.  2.81 

1.64 

1.11 

4.20 

0.84 

Ni^ 

from  Ni^iCO),; 

2..t8.  2.77 

2.01 

1.47 

6.84 

114 

Nid' 

from  Ni,('(C())|^ 

2  6,1 

2..S6 

1.14 

7.42 

0.44 

Ni^t" 

from  Ni,C  (CO>i,. 

2.6,1 

3.22 

1,44 

4,24 

0.11 

Nif 

from  Nii,(Cf)l»(PHy 

21)4 

1..S4 

7.42 

0.44 

Ni. 

from  Ni^lC'O),, 

2..W.  2.7’’ 

2  11 

-1,27 

8.11 

0.40 

N  1  |(j 

from  Ni,,,(ie(CO):„ 

2.^S.  2,72 

2.40 

1,4? 

8.74 

0.88 

Ni|,,(/c 

f  rom  Ni|„Cie(('Obi 

2.?3,  2.'?2 

2.81 

1.48 

.1.58 

0  <6 

NU; 

from  Nh^CdCOlv, 

2.40,  2.46,  2  61 

4.l,s 

1.71 

26.44 

0.81 

from  Ni,;( V(f 'f)l» 

2.40,  2.46,  2.61 

4.4.S 

1.77 

10.11 

0.12 

from  Ni44(C()l4, 

2..SS 

4.10 

1.71 

r  i 

0.74 

*  The  Ni — Ni  distances  (in  A)  arc  fixed  at  the  experimental  values  found  in  the  carbons latcd  clusters. 

Binding  energv  per  atom  computed  as  [;;/;'(.Ni)  t  //•,((')  (  //.Kiel  /■.(Ni„C',(ie,)/ln  »  i  +  /)), 

'  Square  antiprism. 

'(  ube. 
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I.  The  magncltc  behavior  of  the  small  clusters,  which  is  reminiscent  of  the  I'erro- 
niagnetic  ordering  of  the  bulk  metal,  can  be  explained  by  the  nature  ol'the  chemical 
bonding  in  these  systems,  fhe  low-lving  electronic  states  in  Ni  clusters  arise  from 
the  interaction  of  Ni  atoms  in  the  4\'  configuration.  While  the  4.s  orbital  is 
spatially  vers  ditfuse,  the  orbitals  are  contracted  and  highly  locali/ed;  therefore, 
when  two  or  more  Ni  atoms  interact  to  form  a  diatomic  or  a  larger  aggregate,  the 
interaction  involves  mainly  the  4.v-levcls.  whereas  the  overlap  is  weak.  The 

bonding  originates  from  the  coupling  of  the  4.v  electrons  v  ia  the  formation  of  a 
partially  occupied  4v-manifold,  while  the  3r/''band'‘  is  narrow  and  the  unpaired 
.^(/electrons  arc  only  partially  coupled.  I  his  results  in  an  average  number  of  unpaired 
electrons  per  Ni  atom  close  to  one  for  small  Ni  molecules  like  Ni;.  which  probably 
has  a  '-j.  ground  state  [21],  or  Ni-,.  for  which  a  "A,,  linear  molecule  is  virtually 
degenerate  with  a  A:  equilateral  triangle  [17],  .^s  the  cluster  grows,  the  number 
of  electronic  spin  states  grows  very  rapidly,  forming  a  dense  manifold  immediately 
above  the  ground  state.  The  energy  separation  between  these  stales  is  much  smaller 
than  the  thermal  energy.  A  / .  for  room  or  even  lower  temperatures.  For  high-nu- 
clearity  gas-phase  Ni  clusters  it  becomes  virtually  impossible  to  compute  all  these 
stales  and  to  determine  the  electronic  ground  .state  and  its  spin  multiplicity  .  In  this 
respect,  the  ion  technique  used  in  this  work  when  determining  the  occupation 
numbers  of  the  Kohn-Sham  orbitals  in  the  i Di  approximation  is  ideally  suited 
because  it  prov  ides  an  average  over  the  .several  close-lying  electronic  configurations 
of  a  cluster. 

The  Ni  clusters  considered  in  this  work  are  somewhat  "special"  in  the  sense  that 
their  geometry  was  taken  from  the  corresponding  structure  of  the  metal  core  in 
carbonylated  Ni  clusters  (2],  Ihe  Ni — Ni  distances.  Table  I,  and  the  geometry  of 
the  Ni,.  units  are  thus  nonoptimal  for  a  free  cluster  of  the  same  size.  For  this  reason, 
the  average  number  of  unpaired  electrons  per  atom,  n,  -  0. 7-1.1  (Table  1).  is 
considerably  higher  than  the  magneti/ation  of  bulk  Ni.  0.6  n/,  per  atom  [9],  This 
larger  magnetization  arises  mainly  for  two  reasons,  f'irst.  the  Ni — Ni  distances  in 
the  Ni„  units  considered  are  often  larger  than  in  the  bulk,  where  the  Ni — Ni  sep¬ 
aration  is  2.49  .A;  second,  the  average  coordination  of  the  Ni  atoms  in  a  cluster  is 
much  lower  than  in  the  bulk. 

I  he  dependence  of  the  magneli/ati<m  of  these  two  factors,  metal-metal  distance 
and  average  coordination,  has  been  analyzed  by  computing  a  Niaj  cluster  for  dif¬ 
ferent  values  of /■(  Ni — Ni )  ( sec  Table  11 ).  Niji  is  a  regular  octahedron  constituted 
by  an  inner  core  of  six  ,Ni  atoms  surrounded  by  .tX  "surface"  Ni  atoms.  Thus,  it  is 
possible  to  distinguish  in  the  cluster  two  types  vvfaiom.  the  "bulk"  .Ni  atoms.  Nil 
in  the  notation  of  f  igure  1  and  Table  U,  with  12  nearest  neighbors!  NN  1  and  three 
types  of  "surface"  Ni  atoms.  Ni2.  .Ni.'^.  and  Ni4,  with  9.  7.  and  4  NN.  respectively. 
Six  vlislances.  frvvm  / ( Ni — Ni )  ^  2. 1 S  A  to  rt  Ni — Ni )  2.68  A  have  been  considered 

(  fable  II),  Ihe  minimum  of  the  potential  energy  curve,  r.  (  Ni — Ni)  2. .^6  is 
about  .x'-  shorter  than  in  the  hulk.  For  this  distance,  the  magnetization  of  the 
"hulk"  Ni  atoms  is  Nil  )  0.64,  quite  close  to  the  bulk  value,  fhe  magnetization 

of  the  "surface"  atoms,  0,6.^  ( Ni2).  0.66  ( Ni3).  and  0.72  ( Ni4)  per  atom,  exhibits 
a  trend  opposite  to  the  average  coordination.  I  his  is  due  to  the  narrowing  of  the 
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TaBLF  II.  Binding  energy  per  atom,  /#/;/«  (eV);  I-'ermi  energy.  /■.,  (eV);  loni/alion  potential,  IP  (eV). 
total  number  of  unpaired  electrons  per  atom,  .V/  -  .V„p  -  and  their  distribution  between  "bulk  " 

and  "surface”  atoms  in  Ni«  as  function  of  the  Ni — Ni  distances  (m  A). 


I  'npaired  Fleetrons/ Atom “ 


rtNi — Ni) 

Bi:/n 

IP 

•V, 

Bulk 

Nil 

Ni2 

Surfavf 

Ni.3 

.Ni4 

2.18 

3.99 

_ 

3,88 

24.1 

O.N) 

0.54 

0.53 

0.64 

2.28 

4..tt 

3.84 

26.9 

0.58 

0,60 

0.60 

0.68 

2..t8'’ 

4.40 

— 

-3.79 

29.0 

0.64 

0.65 

0.66 

0.72 

2.48 

4. 30 

4.97 

3.75 

30.9 

0.68 

0.69 

0,70 

0.75 

2.58 

4.09 

— 

-  3.71 

32.7 

0.72 

0.73 

0.74 

0.79 

2.68 

3.83 

— 

-3.67 

34  2 

0.74 

0.76 

0.78 

0.82 

Bulk  Ni 

2.49' 

4.44“ 

5.;5« 

— 

— 

0.60'' 

— 

— 

— 

‘  Number  of  unpaired  electrons  per  Ni  atom,  see  Figure  I  for  definitions.  Nil  has  12  nearest  neighbors, 
NN;  Ni2  has  9  NN;  Ni3  has  7  NN;  and  Ni4  has  4  N'N.  Sj  for  bulk  nickel  magneti/a'ion  would  be 
44  X  0.6  =  26,4 

‘’Close  to  the  equilibrium  value,  r,.  -■  2..36  A. 

'  From  R,  G.  WickolT.  Crystal  Strm  tiin’s  (2nd  fd.)  (Interscience,  New  V  ork,  1464). 

Heat  of  formation  of  gaseous  atoms  from  the  m.ta'"  from  L.  Brewer  and  fi.  M.  Rosenblatt.  .Adv. 
High  Temp.  Chem.  2.  I  ( 1969). 

'  Work  function  of  the  ( 1 1 1 )  surface;  fror  '  rfaker,  E,  B.  Johnstin.  and  G.  I.  C.  Maire,  Surf.  Sci. 
24.572(1971). 

*’  From  ref.  9. 


bands  and  to  the  concomitant  promotion  of  electrons  from  minority  to  majority 
spin  bands  as  the  average  coordination  of  the  atom  decreases.  This  effect  is  re¬ 
sponsible  for  the  =^5%  enhancement  of  the  magnetic  moment  of  the  first  layer  of 
Ni(  100)  with  fcspect  to  a  bulk  layer  [22].  The  change  of  the  Ni — Ni  distance  has 
a  pronounced  effect  on  the  cluster  magnetic  moment.  A  :s;  1 0%  decrease  of  the  Ni — 
Ni  distance  corresponds  to  a  ~20%  reduction  of  the  magnetization  for  the  high- 
coordinated  Ni  atoms  and  to  a  =:10%  reduction  for  the  low-coordinated  ones.  A 
=  10%  increase  of  r(Ni — Ni)  results  in  the  enhancement  of  the  magnetic  moment 
by  =10%  (Table  11). 

The  Kohn-Sham  eigenvalues  are.  unlike  the  Hartree-Fock  orbital  energies,  not 
dbcctly  related  to  ionization  potentials  (IP),  but  only  after  allowing  a  proper  re- 
Irxation  as  done  when  applying  Slater’s  transition  state  approach.  Of  course,  an 
alternative  for  determining  an  IP  is  to  do  a  Ascr  calculation.  We  find  that  with 
this  technique  the  lowest  IP  of  Ni44  at  /"(Ni — Ni)  =  2.58  A  to  be  5.66  eV,  which 
is  reasonably  close  to  the  bulk  work  function,  5.35  cV  (see  Table  II),  and  to  the 
IP  of  gas-phase  Ni  clusters  of  this  size,  about  5.7  eV  [23].  Note  the  difference  in 
the  cluster  Fermi  energy,  which  is  -3J I  e  V  at  this  distance. 
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Figure  I ,  Geometry  of  the  metal  frame  of  the  Ni,;(  CO)?*  and  of  the  NiiitCO  >4,  mv,leeular 
metal  clusters;  the  CO  ligands  are  not  shown  for  clarity. 


In  Figure  2  we  present  the  local  density  of  states.  for  Ni44.  The  I  DOS  curves 
have  been  obtained  by  Gaussian  broadening  (half  width  =  0. 1  eV)  of  the  one- 
electron  energy  spectrum  of  majority  and  minority  spins.  The  contribution  from 
the  4s  orbitals  has  been  distinguished  from  that  of  the  3d  orbitals  (see  Fig.  2a). 
The  most  obvious  characteristic  of  the  3t/-level  distribution  in  Ni44  is  that  the 
majority-spin  d  levels  are  completely  filled,  while  there  is  a  tail  of  the  minority- 
spin  cfband  extending  above  £>.  The  LDOS  curve  for  Ni44  shows  a  strong  similarity 
to  the  DOS  curves  of  bulk  Ni  [24]:  two  intense  features  are  present  in  the  spectra 
at  the  Fermi  level,  FV,  and  ^2  eV  below  it;  the  3d  band  is  =:4  eV  wide  in  both 


Figure  2.  Ni44  density  of  stales  ( in  arbitrary  units)  generated  by  Gaussian  broadening  of 
the  one-eiectron  energies  with  a  Gaussian  function  of  fixed  half-width  0. 1  eV'.  ( a )  ( — — ~ ) 
Ni  St/ contribution:  ( . )  Ni  4,v/)  contribution.  (b)( - )  "Surface"  Ni  atoms  con¬ 
tribution:  ( . )  "bulk"  Ni  atoms  contribution. 


cluster  and  bulk  regimes.  In  Ni44.  however,  there  is  a  characteristic  low-intensity 
feature  below  the  t/-band  which  is  due  to  the  bonding  combination  of  the  4,s  orbitals. 
This  peak,  at  =r5.5  eV  below  £V.  corresponds  to  the  very'  stable  totally  symmetric 
bonding  combination  of  Ni  4s  orbitals.  Topological  arguments  suggest  that  this 
orbital  is  always  occupied  in  bare  Ni  clusters,  thus  stabilizing  the  structure  [25.26], 
The  rest  of  the  4  s  band  is  distributed  over  a  large  range  of  energies,  as  is  to  be 
expected  because  of  the  nodal  structure  of  the  weakly  bonding  and  nonbonding 
4s-derived  MOs  in  Ni44.  In  Figure  2b,  the  contribution  of  the  “surface”  atoms  to 
the  total  DOS  has  been  separated  from  that  of  the  “bulk”  atoms.  However,  apart 
from  the  obviously  different  intensity  which  reflects  the  ~6:1  ratio  of  “surface" 
versus  “bulk”  atoms,  the  two  DOS  curves  exhibit  the  same  shape. 

Interstitial  Atoms  in  Ni  Clusters 

Many  of  the  isolated  molecular  metal  clusters  include  main  group  atoms,  i.e., 
C,  Si,  Ge,  P,  H.  etc.,  in  the  metal  cage  [2],  The  global  effect  of  these  internal  atoms 
on  the  electronic  structure  of  the  cluster  is  reminiscent  of  that  of  impurity  atoms 
in  the  bulk  metal,  at  least  as  far  as  the  magnetic  properties  are  concerned.  Hydrogen 
or  carbon  atoms  adsorbed  on  a  Ni  surface  induce  a  local  quenching  of  the  magnetic 
moment  of  the  surface  atoms  [27j.  The  same  effect  occurs  when  carbon  or  ger¬ 
manium  atoms  are  introduced  in  the  bare  Ni  cluster  (sec  Table  1).  In  NisC,  the 
total  number  of  unpaired  electrons  is  reduced  by  almost  50%  with  respect  to  Nis. 
In  NiioGe,  a  single  interstitial  Ge  atom  reduces  the  number  of  unpaired  electrons 
from  8.8  to  5.5  (Table  I).  In  NijiC*.  the  six  C  atoms,  occupying  the  six  square 
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aniiprisni  ca\  ilu's  (.il'tlii;  Nt  clustor  ( siv  l  iii.  I  ).  iVtliKV  the  au'iauf  iiiaaiu'ii/aHnii 
from  0.88  i.tn  per  auim  in  \i  ;•  to  0.o2  fin  per  atom  in  \i ,  ( .  \^hieh  tvinvsems  a 
tjuenehing  ot  llie  original  magnetic  moment  h\  ahoui  M)  . 

The  origin  ot'iliis  spin  riuenehing  is  eiinneeted  to  the  overlap  hotwoen  tlte  singK 
oecLipieci  /;sp  lisbrul  orbitals  on  the  impuntv  atoms  anil  the  \i  ';/ orbitals  Ibis 
leads  to  the  lormation  of  strong  einalent  bonds  and  siib\ei|uent  spin  pairing  Imleed. 
the  interstitial  atoms  induce  a  considerable  stabiii/aiion  ot  the  whi'le  sirueture.  as 
can  be  seett  iVoni  the  values  of  the  aiomi/ation  energv  (  I  able  1 ). 


I  he  .Magnetic  and  "Metallic’'  I’nrperties  of  Ni  (  arhonvl  Clusters 

F  rom  the  previous  analvsis.  it  is  possible  to  eonelude  that  small.  liganddVee.  Si 
clusters  have  manv  I'eatures  in  common  with  the  Inilk  metal.  This  does  not  mean 
tliat  a  cluster  of  a  lew  tens  of  atoms  alreadv  possesses  the  collective  properties  ot 
the  btilk,  but  simplv  that  the  nature  of  the  chemical  interaction  between  the  con¬ 
stituting  Si  atoms,  hence  several  derived  electronic  properties,  is  similar  in  a  linite 
cluster  and  in  the  estenvied  ervstal. 

I  he  situation  is  compleielv  liilierent  for  carbonv luted  metal  clusters.  1  or  manv 
vears  it  has  been  assumed  that  the  structural  and  spectroscopic  similarities  in  in¬ 
organic  dusters  aiul  bulk  r.etals  are  due  to  an  intrinsic  stmilaritv  of  the  metal- 
metal  interaction  in  the  tv  >  regimes  |28].  (')nl\  recentlv,  phvsical  measurements 
|4i  and  theoretical  calculations  [2v»-,v.']  have  shown  that  this  similaritv  is  not 
cntiiciv  justified.  One  of  the  most  important  signs  of  the  dill'crcncc  between  bare 
and  ligated  \i  clusters  is  the  ditferent  magnetic  behavior.  We  have  shown  m  a 
series  of  previous  studies  [.ll-.v’ J  that  the  adviition  of  tlie  ligaiivl  shell  to  the  bare 
Ni  cluster  has  the  eHeel  ofviuenehing  most  of  the  magneti/ation  of  the  bare  particle. 
I'he  magnetic  moments  of  the  ■'surface''  Ni  atoms  are  completeK  suppressetl;  for 
eiusiers  where  all  the  Ni  atoms  are  direcllv  coordinated  to  the  CO  ligands,  this 
results  in  a  diamagnetic  svstem  [,vl-.b4].  1  he  electronic  mechanism  behind  this 
elfect  is  the  electron  transfer  from  the  4.v  Ni  orbital  into  the  ?>i/  shell  ( 2b..v ! -.v' | . 
This  transfer  is  induced  bv  ihe  repulsive  intcrticlion  of  the  diffuse  4s-derived  metal 
NK)s  with  the  ?fr  (  ()  lone  pair  l-O].  Ihe  4v-denved  orbitals  are  dest;tbili/ed  and 
pushed  above  the  F  ermi  level;  the  4s  electrons  end  up  in  the  n/  bami,  which  is 
now  energeticallv  favnrable.  \  covalent  bond  is  then  formerl  between  the  tilleii  ,4(/ 
orbitals  anvl  the  27r*  v  irtual  orbitals  of  the  CO  ligands.  Because  of  the  back  dona¬ 
tion  from  the  metal  to  CO.  the  linal  population  of  the  .vi/ shell  is  lower  than  ?c/  '" 
131-431, 

Ihe  same  mechanism  causes  the  local  guenchmg  of  the  magnetic  moment  in¬ 
duced  by  a  single  C'O  molecule  adsorbed  on  a  Ni  surface  |.C^..Vi].  In  ptirticular. 
Raal/  and  Satahub  found  that  the  nearest  neighbor  Ni  atoms  are  greatly  aU'eeted 
while  the  second  neighbors  are  only  moderatelv  alFected.  a  feature  of  considerable 
importance  in  view  of  the  incomplete  magnetic  eiuenching  foumi  in  high-nuclearitv 
organumettillic  clusters  (  see  below  ). 

Ihe  net  result  of  this  ligand-induced  configuration  chtingc  in  carbonylated  clusters 
IS  that  the  4v-band  is  formally  empty  and  the  ,vf/-hand  is  formally  tilled.  Of  course. 
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some  4v-3</  mixing  occurs,  because  it  is  favorable  for  the  tormaiion  of  tlte  cxivalent 
bonds  with  the  ligands,  but  the  final  result  of  this  strong  electronic  redistribution 
is  that  the  electronic  structure  of  the  metal  core  in  the  curbonviateil  cluster  has 
little  in  common  with  that  of  the  corresponding  ligand-frec  metal  cluster. 

This  description,  which  fully  accounts  for  the  observ  ed  behav  ior  of  small  ligated 
clusters  containing  less  than  111-20  metal  atoms,  remains  valid  also  for  larger  ag¬ 
gregates,  where  some  of  the  metal  atoms  are  imt  coordinated  to  the  ligand  sphere. 
In  [Ni  vsPt„(C0)4K]'‘  [-h]  the  six  Pt  atoms  are  in  the  “bulk"  of  the  cluster.  I  his 
cluster  has  been  modeled  in  our  study  by  a  [.NiijtC'Oljs]"  cluster  where  the  Pt 
atoms  of  the  core  have  been  replaced  by  Ni  atoms  (  Fig.  I  ).  In  contrast  to  the  case 
for  "small"  carbonylated  clusters,  we  found  that  this  large  cluster  exhibits  a  per¬ 
manent  magnetic  moment  corresponding  to  about  three  unpaired  electrons  (  Fable 
III).  The  analysis  of  tlie  spin  distribution  shows  that  the  magnetic  moment  of  the 
surface  Ni  atoms  is  completely  suppressed,  while  that  of  the  six  internal  Ni  atoms 
is  reduced  to  it), 5  tin  per  atom  (see  Table  111)  as  opposite  to  0.72  per  atom  in 
the  bare  Nia-t.  Table  II.  This  result  provides  a  consistent  explanation  for  the  observed 
temperature  dependence  of  the  magnetic  susceptibility  or[  Ni  rvPt,,(  CO  )4.<] "  which 
indicates  a  total  magnetic  moment  of  ^^=4  [4].  Similar  results  have  been  obtained 

for  the  Ni  i.'(CO)i6  cluster  which  is  composed  of  8  "bulk"  and  24  "surface"  equiv¬ 
alent  atoms,  .see  Figure  I  and  Table  III- 

The  existence  of  a  permanent  nxignetic  moment  in  high-nuclearity  carbonylated 
Ni  clusters  prov  ides  a  solid  indication  that,  in  order  to  observe  the  beginning  of  a 
metallic  behav  ior,  the  cluster  must  be  large  enough  to  accommodate  internal  metal 
atoms.  In  the  next  section  we  will  show  that  the  appearance  of  metallic  properties 
depends  on  the  structure  of  the  i)OS  near  the  Fermi  level.  Ihis.  in  turn,  is  a  function 
of  the  ratio  between  the  "bulk"  and  the  “surface"  atoms  in  the  cluster. 

Density  of  States  Around  the  Kermi  Level  and  Related  Properties 

Recent  physical  measurements  on  inorganic  clusters  [4-8]  suggest  that  the  ligand- 
induced  perturbations  on  the  electronic  structure  of  the  metal  atoms  are  of  short 


I  vHi  1  111  I  crmi  cnvrpv.  /;,  (cV);  unal  numK'r  oC  unpaired  doclrons  (XT  ;itoni.  ,V, 

and  their  distnhulion  K'twcv.n  '  bulK  '  and  Surface''  atoms  in  \anous  Ni  clusters 


f  luster 

rf  Ni— Ni) 

(A) 

•V, 

Bulk 

Unpaired  Klectrons/  Atom  * 

Surface 

- - 

Nil 

Ni2 

Ni.3 

Ni4 

Ni,: 

2.40.  2,4h 

3-74 

26  4 

0.74 

O.Sh 

_ 

2.40.  2.46 

.s.4d 

.3.S 

(I..S() 

0(K) 

— 

Ni44 

2.,S8 

3.71 

32  7 

0.72 

n.73 

0.74 

0.70 

Ni44f(  0)4s 

2.5s 

>.53 

3.4 

0.S6 

0.0  i 

O.Oi 

0.02 

‘  N  imher  of  unpaired  electrons  per  Ni  atom,  sec  l  igurc  !  for  definitions 
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range  and  in\ol\c  niainK  the  "surlace  ’  atoni>.  I  hese  ei'ncUisione  are  base<.t  not 
ont>  ('ll  NMR  and  magnetie  Miseepiibilit>.  but  aisi>  on  speeilie  Ikmi  inea'suienients 
on  the  clusters  Pt  :,,.,Phen  „(),,,  ;ind  l\K„.Phen ,  < [d-S],  I  hese  clusters  are  sut- 
ticieiuK  large  that  a  considerable  I'raction,  abruit  hall'trr  nurre.  (>t'the  metal  alirnis 
is  in  the  ■'bulk”  id'  the  cluster.  I  hus.  il'  tlie  appearance  ot  metallic  properties  is 
indeed  connected  to  tlie  IVaeiion  of  ■'bulk"  atoms,  it  should  be  clearh  obser\able 
in  clusters  of  this  si/e. 

reatiires  of  the  NMR  signal  are  oi  interest  m  determining  uhether  the  Pt 
nuclear  spins  are  in  a  "metallic  '  or  m  an  "insulating  "  ensironment.  One  is  the 
combination  of  chcmieal  shift  uith  its  associated  Knight  shili.  the  latter  being  a 
signature  of  metals,  uhich  is  due  to  the  Pauli  spin  suseeptibilils  of  the  conduction 
electrons',  the  second  is  the  nuclear-spin  lattice  rela.xatioii  time.  I  In  insulators. 
'/ 1  is  very  long  while,  for  metals,  the  cirnduetion  electrons  provide  an  elhcient 
channel  for  the  relaxation  so  that  /  ,  is  relatoeK  shon.  On  the  basis  i>f  the  tield- 
dependence  of  I',,  the  '‘'Pt  NMR  signal  of  the  Pt;„M  cluster  has  been  decomposed 
in  two  contributions,  one  at  a  resonance  tspical  of  insulators  w  ith  a  long  / 1  and  a 
second  component  at  a  resonance  tvpieal  for  metals  with  a  short  value  of  I\  [Xa]. 
'I'his  would  be  consistent  with  a  eontributirtn  to  the  signal  due  to  the  Ib2  "surface" 
Pt  atoms,  and  a  "metallic"  term  due  to  the  147  "bulk"  Pt  atoms. 

The  presence  of  two  kinds  of  metal  atoms  m  a  ligated  cluster  is  also  consistent 
with  two  other  experimental  observations  related  to  the  elfective  ix  )S  near  E, .  The 
magnetic  susceptibililv  of  the  Pd<,,.  cluster  was  found  to  he  aboul  one-third  of  that 
of  hulk  Pd;  about  the  same  factor  was  observed  for  the  '.iectronie  contribution  to 
the  specific  heat.  ( '  y /  .  ot  the  cluster  w  here  y  is  a  eoelhcient  directiv  proportional 
to  the  DOS  around  the  1  ermi  level.  The  appearance  of  an  electronic  contribution 
to  the  specitic  heat  is  considered  a  stringent  test  of  metallic  behavior.  I, ike  the 
Knight  shift,  tlie  observ  ation  of  a  linear  specific  heat  term  requires  the  cluster  Dos 
at  /'./  to  form  a  quasi-continuum.  lor  Pd^,., .  *,  is  about  one-third  of  the  bulk  value 
[Xbj.  laking  into  account  that  in  F\K,,,  there  are  252  (  ^50'  .  )  "surface"  atoms,  it 
has  been  possible  to  explain  the  factor  one-lhird  bv  assuming  an  almost  complete 
elimination  of  the  "surface”  atoms  contribution  to  the  Dos  near  /,'/  and  a  reduction 
of  the  contribution  of  the  next  inner  sphere  of  "bulk"  atoms  (Xb].  Roth  these 
assumptions  are  lulls  supportevi  by  our  theoretical  movlel. 

I'he  perturbation  induced  bv  the  ligands  inwilving  mainlv.  hut  not  oniv.  the 
"surface"  atoms  is  consi.stent  with  the  computed  reduction  of  the  magnetie  moment 
in  ’.he  carbonylated  Ni and  Nijj  clusters  i  fable  HI ),  W  hilc  the  magnetie  moment 
of  the  "surface"  atoms  is  completely  suppressed,  that  of  the  "core"  atoms  is  reduced 
by  ^10',  with  respect  to  the  free  cluster  (compare  lables  I  and  III).  Hence,  the 
modilieations  induced  by  the  ligtind  sphere,  although  of  short  range,  also  alfect  the 
inner  metal  atoms  to  some  extent. 

f  urther  support  for  the  proposed  interoreiation  of  the  experimental  results  comes 
from  the  analysis  of  the  computed  Dos  for  the  Nijd  Cf)  )i.-  cluster  (fig.  .v).  fhe 
contribution  to  the  dos  of  the  "surface"  Ni  atoms  has  been  separated  from  that  of 
the  "bulk"  Ni  atoms.  It  is  apparent  that,  while  in  the  "surface"  component,  the 
majoritv  and  minority  Dos  mirror  eachothcr,  resuliing  in  a  complete  spin  pairing. 
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I'igure  3,  Ni4j(CO  k*  density  of  states  ( in  arbitrary  units!  generated  bs  (iausslan  broad¬ 
ening  of  the  one-eleetron  energies  with  a  (iaussian  funetion  of  tixed  half-width  (f  1  e\. 
(— — — )  "Suifaee"  Ni  atoms  eontrihution:  ( . i  "bulK"  Ni  atoms  contribution. 


the  "bulk"  component  exhibits  a  residual  magnetic  moment.  Moreo'cr.  the  con¬ 
tribution  of  the  "surface"  Ni  atoms  to  the  DOS  at  is  negligible;  the  "surface" 
atoms’  3c/-band  is.  in  fact,  well  below  li,  as  the  consequence  of  the  chemical  in¬ 
teraction  with  the  CO  ligands  and.  in  particular,  of  the  charge  transfer,  or  back 
donation,  into  the  2rr*  CO  MOs.  Clearly,  all  those  properties  directly  connected  to 
the  DOS  near  Ey.  depend  largely  on  the  number  of  “bulk"  atoms  in  the  cluster. 

In  the  clusters  considered  here,  the  ratio  of  the  number  of  "bulk"  atoms  to  the 
number  of  “surface”  atoms  is  too  small  to  allow  the  formation  of  a  quasi-continuum 
around  the  Fermi  level.  This  is  indeed  shown  by  the  one-electron  energy  levels  of 
NiylCOliy  ( see  Table  IV ).  which  has  no  "bulk”  atoms,  and  of  Ni44(CO)4x.  which 
starts  to  exhibit  some  "metallic”  behavior.  The  average  one-electron  energy  sepa¬ 
ration  around  Ey  in  NiylCOfi:,  ~170  meV.  is  typically  molecular,  but  also  in  the 
high-nuclearity  Ni44(CO)4)i  the  average  spacing,  =:40  meV.  is  still  larger  than  kJ 
at  room  temperature,  ~24  meV.  In  order  to  reach  a  quasi-continuum,  clusters  of 
a  few  hundreds  of  metal  atoms  are  required  as  is  the  case  for  the  Pd^^i  cluster. 

Conclusions 

Molecular  metal  clusters  stabilized  by  ligands  represent  an  interesting  class  of 
materials  for  the  study  of  the  evolution  of  metallic  properties  as  function  of  the 
cluster  size.  In  this  work  we  have  shown  that  the  electronic  properties  and  the 
bonding  nature  in  bare  and  carbonylated  Ni  clusters  are  completely  different.  While 
naked  Ni  clusters  have  several  features  reminiscent  of  the  bulk  metal,  low-nuclearity 
Ni  cluster  carbonyls,  containing  about  20  metal  atoms  or  less,  have  nothing  in 
common  with  the  solid,  because  the  ligands  induce  strong  modifications  in  the 
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I  ahi  I  I\  .  Otu'-cli\'lnin  oikmi'a  levels  in  llie  vieiniiy  of  the  elusler  l  ermi  energy  (or  cluster  tioMo)  m 
Ni^lC  ())i;  ;nul  NijjiCOij, .  I  he  pi>silion  of  the  iioMoniul  of  the  I'erini  energy  is  indienteJ  by  :i  sepnruting 
line.  \  are  uscil  to  ulentilV  the  virtual  levels. 
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17  a? 

-6.28 

SI 

4.81 

56  0, 

6.43 
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5.06 
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6.71 
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6.72 

l.s  c" 
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so  hu 
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6.84 

30  e' 

7.03 

79  hu 

5.48 

41  a„ 

6.84 

29  e' 

-7.16 

22  c„ 

6.87 
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■7.(K) 

electronic  structure  of  the  metal  atoms.  In  relatively  small  clusters,  where  all  the 
metal  atoms  are  directly  interacting  with  the  ligands  or,  in  other  words,  are  on  the 
“surface”  of  the  cluster,  this  results  in  an  almost  complete  suppression  of  the  “me¬ 
tallic”  character  of  the  bare  Ni  cluster.  This  is  shown,  for  instance,  by  the  dia¬ 
magnetism  of  the  carbonylatcd  clusters,  whereas  the  naked  ones  are  ferromagnetic. 

When  the  ligated  cluster  becomes  large  enough  to  have  both  “surface”  and  “bulk” 
metal  atoms,  some  metallic  character  is  retained.  This  metallic  character  is  directly 
connected  to  the  density  of  states  at  the  Fermi  level.  In  a  high-nuclearity  molecular 
metal  cluster  this  is  determined  only  by  the  number  “bulk”  metal  atoms,  because 
the  contribution  of  the  “surface”  metal  atoms  is  negligible. 
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Abstract 

Vic  set  up  a  nn>Jcl  for  the  asisorptuin  cncrg>  loi  a  closeit-packcil  hesagonal  monolascr  licposiied  on 
a  substrate  surface  of  the  same  structure,  but  Jilfereni  lattice  constant,  as  a  function  of  the  epilasy  angle 
bcivveen  the  principal  axis.  The  surface  substrate  potential  is  expressed  in  the  form  of  a  ix'ruxiic  potential 
xxith  sxmmctrx  and  penodicit)  ot  the  substrate  surface.  The  particular  case  of  lead  underpolentially 
deposited  on  Vgt  1 1 1 1  is  examined. 


Introduction 

Recent  in  situ  grazing  x-ray  diffraction  experiments  on  the  under-poicntially 
deposited  ( UPD)  monolayer  of  Pb  deposited  onto  Ag(  1 1 1 )  [I]  have  shown  that 
Pb  monolayer  is  compressed  1.2'.  from  bulk  lead.  The  lirst  order  diffraction  peak 
was  0.037-/-\  wide  in  the  radial  and  azimuthal  directions,  indicating  that,  even  in 
an  aqueous  environment,  the  lead  monolayer  forms  a  well-ordered  two-dimensional 
(2D)  solid.  A  rotational  epitaxy  angle  (the  angle  between  the  adsorbate  Pb  and 
substrate  Ag  lattices)  of  4.4°  was  observed. 

The  aim  of  the  present  article  is  to  set-up  a  model  to  determine  the  relationship 
between  the  substrate  periodic  potential  and  the  rotational  epitaxy  angle. 

The  Model 

Since  the  effect  of  the  substrate  atoms  can  be  expressed  in  the  form  of  a  periodic 
potential  with  the  symmetry  and  periodicity  of  the  substrate  surface,  we  expand 
the  potential  energy  per  surface  atom  in  a  Fourier  series  of  the  form. 

!  («)  -  Z  M) 

where  the  f/’s  are  the  2D  reciprocal  lattice  vectors  of  the  substrate  surface  and 
R  =  (.v.  r)  is  the  position  of  an  atom  on  the  lop  layer.  The  coordinate  a.xes  (  v.  r) 
in  real  space  form  an  angle  of  (2/3)7r.  The  lattice  constant  of  the  2D  hexagonal 
lattice  is  a.  Eq.  (  1  )  can  also  be  written  in  the  following  manner: 
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l'<  R)  =  I  cos{0‘-  /?)  +  h,  .  sin((/-  i^)]  (2) 

( ii.k ) 

If  we  truncate  eq.  (2)  after  the  second  surface  Brillouin  /one  of  (/.  we  obtain 

!'(/?)  =  I'lHi  +  «[cos(23r.v)  +  cos(27ri  )  +  cos  2ir(,v  -  i  )] 

+  id(cos  2ff(.v  +  f)  +  cos  2jr(  2.v  -  i  )  4  cos  2jr(2  f  -  .v )]  ( ^ ) 

where  «,)o  =  4(H)-  =  «  if 

Uh.k)]  =  [( 1,0).  (O.n.  (-1.0).  (0,-1  ).  (  l.-l  ).  (-  1.1 )]  (4) 

and  ai,  k  =  d  if 

[(h.k)]  [(1,1), (-2,1). (1.-2). (-1.-1). (2,-1). (-1,2)1 

The  summation  over  sin(  G-  R)  is  identically  zero  because  the  sine  is  an  odd  func¬ 
tion.  The  coefficients  of  the  cosine  in  every  surface  Brillouin  zone  are  equal  to  each 
other.  It  is  possible  to  write  down  the  coefficients  of  eq.  ( .^ )  as  a  function  of  the 
substrate  potential  in  a  small  set  of  characteristic  points  of  the  substrate  unit  cell 
(see  Fig.  1 ). 

Let  us  call  I the  potential  value  at  the  hollow  site  .1 ,  I  )<  is  the  potential  at  the 
bridge  site  B.  and  the  zero  of  the  potential  energy  is  taken  at  the  top  site  7'.  After 
some  algebra  eq.  ( 3 )  can  be  written  as  follows; 

l'{R)  =  (3/4)1/,  -  (2/9)1'., [cos(2jr.v)  +  cos(25r,v)  4  cos  25r(.v  -  y)] 

-  [(1/4)1'/,  -  (2/9)r/l[cos  37r(.v  4  y) 

4  cos  27r(2.v  -  y)  4  cos  27r(2y  -  .v)]  .  (6) 

since 

t’(K.  =  (3/4)1/,.  a=-(2/9)r^.  d=  -(1/4)1/,  4  (2/9)1',  .  (7) 

Using  eq.  (3)  we  define  the  function  (/>(.v,y). 


Figure  I,  Schematic  top  view  ofthe  ( 1 1 1 )  face  of  Ag.  ( A):  Hollow  site;  (B);  bridge  site, 
and  T  indicates  the  top  site. 
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0(  A.y) 


>  (^)  -  f.K. 

3(l«r+  Ui|) 


(8) 


which  is  bounded  by  1 1/>(  v. y)  i  <  1 ;  this  function  can  also  be  written  in  the  following 
way. 


0(-V,y)  =  ~  (cos(2ffA)  +  cos(27ry)  +  cos  2x(.v  -  y)] 

+  -j-  [cos  27r(A  +  y)  +  cos  27r(2A  -  y)  +  cos  27r( 2y  -  v)]  (9) 

with 

_  «  _  d 

'  lo|  +  Idl’  ■  l«l  +  Idl 
The  relationship  between  the  coefficients  of  eq.  (6)  and  eq.  (9)  is 

»«  =  (8/9)^^i^  r,.  (A-,  ^0) 

-V| 

In  Figure  2a  and  b  we  show  a  three-dimensional  (3D)  and  a  contour  plot  of 
30(A.y)  in  orthogonal  Cartesian  coordinates. 

Let  us  now  consider  the  closed  packed  hexagonal  monolayer  of  lead  with  lattice 
constant  A ,  underpotentially  deposited  on  Ag(  111).  Figure  3  shows  this  particular 
situation  when  the  epitaxy  angle  is  8.  Open  circles  represent  the  adlayer  of  Pb.  and 
full  circles  represent  those  of  the  Ag(  111)  substrate. 

Consider  now  the  Hamiltonian  for  the  interaction  between  the  adlayer  and  the 
substrate  surface  plane, 

<^  =  Z  »'■(«-).  (12) 

I 

where  R,  is  the  position  of  the  ith  adatom.  This  Hamiltonian  is  the  potential  seen 
by  the  Pb  atoms  due  to  the  substrate,  and  it  is  described  by  eq.  (6).  We  note  that 
V(x,y)  in  eq.  (6)  does  not  describe  the  total  interaction  potential  energy  of  the 
top  Pb  layer  with  the  substrate,  but  rather  the  relative  energy  change  as  the  atoms 
in  the  top  layer  change  from  one  site  to  another.  We  are  mainly  interested  in 
knowing  the  angular  orientational  energy  per  adatom  (AOEA)  imposed  by  the 
underlying  substrate  potential.  We  know  that,  in  general,  there  are  two  competing 
interactions: 

•  the  adatom-adatom  longitudinal  interactions;  and 

•  the  adatom-substrate  transversal  interactions  that  pin  the  surface  atoms  to 
their  “in  registry"  positions,  as  is  established  by  the  2D  Frenkel-Kontorowa  (FK) 
model  [2,3], 

In  the  present  article  we  study  the  limiting  case  in  which  the  two  interactions 
are  decoupled.  We  study  the  AOEA  for  a  given  fixed  constant  adsorbate  lattice 
parameter. 


(10) 


(11) 
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Kigurc  3.  An  example  of  commensurate  lattices:  Full  hlack  circles  are  suhsirate  atoms, 
emptx  circles  are  adsorbate  atoms.  1  he  dotted  lines  indicate  a  ( .3  +  I )( A  »  I )  commensurate 
uni’  cell;  in  this  case.  .V  =  3  and  the  lattice  parameter  ratio  Mu  1 1 3./ 3. 


Angular  Orientational  Energy 

To  evaluate  the  binding  energy  per  adatoin,  S{l)).  over  a  cell  of  adatoms  with 
( A'  +  I )( .\  +  1 )  sites,  we  form  the  summation 

1  '  ■' 

SiO)  =  t'.«.  Z  Z  (13) 

^  HI  0  n  0 

where  the  second  term  is  the  AOEA.  From  eqs.  ( 2 )  and  (12) 

1  '  r  '  '  -  1 

S(6»)  =  i‘,H)  +  ^  z  Z  Z  ‘-'os(  6'/,./; /?,„„)  .  (14) 

‘  {h.k)  .  rtt  O 

The  symbol  2 '  means  that  we  have  excluded  from  the  summation  the  term 
(h.k)  =  (0.0).  It  should  be  noted  that  every  term  I'iR,,,,,)  in  eq.  (13)  should  be 
weighted  by  factors  1.  i  or  Z  depending  on  the  location  of  the  adatom  in  the  cell, 
inner,  edge,  or  corner,  respectively. 

We  performed  summations  over  the  set  (//,A)  specified  by  eqs.  (4)  and  (5). 
E„,„  represents  the  location  of  a  Pb  atom  on  the  adlayer  in  the  adlayer  reference 
system,  .v',v'  (see  Fig.  3). 

R,m,  =  fnc’i  +  n  ('2  , 


(15) 


626 


MOLA.  VICENTE.  AND  BLUM 


(  C) ,  C2)are  vectors  of  modulus  .T,  the  lattice  adlayer  constant.  For  an  epitaxy  angle. 
0,  the  coordinates  of  the  ( m.ft)lh  Pb  atom  in  the  sub-stratc  reference  .system  (.v.  i) 
are 

X=.-tT{fl)R  (16) 


-O 

-0 


T(0)  is 


T(fl)  = 


2^3  /sin(7r/3  +  0) 


3  \  sin  0  sin(7r/3  -  0)/ 

1  herefore,  the  ( w  ,«)th  Pb  atom  will  have  the  following  coordinates  in  the  substrate 
reference  system,  i?.vi 

X  =  m/,,(0)  +  n/,2(0)  (19) 

y  =  m/2,(0)  +  n/22(0)  (20) 

The  dot  product,  GmR,,  ,  of  eq.  ( 14)  is  then 

GhkRxy  =  +  t2\k)m  +  (txih  +  =  mfihk(0)  +  nvhk(0)  (21 ) 

The  summations  in  the  brackets  in  eq.  ( 14)  can  be  divided  into  three  different 
groups,  depending  on  the  location  of  the  (w,/t)th  Pb  atom  in  the  surface  unit  cell 
(inner,  edge,  comer).  It  is  important  to  note  that  the  AOEA  is  due  to  the  summations 
in  brackets  of  eq.  ( 14)  because  the  coefficients  a/, a  do  not  depend  on  the  angle  0. 
After  some  algebra  we  get 

U,k(0)  =  T  cos(G,,a-  «v.,)  =  cosfivf^’-i^-^^ 


sin[(A'-  \  )n„k(0)l2\  sin[(jV-  \  )v„k(0)l2] 


Shk(0)  ^  Z  cos((7a,a*  ^,,,,.)  =  cos 


sin[AK,A(0)/21 

,  \.UiA0) 


s\n[v,,k(0)l2] 

,  \xit^hk(0) 

+  cos  A1  — ^ — 


+  Vhk{0) 


sin[(A-  l)M/,A(g)/21 

sin[MM(0)/2] 


(yjm 
>  2 


+  mm(0) 


iv,k(0) 


sin[(A-  \  )>2„k(0)l2] 
sin  [)//,*(«)/ 2] 


Whki0)=  2  cos(Ga,a- j?.v.,) 


=  1  +  cos[N(fi,,k(0))]  +  cos(A''(<'w(^))] 

+  COS[Af{MM(O)  +  |/AA(0))] 
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Tabu:  I .  Sti  ot  the  lowest  values  of  .V  and 
lattice  constant  ratios  Mu  for  commensurate 
adlayers.  eompatihle  with  eq  (27) 


A  A/a 

3 

(T3/3  1.2018 

5 

6/5  »  1.2 

13 

9V3/13  I.I99I 

28 

VT  129/28  1.2000 

Therefore,  eq.  ( 14)  now  becomes 


+  T72  2  ^r/,.).[«/,A(^)  +  (l/2)s'M(e)  +  (I/4)uv,a/?)).  (25) 


(/U) 


Usiiig  eqs.  (4)  and  (5)  and  the  coefficient  Uhk  =  (a  or  d). 


5(fl)  -  Voo  +  ^ 
N 


«  2  («M((?)  +  (l/2).Sw(e)  +  (l/4)H'„((?)) 

+  01  (M/,t((?)  +  (I/2)iV,f(e)  + (I/4)vvm((>)) 

( W)2 


(26) 


where  the  sets  (h^k),  in  the  summations  are  over  the  first  and  second  Brillouin 
zone  as  done  in  eqs.  ( 4 )  and  ( 5 ) . 


angle(0) 

Figure  4.  Plot  of  H  0).  eq.  ( 28 ).  the  normalized  angular  orientational  energy  per  adatom, 
AOEA,  on  the  substrate  potential  shown  in  Figure  2a,  with  the  commensurability  ratio  of 

Figure  3. 
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[  ABI 1  II.  (.\)  and  (B)  show  Iho  dopcndcnci'  ol  I'l'O  on  the  ivlaliSL*  sscighl  ol  iIk-  lirsi  h.iriiuinic  . 
and  the  second  harmome.  a.,  lor  a  cell  vsith  .\  .<  and  l/i/  ,  I  5  v 


■  ?  I, hr  V I .r  l/t/  ;  1 


•Vi 

A; 

r(«„.) 

riw,,) 

Vi 

A: 

r(«,.,i 

l'(«„) 

6l! 

0.(1 

1.0 

0,6834 

0.10X3 

.30 

23 

0.0 

1.0 

0.1083 

0.68.34 

30 

0.1 

0.4 

{),6I54 

0.0486 

.30 

23 

0.1 

0.4 

-0.0486 

0.6 1  ?4 

2rs 

,30 

0.2 

0.8 

0..S46S 

0,08X4 

30 

23 

0.2 

0.8 

0,0884 

0,?468 

T  ^ 

.30 

0.3 

0.7 

0.4783 

0.0742 

.30 

23 

0,3 

0.:’ 

0.0742 

0.478  3 

.30 

0.4 

0.6 

0.4048 

0,0643 

30 

■)  ■; 

0.4 

0.6 

0.064?. 

0.4048 

2^ 

30 

0..S 

0..S 

-0,3413 

0.0348 

.30 

23 

o.s 

O..S 

0.()?48 

0.341  3 

■y  "I 

.30 

O.ft 

0.4 

■0,2’28 

0.0663 

.30 

8 

06 

0.4 

0.0663 

0,2728 

s 

.30 

0.7 

0.3 

(1,2042 

0.0787 

.30 

8 

0.7 

(1.3 

0,0787 

0.2042 

s 

.30 

O.X 

0.: 

0.1.3,37 

0.0412 

.30 

8 

0.8 

-  0,2 

00412 

0,1  3?? 

K 

30 

0.4 

0.1 

■0  0672 

0. 1 0.34 

.30 

■7 

0  4 

0. ! 

0.10,34 

0,0672 

.30 

I.U 

0.0 

-0.0277 

0.1181 

17 

7 

10 

0.0 

0. 1  1 8 1 

0,02’7 

7 

r 

0,4 

0.1 

-0.023! 

0.1086 

17 

7 

0  4 

0.1 

0,1086 

0,02?  1 

7 

r 

0.8 

-0.2 

-0.0223 

0. 1 .378 

17 

30 

0.8 

0.2 

-0.1,378 

0.022? 

M) 

17 

0,7 

■0.3 

0.0244 

0.2060 

23 

30 

0.7 

0.3 

0.2060 

0.0244 

Mi 

23 

0.6 

0,4 

0.0364 

0.2743 

2.3 

.30 

0.6 

0.4 

0.2743 

(1.0,364 

.^0 

23 

0..S 

0„s 

-  0.0484 

0.,3426 

23 

.30 

(1.5 

0..S 

0,3426 

0.0484 

Mi 

2.3 

0,4 

0,6 

-0.0604 

0.4108 

23 

.30 

0.4 

0.6 

0,4108 

0.0(>04 

M) 

23 

0..5 

•0.7 

0.0723 

0.4741 

23 

,30 

0.3 

0.7 

-0.4741 

0.0723 

50 

0,2 

-0.8 

-0.0843 

0.3474 

2.3 

30 

-0.2 

0.8 

().'474 

0,0843 

Mi 

25 

0,1 

■  0,4 

-0.0463 

0.61.S6 

2.3 

.30 

-0.1 

0.4 

0.6 1 56 

0,046.3 

Mi 

25 

0,0 

1 .0 

■  0.1083 

0.68.34 

2.3 

.30 

0,0 

1.0 

0,68.34 

0,1083 

Mi 

25 

It  is  important  to  note  that  the  size  (Ad-  1 )( A'  +  1 )  of  the  unit  cell  is  deter¬ 
mined  by  the  ratio  -  l/w,  which,  in  our  case.  mu.st  be  such  that  the  adsorbate  is 
in  some  way  commensurate  with  the  substrate,  albeit  with  an  arbitrary  (large) 
cell  size. 

In  a  previous  work  [4]  two  of  the  authors  had  studied  the  requirements 
on  the  potential  when  the  lattice  con.stants  .1  and  a  between  an  adlayer 
of  UPD  Pb  and  the  Ag(  111)  substrate  was  determined  with  an  ac¬ 
curacy  of 


A 

a 


<  2.10  '  . 


(27) 


Although  there  are  an  infinite  set  of  numbers  in  that  small  interval,  there  is  only  a 
small  set  of  values  that  allows  both  lattices  to  be  commensurate,  for  low  values 
of  A.  Figure  3  shows  an  example  when  A/a  =  /i3/3  =  1.2018  and  ,V  =  3.  In 
Table  I  we  quote  the  small  unit  cell  sizes  and  their  corresponding  lattice  constant 
ratios. 

From  eq.  ( 26 )  we  define  the  function 
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Tahi  I  HI.  (.A)  and  (H)  simw  the  dcpontlcncc  of  I’lW)  on  ihi-  rclatiw  weight  of  the  lirsi  harmonic. 
and  the  second  harmonic.  .V;,  for  a  cell  with  A'  5  and  A/ti  6/.S, 


(A)  (H) 


A'  -  5  A/a  -  6/.'i  A’  5  A/a  6/5 


.V,  ,V;  !'(«„,)  I'(».l,) 


0.0 

1.0 

-0..15.^.1 

0.0979 

O.l 

0.9 

0..1I7.^ 

0.0882 

0.2 

0.8 

-0.281.1 

0.0785 

0..^ 

0.7 

-0.2454 

0.0688 

0.4 
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-0.2094 
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0.5 
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0.2 
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0.1 
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0.0 
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-0.0979 
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0,, 

V| 

A; 

10 

26 
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.10 

26 

0.1 
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10 

26 

0.2 
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.10 

26 
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.10 

26 
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10 

26 
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26 

0.6 
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10 

26 
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15 
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9 

15 
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9 
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9 
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9 

10 
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26 
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26 
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26 
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26 

10 
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26 

10 
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26 
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26 

10 
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26 
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r(«w) 

IL 

Ih, 
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26 
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26 

10 
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26 

10 

0.0688 
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26 

10 
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26 
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26 
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26 
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26 
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15 
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-0.0.101 
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15 

9 

-  0.0128 
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15 

9 

-0.0410 

0.0156 

10 

9 

-0.0757 

0.0116 

10 

9 

-0.1104 

0.0288 

.10 

26 

-0.1451 

0.0186 

10 

26 

-0.1798 

0.0485 

.10 

26 
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0.0584 
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26 
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26 
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26 
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no) 


S{0)  ~  t?(MI 

3(i«|  +  l/il) 


1 

3A^’ 


X 


-v,  2  HoAO)  +  ( I /2)si,d(>)  +  { I /4)MVM(fO) 

( )  I 


+  .V:  I  +  ( 1  /2)sh{0)  +  { 1  /4)tfM(«)) 


(28) 


where  A'l  and  .V:  have  been  defined  by  cq.  ( 10).  We  notice  that  |r(f0l  ^  !■  in 
Figure  4,  we  show  a  plot  of  !’(«)  for  the  parameters 

A /a  =  V^/3,  N^X  .y^  -  1/2.  as  -  -1/2 


The  period  of  the  function  is  ir/X  as  required  by  the  lattice's  symmetry. 

In  Tables  II  and  III  we  display  the  dependence  of  WO)  on  the  relative  weights  of 
the  first  and  second  harmonics,  us  well  as  the  maxima  and  minima  of  this  function. 
We  learn  from  these  tables  that  for  a  larger  unit  cell  the  values  of !’(«)  decrease. 
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( tgiiiv  5.  f’loi  ol  I'l  H).  C4. 1  ll  ).  in  arhitrur\  units,  potential  encrg>  seen  hs  an  ndali'tn 
as  a  lunetion  of  position 


since  u  bigger  number  of  locations  of  the  substrate  potential  are  sampled.  In  fact, 
the  as> niptotic  limit  of  !'( 0)  for  ,V  -►  /  is  zero. 

\nother  interesting  property  of  i’(^0  is  that  the  locus  of  their  cxlrema  does  not 
change  ctmtinuously  as  the  weights  of  the  first  and  second  harmonics  are  changed. 
1  here  is  a  small  and  discrete  set  of  epitaxy  angles,  II.  for  which  Vi  If)  has  maxima 
and  minima,  and  the  transitions  from  one  regime  to  another  are  abrupt. 

Discussion  of  Results 

\\e  are  particularly  interested  in  establishing  the  set  of  values  ( I  |.  I',,)  (see  Fig. 
1  )  that  will  enable  the  Hamiltonian  described  by  eq.  (  12 )  to  predict  a  low  epitaxy 
angle  f  4-4" )  as  is  experimcntalK  found  [  1 1  in  the  UPD  of  Pb  on  Ag(  111). 

f  rom  Tables  11  and  III  we  learn  (hat  the  lowest  angle  values  for  which  ITCH  shows 
a  minimum  arc  ff  ~  1°  and  H  =  d°.  which  arc  obtained  using 

I/O  y'l,V-3.  .V  -  3.  -v,  =  1.  .V;  - O.  =  7°,  no,,,)  -  -0. 1  181 

and 

1/0  6/5.  V  -  5.  v,  1.  9°,  I'lrt,,,)  -  -0.0396 

In  e\er\  case,  the  coefficient  of  the  second  harmonic  is  zero,  but  they  represent 
mutualh  exclusive  alternatives  as  1 T  cannot  be  positive  and  negative  at  the  same 
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time.  We  should  remember  from  eq.  ('!)  and  (  10)  that  the  signs  of  a,  and  I are 
different.  Theretore.  we  are  going  to  seleet  the  first  set  ot's  alues  because  they  provide 
the  epita.xy  angle  that  is  closest  to  e.xperimcnt.  and  has  the  highest  .AOHA. 

From  eq.  ( 28 )  and.  using  the  fact  that  for  .\v  0  we  have  fi  ^  0.  we  obtain  the 

AOEA 


~  r,H,  --  3 In!  mu  (  24) 

or  from  eq.  ( 7 ) 

.V(U -(3/3)1  ,  =  (2/3)1  r.inu  (30) 

Therefore,  the  AOEA  for  ,\a  -=  0  is  (2/3)|  r,|  r(U-  The  substrate  potential  that 
yields  an  epita.xy  angle  of  fl„,  =  1°  when  the  ratio  of  the  lattice  constants  is  A  ja  - 
v!3/3  is 

F(7?)  =  (2/3)1',  -  (2/4)r,(cos(2)r.v)  +  cos(2;ri  )  +  cos  27r(.v  --  i  )]. 

i;,  >0  (31) 

A  3D  plot  of  this  potential  is  shown  in  Figure  .s.  The  corresponding  contour  plot 
is  shown  in  Figure  6.  Figure  7  displays  FfO)  as  a  function  of  0  for  this  set  or  param¬ 
eters.  A  well-defined  minimum  for  0  =  7°  is  observed.  For  reasons  of  symmetry 
there  is  another  minimum  at  0  =  53°.  which  is  equivalent  to  the  one  at  fl  =  -7°. 
We  should  mention  that  in  the  Pb/Ag(  III)  UPD.  in  addition  to  the  peak  with 
6  =  4.4°.  a  similar  peak  at  0  =  -4.4°  is  observed  [1].  There  is  a  small  difference 
in  intensity  however,  presumably  caused  by  anisotropies  in  the  sample. 

Finally  we  can  fi.x  the  sign  and  the  relative  potential  values  at  the  bridge  and 
hollow  sites  using  eq.  ( 7 ). 

f«  =  (8/9)1;,  and  F,  >  0  (.32) 
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Calculations  of  I  hickness  Dependencies  in  the 
Properties  of  Ultra-  I  hin  Films 
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Abstract 

i  ho  linear  ooinhiinilu'iis  of  ( iausMaii  IMS'  iMhitaK-liiiiin;  tiitkiua)  uir.MU  i  uahi.kiiio  has  hoon 
used  i)\or  the  past  oieht  soars,  to  sSikU  a  mimKa  ul  iillia-lhin  Itliii  till  t  ssstoitis  I  nliko  most  llI^! 
pnnoiplos  ssork  in  this  tiokl.  this  .inooino  insostiitalnui  loonssoj  >>ii  ilio  I'loniul  siato  pioporiu  s  •  i|  1  1 1  >, 
at  tht'ir  o'quihhrnmi  gconiotrics,  as  opposed  to  smipls  iisnig  the  I  I  ( s  to  in.'dol  somo  iii.u  losoopu 
ssstom.  A  stimniars  ol  the  status  ol  1 1  1 1 1 1  >  i  i  111  uoi k  is  I'losontsd  ss iih  oniphasis  i>ii  the  variation  id 
propiortics  as  a  I'unction  ol  him  thioknoss.  One  ol  •.i;o  rti  :o  nnpoilant  lindings  is  that  the  iiuoiivlanai 
separation  and  hiiivling  ol  I  i  has  not  oonvorgovt  lor  a  s-ia-or  til  I  his  rosnlt  tails  mlo  iinostion  .ill 
siirl'aoc  rolasation  oaloalalions  in  vvhioh  onlv  the  otitor  one  or  two  l.oois  ju-  .illouod  to  lolav  •  I'ls' 
■lahii  \\  ilcv  lA  Sons  Inv 


Introduction 

II  has  heen  more  than  1 5  scars  since  it  was  dcniDnsiratcd  that  the  wtuk  funciiiMt 
of'an  ultra-thin  (atomic  scale Ijcllium  him  exhibits  quantum  oscillations  as  a  func¬ 
tion  of  the  him  thickness  [  1 .2  ] .  Since  that  time,  a  number  of  theoretical  iineslittaiions 
have  addressed  this  quantum  si/e  etfcct  (QSi  ),  with  emphasis  on  the  question  td 
whether  or  ntn  (;si  will  be  evident  in  the  work  functions  ttf  real  ultra-thin  lilms 
(Lull's)  [3-9],  All  hut  two  [3.dl  of  these  in\esiigatit>ns  were  contiueieti  with  the 
lattice  parameters  hxed  at  bulk  values. 

A  much  larger  body  of  theoretical  work  (loo  much  to  fully  reference)  has  been 
directed  toward  using  first  principles  I'  l  l'  calculations  as  a  tool  tor  modeling  the 
onc-elcctron  properties  of  surfaces  or  interfaces  [e.g..  Refs.  I0-I2).  Once  again, 
the  IJTF  lattice  parameters  generally  have  been  constrained  to  mtneh  bulk  lattice 
parameters;  although,  in  a  few  eases,  the  intcrplanar  spaemgs  of  the  outermost 
layers  have  been  allowed  to  relax  [e.g..  Ref.  I2|. 

To  dale,  only  a  handful  of  hr.sl  principles  studies  [3.9.13-20]  have  focussed  on 
the  properties  of  the  IJ TI's  themselves  ( beyond  the  monolayer  level )  at  their  own 
equilibrium  lattice  parameters.  This  relative  scarcity  of  geometry -optimized  I  'M 
calculations  is  understandable  since  they  are  quite  demanding  computationally. 
However,  even  the  few  results  published  so  far  have  revealed  a  numlx’r  of  interesting 
(and  often  counterintuitive)  thickness  dependencies  in  the  properties  of  I'  I  F  s. 

The  results  of  a  number  of  geometry-optimi/cd  U  I T  calculations  performed 
with  the  linear  combination  ofCiaussian  type  orbitals-htting  function  ( i  (  (ito-n  ) 

Inlcrnaiional  Journal  ot’yuanluin  Chemistry:  (Juanlum  (  hcniistry  Symposium  2f>,  hit  (OJ  i  lu'lji 
Not  suhjeet  lo  eopv right  within  the  t 'mted  Slates 
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technique  are  examined  [^,2 1 ,22],  Two  fundamental  questions  will  be  emphasized. 

( 1 )  Do  the  lattice  parameters  and  electronic  properties  other  than  ip  exhibit  a  osi;? 

( 2 )  How  rapidly,  as  a  function  of  film  thickness,  do  the  properties  of  a  UTF  become 
bulk-like? 

In  the  next  section,  the  K  G  io-i  I  method  is  described.  Geometry-optimized 
1  C'G  I x)-Ft  calculations  are  discussed  for  a  number  of  monolayer  and  dilayer  systems, 
and  for  Li  i;-layers  {n  =  1  -*  5).  Some  conclusions  are  given  in  the  final  section. 

Methodology 

The  results  presented  here  were  obtained  within  the  context  of  density  functional 
theory  (  dfi  ),  using  the  Hedin-Lundqvist  [23]  local  density  approximation  ( t.DA) 
for  the  exchange-correlation  terms  in  the  total  energy  and  the  potential.  The  solutions 
to  the  HM  one-electron  equations  were  obtained  via  the  l.CG  ro-Kt  technique  as 
embodied  in  the  computer  program  FILMS  (9,21,22).  This  method  is  an  all-elec¬ 
trons,  full-potential,  electronic  band  structure  technique  which  is  characterized  by 
its  use  of  three  independent  Gaussian  basis  sets  to  expand  the  one-electron  orbitals, 
the  charge  density,  and  the  exchange-correlation  energy  density  and  potential. 

The  purpose  of  the  charge  fit  is  to  reduce  the  number  of  coulomb  integrals  required 
by  ensuring  that  only  3-center  integrals  appear  in  the  total  energy  and  one-electron 
equations,  instead  of  the  usual  4-center  integrals.  In  FILMS,  the  expansion  coef¬ 
ficients  for  the  charge  density  arc  obtained  by  variational  minimization  of  the  error 
in  the  coulomb  energy  due  to  the  fit  (21).  Once  the  necessary  coulomb  integrals 
have  been  evaluated  analytically,  the  variational  fit  can  be  accomplished  by  solving 
a  simple  linear  matrix  equation. 

The  exchange-correlation  fitting  technique  acts  as  a  rather  sophisticated  numerical 
quadrature  scheme  w  hich  allows  an  accurate  evaluation  of  the  exchange-correlation 
integrals  on  a  relatively  sparce  integration  mesh.  The  expansion  coefficients  of  the 
fitting  functions  are  obtained  from  a  weighted  least-squares  fit  to  the  exact  exchange- 
correlation  energy  density  or  potential  on  the  mesh.  This  fitting  procedure  can  be 
reduced  to  solving  another  linear  matrix  equation  whose  elements  are  obtained  via 
numerical  integration.  The  fitted  energy  density  and  potential  can  then  be  used  to 
analytically  calculate  the  matrix  elements  of  the  secular  equation  ( and  total  energy ) 
to  a  much  higher  level  of  precision  than  that  of  the  numerical  integration.  In  FILMS, 
the  exchange-correlation  fit  procedure  differs  from  that  used  in  Ref.  21  in  that  the 
“exact"  exchange -correlation  functions  are  determined  from  the  fitted  charge  density 
instead  of  the  orbitals,  fhis  change  substantially  reduces  the  time  required  for  the 
sc  I  cycle  by  obviating  the  need  to  generate  the  exact  density  on  the  numerical 
integration  mesh. 

Although  the  above  description  of  the  LC'CtTO-FF  technique  is  valid  for  all  of  the 
results  discussed  here,  the  program  FILMS  has  evolved  rapidly  during  the  8  years 
spanned  by  those  results.  Fortunately,  comparison  of  the  results  produced  by  dif¬ 
ferent  versions  of  fdl.MS  (and  diverse  basis  sets)  reveal  no  substantive  changes. 
For  example,  the  predicted  value  of  the  Li  monolayer  lattice  con.stant  has  varied 
by  less  than  I't  . 
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Results 

Before  examining  the  results  orgeometr>-optlmi/,cd  U'F'F  calculations,  it  i  -  useful 
to  consider  the  intuitive  coordination  number  model  ((  nm)  ti>r  the  layer  by  layer 
growth  of  a  UTF  [9.17],  The  CNM  is  based  on  the  assumption  that  the  nearest 
neighbor  separation  of  a  sy  stem  w  ill  increase  w  ith  its  coordination  number.  I  hus. 
one  would  anticipate  that  for  a  given  element  at  zero  pressure,  the  nearest  neighbor 
distance  of  the  bcc  structure  (coordination  number  8)  will  be  less  than  that  of  the 
fee  structure  (coordination  number  12).  as  is  generally  the  case.  .Similarly,  if  one 
were  able  to  simply  remove  some  of  the  neighbor  atoms  in  a  system,  the  bond 
length  would  be  expected  to  contract  due  to  the  improved  screening  of  the  remaining 
neighbors. 

Applying  the  (  NM  to  the  layer  by  layer  grow  th  of  a  IJTF  produces  a  very  simple 
intuitive  picture.  For  a  monolayer,  the  reduced  coordination  number  relative  to 
the  bulk  should  result  in  a  nearest  neighbor  distance  ii  which  is  substantially  reduced. 
When  a  second  layer  is  brought  in  to  form  a  dilaycr.  the  intraplanar  nearest  neighbor 
distance  a  should  be  intermediate  between  the  monolayer  and  the  bulk.  .As  additional 
layers  are  added,  a  should  rapidly  converge  to  the  bulk  value.  Similarly,  for  a 
dilaycr.  the  interplanar  separation  r/ should  be  smaller  than  that  of  the  bulk.  For  a 
sufficiently  thick  film,  the  interplanar  spacing  should  steadily  increase  as  a  function 
of  the  depth  inside  of  the  him  and  should  rapidly  converge  to  the  bulk  value. 
Although  it  would  be  unrealistic  to  expect  the  CNM  to  hold  I'or  all  real  materials, 
it  docs  provide  a  useful  reference  for  asse.ssing  UTF  geometry  optimization  results. 


In  all  of  the  ealeulauons  Jiscussed  here,  it  is  assuntod  that  tlie  I '  Id  's  are  in  the 
hexagonal  eiose-packed  (hep)  phase;  exeept  for  graphite.  Ihis  is  eonsislenl  with 
the  fact  that  most  of  the  elements  considered  here  cr>siallt/e  into  a  close-packed 
structure  at  1  0  and  P  (f  Due  to  length  considerations,  only  the  alkali  metals 

(  AMs),  alkaline-earth  metals  (.\PMs),  and  graphite  are  considered  here. 


1  able  I  compares  calculated  monolayer  lattice  constants  and  binding  energies 

for  the  \Ms  ld2].  the  XFMs  (22]  and  graphite  [P)]  with  theoretical  [24-26] 
and  experimental  f2d,2S]  bulk  \alues.  .\’ote  that  Ret.  24  assumes  that  the  AM 
structure  is  body  centered  cubic  (bee),  unlike  the  monolayer  calculations.  For  Fi. 
fable  1  also  includes  a  theoretical  bulk  value  of</„  for  the  hep  structure  (25).  .As 
expected  from  the  (  sxt.  the  bcc  value  of  is  smaller  than  the  hep  value.  .Similar 
results  could  be  exiiected  for  the  other  AMs. 

d  hree  trends  are  immediately  apparent  from  fable  1.(1)  For  all  of  the  monolayers, 
I.  IS  sensibly  smaller  than  the  corresponding  bulk  value.  (  2 )  d  he  theoretical  bulk 
nearest  neighbor  distances  exhibit  the  usual  FDA  underestimate  oflatt.ee  parameters 
(FDA  value  <  experimental  value),  emphasizing  the  impoitancc  of  comparing 
theory  with  theory  in  this  analysis.  ( .d )  Given  that  use  of  the  bcc  structure  produces 
an  underestimate  of  the  theoretical  bulk  </,.  for  the  AMs,  it  is  apparent  that  the 
t  \M  is  I'ollowed  for  7  of  the  '■)  entries  in  Fable  I.  fhe  lattice  e.xpansion  exhibited 
by  the  Fi  and  Sr  monolayers  relative  to  the  bulk  is  a  significant  anomaly  which,  in 
the  case  of  Fi.  persists  even  vvhen  the  comparison  is  with  the  larger  hep  lattice 
constant. 

Analy  sis  of  the  predicted  one-electron  properties  of  the  monolayers  also  reveals 
interesting  trends.  Figure  I  shows  the  electronic  band  structure  and  density  of  states 
(DOS)  for  an  AM  monolayer  [17 j.  Although  this  particular  band  structure  is  for 
Fi,  it  IS  qualitatively  similar  to  the  hand  structure  of  any  other  .AM.  The  horizontal 
dashed  line  in  Figure  I  indicates  the  energy  at  which  one  additional  electron  state 
per  atom  would  be  occupied,  d  hus.  Figure  1  would  look  like  the  band  structure  of 
an  .AFM  il  the  Fermi  level  were  taken  to  be  the  horizontal  dashed  line.  The  most 
important  qualitative  difference  between  the  band  structures  of  AM  and  AFM 
monolayers  is  the  partial  occupation  of  the  />--derived  band  around  I"  and  the 
corresponding  peak  in  the  occupied  density  of  states  for  an  AFM.  There  is  evidence 
that  lor  the  AFMs,  this  band  is  a  precursor  to  a  partially  occupied  (0001  )  surface 
stale  [14]. 

In  fable  IF  the  work  functions  {<!>)  and  densities  of  states  at  the  Fermi  level 
(/;(  <;>)}  of  the  AM  and  AFM  monolayers  [22]  are  compared  with  experimental 

values  (29  ]  o\' <t>  and  theoretical  bulk  values  (24 )  olT)(  t/>).  For  both  the  AMs  and 
the  .AFMs.  the  monolayer  work  functions  are  larger  than  the  corresponding  bulk 
values,  d  his  suggests  that  the  electron  density  of  the  outermost  layer  of  the  semi- 
intinite  solid  is  drawn  into  the  surface,  thereby  reducing  the  surface  dipole  barrier, 
fhe  AMs  and  AFMs  exhibit  distinctly  dilferent  trends  in  //(  0).  with  the  AM 

iTuviuvIayer  values  being  less  than  or  roughly  equal  to  the  bulk  values  and  the  AFM 


(  \1(  I  1  \  U\t,  1  HU  K\l  SS  1)1  I>1  M)1  \(  !l  S 


f  liiiia'  I  The  (.'k’l'iriinic  buiKl  slruiturc  I  cV  t  ji),|  Jcn'-ilv  »l  (  swil’s  cV  )  lor  j  I  i 
monola>cr  ari.'  sliow.n.  uiih  energies  given  relalnc  to  the  I  crmi  energy  Isolut  liori/onial 
line).  I  he  hori/onlal  dasheii  line  intiieales  the  energy  al  vshich  one  additional  electron 
per  atom  would  K-  occupied. 


monolayer  values  generally  being  larger  than  the  bulk  values  (except  for  Ca ).  The 
enhancement  of  n(-<t>)  for  the  AEM  monolayers  is  due  to  the  surface  stale  in 
Figure  I.  with  the  most  dramatic  example  being  lie  for  which  the  bulk  is  a  poor 
conductor  and  the  monolayer  is  a  good  conductor. 


Tabi  I  II.  Monolayer  work  lunction  (i,si  and  density  ot  states  at  the  t  ermi  level  i/il  cd)'*  compared  to 
evperimental  values  ol  ss’'  and  theoretical  hulk  values  of  nl  ..si.' 
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Di  layers 

For  three  of  the  elements  in  I'able  I  (Li.  Be,  and  C),  dilayer  calculations  have 
been  performed.  Table  III  compares  the  calculated  ( 1 3. 1 7. 1 9  ]  monolayer  and  dilayer 
lattice  parameters  with  theoretical  [2.3,26,30]  and  experimental  [27.28.31]  values 
obtained  for  the  close  packed  crystal  structure.  The  most  interesting  feature  in 
Table  III  is  the  fact  that  each  of  the  systems  behaves  differently. 

For  graphite,  the  difference  between  the  monolayer,  dilayer.  and  hulk  lattice 
parameters  is  negligible,  as  one  would  expect  for  a  loosely  bound  layer  compound. 
Given  the  sensitivity  of  the  lattice  parameter  calculation  for  graphite  due  to  its 
exceptionally  weak  binding,  this  result  is  quite  reassuring. 

For  Be,  the  CNM  is  followed  for  the  intraplanar  spacing  a  ( i.e.,  monolayer  value  < 
dilayer  value  <  bulk  value).  However,  the  interplanar  spacing  r/ shows  an  anomalous 
2.4'’<  expansion  compared  with  the  theoretical  bulk  value.  Since  the  initial  publi¬ 
cation  of  this  result  in  1985  [13],  there  has  been  a  measurement  of  the  relaxation 
of  the  outermost  layer  of  the  Be  (0001 )  surface  w  hich  reveals  an  anomalous  5.8' < 
expansion  [32],  in  qualitative  agreement  with  tne  dilayer  calculation. 

The  behavior  of  Li  is  opposite  to  that  of  Be,  with  t/  following  the  CNM  and  a 
exhibiting  anomalous  behavior.  In  fact,  the  value  oft;  is  diverging  from  the  bulk 
value  (i.e.,  dilayer  value  >  monolayer  value  >  bulk  value)  [17].  This  curious  be¬ 
havior  motivated  a  careful  study  [9]  of  Li  //-layers  with  //  =  I  -*•  5, 

Li  n-layers 

In  Table  IV.  calculated  //-layer  lattice  parameters  for  Li  (//  =  I  -♦  5)  [9]  are 
compared  with  theoretical  [25]  and  experimental  [3l]  bulk  values.  The  value  of 


T\hi  I  111.  Monolayer  and  dilayer  lattice  parameters  (a  intraplanar 
parameter,  d  =  interplanar  spacing)  compared  to  theoretical  and 
experimental  bulk  values  (au). 
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the  inlrapianar  spacing  has  a  maximum  tor  the  dilayer  and  ihen  rapioly  conx  erges 
on  the  bulk  value.  It  was  noted  in  Ref.  9  that,  for  the  dilayer  and  the  trilaycr,  the 
energy  shows  a  long  nearly  Hat  minimum  in  the  range  5.10  <  a  <  5.80  au,  Kor  the 

4-  and  5-layer  tilms.  the  minimum  becomes  well-locali/ed  near  the  bulk  value  of 
a.  This  behavior  may  be  attributed  to  the  existence  ofa  true  interior  for  the  4-  and 

5- layer  tilms.  In  contrast,  the  intcrplanar  spacings  for  the  //-layers  have  not  begun 
to  converge  on  the  bulk  value  b\  //  =  5.  a  disheartening  result  for  those  who  would 
calculate  surface  relaxations  by  only  varying  the  positions  of  the  outermost  one  or 
two  layers. 

In  Table  V.  the  binding  energies  per  atom  (/;'/.).  interplanar  binding  energies 
;  defined  as  the  binding  energy  of  the  w-layer  minus  the  binding  energy  of  the 
monolayer),  and  the  ratio  of  to  its  corresponding  bulk  value  arc  compared  for 
the  n-layers  [9]  and  the  theoretical  bulk  crystal  [25).  Although  the  /i-layer  values 
are  behaving  sensibh  ( i.e.  monotonically  converging  on  the  bulk,  the  rate  of  con¬ 
vergence  is  very  slow).  In  Ref  9.  it  was  noted  that  the  ratio  R  =■  /•.',(//)//:',(  x  ) 
could  be  fitted  by  the  expression 
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This  implies  that  reaching  90'"^  of' the  crystalline  inlerplanar  binding  energy  would 
require  n  =  17  while  95'7  would  require  »  =  33;  another  indication  that  modeling 
a  macroscopic  sample  may  require  a  very  thick  film. 

Some  of  the  one-electron  properties  of  the  Li  /t-layers  [9]  are  shown  in  Table 
VI  together  with  e.\perimental  [29]  and  theoretical  [24]  bulk  values.  It  has  been 
noted  [9]  that  the  experimental  work  function  for  Li  is  in  disagreement  with  all 
theoretical  calculations  and  may  b<.  unreliable.  If  the  experimental  value  of  0  is 
ignored,  it  becomes  clear  that  the  one-electron  properties  are  rapidly  convergent. 
It  also  is  apparent  that  the  QSE  in  the  work  function  of  Li  is  minimal. 

In  contrast  to  the  weak  QSE  in  0,  the  density  of  states  itself  shows  a  rather 
interesting  form  of  layer  dependence.  The  densities  of  states  for  the  5  Li  17 -layers 
are  shown  in  Figure  2.  Since  the  density  of  states  for  a  two-dimensional  parabolic 
band  is  a  step  function,  and  the  occupied  band  structure  of  Li  can  be  represented 
as  a  series  of  parabolic  bands  ( one  for  each  layer),  the  density  of  states  for  a  given 
Li  «-layer  has  a  stair-like  form,  with  one  step  for  each  layer.  Thus.  «(e)  exhibits  a 
quantized  behavior  which  has  a  one-to-one  correspondence  with  the  number  of 
atomic  layers. 


Conclusions 

It  is  evident  that  UTF  properties  are  in  many  cases  distinctly  different  from  those 
of  the  corresponding  bulk  systems.  For  example,  all  AM  and  AEM  monolayers 
have  larger  work  functions  than  the  bulk.  In  addition,  the  AEM  monolayers  tend 
to  have  an  enhanced  density  of  states  at  the  Fermi  energy  due  to  a  /7.-derived  sur¬ 
face  state. 

The  structural  parameters  of  several  of  the  UTFs  considered  here  exhibit  anom¬ 
alous  behavior  relative  to  the  CNM.  At  the  monolayer  level,  Li  and  Sr  both  manifest 
an  expansion  relative  to  the  bulk.  Among  the  dilayers.  Be  shows  an  anomt.lous 


1  vBi  i;  VI.  Calculated  work  function  density  of  states 
per  atom  at  the  Fermi  level  («( and  occupied  bandwidth 
(W)  for  the  l.i  n-layers  (Ref  9)  compared  to  theoretical  (Ref. 
24)  and  experimental  (Ref  29)  bulk  values. 
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Figure  2,  The  density  of  slates  per  atom  (states/eV)  is  shown  as  a  function  of  one- 
electron  energy  (relative  to  the  Fermi  level.  eV  t  for  the  Li  n-laycr  films;  (a)  I -layer;  (b) 
2-laycr;  (e)  .Vlaycr;  (d )  4-layer;  (e)  5-laycr. 


expansion  of  the  interplanar  spacing  compared  with  the  bulk  value  ( a  result  which 
is  supported  by  recent  experimental  data)  [.^2].  while  all  of  the  Li  /7-layers  exhibit 
an  anomalous  expansion  of  the  intraplanar  separation. 

The  study  of  Li  /; -layers  {  n=  1  -►  5 )  reveals  that  the  rate  at  which  a  UTF  evolves 
into  a  bulk  depends  upon  what  properly  is  being  considered.  The  work  function, 
density  of  states  at  the  Fermi  level,  occupied  band  width,  and  intraplanar  spacing 
are  all  rapidly  convergent  to  bulk  values.  In  contrast,  the. interplanar  spacing  and 
binding  energy  are  very  slowly  converging  quantities  and  may  requite  tens  of  layers 
to  adequately  model  the  bulk.  This  result  calls  into  question  any  surface  relaxation 
calculations  which  only  allow  the  outermost  one  or  two  layers  of  a  film  to  relax. 
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Finally,  the  densities  of  stales  for  the  Li  //-layers  e.Khibit  a  stair  structure  with 
the  number  of  steps  being  equal  to  the  number  of  layers.  Whether  or  not  the  si/e 
of  this  OSE  is  large  enough  to  be  measurable  remains  to  be  determined. 
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Application  of  Thin  Films  Method  in  the  Study  of 
Alkali-Semiconductor  Interaction 
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Abstract 

The  compulation  ol  atomic  struciuro  Irom  lirsl  principles  is  a  challeiipiiig  ihcorclical  enjeasor  Mic 
complexity  grows  substantialK  when  dealing  with  films  and  surfaces,  because  one  can  no  longer  exploit 
the  three-dimensional  periodicity  Mere  we  expound  ufKin  the  self-consistent  field  pseudopolential  slab 
methixl  with  local  density  approximation  to  study  thin  films  and  ordered  oxerlayers  on  surfaces  Plane 
waxc  basis  sets  are  used  bexause  they  are  free  horn  linear  dependency  problems  due  to  their  orlhonormal 
properties  The  results  are  illustrated  by  investigating  the  atomic  structure  of  metal  oxerlayers  on  the 
SifOt'U  X  I  surface  at  initial  coxerages.  Major  emphasis  is  on  alkali  metals,  hul  .M  is  included  for 
comparatixe  purposes.  The  nature  of  the  interaction  and  the  role  of  Peierls  distortions  in  metal-semi- 
conductor  energetics  are  presenteif  ■  lo'O  John  Wiiey  A  Sons,  Inc 


Introduction 

Professor  Lowdin  graciously  reminded  us  b\  quoting  P.  Debye  that  we  should 
use  brain  power  before  using  computer  power  in  solving  problems.  Clearly,  this 
advice  is  easy  to  follow  ifone  is  gifted  with  the  Lowdin  brain.  Unfortunately,  many 
of  us  working  in  the  area  of  surfaces  and  interfaces  are  not  so  blessed.  Most  of  us 
use  the  computer  as  an  extension  to  our  brain  power.  Supplementing  brain  power 
with  computer  power  is  often  a  necessity.  Working  for  the  IBM  Corporation.  I  am 
glad  it  is  so!  This  paradigm  is  certainly  valid  in  resolving  some  issues  connected 
with  metal  interactions  with  Si(001  )-2  X  1.  the  subject  matter  of  the  present  study. 

The  computation  of  atomic  arrangement  is  challenging  considering  that  the 
atomic  reconstruction  of  various  clean  Si  surfaces  have  involved  efforts  extending 
over  several  decades.  Even  in  the  current  year  it  is  not  uncommon  to  encounter 
publications  on  this  very  subject.  T'ne  complexity  arises  from  the  fact  that,  when 
dealing  with  films  and  surfaces,  one  can  no  longer  exploit  the  three-dimensional 
periodicity.  The  ad,sorption  of  metals  on  Si  can  lead  to  further  complications. 

In  this  article,  we  primarily  study  the  interaction  of  alkali  metals  (AM)  with 
SifOOl  )-2  X  1  surface  at  initial  coverages.  A  brief  description  of  simple  metals  like 
Al  is  only  included  at  the  end  for  elucidating  certain  aspects  of  AM-Si  interactions 
by  comparison.  Understanding  of  the  atomic  and  electronic  structure  of  metals 
adsorbed  on  semiconductors  is  important  for  fundamental  and  a  variety  of  appli¬ 
cation  areas  [  I  ] . 
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Numerous  invesligutions  [1-4]  carried  out  recently  for  the  interaction  of  AM 
with  the  SitOOl  )-2  x  1  substrate  are  due  to  die  fact  that  SitOOl  )  is  among  one  of 
the  few  surfaces  [5.6]  uhich  can  be  driven  into  a  negative  electron  alfmity  (  Nli  \  ) 
stale.  An  Nt-.  A  slate  is  achieved  when  ihc  vacuum  level  falls  below  the  conduction 
band  edge  ot  the  semiconductor.  I  hc  carriers  excited  across  the  band  gap  can  then 
escape  without  any  additional  energy  cost,  thus  making  for  cthcieni  emitters,  it  is 
worth  noting  that  the  deposition  of  AM  alone  on  SittlOl  )  is  not  sullicient  to  drive 
it  into  an  NHA  state.  The  AM  must  be  supplemented  b\  oxygen  to  achieve  the 
ultimate  lowering  of  the  work  function.  A  large  number  of  calculations  [7-16] 
have  attempted  to  predict  the  optimum  AM  overlayer  registry  pattern.  Since  that 
itself  has  generan  d  so  much  debate  we  hav  ■  strayet  svimcwhal  from  our  main  goal. 

The  nature  of  AM-Si  bond  continues  to  draw  substantial  attention  to  explain 
the  work  function  reduction.  Extreme  views  have  been  expressed  [11-18].  ranging 
from  the  weakly  covalent  to  the  strongly  ionic.  Alkali  metals  adsorbed  on  other 
metals  have  been  characterized  by  Langmuir  [  19j.  Gurnev  [  20]  and.  more  recently. 
Lang  [21].  as  having  an  ionic  to  metallie  transition  with  increase  in  coverage. 
Muscat  and  Batra  [22]  further  developed  these  models.  Based  on  the  ah  initio 
results  of  Batra  and  Ciraci  [^3]  bond  length  relaxation  was  introduced  as  a  com¬ 
panion  to  the  transition.  This  enabled  one  to  obtain  quantitative  agreement  with 
the  change  in  the  work  function  data  (22).  Bond  length  relaxation  ha.‘  recently 
been  confirmed  experimentally  [24]. 

At  low  coverages,  the  AM  atoms  are  believed  to  be  mostly  ionized.  The  AM 
overlayer  turns  metallic  at  higher  coverages.  This  intuitively  plausible  picture  of 
ionic  to  metallic  transition  is  being  questioned  [2.5  ].  Values  of  charge  transfer!  AC2) 
from  AM  to  Si  have  been  obtained  in  the  range  0  <  SQ  <  1,  In  this  study,  we 
argue  persuasively  in  favor  of  an  ionic-bonding  picture.  Our  conclusions  are  based 
on  .self-consistent  held  pseudopotential  calculations  and  physical  arguments.  We 
describe  briefly  the  pseudopotential  slab  model  with  plane  wave  basis  sets  for  in¬ 
vestigating  electronic  properties  of  surfaces  and  interfaces.  Other  methods  have 
been  discussed  by  Trickey  et  al.  [26]. 

Pseudopotential  Method  for  Surfaces 

Surface  electronic  structure  calculations  are  complicated  due  to  the  loss  of  trans¬ 
lational  invariance  in  the  direction  normal  to  the  surface.  By  now.  a  number  of 
theoretical  models  have  been  developed  to  overcome  this  ditticulty.  We  employ  a 
slab  model  in  which  the  three-dimensional  periodicity  is  artificially  imposed.  The 
slab  has  the  correct  two-dimensional  crystal  periodicity,  but  the  third  dimension 
(z)  is  terminated  after  a  finite  number  of  layers.  To  study  clean  and  adsorbate- 
covered  surfaces,  empty  space  is  introduced  between  .slabs  and  the  entire  assembly 
periodically  repeated  along  the  z-direction.  The  empty  space  serves  to  isolate  the 
slabs  of  atoms  and.  hence,  a  solid  vacuum  interface  is  simulated.  Since  the  new 
geometry  has  three-dimensional  periodicity,  most  of  the  standard  methods  for  band 
structure  calculations  can  be  adopted  to  treat  this  model.  The  price  ihat  is  paid  is 
that  one  has  to  deal  with  a  large  unit  cell.  The  band  structure  technique  used  in 
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our  examples  is  the  sell-eonsisteiil  tield  (sn  }  pseudopotetUial  method  m  ihe  mo¬ 
mentum  spaee  represenlation  [2^]. 

The  main  idea  helimd  the  pseudopolential  method  ean  he  best  illustrated  h>  an 
example.  Ihe  Si  atom  has  the  ek’etronie  eonliuuration  ol  Is  2^  2/>''ss  -V*  Ihe 
eore  eleetrons.  I  s,  2s.  aiiel  '!/>.  are  tightK  hssund  to  the  mieleus  atul  are  essentialls 
undisturbed  \slien  bulk  solid  is  I'ormed.  I  hus.  unless  one  is  speeihealK  interested 
in  eore  states  energies,  these  states  ean  be  lumpeil  sxith  the  nueleus.  Ihe  ssase 
tunetiiins  tor  the  \aleuee  eleetrons  are  i|uite  smooth  auas  Irom  the  eore  region, 
and  ean  be  well  represented  bs  plane  waxes,  I  he  dillieultx  arises  from  the  faet  that 
xalenee  waxe  tunetions  msnle  the  eore  region  oseillate  rapiillx  to  maintain  orthog- 
onalitx  xxith  the  eore  states.  The  number  of  nodes  in  the  xxaxe  funetion  (  n-t- 1  )  is 
ei;ual  to  the  number  of  eore  states  xxith  the  same  angular  momentum.  I  o  represent 
their  oseillatums  in  the  eore  regions  is  not  too  dill'erent  from  expanding  the  eore 
states  in  the  plane  xxaxe  basis  set.  This  is  elearlx  hopeless,  and  some  furtiier  ap- 
priiximation  is  still  needed. 

To  allexiate  this  problem  the  pseudopolential  method  noi  onix  eombines  the 
lightlx  bound  eore  eleetrons  and  the  nueleus  into  (uie  inert  entitx  ( lon-eore)  but  it 
is  further  required  that  the  pseuxio-waxetunetions  must  be  nodeless,  1  his  implies 
that  the  pseudopotenlial,  I  must  not  support  anx  hound  ( eore)  stales  at  energies 
bcloxx  the  xalenee  stale  energies.  Sinee  the  xalenee  eleetrons  inieraet  xxith  the  inert 
ion-eorc  ihrough  a  highly  redueed  potential  (I  ... ).  the  pseudo-waxefunetions  are 
smooth  and  nodeless.  Pseudopolentia!  anxl  xvaxefunctions  for  ,Si  are  shoxxn  in  l  igure 


I  iLTUff  1  Htp’i.  pMMulitpoivntial  tt’r  Si  prnpt>s«.-tj  In  Harhck'l  I'l  il  (st\-  Kcl  ) 

[  hk'  inv!  shuns  the  ps«.’ni1t>A\a\efun«.ii»*n  ami  the  true  xUnniK-  n.ivetuiu  tion  tor  Sp  ixi 
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1.  The  pseudo-wavefunction  is  smooth  inside  the  core  region  and  matches  the  all¬ 
electron  wavefunction  outside  the  core  region.  The  decoupling  of  the  valence  elec¬ 
trons  from  the  ion-core  has  insured  that  the  valence  wavefunctions  will  be  smooth 
and  easily  represented  with  a  small  number  of  plane  waves. 

One  method  by  which  ah  iniiio  ion-core  pseudopoientials  can  be  obtained  from 
atomic  calculations  has  been  given  by  Bachclet  et  al.  [  ] .  The  basic  idea  is  to 

generate  a  potential  by  inverting  the  Schrodinger  equation.  The  angular  momen¬ 
tum-dependent,  all-electron  atomic  potentials,  T'  ,  are  screened  to  produce  the 
atomic  pseudopotentials,  (  The  atomic  pseudopotential,  1  must  produce  the 
same  eigenvalue  for  the  valence  electron  as  the  all-electron  potential.  The  final  bare 
ion-core  pseudopotential,  I',',,,  is  obtained  from  the  neutral  pscudopotential  i  f.. 
by  subtracting  the  coulomb,  exchange,  and  correlation  potential  from  the  pseudo¬ 
valence  charge  density.  This  scheme  guarantees  the  ma.ximum  transferability  of 
the  ion-core  pseudopotentials. 

Once  the  ah  initio  pseudopotentials  have  been  determined,  the  .Schrodinger 
equation  is  solved  self-consistently  in  the  plane  wave  basis  set.  Being  orthonormal, 
such  basis  sets  do  not  have  any  linear  dependence  problems  [29).  One  can  also 
study  convergence  systematically  by  altering  the  energy  range  of  the  plane  waves. 
The  plane  wave  basis  sets  are  eflicient  for  describing  semiconductors  and  alkali 
metals. 


Structural  Results  for  Alkali  Metals — Si(00l  )-2  X  1 

Atoms  in  the  surface  layer  of  clean  Si(0()l )  have  two  dangling  bonds  each  for 
an  ideal  bulk  truncated  structure.  The  2  X  I  structure  is  obtained  when  these  atoms 
dimerize  along  the  .v-dircction  (generating  a  rr-bond)  resulting  in  rows  of  dimers 
along  the  y  [110]  direction.  Each  surface  atom  nominally  has  a  single  dangling 
bond.  Since  there  are  two  Si  atoms  per  surface  unit  cell,  one  gels  two  bands  ( rr  and 
TT*)  in  the  gap  region,  which  are  only  partially  occupied.  The  AM  atoms  interact 
with  these  dangling  bond  orbitals  located  near  the  Fermi  level.  Six  probable  ad¬ 
sorption  sites  labeled  by  the  letters  H.  B.  C.  D.  T,  and  Y  are  shown  in  Figure  2.  Al 
‘A  a  ML  coverage  there  is  one  AM  atom  per  2  X  1  cell  (3.39  X  10''*  atoms/cm") 
in  one  of  the  above-mentioned  sites. 

In  1973.  Levine  [30]  proposed,  for  Cs  adsorption  on  SifOOl )  that,  at  low  cov¬ 
erages.  this  metal  occupied  a  quasi-he.xagonal  hollow  site  { H )  above  the  rows  of 
dimers.  The  H-site  occupancy  offered  a  simple  explanation  for  negative  electron 
affinity  {  nea  )  because  it  left  the  long  bridge  ( B)-sites,  where  the  adatom  connects 
two  dimers  in  adjacent  rows,  unoccupied.  The  coadsorption  permits  the  oxygen 
atoms  to  submerge  under  the  B-sites  to  cause  additional  ( beyond  that  produced  by 
AM)  lowering  of  the  work  function  required  to  achieve  NEA.  The  C-site  has  ad¬ 
sorbates  above  the  third  layer  of  Si  and,  due  to  reconstruction,  this  is  a  more  open 
site  than  H.  Others  have  called  [12,13]  the  C-sile  a  "valley  bridge  site"  (T3),  and 
the  B-site  a  "cave  site"  (T4).  The  dimer  bridge  site,  D,  locates  the  adsorbate  above 
the  midpoint  of  the  Si  dimer.  In  the  top  site,  T  adsorbate  is  above  one  of  the  dimer 
forming  Si  atoms.  The  Y-site  is  an  off-centered  site  between  the  H-  and  the  C-sites. 
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Figure  2  Top  views  describing  the  posilions  ol  metals  on  Si(00l  )-2  •  I  t  illed  and 
empty  circles  denote  metal  and  Si  atoms,  respectively.  Numeral  in  the  circles  indicate  Si 
atomic  layers,  (a)  H-.  B-.  Y-.  C-.  D-.  and  T-sites  have  been  labeled  in  the  2  .v  I  unit  cell 
shown  by  dotted  lines.  At  1  /  2  a  Ml.  coverage,  only  one  of  these  sites  is  occupied  by  metal 
atoms  per  unit  cell,  (b)  The  2  >'  2  unit  cell  shown  by  dotted  lines  used  to  study  A  v  Pcierls' 
distorted  structure  of  metals  at  I  ,/2  a  ML.  (cl  The  1  <  2  unit  cell  shown  by  dotted  lines 
used  to  study  dimerization  of  metal  atoms  ( At  distortion )  at  I  /  2  a  ML. 


Scanning  tunneling  microscopy  (stm)  work  [31-35]  on  alkali  metals  at  low  cov¬ 
erages  is  responsible  for  revealing  the  Y-site  [34]. 

STM  experiments  [31-35]  have  provided  valuable  information  about  the  geo¬ 
metrical  arrangement  for  AM  on  Si({K)l  )-2  X  1 .  By  carefully  monitoring  the  density 
of  bright  spots  and  deposition  time  the  adsorbed  AM  atoms  have  been  identified. 
Hashizume  et  al.  [31],  from  their  stm  data,  earlier  suggested  that  at  low  coverages. 
Li,  K  atoms  are  adsorbed  on  the  top  (T)-site  above  one  of  the  dimer-forming  Si 
atoms.  This  data  has  been  reinterpreted  [32]  in  terms  of  the  Y-sitc  adsorption. 

Our  total  energy  calculations  for  the  adsorption  of  Na  on  Si (001  )-2  X  1  at  '/)  a 
ML  coverage  have  been  reported  earlier.  The  symmetric  dimer  model  given  by 
Abraham  and  Batra  [36]  was  employed.  The  energy-ordered  sequence  we  found 
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for  the  Na/Si  system  in  the  order  of  decreasing  stability  is  F.(  H)  ~  Ei(  B)  <  F(  Y  ) 
<  E(C).  The  D-  and  T-sites  were  found  [lO)  to  be  much  less  stable.  The  computed 
bond  length  of  2.6  A  was  smaller  by  about  0.3  A  from  the  value  obtained  in  a 
LEED  study  [37]. 

Without  numerically  intensive  computer  calculations  one  could  not  have  guessed 
that  the  H-.  B-,  Y-,  and  C-sites  are  competitive  adsorption  sites  at a  ML  coverage. 
Given  this  input  one  can  now  put  forward  physical  arguments  to  wrap  a  story 
around  it.  This  is  what  we  eluded  to  in  the  Introduction  about  supplementing  brain 
power  with  computer  power.  Clearly,  a  computed  potential  energy  suii’ace  is  desired 
for  complete  understanding.  As  a  prelude  to  that  we  present  a  calculated  potential 
energy  line  passing  through  the  likely  adsorption  sites,  as  shown  in  Figure  3,  Since 
full-relaxation  calculations  were  not  performed  one  should  view  the  results  shown 
in  Figure  3  for  qualitative  or  semiquantitative  purposes  only.  .A  general  conclusion 
to  be  drawn  from  Figure  3  is  that,  at  '/;  a  ML  coverage,  no  single  site  has  a  clear 
monopoly. 

The  above  assertions  are  consistent  with  the  conclusions  drawn  from  the  STM 
data.  At  ~0,2  ML  coverage,  the  coexistence  of  adsorption  in  several  sites  has  been 
reported  [35  ],  At  'h  a  ML  coverage  the  well-known,  one-dimensional  linear  chains 
parallel  to  the  Si  dimer  rows  have  been  confirmed  [35]  for  K  on  Si(00I  )-2  X  1. 
Although  they  were  unable  to  deduce  a  definitive  adsorption  site,  the  H-site  is  fully 
compatible  with  this  STM  data  [35], 

A  cluster  model  calculation  [13]  has  suggested  that  an  AM  adsorbate  in  an  H- 
site  may  be  unstable  toward  a  Peierls  type  of  distortion.  It  was  noted  [13]  that  a 
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Figure  3.  Total  energy  of  Na-Si((X)l  )-2  X  I  (referenced  with  respect  to  the  H-sitc)  at 
1 12  a  ML  coverage  along  a  line  pas.sing  through  various  competitive  sites.  Positive  energies 
correspond  to  less  .stable  structures. 
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/ig-/ag  chain,  obiaincd  h\  moving  alkali  mcial  ati>ms  awav  from  the  H-sitc  by 
equal  and  opposite  amounts  (  A  v)  along  the  v-direetion.  as  show  n  in  I  igure  2(b). 
can  have  lower  energv .  We  discuss  this  in  the  next  section. 

note  of  caution  is  appropriate  at  this  time.  In  all  our  considerations  we  had 
thought  all  along  that  results  tor  all  alkali  metals  are  expected  to  be  similar.  We 
expressed  our  conclusions  olten  using  Na  and  K  interchangeably.  It  has  become 
clear  from  some  recent  work  (.28]  that  such  a  position  may  not  he  defendable.  It 
has  been  pointed  out  that  K  and  C's  on  Sit  1 1 1 )  di>  show  results  which  depend  on 
the  AM  under  consideration,  f  or  e.xample.  C's  leads  U)  removal  of  the  ir-bonded 
reconstruction  on  Sit  1 1 1  ),  whereas  K  does  not. 

There  are  some  hints  in  the  calculations  which  suggest  AM-specitic  results.  For 
example,  the  cluster  calculation  by  Freeman  et  al.  {15]  pointed  out  that  the  B-site 
is  a  more  favorable  adsorption  site  that  the  Ff-site  when  K  is  considered.  In  our 
calculations  [  8. 1 0  ] .  the  H-site  was  favored.  The  rev ised  cluster  model  calculations 
by  Freeman  et  al.  [15]  i  including  full  relaxation)  have  found  that,  for  K-Si.  the 
binding  energies  at  the  H-site  ( 2. .54  eV)  and  at  the  B-site  ( 2. .48)  are  comparable. 
It  is  therefore  now  stated  [15]  that  either  of  the  two  sites  can  serve  as  a  possible 
chemisorption  site  for  K  atoms.  The  major  effect  of  surface  relaxation  was  dem¬ 
onstrated  by  Batra  [10]  earlier.  Fhis  is  now  being  corroborated  by  the  cluster  model 
calculation  by  Freeman  et  al.  [15].  Fheir  computed  value  of  charge  transfer  of 
^0.6e  at  the  H-site  clearly  rules  out  the  suggestion  [17]  that  the  bonding  is  covalent. 
A  bonding  energy  ol  "-I.!  cV  also  argues  against  ihe  proposal  [  1 7  ]  of  a  weak  bond. 
A  strong  ionic  picture  ; .  also  supported  by  a  cluster  model  calculation  [11]  based 
on  the  ah  i>uiio  Hartree  -Fock  method.  The  strong  bonding  picture  is  also  consistent 
with  the  recent  band  structure  calculations  by  Morikawa  ct  al.  [54].  as  well  as  the 
thermal  desorption  rest  Its  of  kanaka  et  al.  [40]. 

Fhe  C'-site  is  preferred  I  over  H-  or  B-sites)  by  some  recent  pseudopotential  cal¬ 
culations  [14]  for  K  O”  SifOOl  )-2  I  at  a  ML  coverage.  All  these  calculations 
clearly  suggest  that  thv  potential  energy  surface  is  rather  Hat.  This,  incidentally, 
should  be  the  case  w  ionic  bonding  is  predominant.  Covalent  bonds,  being 
directional  in  nature,  lend  to  have  potential  energy  surfaces  [41]  with  well-delined 
peaks  and  valleys. 

The  structural  resuus  can  now  be  summarized  for  .AM  adsorption  on  Sit 001  )- 
2  ■  I  at  '  ■  a  .Ml  cov»  rage.  For  Na.  the  H-site  is  a  prclerred  site.  For  K.  the  H-. 
B-.  (  -,  and  \  -sitcs  all  >ccm  to  oiler  themselves  as  potential  adsorption  sites  with 
the  H-site  still  hokling  i  bit  of  an  edge  over  the  other  sites.  Fhe  substrate  relaxation 
j  lays  a  crucial  role  in  a;  riv  ing  at  these  conclusions.  Fhe  AM  Si  bond  is  decidedly 
strong  (  --2  eV  per  alk  di  metal  atom)  with  a  bond  length  [42,4.4]  in  the  range  I'f 
2,6-4, 4  A, 


Pilerls  Distortion  at  1/2  a  Ml.  (  overage 

An  objection  to  the  Isorption  at  the  H-sites  was  raised  from  the  results  obtained 
by  a  cluster  model  cal.  ulation  [1.4]  for  the  K-Si  sy'^lcm.  According  to  these  cal¬ 
culations  the  total  energy  of  the  .AM  chain  continued  to  decrease  upon  introducing 
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zig-zag  distortions  of  various  amounts  Aa  shown  in  F'igurc  2(b)'  These  findings 
were  rationalized  by  appealing  to  Peierls  theorem  [  44  ] .  aecording  to  which  a  mono- 
atomic  chain  can  always  lower  its  total  energy  by  lattice  distortions.  The  cost  ‘'f 
lattice  distortion  is  offset  by  the  electronic  energy  benefit  up  to  a  certain  critical 
distortion.  It  was  thus  argued  that  the  AM  chain  is  inherently  unstable  and  should 
undergo  some  sort  of  Peierls  distortion.  Realizing  that  dimerization  of  alkali  metal 
atoms  by  longitudinal  distortions  is  not  likely  due  to  steric  hindrance  at  the  surface, 
the  authors  [13]  settled  on  the  zig-zag  distortion. 

Our  calculations  done  for  the  Na-Si  system  did  not  show  any  energy  lowering 
due  to  the  zig-zag  distortion.  This  was  obv  iously  of  some  concern  because,  appar¬ 
ently.  our  numerical  calculations  seem  to  be  violating  the  fundamental  Peierls 
theorem.  The  latter  demands  an  energy  lowering  in  a  one-dimensional  chain  due 
to  reduction  in  the  translational  symmetry  which  opens  a  gap  at  the  new  zone  edge. 
Eventually,  we  realized  that,  although  zig-zag  transverse  distortions  lead  to  an  ap¬ 
parent  reduction  in  the  translational  symmetry,  they  do  not  lead  to  any  gap  opening 
at  the  zone  edge.  We  chose  to  call  such  distortions  as  leading  to  gapless  Peierls 
transitions  [45].  This  does  not  contradict  the  well-known  Peierls  theorem  which 
is  valid  only  for  longitudinal  displacements.  For  completeness,  we  give  an  elementary 
proof  based  on  tight  binding  arguments. 

In  a  one-dimensional  chain  oriented  along  the  y-direction.  ±A.v  distortions  along 
the  .v-direction  double  the  apparent  size  of  the  unit  cell.  The  new  primitive  trans¬ 
lation  vector  becomes  2avand  the  corresponding  reciprocal  cell  is  reduced  to  -  tt/ 
2a  <  ky  <  v/la  as  in  the  standard  Peierls  case.  But  we  now  show  that,  unlike  the 
standard  Peierls  case,  these  transverse  distortions  are  not  able  to  lift  the  degeneracy 
at  the  zone  edge,  ±v  j 2c. 

For  simplicity,  we  consider  one  orbital  <t>  per  atom  and  construct  the  system 
wave  function  as  a  linear  combination  of  Bloch  functions,  X,,  localized  on  atomic 
sites  y  ( =  1 ,2 )  in  the  unit  cell 

>P>,X(r)  =  C,„xi(r.  H)  +  k)  .  ( 1 ) 

The  Hamiltonian  matrix  N^k)  =  (x,  |//|X/),  can  be  written  in  the  form. 

H„(k)  =  Z  c  V«.)  J  ^{7)im7  +  f,  -  -  R,  )d7  .  (2) 

f<v 

Denoting  the  diagonal  elements  (which  are  obviously  identical)  A',,  and  the  off- 
diagonal  terms  by  u  and  u*.  the  2  X  2  matrix  at  the  zone  edge  is 


where  u  can  be  expressed  in  the  form. 

£/  =  Z  exp 
A 


7“  I 
2a 


Ry) 


/ 


4){t)/1(1>{7  +  f|  -  Tx  “  R,)cJ7  ,  (4) 
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In  the  nearest  neighbor  approximation,  the  structure  factor  in  the  above  equation 
reduces  to  cos  7r/2.  leading  to  ti  =  0.  In  fact,  u  vanishes  identically  even  when  all 
distant  neighbor  interactions  are  included.  Thus,  the  band  at  the  zone  edge  is  doubly 
degenerate,  with  X|  j  =  Eo-  For  the  half-tilled  band  under  consideration,  the  Fermi 
level  passes  through  this  degeneracy  point  and  the  system  is  metallic. 

Thus,  unlike  the  well-known  Peierls  case  with  longitudinal  distortions,  the  trans¬ 
verse  displacements  do  not  open  a  gap  at  the  zone  edge.  Total  energy  may  or  may 
not  be  lowered  upon  zig-zag  distortions,  depending  upon  materials-specific  inter¬ 
actions,  however.  For  .'Wl  adsorbed  on  Si(()01  )-2  X  1  at  the  H-sites.  there  is  no 
energy  lowering  due  to  the  zig-zag  distortions.  A  small  energy  lowering  due  to 
longitudinal  displacements  cannot  be  ruled  out.  But  these  displacements  have  to 
be  rather  small,  because  any  sensible  reduction  in  AM-AM  distance  leads  to  a  large 
repulsive  barrier  due  to  ion-ion  repulsion  energy.  Flence,  we  conclude  that  Peierls 
instability  considerations  do  not  preclude  AM  adsorption  at  the  H-sites. 

Nature  of  .Alkali  Metal-Si  Bonding 

There  have  been  some  suggestions  [17,18]  in  the  literature  that  the  interaction 
between  AM  and  Si  is  weak  at '/:  a  ML  coverage.  It  is  difficult  to  reconcile  this  with 
STM  data  where  AM  atoms  have  been  shown  to  form  one-dimensional  chains 
parallel  to  the  sub,strate  Si  dimer  row  directions.  In  the  proposed  geometry,  for  say, 
K  on  Si(001  )-2  X  1.  the  nearest  neighbor  K  —  K  interatomic  distance  of  .5.8  A  is 
considerably  shorter  than  the  bulk  equilibrium  distance  of  4.6  A.  For  Cs.  the  de¬ 
viation  from  the  bulk  bond  length  (5.2  A)  is  even  greater.  This  suggests  that  AM 
atoms  are  being  forced  to  locate  on  the  repulsive  part  (SO. 5  eV)  of  the  potential 
energy  surface  in  the  AM-AM  coordinate.  From  thermal  desorption  experiments 
[40],  binding  energies  of  1,6  and  1.9  eV  have  been  obtained,  depending  on  the 
adsorption  site.  The  overall  stabilization  of  the  structure  must  then  arise  from  AM- 
Si  interactions.  This  interaction  has  to  be  substantial  and.  in  fact,  most  theoretical 
calculations  [8-15]  estimate  this  number  to  be  in  the  2-eV  range.  The  origin  of 
the  stabilization  energy  must  lie  in  the  image  interaction  between  the  alkali  ion 
and  the  Si  surface. 

The  predominantly  covalent  AM-Si  interaction  proposal  [17]  is  also  not  being 
supported  by  the  .STM  data.  At  intermediate  coverages  (  ^-0.2  ML)  the  AM  atoms 
have  been  shown  [35]  to  occupy  a  variety  of  adsorption  sites.  Covalent  bonds  are 
usually  highly  directional  [41]  in  nature  and  tend  to  be  site -specific.  Several  total 
energy  calculations  [10.14.15].  and  the  Na  potential  energy  line  shown  in  Figure 
3.  support  multiple  adsorption  sites  in  agreement  with  the  stm  data.  Thus,  both 
the  data  and  the  current  calculations  argue  again.st  a  purely  covalent  bond.  Multiple 
sites  can  be  consistent  with  a  weakly  interacting  metallic  overlayer  on  Si(001  )-2  X 
I  surface.  However,  we  have  noted  above  that  the  bond  energy  is  '-2  cV.  which  is 
certainly  not  weak.  Hence,  the  overall  interactions  must  have  a  strong  ionic  con¬ 
tribution.  This  conclusion  is  also  supported  by  cluster  calculations  [1 1.13], 

T  he  precise  quantitative  value  of  the  charge  transfer,  AC>,  from  AM  to  Si.  lacks 
consensus.  All  values  ranging  between  0  and  I  h  c  been  quoted  in  the  literature. 


This  is  not  too  surprising  since  there  is  no  unique  definition  for  A(>.  The  computed 
charge  transfer  value  depends  on  the  mtxiel  used.  The  spatial  and  spectral  distri¬ 
bution  clearly  suggest  that  the  bond  is  substantially  ionic.  We  believe  that  the  S  i  M 
observations  are  consistent  with  the  Langmuir-Gurney  picture  of  ionic  interaction 
at  low  coverages. 

The  magnitude  of  surface  core  level  shifts  upon  .AM  adsorption  in  photoemission 
experiments  have  been  used  as  a  measure  of  charge  transfer.  Recent  work  by  Riffc 
et  al.  [46]  for  K  on  W(  1 10)  and  Si(00l )  is  prototypical.  Based  on  small  observed 
binding  energy  shifts,  it  was  concluded  that  there  is  little  or  no  charge  transfer.  The 
complication  associated  with  relating  the  core  shift  to  charge  transfer  arises  from 
the  fact  that  the  net  core  shift  [47]  arises  from  two  contributions  of  opposite  sign. 
The  charge  transfer  from  AM  to  Si  shifts  the  Si  core  level  toward  the  vacuum  level 
(lower  binding  energy).  But  the  extra-atomic  Madelung  contribution,  of  opposite 
sign,  cancels  the  greater  part  of  this  effect.  Thus,  the  net  core  level  shift  may  well 
be  negligible  even  when  AQ  is  significant.  Only  the  intra-atomic  contributions  of 
the  core  level  shift  is  related  to  This  quantity  is  not  directly  observable  and 
must  be  supplemented  by  either  theoretical  calculations  or  by  other  empirical  data. 

Bagus  and  Pacchioni  [48]  have  also  illustrated  this  by  going  to  the  extreme  of 
representing  K  with  a  point  charge  of  +1  on  Cu(  100).  The  calculated  shifts  in 
binding  energies  ofCu  surface  atoms  in  the  range  of  0. 1  eV  are  clearly  much  smaller 
than  the  shift  expected  due  to  the  large  electrostatic  potential.  The  substrate  charge 
polarizes  to  offset  the  shift  due  to  the  point  charge.  The  conclusion  being  that  small 
binding  energy  shifts  can  be  fully  consistent  with  ionic  interaction. 

In  summary  ,  we  can  state  that  AM-Si  interaction  is  strong,  with  a  substantial 
ionic  component.  Perhaps  a  consensus  on  the  precise  value  of  the  charge  transfer 
from  AM  to  Si  is  not  necessary  .  We  believe  that  the  Langmuir-Gurney  picture  of 
ionic  to  metallic  transition  only  supplemented  by  our  distance  relaxation  concept 
is  valid.  The  H-site  at  '/;  a  ML  coverage  is  somewhat  favored.  In  conformity  with 
the  concept  of  the  ionic  bond,  several  other  sites  should,  and  do.  lie  close  in  energy  . 

The  Alumirtum-Si  System 

We  summarize  our  findings  for  the  interactions  of  Al  with  the  Si(001  )-2  X  i 
surface  to  contrast  with  alkali  metals.  Lander  and  Morrison  [49]  first  reported  that, 
at  room  temperature.  Al  deposition  on  Si(0()l )  leads  to  a  disordered  phase  at  low 
{<0.5  ML)  coverages.  It  is  only  recently  that  Idc  et  al.  [50]  reported  a  number  of 
ordered  surface  structures  determined  by  LEED  and  .AES  for  Al-Si(001 )  up  to  1 
ML.  Different  structures  appeared,  depending  on  the  coverage  and  substrate  tem¬ 
perature.  Nogami  et  al.  [51  ]  have  produced  STM  images  of  Al  on  Si  (001 )  revealing 
metallic  dimers  that  run  perpendicular  to  the  underlying  Si  dimers  rows  below  0.5 
ML,  as  shown  in  Figure  2(c). 

Thus,  experimentally,  Al.  unlike  K  or  Na.  is  capable  of  producing  metal  dimers 
[50-52].  The  unit  cell  here  is  2  X  2  Si(001 )  as  opposed  to  2  X  1  for  alkali  metal 
adsorption.  STM  Experiments  [51]  show  clear  evidence  of  dimers  up  to  0.5  ML. 
Our  total  energy  calculations  [53]  support  the  formation  of  metal  dimers.  At  'A  a 
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Ml.,  the  structure  shown  in  I  igiire  l{c).  where  .Al  dimers  are  formed  near  the  B- 
sites  on  the  reeonsirueted  surface,  is  stable.  I  he  stabilils  i>f  the  structure  has  its 
origin  in  the  fact  that  ,M  and  substrate  bonds  are  fulh  .saturated  at  this  coverage. 
Our  calculation  shows  that,  near  1  ML.  the  surface  reconstruction  is  lifted.  We  now 
have  ideal  I  x  i  substrate  but  .Al  dimers  are  present  in  a  I  X  2  structure.  Once 
again,  all  bonds  are  saturated.  The  origin  of  the  dimers  is  explained  in  terms  of 
standard  ( longitudinal )  Peierls  (44  j  distortion  of  a  nearly  one-dimensional  metallic 
system,  linlike  the  .A.M-Si  case,  the  substrate  reconstruction  is  lifted  at  about  O..^! 
ML  coverage  of  Al.  The  Al-Si  bonds  are  primarily  covalent. 

('onciusion 

We  have  provided  the  atomic  and  electronic  structure  of  iirdered  metallic  lasers 
on  the  Si(()(ll  )-2  X  1  surface  u.sing  theoretical  techniques  suited  for  current  com¬ 
putational  machinery.  The  interaction  of  AM  with  Si  is  primarily  ionic,  but  for  Al 
it  is  covalent.  Peierls  distortions  can  explain  the  .Al-Si  structures.  Lhe  basic  2x2 
unit  cel!  seen  by  l.EED  arises  because  Peierls  distortions  lead  to  significant  energy 
benefit  for  Al-Si(001  ).  No  such  benefit  arises  in  the  AM-Si  system.  Our  results 
help  explain  the  dramatic  work  function  reduction  and  support  the  proposal  for 
Nt;A  by  Levine  [ilO]. 
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Abstract 

An  example  of  an  isolated  resonance  with  highly  non-Lorent/ian  line-shape  has  been  found  for  the 
gas-surface  diffraction  system  He(  2 1  meV  )/Cu(  115).  When  the  corrugation  strength  parameter  for  the 
surface  IS  very  slightly  varied,  the  signature  of  the  narrow  resonance  structure  shifts,  v  iw:  John  \Viic\ 
&  .Sons.  Inc. 


Introduction 

In  previous  works  ( 1 .2  ] .  a  good  agreement  between  calculations  and  experiments 
over  the  whole  incident  angular  range  for  the  gas-surface  diffraction  system,  He(  2 1 
meV  )/Cu(  115).  was  obtained.  The  agreement  concerned  both  the  off-resonance 
elastic  relative  intensities  in  between  the  selective  adsorptive  resonances  and  the 
line-shape  signatures  of  the  narrow  resonance  structures.  This  kind  of  resonance, 
called  selective  adsorptive  resonance,  is  associated  with  a  temporary  vibrational 
trapping  of  the  scattered  atom  at  the  surface.  A  very  simple  phenomenological 
model  potential  was  used.  It  contained  only  two  parameters,  the  lattice  constant 
and  a  corrugation  strength  parameter. 

The  system  is  effectively  two-dimensional  and  for  a  chosen  incident  angle,  y.  the 
parallel  and  perpendicular  momenta  of  the  incoming  particle  are  given  by 

f  p,  =  A)  sin  7 

.  ,  .  ( 1 ) 
i/’r  =  -Pn  cos  7  =  -(/)»  -  P\)''' 

where  I /( 2  A/l/jf)  is  the  kinetic  energy  of  the  incoming  Helium  atom  ( /j  =  1  in  this 
article).  The  coordinate  system  is  chosen  such  that  .v  is  the  parallel  coordinate  and 
c  is  the  reaction  coordinate  with  positive  direction  pointing  from  the  surface. 

As  the  corrugation  is  periodic  with  period  a,  the  parallel  momentum  may  change 
by  an  integer  multiple  of  the  shortest  reciprocal  lattice  vector.  This  gives  rise  to  a 
discrete  set  of  diffracted  beams  with  diffraction  angles  { 7'"’(^  as  function  of  the 
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incident  angle  7  (see  Fig.  1).  In  the  diffracted  beam  labeled  the  momenta  are 
given  by 


lA"'  =  Pi>  sin  7  '"’  -  /i,  +  —  i’ 

“  {2} 
=  Pi)  cos  7  =  (/>(i  -  ipA' 

. 

where  a  runs  over  those  integers  such  that  />'“  is  real,  v  =  0  Gives  the  specularly 
diffracted  beam  with  7"”  =  7. 

It'the  integer,  n,  is  such  that  deffned  in  Fq.  ( 2 )  is  imaginary  ,  n  labels  a  closed 
channel.  The  asymptotic  energy  in  the  perpendicular  motion  I /( 2.1/)(p!"')’  ■■ 

I  /{2M){p{)  -(/!>+  /)27r/rt)' )  is  then  negative  and  it  may  match  the  mth  vibrational 
bound  stale  energy  T  l;,'*  of  the  surface  averaged  potential.  I  id  c )  -  \  /a  ,  f  ( .\ . 
:)  dx.  Put  another  way,  the  total  energy  1  /( 2.f/)/>o  may  match  the  mth  vibrational 
bound  state  of  the  diagonal  potential 


I 

2.V/ 


(3) 


for  channel  n.  This  slate  is  labeled  by  When  the  corrugation-induced  coupling 
is  included,  it  becomes  a  Feshbach  resonance  carrying  the  same  label.  Its  resonance 
energy  becomes  12, „  -  F-r  -  iV/l  with  lifetime  t  -  h/V  =  1  /T. 

The  relative  intensities  of  the  diffracted  beams  and  in  particular  the  hne-shapes 
of  the  selective  adsorptive  resonances  can  be  calculated  by  means  of  the  on-shell 
T  matrix  elements  for  the  system.  ?(p'  p)  =  (p'l  /'(A,,  +  /0)|p),  where  T  = 
V  -t-  VG",.:V.  ('  is  the  potential  for  the  system,  and  Gj  is  the  outgoing  Green's 


Figure  I .  The  graph  shows  the  set  of  diffraction  angles.  7  for  a  specific  choice  of 
>  according  to  F.qs.  (  I  !-(2 ).  The  numbers  at  some  of  the  arrow  heads  give  their  e  label. 
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function.  If  the  Green's  function  is  expressed  hy  its  spectral  resolution,  the  hea\  \ 
part  of  the  computation  is  the  summation  oxer  discrete  states  and  mteiiration  oxer 
the  continua,  symbolically 


In  the  present,  as  well  as  previous  works  [1.2],  the  dependence  of  the  wave 
functions  on  the  perpendicular  coordinate  xxas  expanded  in  a  basis  set.  As  a  con¬ 
sequence,  the  integrations  in  Hq,  (4)  were  replaced  by  summations  tixer  the  dis- 
creti/ed  continua.  In  order  to  reguiari/c  the  energy  denominators,  the  integration 
contours  were  rotated  down  on  higher-order  Riemann  energx  sheets  hy  using  the 
complex  coordinate  method.  To  achiexe  this,  the  perpenilicular  cooriiinate  that 
xxas  identified  as  the  rx'action  coordinate  xvas  scaled  by  multiplication  bx  a  complex 
phase  factor  in  accordance  xxith  the  Balslex -Combes  theorem  I'he  resonances  that 
xvero  uncox ered  hx  the  rotated  continua  became  square  integrable  and  jxiined  the 
first  sum  m  bq.  I  4 ). 

In  the  experiments  or.  the  present  gas-surface  system  performed  bx.  for  instance. 
Perreai  ,nd  I  apujoulade  ( .t  ] .  the  beam  energy  /•.'iv,,,,.  is  kept  fixed  and  the  incident 
angle,  ■).  is  xaried.  As  a  consequence,  it  is  the  continuum  and  resonance  energies 
in  Fiq.  (4l  that  xarx  as  a  function  of  y .  When,  in  re.sonance  xxith  a  particular 
resonance  labeled  /  res.  x'quals  the  real  part  of  the  selected  resonance  with 
complex  energx  /..vdlu-.)  /-.(yr.s)  /r,(  y,o)/2.  The  term 


Ru  J  ~> ) _ 
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in  I-q.  ( 4)  then  has  a  fast  xariation  as  y  is  varied  around  y>,,s. 

In  addition  to  the  resonant  term  fulfilling  Re/'.',^.s  <  /-.'ix-.im.  there  is  a  background 
contribution  to  the  scattering  amplitude.  Fhe  background  contains  contributions 
from  all  continua  as  xxdl  as  all  resonant  and  bound  states  that  are  not  in  resonance 
with  .  1  he  background  also  contains  the  cotUribution  from  the  direct  scattering 
term  p  ' :  1;  p  . 

In  order  to  obtain  a  l.orent/ian  line-shape  or  its  tilted  relatives  for  a  resonance 
structure,  there  are  txvo  conditions  that  sh  'uld  be  saiisticd.  first,  the  resonance 
should  he  isoiatcd.  Second,  the  background  contribution  to  the  scattering  amplitude 
should  vary  xAm/r  oxer  the  range  of  the  resonance  structure.  It  is.  in  principle, 
possible  to  obtain  a  forent/ian  line-shape  xvhose  origin  is  nx)n-l ,orcnt/ian  in  the 
sense  that  manx  resonances  and  continua  cooperate  to  build  up  a  L.orent/ian  line- 
shape.  Such  an  esoteric  situation  is  not  considered  in  this  article. 

In  this  study  the  resonance  labeled  ( I?)  is  studied.  It  is  isolated,  but  its  narroxx 
structure  is  highix  non-Torent/ian  due  to  a  fast  xarving  background.  It  is  found 
that  xvhen  the  corrugation  strength  parameter  is  varied  in  a  xery  narroxx  interval, 
the  resonance  Ime-shape  changes  its  signature. 


Results 


The  same  computational  scheme  and  the  same  physical  and  technical  parameters 
were  used  as  in  Ref  2,  c'cept  for  the  corrug'’.tion  'oength  parameter,  li.  that  xvas 
varied,  h  Is  one  of  the  two  parameters  in  the  corrugation  function 
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that  describes  the  shape  of  the  surface.  This  corrugation  function  is  used  to  modulate 
a  Morse  potential  such  that  the  interaction  between  the  gas  atom  and  the  static- 
copper  surface  is  modeled  by  the  corrugated  Morse  potential 


I'l.v,  z)-  /) 


-/'I-  Uj 


(7) 


The  number,  jy,  =  1  /«  J"',%  j^,  (j(.f,ned  such  that  the  surface  average  of  the 

potential  equals  the  uncorrugated  Morse  potential.  For  the  copper  surface.  1)  =  6.5 
meV  and  h  =  1 .05  A  '.  The  lattice  constant  for  Cu(  1 1 5 )  is  a  =  12.5  Bohr. 

As  a  consequence  of  the  corrugation,  there  is  coupling  between  the  parallel  and 
the  perpendicular  motion.  Since  the  corrugation  is  periodic,  to  each  incident  angle 
y  there  is  a  set  of  outgoing  angles  { 7"  ’  }-,  that  is  determined  by  the  modulus  of 
wave  vector  of  the  incident  particle, />,).  and  the  lattice  constant,  a.  y  -  y  Gives 
the  direction  of  the  specular  beam  and  y'  "  gives  the  direction  of  the  particular 
nonspecular  beam  that  is  especially  studied  in  this  article.  The  latter  is  determined 
by  the  condition  p,,  sin  7 '  "  =  p„  sin  7  -  Ik /a. 

In  Ref  2.  it  was  found  that  the  choice  /;  =  0.027  lead  to  reproduction  of  exper¬ 
imental  specular  as  well  as  nonspecular  intensities.  In  this  work,  this  parameter  is 
varied  and  the  line-shape  of  the  .selective  adsorptive  resonance  labeled  ( 'i',’)  is  studied. 

Figure  2a  shows  the  .specular  intensity  versus  incident  angle  for  a  set  of  corrugation 
parameters  in  a  wide  range.  When  the  corrugation  strength  increases,  the  peak 
intensity,  the  level  shift,  as  well  as  the  width  of  the  resonance  change  in  a  monotonous 
fashion.  Also,  the  off-resonance  intensity  decreases  monotonously. 

The  intensity  for  the  nonspecular  beam  labeled  r  =  - 1  as  function  of  the  incident 
angle  is  displayed  in  Figure  2b.  Also,  the  off-resonance  intensity  decreases  monot¬ 
onously  when  the  corrugation  is  increased.  This  is  in  agreement  with  the  general 
tendency  that  when  the  corrugation  increases  there  is  an  increased  probability  of 
big  changes  of  parallel  momenta  in  the  diffraction  scattering  process.  Comparison 
of  the  intensity  pattern  for  the  conugations  h  =  0.030  and  h  =  0.035  might  lead 
to  the  false  conclusion  of  a  nonmonotonous  change  of  the  level  shift  for  the  reso¬ 
nance.  Comparison  with  Figure  2a  reveals  that  this  is  an  artifact.  The  underlying 
reason  is  that  the  background  scattering  amplitude  does  not  vary  slowly  within  the 
range  of  the  resonance  width.  The  true  resonance  position  is  exactly  the  same  for 
all  scattered  beams  although  a  fast  varying  background  may  induce  displacements 
of  the  apparent  positions. 

However,  the  most  important  feature  of  Figure  2b  is  that  the  resonance  minimum 
for  the  nonspecular  beam,  r  =  -1,  turns  into  a  maximum  when  the  corrugation  is 
increased.  As  shown  in  Figures  3  and  4,  this  change  of  resonance  signature  happens 
very  fast.  In  fact,  the  signature  change  happens  in  the  very  narrow  interval  0.03 1 5  < 
h  <  0.0325.  For  the  intermediate  value,  h  =  0.320,  of  the  corrugation  strength 
parameter,  the  resonances  appear  neither  as  a  minimum  nor  as  a  maximum.  Instead, 
the  resonance  structure  resembles  a  “leaning  arcus  tangent"  curve.  If  the  background 
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Specular  beam 


70  72  74 

Incident  angle 


Non-specular  beam  v=-1 


Figure  2.  Brariehing  ratios  or  relative  intensities.  t )  7  versus  ineicicnl 

angle  7  for  four  diHerent  values  of  the  corrugation  strength  parameter  in  the  wide  interval 
0.0211  r  li  D.O.F.s,  I  he  adjoint  starred  set  of  curves  shows  the  eorresprmding  liaekground 
intensities  defined  as  the  square  moiiiilus  of  / cKcurring  in  I'q.  (h),  la)  Specular 
relative  intensity,  e  0.  (b)  Nonspecular  relative  intensity,  e  1. 
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Non-specular  beam  v=-1 


Incident  angle 


I  igua-  Niiiispccuiar  rclali'c  inlcnsilies,  r  ■  I.  as  in  f  igurc  2b,  but  wilh  seven  eor- 
rugalion  strengths  in  the  smaller  interval  0,(l2h  •  h  ■'  ().0,^5.  I  he  dashed  line  displavs  the 
"leaning  areas  tangenl"  line  shape  obtained  tor  h  -  0,0.t2. 


would  have  been  slowly  varying,  one  would  probably  get  a  tilted  Lorentzian 
line-shape. 

From  Figures  2a  and  b  one  might  guess  that  the  effect  of  the  resonance  term  in 
Eq,  ( 4 )  is  to  simply  add  something  that  “rides”  on  the  background.  However,  there 
is  a  very  strong  phase  interference.  This  could  be  seen  from  the  starred  set  of  curves 
in  the  same  figures  which  shows  the  background  diffraction  obtained  when  the 
resonant  term  is  simply  omitted  in  Eq.  (4).  This  background  diffraction  does  not 
show  the  slightest  similarity  with  the  apparent  off-resonance  “background.” 

A  phasor  diagram  will  be  used  here  in  order  to  display  the  interference  between 
contributions  from  the  background  and  the  resonance  term.  The  phasors  are  defined 
as  j'\:L  =  tXlvp  +  where 


Ulfalfp  P)l  /fixam  “ 


where  the  subindc.v  'Tes"  denotes  the  particular  resonance  under  study,  in  this  work 
the  one  labeled  (  o  )•  f  he  reader  is  reminded  that  the  is  kept  fixed,  whereas 


Non-specular  beam  v=-1 


F'igurc  4.  Nonspoculjr  relative  intensities,  r  I.  as  in  f  igures  and  .t.  hut  nith  Ine 
corrugation  strengths  in  the  verv  narrow  interval  l).()4l  •;  h  ■  O.O.Vv  The  dashed  line 
dtsplavs  the  "leaning  areus  tangent"  line  shape  obtained  for  h  O.O.^T 


Phasors,  non-specular  beam  v=-1 


Incident  angle 


Figure  5.  Phasor  diagrams  versus  incident  angles  corresponding  to  /;  O.ddO  in  f  igure 
2b.  The  total  phasor  for  each  incideru  angle  has  been  rotated  such  that  the>  point  upward 
The  background  phasors  are  displayed  by  straight  solid  lines  and  the  resonance  contnbutiiin 
by  dotted  lines.  Each  total  phasor  ends  in  a  dot  on  the  line  that  represents  the  square  root 
of  the  corresponding  intensity  in  Figure  2h 
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all  the  other  quantities  depend  on  the  ineident  angle  y.  I  he  resonance  term  stems 
from  the  term  in  the  first  sum  of  Fiq.  (4)  whose  Re/v-^  ^  f  or  the  other 

symbols,  see  Ref  2.  The  relative  intensities  or  the  branching  ratios  for  the  various 
outgoing  beams  ( labeled  by  v)  are  given  directly  by  the  square  modulus  of  the  total 
phasors.  The  peculiar  square  roots  of  the  ratio  between  the  perpendicular  com¬ 
ponents  of  the  initial  and  final  wave  sectors  enters  in  Hq.  ( S )  due  to  the  particular 
geometry  of  the  scattering  situation. 

Figure  5  displays  the  phasors  corresponding  to  li  O.O.^O  in  f  igure  2b.  I  he 
absolute  phase  of  the  sum  of  the  background  phasor  and  the  resonance  phasor  is 
irrelevant.  For  each  incident  angle  the  total  phasor  has  been  rotated  such  that  it  is 
real  and  positive.  The  dependence  on  the  incident  angle  is  displayed  by  translating 
the  origins  of  the  phasors  along  the  horizontal  avis. 


t  igure  h.  Phasor  diagrams  versus  incident  angles  corresponding  to  h  () D.K)  in  f  igure 
2b  I  hey  arc  the  same  phasors  as  in  Hgure  5.  hut  with  a  common  origin  l  ach  individual 
phasor  has  here  instead  been  rotated  such  that  the  residues  y  )  of  the  resonance  term 
in  i  q.  (X)  is  real  and  positive. 
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Figure  6  shows  the  same  phasors  but  in  a  traditional  phasor  diagram  with  all 
phasors  beginning  at  the  same  point.  Here  each  total  phasor  has  been  rotated  such 
that  the  residue  in  the  resonance  term  in  Hq.  (8)  is  real  and  positive.  I  he 
purpose  with  this  kind  of  rotation  of  the  phasors  is  to  make  the  pha.sor  diagram  to 
resemble  those  with  //.vc^/  residue  and  resonance  energy  but  w  ith  vary  ing  total  energv . 
Note  that  when  increasing  the  incident  angle  from  -y-  =  68°  to  y  -  76°,  the  resonance 
phasor  decreases  its  phase  by  about  1 80°. 

Concluding  Remarks 

For  kinetic  energy,  2 1  meV  of  a  He  atom  impinging  on  the  C'u(  1 1 5 )  surface  the 
physical  value  of  the  corrugation  parameter  is  h  -  0.027.  as  was  determined  in  Ref. 
2.  This  value  lead  to  reproduction  of  e.xperimental  specular  as  well  as  iv'nspecular 
intensities.  In  this  work,  this  parameter  was  varied  and  around  the  increased  value 
of  h  =  0.320  it  was  found  that  the  resonance  pattern  displayed  a  dramatic  sensitiv  ity 
on  the  corrugation  strength. 

Although  this  extreme  sensitivity  was  demonstrated  for  a  nonphysical  value  of 
the  corrugation  strength,  it  may  be  possible  to  find  a  similar  effect  in  experiments. 
Salanon  et  al.  [4]  has  determined  the  energy  dependence  of  the  corrugation  strength 
parameter  for  the  system  He/Cu(  1 10).  It  was  found  that  the  corrugation  strength 
increased  monotonously  with  increasing  He  energy.  Hence,  it  is  plausible  that  it  is 
possible  to  find  a  He  energy  for  the  system  He/Cu(  115)  such  that  a  slight  variation 
of  this  energy  would  cause  a  dramatic  change  in  the  resonance  pattern. 
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Abstract 

The  electronic  and  structural  properties  of  the  single  N  and  the  pair  N;  complex  suhstiluUimal  impuriiy 
systems  in  type-IV  semiconductors  (C.  Si.  and  Gel  are  investigated  through  an  ah  i/tilio  it  xo  cluster 
model.  We  find  that  the  stable  position  for  N  atoms  ( N  and  N; )  is  olf-center  with  dislixation  in  a  111 
direction  to  form  sp'  bonds  w  ith  the  host  atoms.  Particularly  for  loni/ed  complex  S there  is  a  symmetry 
break  lowering  the  point  group  symmetry  of  the  system  from  to  Ci\ .  We  present  also  the  results  for 
hyperfine  interactions  over  the  impurity  and  its  nearest  neighbor  which  for  isotropic  terms  are  in  fair 
agreement  with  the  experiment.  W'ti  John  Wiley  &  Sons.  Inc. 


Introduction 

The  aim  of  this  work  is  to  investigate  the  behavior  of  the  N  and  N;  impuritx 
systems  in  group-1  V  semiconductors  like  diamond  (C).  silicon  (Si),  and  germanium 
(Ge)  which  are  of  considerable  technological  interest.  In  spite  of  the  large  number 
of  theoretical  studies  of  N  in  diamond  [1.2]  and  silicon  [3.4]  and  recently  in  ger¬ 
manium  [5].  this  is  the  first  calculation  of  the  N;  complex  in  these  semiconductor 
materials.  From  the  experimental  point  of  view  N  in  diamond  and  silicon  is  well- 
known;  electron  paramagnetic  resonance  (Tpr)  [6.7]  data  indicate  that  in  both 
cases  the  center  is  distorted  from  T,i  symmetry,  the  impurity  being  displaced  along 
a  (  1 1 1  )  direction.  Using  an  ah  initio  cluster  model  we  predict  the  general  role 
played  by  N  atoms  in  type-IV  semiconductors.  Also,  we  present  the  total  energy- 
surface  for  ionized  Ny,  where  v  e  obtain  a  symmetry  break  (Cn  )  different  from  the 
neutral  system  which  is  (Dy).  The  magnetic  hyperfine  interactions,  isotropic  and 
anisotropic,  are  calculated  and  compared  with  experimental  results. 

We  use  two  types  of  clusters  to  represent  a  small  piece  of  a  semiconductor  crystal; 
the  NX4FIi;  cluster  (A'  =  C  .Si.  orGe )  to  study  the  single  N  impurity  centers,  where 
the  N  atom  is  surrounded  by  A'  atoms  as  in  the  crystal  (without  distortions);  and 
the  NyXftFlix  cluster  (A'  =  C.  Si.  or  Ge)  for  studying  the  impurity  pair  Ny  complexes, 
where  each  N  is  surrounded  by  3.V atoms  and  a  N  atom  (as  they  are  in  the  nearest- 
neighbor  substitutional  sites).  The  role  played  by  the  H  atom  is  to  tie  up  the  crystal 
atoms  valences  on  the  surface  of  the  duster  in  sp  '  bonds.  Initially  all  geometrical 
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parameters  are  assumed  as  in  the  pure  ersstal.  and  in  all  ealeulalions  the  H  alums 
are  lived  at  the  ervsialline  posiiiuns. 

1  he  eleetrunic  structure  is  obtained  using  an  all-eleclron  ah  iniiin  i  <  \o  procedure. 
The  molecular  orbital  evpansion  is  over  the  contracted  gaussian  basis  sets,  and  all 
one-electron.  tv\o-electron.  and  overlap  integrals  are  t'uli>  calculated  We  have  used 
basis  sets  proposed  bv  Dunning  and  Hav  (8];  4s  contracted  to  2s  tor  M;  9s5p 
contracted  to  .^s.  2p  tor  C;  and  12s.  5p  contracted  to  bs.  4p  for  Si.  Tor  Cie  we  used 
the  "Husinaga-.vilfrT'  basis  set  [4j.  [he  calculations  were  performed  using  the 
program  G.V.MTSS  [10]  in  both  restricted  Hartrec-Tock  (Kill  )  and  unrestricted 
Hartree-f'oek  ( t  m  )  schemes. 

Results  and  Discussion 

Sius^lc  \  Impuntv 

I  sing  the  procedure  described  in  the  last  section  we  analv  /ed  the  orbital  structure 
and  tolal-energv  surfaces  for  a  large  number  of  positions  of  the  N-impuritv  coupled 
with  displacement  of  one  of  the  nearest  neighbors  in  the  clusters.  In  all  three  semi¬ 
conductors  iC.  Si.  and  Ciel  the  substitutional  N  impurity  introduces  an  a;  anti¬ 
bonding  orbital  in  the  energy  gap  region  and.  a  higher  energy  state,  leading  to  a 
nondegenerate  ‘.li  ground  state  in  Tj  symmetry.  It  is  imponant  to  note  that  no 
pure  Jahn-Teller  distortion  is  e.xpected. 

Tor  the  three  doped  semiconductors  we  tind  that  the  systems  distort  to  a  Cu 
symmetry.  In  Tigure  1  we  show  the  total  energy  surface  obtained  from  our  calcu¬ 
lations  for  a  grid  of  68  coupled  displacements  between  N  and  .V  -  bulk  atom  in  the 

111  direction.  The  arrow  in  the  figure  indicates  the  I'o  inili.'I  contiguration.  ,\s 
we  can  observe  the  N  is  unstable  in  T.i  symmetry  in  all  three  semiconductors, 
mov  ing  to  Cu  sy  mmetry.  \Ve  must  stress  that,  in  diamond  and  silicon,  if  we  displace 
only  the  \  atom  keeping  the  lirst  neighbors  lived,  no  oll'-center  energy  minimum 
is  found:  In  order  for  this  to  happen,  it  is  essential  that  the  C  or  Si  atom  is  allowed 
to  move  in  the  I  I  I  direction  away  from  the  n  impurity.  These  results  are  in 
agreement  with  .Schultz  and  Messmer  (3).  for  N  in  silicon.  The  atomic  displacements 
obtained  from  our  calculation  of  the  minima  in  the  energy  surface  are:  for  the  N- 
atom.  in  a  HI  direction  away  from  the  T.i  substitutional  sue.  ().2.v\  in  diamond. 
().47  \  in  Si.  and  0.44 A  in  CTe;  for  the  ligand  atom  in  the  (  u  avis  in  111,  direction 
away  from  the  impurity.  0.36.\  in  diamond.  0.47  3  in  Si.  and  0.48  \  in  Cie.  Tor 
these  coupled  displacements,  the  gain  in  (cluster)  total  energy  is  l.Ol  c\'  diamond. 
0.72  eV  in  Si.  and  0.63  e\'  in  Cie. 

As  we  said  in  the  introduction,  there  are  l  I’K  j  6.7. 1  1  j  results  for  N  in  Si  and  Cie 
which  [irovide  a  detailed  picture  of  the  centers.  In  Table  1  we  compare  our  results, 
lor  the  isotropic  (.1 )  and  anisotropic  ( H)  terms  olTlie  hypertine  interaction,  with 
experimental  data.  W  e  obtain  an  overall  agreement,  wiih  the  exception  of  the  values 
tor  anisotropic  term  in  .Si  ( although  present  the  observevi  trend  )  wliich  is  very  small 
and  not  easy  to  calculate  with  a  small  cluster, 

Tinaily.  wc  tiiul.  for  tiic  minimum-energy  a  Cu  contiguration.  for  all  three  sys¬ 
tems.  It  IS  important  to  observe  that  the  energy  level  in  the  energy  gap  (  a*  1  is  not 
prcdomin.ini  Ironi  \.  this  energy  level  is  concenlratcil  in  Ihe  host  atom  located  in 
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Figure  I.  Total  energy  surface  for  coupled  displacement  of  N  in  diamond,  silicon,  and 
germanium.  The  arrow  indicates  the  Tj  initial  configuration. 

the  (111)  direction.  The  N  atom  introduces  a  resonant  level  very  close  to  the  top 
of  the  valence  band  with  a  strong  p,-character  (lone-pair). 

Impurity  S;  Pair 

In  Figure  2  we  show  a  schematic  representation  for  the  orbitals  of  a  N;  substi¬ 
tutional  pair  in  a  Dyj  field,  together  with  those  for  the  free  N  atom.  The  levels  in 


T.\Bt  f  I  Isotropic  and  anisotropic  hypcrfinc  terms  for  the  N  impunty  in  diamond  and  silicon; 
all  entries  in  units  of  It)  “  cm  '.  obtained  using  values  for  the  isotopes  ''’N.  ' and  ’'Si. 
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Figure  2.  Schematic  orbital  representation  of  a  substitutional  N:  pair  in  a  type-IV  semi¬ 
conductor  (see  text),  vhm  indicates  the  top  of  the  valence  band. 


the  Ni  pair  were  occupied  taking  into  account  the  six  dangling  bonds  coming  from 
the  ligands  in  the  crystal,  each  one  occupied  by  one  electron.  In  all  semiconductors 
studied  we  obtained  an  ai„-orbital  above  the  valence  band  maximum  (vbm),  with 
a  strong  p^-character  coming  from  the  N  atoms,  which  is  fully  occupied,  leading 
to  a  nondegenerate  '  A  i  ground  state.  Here  also  we  analyzed  the  total-energy  surface 
for  a  large  number  of  positions  for  both  N  atoms  displaced  in  the  <  1 1 1  )  direction. 
For  all  three  systems  in  the  neutral-charge  state  (aiu)  the  symmetry  remains  Dj,), 
that  is,  the  lowest  total-energy  configuration  corresponds  to  a  symmetrical  dislo¬ 
cation  of  the  two  nitrogens,  in  the  (  1 1 1 )  direction,  moving  away  from  each  other. 
Each  N  atom  will  use  three  valence  electrons  to  bond  with  its  ligands  in  the  crystal, 
leaving  two  electro.ns  to  form  aig-bonding  and  a,u-antibonding  orbitals,  which  are 
fully  occupied.  These  orbitals  come  from  the  symmetrical  and  antisymmetrical 
combinations  of  the  “lone-pair"  p^.  Although,  at  the  minimal  energy,  the  N  —  N 
distance  is  higher  compared  to  the  undistorted  bulk,  the  electrons  in  aig  (N  ~  p,) 
prefer  to  be  equally  distributed  between  the  N  atoms,  but  locally  each  one  looks 
like  a  lone  pair.  In  other  words,  each  N  atom  becomes  threefold  coordinated,  going 
to  a  planar-like  geometry.  In  Figure  3  we  show  our  results  for  the  impurity  Ni  pair 
in  (a)  carbon,  (b)  silicon,  and  (c)  germanium.  The  di.splacements,  in  percents, 
plotted  in  the  figure  are  relative  to  half  of  the  initial  N  —  N  bond  length.  From 
Figure  3  we  observe  that  the  displacement  increases  from  diamond  (r/  =  0.38  A), 
to  germanium  ( r/  =  0.85  A ) .  These  results  were  expected  since  the  covalent  radius 
of  N  is  small  which  can  move  more  in  a  type-IV  semiconductor  with  higher  lattice 
parameter. 

We  also  have  investigated  the  total  energy  surface  for  the  ionized  system, 
Si:N2.  When  the  complex  defect  is  positively  charged  it  undergoes  a  distortion 
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Figure  3.  Total  Energy  curve  tor  N;  in  diamond,  silicon,  and  germanium  The  displace¬ 
ments  are  in  the  ( 1 1 1 )  direction.  The  percentage  represents  the  dislocation  relative  to  the 
half  crystal  bond-distance,  d  represents  the  value  of  the  displacement. 


from  the  Dm  to  the  C.n-  symmetry',  differently  from  the  neutral  system.  Now  one 
of  the  nitrogens  ( N  ' )  stays  almost  at  the  same  position  as  in  the  neutral  case,  and 
the  other  nitrogen  atom  ( N -)  displaces  from  the  initial  substitutional  position  only 
37%  ( cl  =  0.42  A)  in  the  (ill)  direction.  Therefore,  there  is  no  inversion  symmetry 
in  the  system.  The  gap  orbital  ai(aiu),  which  is  now  occupied  by  one-electron,  has 
a  very  strong  p.,-character  from  N ' ,  and  the  resonant  state  ai  (aig)  has  predominantly 
a  p^-character  from  the  N“  atom;  each  one  behaves  as  a  long  pair  occupied  by  two 
“unbonded"  electrons  in  N‘  and  one  electron  in  N ' .  In  Figure  4  we  show  a  contour 
plot  of  the  total-energy  surface,  the  contour  spacing  is  0.1  eV. 

In  conclusion  we  obtained  for  the  N  and  N2  systems  in  type-lV  semiconductors 
large  lattice  distortions,  where  the  role  played  by  the  N-atoms  is  to  form  a  three¬ 
fold  coordinated  system  going  to  a  planar-like  geometry  and  forming  a  sp"  hybrid¬ 
ization  with  the  ho.st  atoms.  Particularly  for  the  N?  in  silicon  we  obtained  a  break 
in  the  symmetry  with  atomic  rearrangement  to  the  C3V  configuration. 
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Figure  4.  Contour  plot  of  the  total  energy  surface  for  coupled  displacement  of  N;.  in 
positively  charged  system.  In  the  ( 1 11 )  direction.  The  contour  spacing  is  0.004  hartree. 
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Abstract 

Wo  repon  on  the  progress  in  a  stuJy  to  delormine  tho  structure  of  radiation-induced  Mn  defect 
complexes  in  Caf-': .  The  purpose  of  this  studs  is  to  correlate  the  calculated  transition  energies  with  those 
measured  experimentally  and  to  determine  what  eflect  the  inclusion  of  the  external  lattice  held  has  on 
these  transitions.  Unrestricted  open  shell  Hartree-FiKk  Self-Consistent  Field  (im  )  calculations  were 
performed  on  the  unpenurbed  F-cenier  lCa4F6Vac]‘’  S  ==  I  /2,  the  unperturbed  Mn-'  center  ( Mnf-'i]'’ 

S  =  5/2,S  -  .^/2  and  the  Mn*' perturbed  F'w'entcrlMn.'Ca.'FkVac)"  S  11/2.  S  9/2  defect  clusters. 
■A  method  by  which  the  effects  of  the  external  lattice  held  may  be  incorpisrated  in  the  SCF  procedure  is 
developed  and  used  in  these  calculations.  Several  transition  energies  are  calculatcM  and  Mulliken  population 
results  for  these  clusters  are  presented  and  discussed,  r  iw;  John  vviiey  &  Sons.  Inc 

Introduction 

CaFcMn  has  long  been  the  subject  of  intense  study  because  of  its  importance 
in  the  field  of  thermoluminescence  (TU)  dosimetry  [1-5].  While  this  material  has 
been  used  in  radiation  dosimetry  [6].  the  fundamental  absorption  and  emission 
processes  involved  in  the  production  of  tl  have  only  recently  been  understood  to 
a  limited  degree  [7-10].  One  of  the  main  questions  remaining,  however,  is  the 
exact  nature  of  the  various  Mn*related  defects  and  the  mechanisms  by  w  hich  these 
defects  control  the  dosimetric  and  absorption  properties  (sec,  for  instance.  Refs. 
[7].  [8],and{ll]). 

Over  the  last  two  decades,  a  considerable  amount  of  experimental  data  has  become 
available.  Optical  absorption  [.3-5, 8. 9],  photoluminescence  [12],  Tl.  [1,2,7,10,1 1], 
and  optical  dichroism  [13]  measurements  have  led  to  a  wealth  of  experimental 
data  from  which  different  models  and  energy  level  assignments  have  been  put  for¬ 
ward.  Of  particular  interest  is  the  work  of  McKeever  et  al.  [8  ]  in  which  they  describe 
a  series  of  studies  of  Mn  absorption  in  CaF;:Mn  using  a  variety  of  methods,  for 
samples  with  vary  ing  levels  of  Mn  dopant,  and  over  wide  temperature  ranges.  While 
the  experimental  details  are  reported  elsewhere  [8],  it  is  worthwhile  to  briefly  outline 
their  conclusions. 

As  a  result  of  the  experimental  studies,  a  plausible  explanation  for  the  observed 
absorption  spectra  for  irradiated  samples  seems  to  be  that  the  Mn'*  ions  enter  the 
lattice  substitutionally  and  are  associated  with  radiation-induced  defects  such  as  F- 
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centers.  This  idea  is  further  enhanced  by  the  observed  thermal  quenching  of  the 
absorption  bands  and  the  appearance  of  an  intense  i  i  signal  at  495  nm  during 
heating  following  irradiation.  This  model  envisions  several  types  of  .Mn-defect  com¬ 
plex  each  diflering  as  to  the  location  of  the  radiation-induced  defect  vvith  respect 
to  the  Mn  ion,  the  type  of  the  radiation-induced  defect,  and  the  number  of  Mn  ' 
ions  within  the  complex  ( 8 1 .  However,  a  remaining  question  is  whether  the  observed 
spectra  are  due  to  internal  Mn  ■  ’  transitions  or  w  hether  the  transitions  actually  take 
place  within  the  /•'-center. 

According  to  the  internal  transition  model,  the  as.sociation  of  the  Mn  '  ion  w  ith 
the  /-'-center  gives  rise  to  a  spin  e.xchange  coupling  which  in  turn  increases  the 
oscillator  strength  of  the  Mn-'  transitions  by  a  factor  of  10 \  Since  the  ground 
state  of  the  3d''  electrons  in  Mn’"  is  a  spin  sextet  the  excited  state  transitions  all 
require  a  spin  reversal  and  hence  are  highly  forbidden.  This  and  parity  considerations 
lead  to  excited  state  lifetimes  greater  than  10  ’  s  and  oscillator  strengths  of  the 
order  10  -  10  Thus  this  theory  relies  on  the  perturbation  of  the  neighboring 

defect  to  increase  the  oscillator  strengths  so  that  the  internal  Mn' '  transitions  be¬ 
come  visible  and  give  measurable  absorption  peaks. 

The  alternative  model  to  explain  the  observed  spectra  and  its  annealing  behavior 
does  not  rely  on  the  enhancement  of  the  oscillator  strengths  as  such.  This  model 
stems  mainly  from  the  observation  that  a  564  nm  absorption  band  quenches  at  the 
same  temperature  as  the  lower  wavelength  bands  leading  to  the  conclusion  that  the 
564  nm  band  is  due  to  the  same  defect  as  the  lower  wavelength  Mn-reiated  ab¬ 
sorption  bands.  Since  the  quenching  of  the  Mn-related  bands  is  accompanied  by  a 
TL  emission  at  495  nm,  and  since  this  emission  has  already  been  confirmed  as 
being  due  to  the  first  excited  state  to  ground-state  transition  in  Mn'"  (Ref  [8]). 
it  follows  that  the  564  nm  band  is  not  due  to  Mn'  ’  transitions.  Therefore,  the  lower 
wavelength  absorption  bands  are  also  not  due  to  internal  Mn'*  transitions.  ,A  model 
that  could  explain  this  behavior  is  that  the  transitions  actually  occur  within  an  F- 
center  perturbed  by  one  or  more  Mn"'  ions. 

The  above  two  models  notwithstanding,  optical  dichroism  measurements  [13] 
indicate  that  the  optically  active  defect  possess  symmetry  with  an  alignment 
along  the  (  100) -direction.  While  several  defect  structures  could  possess  this  sym¬ 
metry  [14]  (such  as  M-centers  or  Mn/ //-centers),  this  alignment  indicates  that  the 
center  could  consist  of  an  f-center  perturbed  by  two  Mn''  ions. 

In  this  article  we  discuss  the  results  of  ah  initio  self-consistent  field  molecular 
orbital  calculations  performed  on  the  unperturbed  /'-center  [CaaF^Vac] '  *  S  =  1/ 
2.  the  unperturbed  Mn"'  center  (MnFx I'’  S  =  5/2.  S  =  3/2,  and  the  Mn-perturbed 
/’-center  [Mn2Ca2Ff, Vac] ' '  S  =  1 1  /2,  S  =  9/2  defect  structures.  The  main  purpose 
of  this  investigation  is  to  verify  or  exclude  one  of  the  above  models  by  determining 
which  one  produces  energy  levels  which  correspond  most  closely  with  the  observed 
spectra. 

The  calculations  were  performed  using  the  set  of  programs  GAUSSIAN  90  ( Ref. 
[15]).  A  new  feature  recently  added  to  these  programs  is  the  SOLVENT  option 
which  allows  the  placement  of  charges  outside  the  cluster.  In  this  way  one  may 
place  either  external  point  charges  or  points  about  which  a  spherical  distribution 
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of  charge  may  be  placed.  This  improved  option  allows  the  possibility  that  one  may 
construct  an  external  field  that  would  model  an  infinite  lattice  both  in  symmetry 
and  in  electrostatic  variation  within  the  st  i  cluster.  As  a  result,  it  has  recently 
become  possible  within  these  programs  to  determine  the  efi'ects  an  external  field 
has  on  the  transition  energies. 

The  Calculations 

Clusier  (JcinfU’try  amt  Basis  Set 

The  ( MnFx]*  cluster  consists  ofa  Mn'  ‘  ion  surrounded  by  eight  F  ions  arranged 
in  O/,  symmetry.  With  the  Mn'*  at  the  origin  the  F  ions  arc  located  at  (±~. 

±  ±  where  a  is  the  F  —  F  distance,  taken  ts  be  2.7314  A  (ref.  (14]).  Figure 

1(a)  shows  the  geometry  of  this  cluster.  The  (Ca^FhVac] ' '  cluster  was  constructed 

so  that  the  vacancy  site  is  at  the  origin  surrounded  by  the  four  nearest-neighbor 

.  a  a  a  a  a  a  a  a  a  a 

Ca'  ions  arranged  in  T,/  symmetry  at 

-  ^),  and  the  six  next  nearest-neighbor  F  ionsat  (±«.().0).  (().±«.()).  (().0.±«). 

Figure  1  ( b)  shows  this  cluster.  The  [  Mn^Ca^FhVac) '  *  cluster  has  the  same  geometry 


Figure  I.  (a)  Mn-impurily.  [MnF,]'’  .  and  (t>)  unperturlxid  /■'-center.  [Ca4F^Vac]'' 
clusters  used  for  the  present  calculations.  This  figure  also  shows  the  geometry  of  the  Mn- 
perturbed  /-'-center.  (Mn;Ca2F6Vac] cluster  if  two  of  the  Ca'"  ions  are  replaced  by  two 

Mn^*^  ions. 
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as  shown  in  Figure  1(b)  except  that  two  of  the  Ca‘"  ions  are  replaced  by  Mn’* 
ions.  It  should  be  further  noted  that  for  these  calculations  the  lattice  constant  a  in 
all  the  clusters  was  taken  to  be  the  equilibrium  F  —  F  distance  for  the  perfect  lattice 
and  that  no  relaxation  effects  were  considered. 

The  choice  of  the  variational  basis  set  is  perhaps  the  most  important  consideration 
when  attempting  to  perform  accurate  SCF  calculations  for  many  electron  systems. 
Basis  set  related  errors  have  been  reviewed  extensively  in  the  literature  [16).  Of 
particular  interest  in  these  calculations  is  the  correct  modeling  of  the  Mn  3d  orbitals 
which  are  believed  to  be  the  ones  primarily  responsible  for  the  observed  transitions. 
As  always  in  calculations  of  this  type,  one  attempts  to  choose  a  basis  that  is  both 
flexible  enough  so  as  not  to  unduly  bias  the  results  and  limited  enough  for  practical 
use.  The  general  strategy  adopted  here  was  to  construct  the  core  orbitals  mainly 
from  standard  basis  functions  used  for  atomic  calculations  of  the  F  ions  and  Ca 
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aiui  Mil  alt'ins  trom  Uii/inaiia  !l"j  1  liosc  i-^oro  liicn  aiit'iiuiik-il  l■'^  ilu'  axliliiion 
of  nittrc  lIiHusi,’  s,  p.  and  i.l  ( tansssan-l\ (V  tunctums. 

!  he  hatxis  sot  asioplod  hn  tho  piosoni  sukI\  is  sIuivmi  iit  lal'ls  1  Nino  atunm 
basis  runotums  \xcro  nsod  tor  lltionno.  I  '  Utr  oaloiiini  aiul  2  '  lor  nianjianoso,  I  aoh 
aliiniic  basis  tunolion  oonsists  ot  a  linear  oombinalioii  loontrai. tion  i  ot  (laiissian- 
l\|X'  tunotions  uhioh  are  tho  (■'loihiol  of  a  radial  ( iaussian  and  a  real  sphonoal 
iiarmomo  tunolion  !  or  tho  /  '-oontor  olusiors.  tho  \aoanoN  ssas  ropvosoniod  b\  tx*.!! 
s-l\po  aiomio  basis  tiinolions  (not  shown  in  I  able  1)  oaoh  .onsisting  of  a  sinolo 
norniaii/od  (iaussian  witli  ospononls  S.O  and  rospoolools .  l  iio  a'.orairo  radii 
ol'tlioso  ( iaussians  wore  (12X2  and  1.I2X  Rohr,  rospootoolv.  ( i Al  SSI  \N  r'(t  allows 
tho  option  b\  w  hioh  tmo  ina>  dosinnalo  nonatontio  oontois  ("uhosi  atoms"  i  about 
whioh  liasis  tunotions  ma\  Ix'  plaoorl  M’hilo  tliis  iiption  allows  for  tho  modolino  ol 
tlio  / -oontor  saoanos.  the  program's  s\mmoir\  rlotormmation  routmos  are  doaoli- 
xatod  m  tho  [irosonoo  orghosi  atoms.  \s  a  oonsociiionoo.  this  limns  tho  s\mmotr> 
idonlilioation  of  tho  Mn-porturbod  /  -oontor  states 

///(■  /.  tiO.oh,-/  I'uhl 

I  ho  dorioicnov  ot  isolated  olustcr  calouialions  has  boon  pointod  out  b\  sosoral 
iiuthors  [IS],  ProlimmaiA  /  -oontor  oakulalions  ha\o  show  n  that  olustor  oaloulations 
oan  gi'o  quito  roasontiblo  rosuiis  for  looah/oi.1  stales  ol'rlotbols.  like  tlio  ground  state, 
but  lail  to  adsXjuatoK  dosoribo  diti'uso  states.  like  the  oxoitod  stales  of  the  /  -oontor. 
whore  tho  nogloot  vh  the  rest  of  tho  lattioo  booonxs  \or\  imitortant  j  19  |.  It  thoroforo 
bocomos  important  to  approaoh  tho  studios  of  .Mn/ / '-(.ontor  oomploxos  within  tho 
framework  of  a  model  whioh  lakes  into  aooount  the  mtoraolions  of  tho  dofoot  ' 
impLinlx  olustor  with  the  surrounding  lattioo. 

( I  \l  SSI  AN  90  allows  tho  plaoomont  outsitio  tho  olustor  of  a  distribution  ofoilhor 
point  ions  i>r  points  about  whioh  a  sphorioal  distribution  of  ohargo  ma>  bo  looatod. 
(ii\on  this  lloxibihlx.  it  is  possible  to  oonstruot  external  fields  that  xar>  groatlx  in 
sxmmotrx  aiui  olootrostatio  xarialion  within  tho  olustor.  Ilowoxor.  one  must  still 
dotormino  tho  oriloria  to  bo  saiistiool  when  an  aoourato  nuxiol  o'f  the  oxtornal  lattioo 
IS  aohiovod.  for  the  prosonl  oaloulations  tho  oriiorion  ohoson  was  that  a  proper 
arrangement  of  point  ions  and,.' or  sph<.‘rio-al  ohargo  densities  will  !  o  suoh  that  it 
prodiioos  tho  variation  m  hold  intonsitio*s  that  oorrospond  to  those  prodiotod  from 
oaloulations  of  the  .Madolung  potential  at  !'  anri  (  a  siti  s  for  the  porfoot  lattioo 
i  or  mstanoe.  for  tho  perturbed  and  unporturlx'd  /  -oontor  oUistors  u  was  nooossarx 
to  ohooso  an  appropriate  oxtornal  arrangement  so  tho  olootrostatio  lioKi  thus  pro- 
duood  would  bo  tho  same  at  tho  vaoanov  site  as  at  one  of  tho  next  noarost-noighbor 
1  sites  oxoiuding  the  oontribiitions  to  tho  hold  from  tho  ions  of  tho  S(  I  olustor.  This 
arrangomont  must  also  simultanoouslv  produce  a  variation  m  tho  oxtornal  hold 
from  a  h-sito  to  a  Ca-sito  that  would  bo  prodiotod  from  tho  oaloulatod  Madolung 
potentials  for  tho  tx’rfoot  lattioo-again.  oxoiuding  tho  oontribiitions  from  the  S(  I 
olustor. 

f  igure  2  shows  tho  variation  in  tho  ratio  of  tho  potential  at  tho  Mn  site  to  tho 
potential  at  a  f  silo  duo  to  tho  external  lattioo  as  a  funotion  of  oxtornal  lattioo  si/o 
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Figure  2.  The  variation  in  the  ratio  of  the  potential  at  the  Mn''  site  to  the  potential  at 
a  F  site  due  to  the  external  lattice  as  a  function  of  lattice  si/e  about  the  j  MnF-,,  p  cluster. 
The  cut-off  point  at  20.647  Bohr  best  satistics  the  Madclung  ratio  condition  of  I  .(K)5. 


about  the  [MnFn]^  cluster.  The  external  lattice  consisted  of  +2  and  -1  point 
charges  arranged  in  the  fluorite  structure  representing  the  Ca'"  and  F  ions,  re¬ 
spectively.  The  Madelung  potentials  at  the  Mn‘"  and  F  sites  are  -19.95  v  and 
10.73  V,  respectively  [14].  After  subtracting  the  electrostatic  contributions  to  these 
Madelung  potentials  by  the  SCF  cluster  ions,  the  Mn-sile  to  F-site  Madelung  ratio 
was  found  to  be  1 .005.  From  Figure  2  it  can  seen  that  an  external  lattice  extending 
out  to  approximately  20.647  Bohr  produces  a  ratio  of  about  1 .004  which  compares 
well  to  the  desired  ratio.  Hence,  for  the  [MnFs]^  calculations  the  external  field 
was  modeled  by  placing  outside  the  cluster  point  charges  arranged  in  a  fluorite 
structure  out  to  a  radius  of  20.647  Bohr.  In  total,  this  consisted  of  4 1 2  point  charges 
of  which  140  had  charge  +2  while  the  remaining  272  had  charge  -1. 

For  the  f-center  clusters  a  slightly  more  involved  approach  was  required.  Figure 
3  shows  an  overlay  of  the  ratio  of  the  potential  at  a  Ca’‘  site  to  the  potential  at  a 
F  site  (•).  and  the  ratio  of  the  potential  at  the  vacancy  to  the  potential  at  a  F 
site  (O)  as  a  function  of  external  lattice  size  about  either  the  [Ca^F^Vac] '  *  or  the 
[MniCaiFftVac] '  ‘  cluster.  The  external  lattice  for  this  figure  consists  of +2  and  - 1 
point  charges  arranged  in  the  fluorite  structure.  After  subtracting  the  electrostatic 
contributions  to  the  Ca’^  and  F  site  Madelung  potentials  from  the  scF  cluster, 
the  Ca-site  to  F-site  Madelung  ratio  was  found  to  be  2.399.  The  problem  is  then 
to  find  an  optimum  external  lattice  size  that  will  produce  this  desired  Ca-site  to  F- 
site  ratio  and  simultaneously  produce  a  vacancy-site  to  F-site  Madelung  ratio  of 
1.000.  While  Figure  3  shows  more  variation  than  Figure  2,  nowhere  are  these  two 
conditions  simultaneously  satisfied.  As  a  consequence,  it  was  necessary  to  choose 
a  lattice  size  that  best  approximates  the  desired  conditions  then  vary  the  charges 
and/or  the  radial  distribution  of  the  charges  on  the  point  ions  so  as  to  produce  a 
field  that  would  satisfy  the  above  Madelung  ratio  conditions. 
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Figure  3.  The  variation  in  the  ratio  of  the  potential  at  a  Ca''  site  to  the  potential  at  a 
F'  site  ( •),  and  the  ratio  of  the  potential  at  the  vaeanes  to  the  potential  at  a  F  site  ( O  i 
as  a  function  of  external  lattice  si/e  about  either  the  {('ajF^Vac  ] '  ‘  or  the  [  MniCa.-FftVac  ] ' ' 
cluster  The  cut-off  point  at  2 1.2S3  Bohr  best  satisfies  the  condition.  I  (rj.,,)/!  (r^ )  2.3S4. 


From  Figure  3  it  is  seen  that  the  desired  conditions  come  close  to  being  satisfied 
for  a  point  ion  arrangement  out  to  a  distance  of  21.283  Bohr.  This  arrangement 
contains  a  total  of  446  point  ions  of  which  2v8  have  - 1  charge  and  the  remaining 
148  have  +2  charge. 

The  optimization  scheme  adopted  for  the  present  study  envisions  the  sc  F  cluster 
surrounded  first  by  an  active  shell  in  which  both  the  charges  of  the  ions  and  the 
Gaussian  exponents  of  the  point  ion  charge  distributions  are  varied.  Surrounding 
this  shell  the  remaining  point  ions  have  only  their  charges  varied.  This  will  be 
known  as  the  point  ion  shell.  For  the  present  study,  the  active  shell  was  taken  to 
extend  from  just  outside  the  SCF  cluster  to  a  radius  of  1 1 .3  Bohr  containing  a  total 
of  50  ions  of  which  26  will  have  an  initial  charge  of  - 1  and  24  will  have  an  initial 
charge  of  +2.  The  point  ion  shell  was  then  taken  to  extend  from  just  outside  the 
active  shell  out  to  a  radius  of  21.283  Bohr  containing  a  total  of  396  point  ions  of 
which  272  will  have  an  initial  charge  of  -1  and  124  will  have  an  initial  charge 
of +2. 

To  calculate  the  field  due  to  an  arrangement  of  N  ions  each  having  a  spherical 
charge  density  described  by  a  normalized  s-type  Gaussian,  we  consider  an  external 
charge  density  of  the  form. 


where  q,  is  the  total  charge  of  ion  /  at  location  R,  with  Gaussian  exponent  .  The 
potential  F(r)isthen, 
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Intcgraling  over  all  space,  the  expressiiMi  lor  ihe  poteniial  then  becomes. 
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where  here  the  error  funcaon  is  detined.  ert't  A  )  e  '  (///.  I  he  tina!  expres¬ 

sion  tor  the  potential  including  both  tire  active  and  point  ion  shells  becomes. 
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where,  tor  instance  the  notation,  'i-  means  that  the  sum  is  to  consist  of  all  I 
ions  in  the  active  shell  only.  I'he  terms,  q'i'.  .  r/',  ',.  (/t  .  q‘, ,,  become  variational 

parameters  to  be  adjusted  so  that  l’(r<.;)/I  (f/ )  2. .144  and  I'tr,.,,  )/l  (fy  )  -  l.()(K). 

It  should  be  noted  that  the  above  procedure  is  not  a  tit  hut  merelv  an  optimi/atii>n 
since  the  number  of  "data  points"  is  two  whereas  the  number  ofadjustable  param¬ 
eters  is  six.  This  leads  to  a  large  "degeneracy  of  fit”  meaning  that  a  large  number 
of  different  parameter  combinations  satisfy  the  tit  criteria.  This  problem  could  be 
responsible  for  physically  unreasonable  optimized  parameters.  fT)r  instance,  if  t, 
and  it  are  set  to  2000  Bohr  -  to  form  tight  Gaussians.  the  charges  of  the  both  the 
active  and  point  ion  shells  take  on  very  large  positive  and  negative  values.  Since, 
from  the  initial  selection  of  the  lattice  size  the  Madelung  ratios  only  vary  slightly 
from  the  desired  ones,  one  would  expect  that  the  charges  in  both  the  active  and 
point  ion  shells  would  also  vary  slightly  from  their  initial  values.  Hence,  it  was 
found  necessary  to  allow  ,,  and/or  G  t4  vary  as  well. 

in  a  series  of  optimizations,  in  w  hich  different  initial  parameter  sets  were  exper¬ 
imented  with,  it  was  generally  found  that,  upon  optimization,  the  value  off,  only 
slightly  effected  the  outcome  of  the  value  of  w  hen  G  ^4s  chosen  to  form  tight 
Gaussians  about  the  F  ions.  When  G  was  varied  .so  as  to  allow  a  more  diffuse  charge, 
the  value  of  G  also  varied  to  produce  a  more  diffuse  charge  about  the  Ca  ions. 
Since  F  ions  form  the  shell  just  outside  the  cluster,  it  was  considered  desirable  to 
model  them  as  tight  Gaussians  (G  "  2000  Bohr  ’)  and  allow  G  ,/  and  the  charges 
in  and  outside  the  active  shell  to  vary . 

The  parameters  chosen  to  produce  the  external  held  in  the  present  study  were: 
qf  =  -0.9818.  G  2000.0.  qT.,  =  2.0186.  G.  =  0.06164.  q'y  =  0.9977.  q‘;\,  - 

2.0052.  These  parameters  gave  an  essentially  exact  agreement  to  the  desired  Ma- 
deiung  ratios.  Figure  4(a)  shows  the  variation  in  the  potential  from  the  Vacancy 
site  to  a  Ca-site  in  the  /-'-center  cluster  and  Figure  4(b)  shows  the  variation  from 
the  Vacancy  to  a  F-site  for  the  same  cluster.  From  these  hgurcs  it  can  be  .seen  that 
the  desired  variations  are  achieved  with  the  above  parameters.  The  potential  profiles 
are  as  expected,  and  the  deviations  from  the  initial  charges  are  small  which  is  also 
expected.  The  charge  on  the  Ca  ions  within  the  active  shell  is  more  diffuse  than 
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ospcctcd;  ilinvcvcr.  uo  believe  lhat  lb..s  is  merelv  an  artiraei  et" apprmimalinu  an 
infini:.'  lalliv'e  wiili  a  tinile  arrangemeni  of  iens  and  does  not  repiesent  a  seriinis 
intnisum  the  bundinu  eharaelerisiies  wi'hin  liie  S(  i  eluster.  ll  lias  been  sug¬ 

gested  tliat  m  adduien  te  saiistying  the  above  Madelung  ratio  eonditions.  one  may 
leduee  the  degeneiaev  of  lit  problem  b\  imposing  the  adihtional  eondilion  that  the 
iv- a;  of  the  [lotentiai  Ithat  is.  I’(r,..)  (  ( r/ )  4,9164  \  and  I'tr,  ,  I 

!  (r  )  O.PdOO  V)  within  the  cluster  be  satisfied  [dOl.  \\  hile  this  suggestion  rep¬ 
resents  a  refinemenv  in  the  way  in  whieh  tlie  eMernai  field  is  modeled,  the  method 
chosen  idr  this  studv  still  pros  Ide.s  for  a  good  first  approMmation.  It  has  Ix'cn  found 
ihai  when  this  additional  constraint  is  imposed,  the  potential  due  to  the  evternal 
held  at  a  (  a-site  within  the  cluster  is  further  reduced  h\  approximatelv  2.00  \  with 
respect  lo  the  vacancy. 


Results  and  Discussion 

fhc  main  purpose  of  this  study  is  to  identify  the  radiation-induced  \ln/de!  t 
complex  m  (  al  .  and  to  correlate  the  caiciilateei  transition  energies  with  those  mea¬ 
sured  expcrimentallv  and  to  determine  what  effect  ( if  aiu  )  the  external  lattice  has 
on  these  transitions.  I  iirestrieted  open  shell  Hartree-f’oek  s<  i  It  'ffi  )  calculations 
were  perfoi  mcrl  on  the  [  .Mnf  s]'  eluster  for  the  ground-state  spin  configuration 
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S  =  5/2  both  with  and  without  the  external  held  contributions.  I  hc  same  i  ni 
calculations  were  performed  on  the  first  excited  spin  configuration.  S  =  3/2.  also 
with  and  without  the  external  field.  In  addition  to  the  ground  state  of  the  S  3/2 
spin  contiguration,  an  additional  excited  state  of  this  spin  was  calculated  with  the 
aid  of  the  method  of  singly-excited  configuration  interaction  (cis).  The  (IS  method 
enables  one  to  calculate  states  that  exist  in  the  space  spanned  by  single  substitutions 
of  the  reference  state.  It  is  a  useful  tool  in  identifying  excited  configurations  that 
are  reachable  by  a  single  particle  interchange.  Thus,  it  is  sometimes  possible  from 
a  (  IS  calculation  to  determine  the  initial  guess  that  would  be  necessary  to  coax  the 
tiHF  procedure  into  convergence  for  an  e.xcited  configuration.  In  this  regard,  excited 
state  multiconhgurational  self-consistent  field  { MCS(T )  calculations  [2 1 .22]  will  be 
helpful  both  in  terms  of  correcting  the  presently  calculated  transitions  and  eluci¬ 
dating  transitions  not  presented  here. 

At  present,  within  the  context  of  UHF  calculations  we  have  identified  with  certainty 
two  transitions  within  the  [MnFx]*’  complex.  The  ground  state  to  first  excited 
state  transition  (^A|^,  ^  ’’T  ifT’G)  ((t:^):.{ei,)-(  t;^.),',] )  has  a  uilF  energy  of  3.44  eV. 
This  differs  from  the  experimental  value  for  this  transition  of  2.81  eV  (Ref  [8]) 
by  0.63  eV.  Errors  of  this  magnitude  for  d-to-d  transitions  in  Mn-rclated  defects 
in  other  hosts  have  been  reported  in  the  literature  [23].  For  instance.  Richardson 
et  al.  [23]  report  a  l.iHF  error  of  1.6  eV  for  the  ground  state  to  first  excited  state 
transition  for  Mn  defects  in  ZnS.  Table  II  showsa  summary  of  Mulliken  population 
analysis  for  the  clusters  and  states  considered  in  this  study.  The  table  shows  the 
results  obtained  both  with  and  without  the  external  field  for  the  Mn  defect  and  F- 
center  clusters.  For  the  Mn  defect  cluster,  this  analysis  shows  that  the  effect  of  the 
external  field  tends  to  localize  the  electron  charge  density  slightly  more  about  the 
fluorines  while  reducing  it  about  the  central  Mn.  This  appears  to  be  true  for  both 
the  ground  and  excited  states.  However,  the  effect  of  the  external  field  on  the  ground 
to  first  excited  transition  energy  is  minimal.  That  is.  it  does  not  change  the  TUF 
calculated  transition  energy  until  well  past  the  number  of  significant  figures  reported 
here.  This  observation  is  consistent  with  studies  of  Mn  centers  in  other  hosts  [23]. 
The  excited  configuration  (t2^.);.(e^)f,(e^,)/,  was  found  to  have  a  UHF  energy  4.23 
cV  above  the  ground  state.  The  state  appears  to  be  either  the  ‘'T )  or  ■*£,,(  '‘G ). 
A  firm  state  designation  will  not  be  possible  until  the  MCSCF  calculations  are 
complete.  Nevertheless,  this  would  place  this  state  approximately  1.09  eV  above 
its  experimental  value. 

UHF  results  for  the  unperturbed  F-center.  [Ca4FftVac] ' '  cluster  show  transitions 
that  correspond  to  excitations  from  the  'Ai  ground  state  to  the  triply  degenerate 
"Ti  state  in  72/  symmetry.  The  uhf  energies  for  these  transitions  are  4.66  eV  and 
4.14  eV  with  and  without  the  external  field,  respectively.  These  are  spin-allowed 
transitions.  The  oscillator  strength  for  the  isolated  F-center  cluster  was  calculated 
to  be  0.055.  In  the  presence  of  the  external  field  this  value  reduced  to  0.042.  Table 
II  shows  the  total  atomic  charges  from  a  Mulliken  population  analysis  for  the  ground 
state  both  with  and  without  the  presence  of  the  external  field.  This  result  shows 
that  the  effect  of  the  field  is  to  localize  more  charge  in  the  vacancy  and  slightly 
more  on  the  fluorines  while  reducing  the  charge  on  the  calciums. 
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Tabu:  II.  Summan  ol'  Mulliken  population  analysis  for  the  Mn  defect  ([Mnl  fP  ).  the  F<cntei. 
([CajFjVac]").  and  the  Mn-perturbed  F-eenter.  ([Mn;('a:FhVacl'‘ )  clusters  obtained  from  i  in 
calculations  both  with  and  without  an  estcrnal  field-  The  charges  arc  in  atomic  units 


Cluster  and  state 

.Atomic  site 

Isolated  duster 

Cluster  with  external  field 

IMnFs]'-  ".A,, 

Mn 

1  .X4‘f  5 

1.8879 

F 

-().‘)8I2 

■0.9860 

,Mn 

1.847,^ 

1.8851 

F' 

-0.9810 

0.9858 

•0.9808 

-0.9855 

or  •‘F.^TGI 

Mn 

1.8.171 

1.8750 

F- 

-0.9814 

-0.9862 

0.9778 

-0.9826 

[CajF^Vac]"  'A, 

Vac. 

-0.5004 

-0.600 1 

Ca 

0.8409 

0.8689 

F 

0.1106 

-0,1126 

IMn^CaT^Vacf’  '"A, 

Vac 

— 

-0.0672 

Mn 

— 

1.1921 

Ca 

— 

0.9299 

F(  1 )” 

— 

-0.2986 

F(2) 

— 

■0,8492 

F(.t-*6) 

— 

-0.6072 

l()0 

Vac. 

— 

■0.0980 

Mn 

— 

1.4252 

Ca 

— 

0,9265 

Fd)" 

— 

-0.2989 

F(2) 

— 

-  0.8672 

F(.2-6) 

— 

-0.6098 

“  In  both  of  these  stales  F  atoms  lying  in  a  plane  passing  diagonally  through  the  center  of  the  cube  in 
Figure  1(a)  have  identical  charges. 

”  In  this  clustei  F(l)  is  the  F  atom  lying  between  C‘a  atoms.  F(2)  lies  between  the  Mn  atoms,  and 
F(.'5-*6)  signify  the  remaining  F  atoms  in  Figure  Itb). 


Theories  of  the  /'-center  in  the  fluorite  structure  have  essentially  relied  on  point 
ion  models  (14],  To  date,  there  has  been  very  little  work  that  approaches  the’heory 
of  the  /'-center  in  the  alkaline  earth  fluorides  from  an  ah  initio  standpoint.  Past 
theoretical  work  has  mainly  consisted  of  various  pseudo-potential  formulations 
which  differ  mainly  in  the  degtee  by  which  the  anisotropy  of  the  potential  is  taken 
into  account  [  14]  or  semi-empirical  multiple  .scattering  X«  methods  [24,25].  Both 
of  these  methods  are  semi-empirical  in  nature  and  as  a  consequence  provide  tran¬ 
sition  energies  that  agree  well  with  experiment.  In  the  alkaline  earth  fluorides,  the 
/'■-center  has  Tj  symmetry  and  the  anisotropy  is  expected  to  be  more  important 
than  in  the  alkali  halides.  Bartram  et  al.  [26],  for  instance,  emphasize  the  importance 
of  this  anisotropy  to  account  for  the  observed  discrepancy  in  energies  from  pseudo¬ 
potential  calculations  and  the  observed  F-band  in  CaF^.  In  their  calculations  they 
expand  the  point  ion  potential  up  to  L  =  6  but  argue  that  better  agreement  would 
be  achieved  if  polarization,  distortion,  and  ion  size  effects  were  taken  into  account. 
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While  these  eonsiderations  are  quile  important,  it  must  he  emphasi/ed  that  m 
the  ah  inilln  approach  the  form  of  the  potential  must  be  modeled  indcpendenih 
ol'the  se  t  vanational  scheme.  U  is  therel'ore  quite  conceivable  that  the  discrepanc> 
in  the  /'-center  transition  energies  as  compared  veith  the  espen  mental  v  alue  of  a. 30 
eV’  (  Ref.  [  14J )  could  he  due  to  an  inaccurate  modeling  ol'the  external  potential  as 
•.veil  as  the  obvious  need  for  including  correlation  eti’ecls.  In  aildition.  vve  have  not 
considered  the  etfects  of  allowing  the  nearest-neighbor  calciums  to  relax.  This  would 
certainly  have  a  significant  effect  on  the  calculated  transition  energy  ( I S ) . ) mprov  e- 
ments  in  this  regard  should  include  higher-order  terms  beyond  the  Madelung  con¬ 
stant  in  the  point  ion  potential  expansion  and  a  greater  number  of  points  within 
the  cluster  upon  which  to  optimize.  I'his  could  be  of  crucial  importance  in  /  -center 
calculations  wh..rc  even  the  first  excited  state  wavefunetions  are  expected  to  be 
much  more  diffuse  than  the  localized  ground  state.  The  solution  is  to  perform 
configuration  interaction  calculations  up  to  tnph  or  even  higher-order  subslitutioto 
or  to  perform  multiconfigurational  set  calculations.  Both  options  are  currenipv 
under  investigation.  However,  it  is  presently  unclear  how  polarization  effects  could 
be  incorporated  in  an  ah  iniiio  S(  i  formalism  without  greatly  increasing  the  size 
of  the  S(  I-  cluster. 

UHF  calculations  for  the  .Mn-perturbed  /'-center.  ( MrwCa.H.V'ac) ' ' ,  cluster 
could  only  be  performed  in  the  presenee  of  an  external  field.  Without  the  c.vternal 
field  .self-consistent  results  could  not  be  achieved  with  this  basis.  However,  since 
we  feel  that  we  are  using  a  sulficientiy  flexible  basis,  this  convergence  problem  must 
indicate  that  the  correct  modeling  of  the  field  isofcrucial  importance  in  the  analvsis 
of  this  cluster.  7  his  cluster  has  C-,  symmetry  so  it  is  assumed  ( though  not  proven 
here)  that  these  transitions  represent  excitations  from  a  '-'A,  state  to  various  excited 
states  of  spin  multiplicity  ten.  The  first  excited  state  of  this  muliiplieity  has  been 
identified  0.48  eV  above  the  ground  .state.  This  cluster  has  been  proposed  as  a 
possible  model  that  would  ascribe  the  exjx'rimentally  observed  transitions  [8], 
This  model  envisions  a  Mn-perturbed  /  -center  in  which  the  ohserved  transitions 
take  place.  From  Table  11.  however,  the  results  of  a  Muliiken  population  analysis 
show  that  compared  to  the  unperturbed  /'-center,  the  electron  in  the  Mn-perturbed 
/-'-center  does  not  stay  in  the  vacancy  but  becomes  localized  on  the  lluorines  that 
neighbor  the  manganese  atoms  both  in  tlic  ground  state  and  in  the  first  excited 
state.  These  calculations  seem  to  indicate  that  an  electron  in  the  vacancy  i  not  a 
stable  configuration  for  this  cluster.  As  a  consequence,  no  /'-center  is  actually  formed 
and  therefore  no  absorption  bands  can  be  attributable  to  transitions  “within"  the 
F-centcr.  As  further  evidence,  the  0.48  eV  energy  as.sociated  with  a  spin  flip  of  the 
“/•-center"  electron  is  too  small  to  account  for  any  of  the  observed  spectra.  This 
result  further  supports  the  alternative  model  that  the  observed  spectra  is  due  to  d- 
to-d  transitions  within  the  Mn  ions  perturbed  by  a  vacancy. 

A  model  of  this  type  could  also  explain  the  thermal  quenching  behavior  observ  ed 
in  the  absorption  bands  [8].  In  particular,  this  model  would  need  to  explain  the 
presence  and  behavior  of  the  564  nm  band.  It  has  been  shown  experimentailv  that 
this  band  quenches  along  with  and  at  the  sttme  rate  as  the  other  lower  wavelength 
bands  [8],  The  quenching  of  these  bands  is  related  to  the  production  of  ti  at  495 
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nm  whkii  has  hcon  shown  to  he  due  to  the  first  excited  state  to  ground  state  transition 
in  Mtr  '  for  unirradiated  samples.  Optical  bleaching  of  this  hand  would  also  need 
to  he  explained  hy  this  model.  The  experimental  results  [1.^]  show  that  bleaching 
at  560  nm  causes  this  and  the  lower  wavelength  hands  to  decay  at  the  same  rate 
with  no  associated  luminescence.  Taken  together,  this  evidence  strongly  indicates 
that  the  564  nm  band  is  due  to  the  stimc  defect  as  the  lower  wavelength  bands. 
Any  model  must,  therefore,  explain  both  its  presence  and  behavior.  The  results 
presented  in  this  article  tend  to  favor  the  internal-transition  model,  and  until  a 
more  comprehensive  series  of  calculations  is  completed,  the  question  as  to  whether 
this  model  explains  the  presence  and  behavior  of  the  564  nm  band  is  still  open. 
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Abstract 

\Vc  report  on  the  results  oreieetronie  Kinil  strueiure  ealculations  of  hulk  /.nSe.  hulk  ZnS.  and  the 
(ZnSeld  Z.nS),  strained-layer  suivriattiee  (si  s)  using  the  ah  iiiiiln  I'aeiori/ed  linear  eonihination  of  atomic 
orbitals  methtKl.  The  hulk  ealculations  were  done  using  the  standard  primitive  nonreetanguiar  2-atom 
/inehlende  unit  cell,  while  thesi  s  calculation  was  done  using  a  primitive  tetragonal  4-ali>m  unit  cell 
modeled  from  the  CuAu  I  structure.  The  analytic  lit  to  the  si  s  crystalline  potential  was  determined  hy 
using  the  nonlinear  coellieients  from  the  bulk  fits.  I  he  (  in!  time  vised  hy  faelori/ing  the  energy  matrix 
integrals  and  using  a  rectangular  unit  cell  is  discussed.  <  |<W2  John  Wiley  .X;  .Sons.  Ine. 


Introduction 

Recent  advancements  in  crystal  growth  techniciues  have  allowed  for  the  growth 
of  high  quality  (ZnSe),„(ZnS)„  strained-layer  superlattices  (si.s's)  with  clean  in¬ 
terfaces  and  precise  control  over  the  monolayer  thickness  (i.e..  the  set  of  {  nijj} 
values).  The  clastic  strain  is  introduced  into  the  supcrlatticc  through  the  4.5% 
mismatch  between  the  lattice  constants  of  ZnSc  ( 5.66  A )  and  ZnS  ( 5.4 1  A ).  Because 
of  this  strain,  desirable  electronic  properties  arc  found  in  these  SLS's  that  arc  not 
present  in  cither  of  the  constituent  bulk  materials.  The  strain  has  been  found  to 
depend  on  the  monolayer  thickness  and  should  this  thickness  c.Kcccd  the  critical 
value  (ca.  200  A),  then  the  strain  is  broken  and  dislocations  arc  formed  at  the 
interfaces  [I].  Photolumincscence  measurements  on  long-period  ZnSe  —  ZnS  SLs’s 
(20-100  A  monolayer  thicknc.ss  for  each  constituent  material)  grown  on  GaAs 
substrates  by  mctalorganic  vapor  phase  epitaxy  (Movpi:),  mctalorganic  molecular 
beam  epitaxy  (MOMHi;),  and  mctalorganic  chemical-vapor  deposition  (mocvd) 
showed  an  intense,  sharp  blue  emission  from  the  ZnSc  quantum  wells.  The  peaks 
were  observed  to  shift  towards  higher  energies  as  the  thickness  of  the  ZnSc  quantum 
well  layer  was  decreased  (2-4),  This  has  led  to  a  recent  interest  in  ZnSe  —  ZnS 
heterostructures  as  prime  candidates  in  the  development  of  a  blue-emitting  semi¬ 
conductor  laser  diode  and  the  neei)  to  achieve  a  gotnl  understanding  of  the  electronic 
prtjperties  as  a  function  of  monolayer  thickness. 

Ah  I  (AO  electronic  band  structure  calculations  of  the  ( ZnSe),„(  ZnS)„  si  s's 

are  presented  with  three  dillicullics.  Lvery  increase  in  the  monolayer  thickness 
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requires  { i )  itio  dctcrminalion  ol'a  new  stable  lattice  struetiire.  (  n  )  a  redelermination 
of  the  crystalline  potential  or  crystalline  charge  densit>.  and  ( iii )  a  larger  number 
of  atoms  per  unit  cell.  I'he  impact  ol  varying  the  morn. laser  thickness  is  muie 
severe  for  the  short-period  si  s'st  m.  ii  <1 )  than  for  the  long-period  St  s's.  Ho\ve\er. 
for  the  latter  case,  the  massisc  number  of  multiecntered  integrals  that  need  to  be 
evaluated  and  stored  present  the  most  imposing  problem.  .Stable  structures  for  the 
St  s's  can  be  determined  using  the  valence  force  field  (v  ir)  or  Keating  model,  m 
which  the  stable  sis  is  found  b\  minimizing  the  deformation  energy  [5~7j,  We 
show  that  it  is  possible  to  eH'ectiveK  reduce  the  second  difficulty  b\  using  the  non¬ 
linear  coefficients  from  the  analytic  tits  to  the  bulk  crystalline  potentials,  described 
in  the  ne.vt  section,  in  the  fit  of  the  sts  cry  stalline  potential.  In  this  way,  the  til  to 
the  Sf  s  crystalline  potential  requires  only  a  linear  least-squares  lit,  which  converges 
quite  rapidly  . 

To  handle  the  burden  of  the  numerous  multicenier  integrals,  we  use  the  ah  muio 
factorized  linear  combination  of  atomic  orbitals  ( If  (  so)  or  tight-binding  method 
of  Lafon  [H  j.  f  he  strength  of  the  ll.t  u)  methtxi  is  that  fora  unit  cell  with  rectangular 
symmetry,  the  factorization  of  the  energy  matrix  integrals  into  v-.  i  -.  and  r-com- 
ponents  etl'ectively  reduces  a  .\' '  problero  down  to  a  .f.\  problem,  where  .\  represents 
the  number  of  equivalent  lattice  sites  which  need  to  be  sumnicd  over  to  reach  the 
required  convergence  of  the  integrals.  Furlherinore.  only  the  integrals  involving 
unique  equivalent  lattice  sites  need  to  be  evaluated  and  stored.  Insivie  a  sphere  of 
radius  R.  the  number  of  equivalent  lattice  sites  is  prvrportional  to  R  ' .  However, 
the  number  of  such  unique  sites  is  ty  pically  only  proportional  to  R.  As  a  result, 
the  amount  of  t  Pf  time  needed  for  the  evaluation  of  the  integrals  and  disk  space 
for  their  storage  can  be  significantly  reduced.  To  date,  the  1 1 cao  method  has  been 
used  to  determine  the  electronic  band  structure  of  bulk  copper  (  1 -atom/ unit  cell ) 
and  a  (  100)  copper  surface  ( .Tf -atoms /unit  cell)  (Xj;  alpha  quartz  and  IX- 
atoms/unii  cell)  and  quartz  with  an  oxygen  vacaney  ( 72-aioms/unit  cell)  [f)}; 
berlinite  (  IX-atoms/unit  cell )  (10];  and  bulk  Zn.Se  (2-atom.s/unil  cell ).  bulk  ZnS 
<  2-atoms/ unit  cell),  and  the  { ZnSc  ),(ZnS)i  St  s  (4-aloms/unil  cell )  [  this  work). 

Method  and  .Approach 

C  'rysi  alii  tic  Rolcniial 

In  this  work,  it  was  assumed  that  the  exchange  correlation  interactivins  can  be 
adequately  described  by  the  local  density  functional  approximation  (l  f)\)  as  for¬ 
mulated  by  Slater  (I  Ij.  I  he  crystalline  potential,  which  exhibits  the  periodicity  of 
the  lattice,  is  numerically  calculated  for  a  specified  grid  within  the  unit  cell  from 
the  superposition  of  self-consistent  spherically-symmetric  atomic  charge  densities. 
The  atomic  charge  densities  were  calculated  using  a  modified  Herman-Skillman 
code  [12],  where  it  was  a.ssumed  that  the  Zn  atom  was  in  the  first  excited  stale 
while  the  Sc  and  S  atoms  were  in  the  ground  states.  This  numeric  cry  stalline  potential 
is  then  fitted  into  the  following  analy  tic  expression 

T(r)  -  2  2  (  J  iC-  -  («.•  b  t/1)  b  r:'(r  {R,  4  t,]))  4  l  Ur)  . 


f  1  I  (  I  KO\K  »\M)  s)  Kl  l  II  Kt  (  \l  (  I  1  M  l(  )\S 


where 


I  (r) 


^ :  C\p  .  ^  1 

;■ 


and 


I ' '(  r )  e\p  ]  dr;. 


r'(r)  ^  r',(C')e\p',  /  k„  •  (  r  Ci;  . 


I 


u 


The  veetiir  C  eonneets  the  origin  lo  si>me  arbiirary  point  in  the  iattiee  about  v\liK  h 
the  Fourier  series  is  expanded.  The  r  T  r)  term  is  an  expansion  ot  s-!ike  ( hiussian- 
type  orbitals  (ci  to's).  which  were  ehosen  lo  ease  the  burden  ol'  the  multicenier 
iniegrals  and  are  eenainlx  amenable  to  faetori/ation  In  its  present  torm.  on  the 
other  hand,  integrals  involving  the  i';(r)  term  cannot  he  iaciori/ed.  However, 
.since  the  purpose  oflhis  term  is  to  reproduce  the  Coulombic  singulantv.  d,.  can  be 
chosen  to  be  large  so  that  the  following  ht  can  be  made 


exp  I  -  di,r-  I 

r 


3  </..  exp;  ■  \„r  ;  . 


This  factorizable  form  of  I  Wr)  was  not  used  in  this  article  as  the  unit  cells  usevi 
were  small  enough  that  the  (  Pi  time  saved  would  have  been  less  than  the  time 
needed  to  calculate  the  ht.  Together,  the  I  Tr)  and  r,.(r)  terms  can  viewed  as 
an  analytic  atomic-ceniered  potential  (  xc  p).  displaying  much  the  same  behavior 
as  an  atomic  potential  in  the  region  close  to  the  nucleus.  Fhe  ^r's  and  d's  of  the 
ACP’s  are  calculated  h\  means  of  a  nonlinear  least-squares  lit  and  are  ni't  unique. 
Generally,  these  coetheients  are  determined  so  that  only  the  0  term  of  the 
Fourier  contribution  needs  to  be  considered  and  often  even  this  term  can  he 
ignored  in  nonself-consistenl  calculations.  Table  I  lists  the  coetlicienls  we  calcu¬ 
lated  for  the  .xcP's  of  bulk  ZnSe  and  ZnS.  The  rms  errors  were  .s.67,s  ■  10  '  a.u. 
for  ZnSe  and  5.610  x  10  '  a.u.  for  ZnS.  The  lone  l  ouricr  contribution  was 
determined  to  be  “0. 10  a.u.  for  ZnSe  and  -0.40  a.u.  for  ZnS  and  had  an  negligible 
effect  on  the  R.MS  errors. 

For  the  ZnSe  -  ZnS  si  .s’s.  every  increase  in  monolayer  thickness  requires  a  new 
fit  to  the  crystalline  potential.  From  a  cpi  lime  aspect,  it  would  he  impractical  to 
generate  a  new  htted  crystalline  potential  for  each  Si  s.  f  or  the  short-period  st  s's. 
a  set  of  coefficients  for  the  ac  p's  would  have  to  be  determined  Ibr  each  monolaver 
and  this  can  quickly  add  up  to  an  impo.sing  nonlinear  least-squares  ht.  Just  for  the 
( ZnSe );( ZnS):  SI.S.  coefficients  would  be  needed  for  each  \cp  at  the  sites  of  ,Se. 
S,  Zn  at  the  interfaces.  Zn  between  Sc  layers,  and  Zn  between  S  layers.  I'o  reduce 
the  C  Pi '  time,  we  feel  that  an  effective  approximation  to  the  ht  of  the  .si  s  crystalline 
potential  would  be  to  freeze  the  nonlinear  coefficients  from  the  bulk  fits  and  allow 
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TaBI  t  1.  The  nonlinear  and  linear  coefficients  for  the  anaUtic  aiomic-ceniercd  potentials  ol  ZnSc  and 
ZnS.  Tlie  rms  errors  for  the  filled  crsstalline  potentials  «ere  5  6’s  |0  ’  a  u.  for  ZnSe  and  5  fill!  • 

to  'ail  for  ZnS 


ZnSc 

Zinc  ACP 

.Selenium  ACP 

do  ^  2685,()7(X) 

■J'o 

2707. 52{X) 

di  ■  0.0805989 

0,  -  0.2616660 

d, 

0.0635699 

7^1 

005  36461 

d:  0,2644960 

17,  0,7784020 

»3: 

0.2151610 

fj,  - 

1  1  18K6(X) 

d,  =  0.8679790 

n,  •3.91474(X) 

d, 

0.72824(X) 

3.7H5I6(K) 

d4  =  2.84839(X) 

774  I5.64751H) 

.3* 

2.4648.3(X) 

I4,0‘)59(M) 

d,  -  9..t473700 

<7,  -  -45.2468(X) 

d. 

8..3425,3(X) 

46,47:3(X) 

d^  =■  .t0.6746(X) 

77^  9|.8833<X) 

.34 

28.2.364(X) 

fTh 

|02.038(X) 

d,  -  1(X).66300 

77,  ■  -  19 3. 01  (XX) 

d, 

95.5698tX) 

a  - 

214.659(X) 

ds  =  330,33900 

(7«  -  ■•347.568(X) 

d, 

32.3469(X) 

77k 

402.86(XX) 

d,  -  1084.5000 

77,  -  -679.266(X) 

d. 

1094  8  2(X) 

/T„ 

768.0')  HX) 

dio  -  3557.4500 

77,1,  =  9,30.48400 

lilo  - 

3705. S7(X) 

^Itl 

1075.g;(X) 

ZnS 

Zinc  ACP 

Sulfur  A<  P 

do  =•-  2638.4100 

2162.75(X) 

di  =  0.0939085 

77,  -  -0.2921  120 

d,  - 

0.06 1 3623 

77,  • 

0.2643280 

d:  =  0.3026590 

77,  =  -  0.8512680 

dt  - 

0.2023960 

rtA  .7 

■0.88591 10 

d.i  =  0.9754470 

77,  =  -4.6016300 

d.  - 

0.6675780 

f7,  ■  ' 

3.04029(X) 

d*  =  3.1437800 

774  =  -  16.957600 

2.20192(X) 

(74  ■ 

■  7,47656(X) 

ds  =  10.132200 

77,  -47.231700 

iU  = 

7.2627800 

(Tji  • 

22.,3073(X) 

ds  =  32.655100 

77s  =  •■•93.792000 

ds  =-■ 

2.3.955400 

776  ■- 

•-■4.3,7217(X) 

d7  =  105.24500 

77,  =  -195.10700 

d,  --- 

79.013800 

O’?  “ 

95.690700 

ds  =  3.39.19500 

Tfs  -  -347.04600 

,d, 

260  61700 

(Tg  ^ 

-166,66100 

d,  -  1093.2000 

77,  =  -667,30400 

859.61400 

(Tq  - 

327,9()6(X) 

dio  =  3523.29(X) 

77,0  =  940.24700 

dm  = 

2835. 33(X) 

. 

4,37,739(H) 

the  'linear  coefficients  to  be  adjusted  to  describe  the  change  in  potential  brought 
about  by  the  interfaces.  In  this  way,  only  a  linear  least-squares  fit  would  be  needed 
and  considerable  CPU  time  savings  should  result.  We  calculated  two  potential  fits 
for  the  (ZnSe)i(ZnS)i  SLS;  one  in  which  the  set  of  nonlinear  coefficients  from  the 
ACP’s  for  the  Zn  from  ZnS  were  used  and  the  other  using  the  set  of  nonlinear 
coefficients  from  the  acp’s  for  the  Zn  from  ZnSe.  The  latter  gave  a  slightly  better 
rms  error  (6.316  X  iO  ’  a.u.),  so  we  opted  for  that  fit.  Table  II  lists  the  adjusted 
bulk  linear  coefficients  for  this  fit.  We  have  determined  that  approximately  only 
3.0  X  10  '■*  a.u.  accuracy  is  lost  by  using  this  approximation  and  not  generating 
both  new  nonlinear  and  linear  coefficients  for  the  (ZnSe Ji(ZnS)i  SLS.  Furthermore, 
our  studies  suggest  that  as  the  monolayer  thickness  is  increased  significantly  ( i.e., 
long-period  SLS’s),  the  accuracy  lost  by  using  this  approximation  will  become  neg¬ 
ligible. 


l  lK'IR()Nt(  BWI)  SIRICII  R1  (  \1(  t  I  \1I()\S 


1  .ml  !l  Ihc  lUliu'.U-ii  bulk  linear  enetlieienls  lor  ihe  an.iKtie  au'irtK-eeiUeiei.! 
potentials  I'l  the  l/nSelil/nS),  M  s.  I  he  rnis  error  lor  the  litted  erssl.illine  poteiilial 

svasti  '111  -  lU  '  a  u. 


Zini.'  At  !■ 

-Sclcniiini  A<  1’ 

Sulliir  A<  1’ 

rt , 

oyuai  All 

ooir  1650 

‘^1 

0  04(i:05  5 

fT  2 

(l.■':l^^4^l 

<1 2 

1  ti5i:ioo 

/I  - 

0,'^S'’5.5f,0 

3.45hisnii 

,1  ; 

5,40o:(>00 

ri  i 

5.1b,S40(M) 

i5.b:(i:(H> 

iTj 

1  5  x"  tSOO 

'U 

7,245('IOO 

-Ts 

4s,:i’(rri)o 

tr^ 

4(v"4|  JOO 

21  '47  10(1 

fXf. 

4  1X51401) 

lOl.S.tWH) 

4  5.560000 

lO,-!  (15400 

rs' 

2  1  5 

4l  ■■ 

46  4467(10 

,547  44700 

40I,5SS(H) 

/T., 

16  5. 41. ''00 

0‘'4,.5’  100 

tr., 

7'0  ,'v5siMI 

554, '6X00 

to 

4.5(1,54500 

'Tjo 

I,I7.S  5SIK) 

4  '<4  67X00 

F'or  these  calculations,  uncontracted  atomic  Ciaiissian  basis  sets  constructed  for 
use  in  ah  ininn  molecular  calculations  v\ere  used  for  Zn  [13].  Se  [  1 4  ] .  and  S  [  1 5  ] . 
Because  the  ac  p's  hehase  much  like  the  atomic  potentials  in  the  region  close  to 
the  nucleus,  the  core  states  of  the  bulk  materials  are  expected  to  be  very  similar  to 
the  atomic  core  states  rtf  Zn.  .Se.  and  S,  Contractions  can  then  be  performed  on  the 
v-  and  />-(i  lo's  of  Zn  and  Se  to  construct  the  atomic-like  Zn  and  Se  I  v.  2  s.  Ip.  .3v. 
and  yp  ertre  basis  functions  of  Zn.Se.  Similarly,  contractions  can  be  performed  on 
the  V-  and  p<  i  lo's  of  Zn  and  S  to  construct  the  atomic-like  Zn  and  S  I  v.  2s.  2/>, 
and  .3.vcore  basis  functions  and  theZn  .3/)  core  basis  function  of  ZnS.  The  contraction 
procedure  \se  use  is  straightforsvard.  bach  Bloch  function  consists  of  a  lattice  sum 
invrsiving  a  single  atomic  lo 


h  k.  r ) 


exp  ;  /  k  •  R,. ;  exp  ;  -  ir 1  r  [  R,  i  t.]  |  -  ; 


so  that  the  single  electron  vsasefunction  becomes  a  lattice  sum  invohing  those 
uncontracted  riio's 


i^(k.  r)  .V 


''III:;:  exp;tk-R,.;.v''r'r'" 

!  n/n!  !■ 

expl  (« i  ir  •  (R,  f  t,]i- ;  . 


The  wavcfunctiisn  associated  with  the  I'-pomt  core  state  of.  sa\  Zn  Is  in  ZnSe,  will 
then  only  have  nonnegligiblc  (7."''^  involving  the  Zn  s-(ir()'s.  The  normalized 
atomic-like  core  basis  functions  constructed  using  the  (  J'.'i’"  s  as  weighting  factors 
will  have  the  following  form 

T7,„(k.r)  ^  r/;r-vVr”'exp;  -n',\r  [R„  +  t,]\' \  . 
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V  \Hi  1  Ill  !  Ill'  c.ilcuUik'il  i'iH'T(>,ic''  lor  /iiSc  al  high  symmi.'ir\  points  in  the  Bnllouin  /one  Ml  \a!ues 
are  in  eleelion  solts  ami  ms'asured  with  res|vel  to  the  top  ol  the  lalenee  hami  al  (he  I'-poini  1  he  restilis 
are  Irom:  n  t  \o  using  the  lull  Slater  esehangc  eorrelaltsin  (this  vs  or  k].  on  so  using  an  ashustahle  Slater 
esehange  correlation  to  match  the  esiK'rimental  baiut  gap  (21 1,  seU-consistenl  iti.o  using  the  semi- 
relatisistie  W  igner  esehange  correlation  (2  '|.  seH-eonsisteiil  t's  sin  using  the  (  eivrles  Aklei  esehange 
correlation  (22|,  selt-eonsislent  ix’w  using  the  lull  Slater  esehange  eorrelatton  |24|.  and  esix'ii mental 

nieasurcinenls. 
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“  Rcl'erenec  1 1  hj. 
^  Relerenee  [20]. 
'  Rc'lercncc  ( IH). 
'*  Reference  [14), 
'■  Reference  [i^j. 


No  orthogonality  conditions  are  placed  on  these  contractions.  The  valence  states 
of  the  bulk  materials  can  then  represented  by  these  atomic-like  basis  functions 
augmented  by  several  uncontracted  diffuse  CiKi's  from  the  atomic  bases.  For  the 
ZnSe  —  ZnS  si  s's,  the  bulk  core  basis  functions  can  be  directly  transferred  over. 
The  justilication  fordoing  this  is  straightforward.  First,  the  bond  lengths  in  going 
from  the  bulk  materials  to  the  srs's  change  only  slightly  (less  than  r  -  )  so  that 
there  will  not  be  any  new  significant  overlap  contributions  from  nearby  orbitals. 
Secondly,  the  primary  terms  of  the  fitted  bulk  crystalline  potentials  involved  in  the 
construction  of  these  basis  functions  arc  the  F',(r)'s.  and  innermost  gaussians  in 
l'f(r ).  which  change  very  little  in  going  over  to  the  si.s's.  These  basis  functions  can 
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llion  bo  auuniontoil  with  tbo  same  uiKoiiuactv'ii  ciilUiso  (ii(>\  iisisi  m  ilu*  huik 
caloulations. 


Rosuils 

/nSc  (Vhj  /‘iS 

Bulk  ZnSo  and  /nS  ha\o  boon  siudiod  o\tonsi'.ol\  b\  l-stth  oNjvnnuiUa!  .ind 
thoiirclioal  mothods.  Iniorbanit  traiiMiion  onornios  a(  hmli  ssmmL-tiA  [■tuinis  h.!'>o 
boon  dotorminod  b\  pindoomisMon  [ !  n.  1 "  |  and  rollooiiv  it\  |  I S- ’n  j  inoasaionu-ni^ 

1  hodrotioal  oaloulalions  ot  the  olootrinno  baiui  slriioliiro  ot  botf!  bnik  matonals 
ha\.o  boon  made  using  tho  somi-i//i  oilliogonali/od  m  \i  i  t  i  x  (  \<  n  rnothnd 

b\  Huang  and  (  hmg  [211.  tho  soH'-oonsistonl  poioniial-vaiiaiicin  nnsod-basis  ( i’\  mis  i 
molhod  b\  Bornaal  ansi  /ungor  [221;  tlio  sdl-oonsistcni  iinoat  o<'!nbin.ilu'!i  ot 
(iaussian  s>rhilals  (tiSiti)  mothud  bs  Wang  and  Klein  12'];  the  seli-eonsisieni 
urtlrngunali/od  plane  smuo  l  <  n^s  )  nielhiHl  In  Siukol  and  oi  al  |  2-i  |  .  the  selt-oon- 
sistoni  light-binding  method  ol  liortho  and  oi  ai,  |2.']:  the  senii-empn ual  light- 
binding  molhotl  tn  \ Ogl  <inil  ot  al,  j  2b  ] ;  ami  tlio  psomiopnieniial  niolhosl  >  >1  (  ohen 
and  Borgstrossor  |  2"  |,  I  his  inl'ormation  (iroMslos  us  uitli  the  moans  to  ( 1 1  doiorniino 
tho  otiootisonoss  of  tlio  t  i  <  \<  >  motiioil  and  (  n  )  slotormine  tho  oHoei  Ixisis  si/o  Inis 
on  tho  eonditetion  ansi  '■aloneo  bands.  1  Mr  those  ealeuiations.  the  stamiani  2-, Horn 
nonrootangular  /tnehlomio  unit  eoll  was  used,  I  he  pnmitno  lattiee  seetovs  .no 

Hi  ^  (  1 .  1 .  0 ).  a-  (  1 . 0.  1  ).  and  a ;  t  (i.  1 .  1  )  . 

whore  the  /.n  atom  is  positioned  at 

t  MI.O.Ol 

tiiui  tho  Se  or  S  .itom  is  posiiionoii  al 

<7 

I  (1,1-1). 

4 

I  he  notation  n  roprosonts  the  latlioo  oonstaiit  lot  eiiiier  /nSo  or  /it's  I  ho  i  i  <  o  > 
method  ts  most  oti'oetoo  when  tho  ooll  has  roelangul.ir  s\mmeii\.  1  or  ihose  bulk 
ealeuiations,  wo  oiniki  have  attainosl  this  sonmotrs  b>  simpK  ohoosun:  a  iargei 
nonprimitiso  d-alom  unit  ee!l.  I  his  was  not  done  so  we  esnild  sumpaie  tho  noosled 
(  I’t  time  for  these  oaloul.itions  with  tlial  of  the  i /nSe  i, ( /nS  i  .SI  S.  whuh  does 
haNO  a  primitive  reet.inguiar  unit  ooll,  1  hose  <  I’l  time  eomparisons  will  be  [noss'iiis'd 
m  tho  next  seelion. 

An  approximation  often  usovl  to  rsslueo  tho  oomploxitv  ami  (  ri  lime  of  the 
ealeulation  is  to  roniovo  the  more  ditiuse  f.m's  from  tho  basis.  lo  see  wh.ii  olloet 
this  would  have  on  tho  band  struetiire.  vve  removed  the  most  dilluse  n-(.io 
(0,05i  142  )  from  tho  Zn  basis,  I  ho  resulting  bami  structure  showeil  .i  gomi  topro- 
sentation  oi  the  valonoo  states  and  bami  gaps  (  2  ,s(i  e\  for  Z nSo  and  Via)  e\  lor 
ZnS).  I.xeluding  the  Zn  4v  band,  however,  overall  aoeuraev  vv.is  lost  with  the  son- 
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duction  bands  as  their  resulting  energies  were  seseral  eV  too  high.  Returning  the 
ditluse  Zn  ,s-(,r()  to  the  basis,  the  ealeulations  were  repeated.  1  he  resulting  band 
strueture  showed  that  the  valenee  stales  deviated  from  the  previous  results  b\  onlv 
a  few  hundredths  of  an  eV.  The  conduction  bands  show  ed  improvement,  though 
the  energies  were  still  a  few  eV  higher  than  expected.  .As  a  result  of  the  conduction 
bands  being  lowered,  the  values  of  both  band  gaps  decreased. 

To  improve  the  representation  of  the  conduction  bands,  we  augmented  the  Zn 
basis  with  a  diffuse  p-CitO  ( 0. 1  .s()00 ) .  Contractions  were  tx'rformed  according  to 
the  procedure  outlined  in  the  previous  section.  The  resulting  basis  functions  were 
then  augmented  with  uncontracted  diffuse  (iio's  {including  the  additional  Zn 
p-{i  to)  to  bring  the  basis  si/e  to  102  basis  functions  for  ZnSe  and  72  basis  functions 
for  ZnS.  The  resulting  electronic  band  structures  are  shown  in  Figures  1  and  2. 
fables  111  and  IV  list  the  calculated  energies  at  high  symmetrv  points  in  the  Brillouin 
zone.  .Also  included  in  these  tables  are  e.xperimental  results  and  theoretical  results 
from  the  semi-<r/>  iniiid  (31  (  \<t  method.  K  (lo  method.  rvviR  method,  and  Of’w 
method.  A  consequence  of  using  the  additional  Zn  p-(i  to  can  be  seen  in  fdgurc  2. 
where  the  1.^  state  for  ZnS  is  ca.  0.2  eV  lower  than  the  state.  Our  results  are 
verv  similar  to  those  obtained  by  Huang  and  Ching  using  the  (3l.('AO  method,  but 
signihcanl  differences  are  present  in  comparison  to  the  iccio.  pvmb.  and  ()pw 
methods.  In  general,  our  upper  valence  bands  and  conduction  bands  lie  higher  by 
a  few  tenths  of  an  cV  to  a  few  eV  than  the  corresponding  bands  from  the  (3thcr 
three  methods.  This  is  a  result  of  our  calculations  being  nonself-consistent,  while 


ZnSe  {2-atom  unit  cell) 


f  igure  I  The  energy  band  structure  of  hulk  ZnSe  (2-atoms/unit  cell  I  the  resulting 

band  gap  is  direct. 


K 


Ulo  l(  (io.  rwtM.  and  oi’W  cakulalions  arc  scH'-consistcnt.  Scll  consistcni  calcu¬ 
lations  using  the  I  i)  \  arc  known  to  underestimate  the  excited  states  |  2.?  -k4 1  Ii  is 
interesting  to  note  that  some  disparitx  also  exists  in  the  experimeiiial  data.  I’ho- 
toemissum  spectroseopx  measurements  on  /nSe  1 16.  P  ) .  lor  example,  diller  h\  (1.6 
eV  lor  the  I  u  state. 

I  he  i  /nScjif/nSii  Sl.S 

Interest  in  the  Zn.Se  Zn.S  si  s's  has  v>ecurred  rather  reicntlx  aiul.  to  the  hesi 
our  knowledge,  there  ha\e  been  onlx  txso  eleetnmic  b.md  structure  studies  on  the 
short-period  si  s's:  a  self-consistent  pseudopolential  ealculaiion  h>  \aka\ama  [  2S  1 
and  a  self-consistent  PVMH  calculation  hv  Bernard  and  Zunger  [22j.  I  he  lattei 
calculation  was  done  on  the  ordered  pseurlohmarx  allox  Zn-SeS,  whix  h  m  the  crx^ial 
limit  goes  to  the  (  ZnSe ), ( ZnS ),  si  s.  1  hese  results  represent  the  first  <t/>  i  (  \o 
calculation  on  the  band  structure  of  the  ( Z.nSe  )|(  ZnS ),  st  s.  I  here  haxc  also  been 
two  eicctrtinic  structure  calculations:  a  semi-empirical  tight-binding  calculation  to 
determine  the  energy  band  gaps  by  Wu  et  al.  |2d)  and  a  self-consistent  linear 
mullin-tin  orbital  calculation  to  determine  the  xalence  band  olfsets  (  not  xonsulei  ed 
in  this  article)  by  (iorc/yca  and  C  hristensen  (.40j. 

The  {  Z.nSe  )i  { ZnS  )|  SI. Scan  be  modeled  using  lhe(  uAu  I  structure  i  shoxxn  m 
Fig.  .4).  where  the  st  s  is  assumed  to  he  free-standing  so  that  the  eliects  of  the 
substrate  can  he  ignored.  The  eliects  of  the  elastic  strain  on  the  lattice  can  be 
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T\HI  I  IV.  Tho  lak'LilalcM  cM'Tgics  lor  /iiS  at  hijth  s>itinK‘!i>  points  in  itu'  Hnlioiiin  /one  \!i  vaiiiis 
arc  in  electron  soils  anil  measiirctl  seiih  respect  to  the  top  of  the  saicnee  hanil  at  the  I'-piunt  I  he  results 
arc  from.  1 1 1  \ii  using  the  lull  Slater  cseliangc  eorrclaiion  (this  work).  i>!  t  \i>  using  an  aii(ustaMc  Slater 
exchange  correlation  d  match  the  e\|X'nmcnial  hani!  gap  |^lj.  self-eonsisient  iii.o  using  the  scnii- 
relalisislie  VV  igner  c-.change  correlation  |2V|.  self-eonsistent  t's  \itt  using  the  (  eixrles -  Vliler  eseluinge 
correlation  (22),  self-consistent  oi’w  asing  the  full  Slater  eschange  correlation  (24),  and  esperiincnial 

measiirenienis. 
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■*  Reference  [16]. 
^  Reference  (20), 


determined  using  the  vi  i  model,  as  was  done  in  the  work-s  ol'  Bernard  and  Zunger 
and  of  Nakayama.  A  primitive  tetragonal  4-atom  unit  cell  was  used  with  the  fol¬ 
lowing  lattiee  vectors 

a,  =  -1/2.0). as  =  a„(I/2.  1/2.0). anda,  -  a,(0.0.  1). 

where  and  r;-  are  the  lattice  constants  which  are.  respectively,  parallel  and  per¬ 
pendicular  to  the  interface.  Furthermore,  a-  can  be  expressed  as  2ih„  s,-  +  2(//„  s- 
where  the  d'%  represent  the  interatomic  distances  along  the  e-dircclion.  The  positions 
of  the  atoms  arc;  for  Zn 

t,  =  (0.  0.  0)  and  F  -  (<a,/2.  0,  2r//„  s. )  - 


for  Sc 
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I AHI I  V.  1  he  I'iik'tilalal  eiiiTjtics  r«*r  the  ( /nSc)|(/nS),  SI  S 
.It  till'  r'-pi)ini  ill  the  CiiAu  I  Urilliniin  /mie.  All  values  are 
iiUMsiireil  in  eleelion  volts  and  measured  with  res|K‘et  to  the 
top  ol'thc  valeiKv  hand  mavimtini.  I  he  results  are  I'rom  1 1 1  vi  i 
[this  work),  sell-eonsisient  I’VMti  |2(t|.  and  sell-eonsistent 
psuedopotential  [2S1.  I'or  Rel'.  |2X|,  values  were  taken  Irom 
the  graphs  and  are  only  approsiniaie.  Where  degeneraeies  are 
hroken.  the  representation  in  the  /inehletule  striieture  is  givin 
I'ollowed  hy  the  new  representation  in  the  (  uAu  I  siruelure. 
The  vtilues  inside  the  parentheses  iiulieate  the  ilegeneraeies. 
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from  the  results  ofNakayama’s  vm  calculations  [2S]. 

At  high  symmetry  points,  the  following  approximate  correspondence  rclatittns 
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(ZnSe>i(ZnS)i  SLS 


•  Zn  OSe  Os 

Figure  3.  The  {ZnSeiiCZnSt.  siraincd-!a>cr  superlaltice. 


F'  ^  r  +  A/ , 

A/  '  A\  +  A\  . 
and 

M  T 

The  relations  are  approximate  as  the  expected  degeneracies  from  such  foldings  are 
removed  due  to  ( i )  the  anions  now  consist  of  both  Se  and  S  and  ( ii )  is  not  equal 
to  u-_  [22J.  The  resulting  band  structure  is  shown  in  Figure  4.  Table  V  lists  our 
calculated  energies  at  the  F'-point  in  the  f'uAu  I  Brillouin  zone  along  with  the 
results  of  Bernard  and  Zungcr  and  those  of  Nakayama.  As  was  the  case  with  the 
bulk  materials,  our  upper  valence  bands  and  conduction  bands  lie  higher  than  the 
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(ZnSe)^(ZnS)j  b'L3  (4  atom  unit  ('ell) 


l  iguff  4,  I  hi'  iTu:r^\  haiul  sliuiluiv  <>l  the  i /tiSe  1. 1 /nS  >  sl'.ur'.r'l-i.ii..  t  Mitvii.iitue 
( 4-.tluiiis  iimt  cell ).  I  he  ivmi!(!iii'  h.ini!  vmj'  in  Jitcn  I 


corresponding  bands  from  the  two  sell'-consistent  methods  I  he  espennietil.il  work 
being  done  (tn  these  ZnSe  ZnS  si  s's  are  in  the  areas  ol  perteeiing  gtoe.  ili  teih- 
niques  and  measurements  on  tlie  long-pertod  si  s's  J  i  -,v>  1  ] ,  so  that  no  eoinpai  ison 
of  experimental  results  to  our  calculations  is  possible. 

A  Mullikcn  population  analysis  ot'our  results  at  the  i'  -point  shows  the  loilownie 
For  the  two  I”i  states  of  the  lower  valence  bands,  the  bottom  is  loeali/ed  m  ZnS 
and  ttie  top  is  localized  in  Zn.Se.  the  heav\-hoIe  F'n,  state  is  localized  m  ilie  ZnSe 
layer,  while  the  light-hole  I'Z.  state  is  a  mix  between  the  ZnSe  (ea.  I'D  i  and  ZnS 
(ca.  42'r  )  layers.  The  F',,  state  ( i.e..  the  conduction  band  minimum!  was  !,>und  to 
be  u'Ominant  Zn.  while  the  TZ  (  \ )  and  Fj.  ( .\ S,  )  states  showed  small  amount'-  of 
sand  p  mixing  with  the  Se  and  S  anions.  Presentis.  we  have  calculations  m  process 
to  determine  if,  as  the  monolayer  thickness  is  increased.  ( i )  the  localization  of  the 
heavy-  and  light-hole  states  in  the  ZnSe  layers  becomes  more  distinct  and  ( ii  i  Ihe 
FZ  state  will  also  become  localized  in  the  ZnSe  layers.  I  he  results  of  \ak.r. ama's 
work  on  the  ( ZnSe  )„,(  ZnS  )„,  SI  ;s‘s.  for  ni  <'  4.  showed  that  the  localization  u!  tlie 
heavy-  and  light-hole  states  in  the  Zn.Se  layers  did  become  more  ilistmet  '.oth  in¬ 
creased  monolayer  thickness.  However,  his  results  did  not  show  the  same  distinct 
localizatiirn  for  the  FZ  state. 


Energy  (eV) 
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All  (.<!'  ihc  oak'iilalions  1'ov  this  ariiclc  were  ilonc  on  ihc  i  isi  ll»M  '(Wit  jtios 
computer.  1  or  scalar  code,  the  litM  vmII  run  al  the  cipiivalcnt  spccil  ol  i  <  ta>  \  - 
Mi’,  l  i'r  '.cctori/od  code,  winch  slmnld  eisc  a  sipinlicani  rcdiiciion  in  (  f’t  iimc 
inerihe.scalar  version,  the  llt\l  isappiaiMinaleK  20' .  slower  than  the(  ra\ .  I’rescniK, 
work  IS  under  wa>  to  veetori/e  the  1 1  <  \i  >  code,  hoi  the  Inilk  2-atom  imii  cells,  the 
energe  matnv  integrals  (exeludinu  ihtrse  involving  the  I  (  r)  terms)  were  ractori/evl. 
However,  since  the  celts  were  nonreeltingular.  a  retiuction  Irom  an  \  '  problem 
could  not  he  made.  I  he  (  I’l  times  needed  lor  their  evaluation  and  eonsirueiion 
of  the  energv  malm  was  ca.  20  I  ./2  mm  for  /nSe  aiut  ea.  2b  mm  for  /nS.  The 
telragonal  4-ati>m  umi  cell  used  for  the  (/nSeld/nS).  si  s  allowed  the  reduction 
Ui  a  .^N  problem  for  the  faclon/ahlc  integrals,  lor  this  uise,  oniv  ca.  '  1  .'  2  t  I’l 
min  were  needed  for  the  evaluation  of  the  integrals  and  eonstruetion  of  the  energv 
matrix.  Although  the  si/e  of  the  unit  cell  is  dvnible  that  of  the  /mcblende  unit  cell. 
oni\  a  third  of  the  (  I’l  lime  was  retiuired  due  to  the  rectangular  svmmeirv. 

rite  t  P(  lime  needed  for  the  diagonali/ation  of  the  energv  matrix  is  roughiv 
propc'rtional  to  the  number  of  basis  functions  cubed.  I  or  each  k  point,  the  (  w 
time  reviuired  to  diagonali/e  the  energy  matrix  arni  solve  for  tlte  eigenvectors  was: 
ca.  2  i  s  for  ZnS.  ca.  4 1  s  for  ZnSe.  and  ea.  ^  minutes  for  the  (  Zn.Se  )i  (  ZnS  >! .  I  o 
demonstrate  how  draslieallv  these  limes  rise  with  larger  bases,  we  calculated  energies 
of  the  (  ZnSe),(  ZnS  )(  st  s  at  a  lew  high  symmetry  points  using  a  veetangulav  Ib- 
aiom  unit  ceil.  I  he  evaluation  of  the  imegralsand  eonstruetion  of  the  energy  matrix 
needed  ea.  1  /2  (  f’t  h,  which  was  the  expected  factor  ot'four  increase  in  lime  from 
the  4-atom  unit  cell.  However,  each  k  point  needed  ea.  2  1/2  h  oft  i>t  lime  for 
the  diagonali/ation  of  the  matrix  and  solution  of  the  eigenvectors,  l  or  the  long- 
period  SI  s's,  this  large  lime  demand  will  be  the  prime  dilhculty  for  band  structure 
calculations.  Vectori/ing  the  code  will  certainly  help  reduce  this  time,  as  would 
free/ing  the  core.  However,  improved  techniques  for  the  diagonah/alion  of  the 
energy  matrix  need  to  be  considered  as  well  n2]. 

I'he  experimental  studies  reporting  the  blue  emissions  and  peak  shifts  were  work¬ 
ing  with  long-periotl  si  s's.  So  before  wo  can  mtike  any  delinitive  conclusions  re¬ 
garding  the  prospects  of  using  ZnSe  ZnS  si  s's  in  the  tievelopment  of  a  blue- 
emitting  semiconductor  laser  diode,  I'uriher  calculations  (  m  progress  1  of  these  si  s's 
for  increasing  monolayer  thicknesses  are  required.  1  he  purpose  of  this  article  was 
to  establish  the  1 1 1  xo  method  as  an  elfeetive  technique  for  studying  the  long- 
period  si  s's.  VVe  believe  we  have  done  this  by  showing  that  ( i )  for  a  unit  cell  with 
tec. angular  symmetry,  factori/ation  ol  the  integrals  greatly  reduces  the  amount  of 
(  I’l  time  needed  for  their  evaluation  and  ( ii )  the  results  of  our  hulk  ZnSe.  bulk 
ZnS,  and  the  ( ZnSe  )i  (  ZnS );  si  s  calculations  compared  well  to  the  results  ol  other 
seif-consistent  melhoiis. 
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Abstract 

We  report  on  the  results  ol' calculations  of  the  electronic  structure  ol'n-giian/  that  were  made  using 
the  tirst  principles,  laetori/ed  linear  combination  ol’atomie  orbitals  method.  Results  were  obtained  lor 
the  primitive  S)-alom.  and  orthorhombic  18-  and  72-atom  unit  cells.  Application  of  this  melhixl  to  the 
calculation  of  the  electronic  structure  of  the  neutral  oxvgen  sacanev  in  n-quart/  is  discussed  and  results 
obtained  using  a  72-alom  unit  cell  are  given.  <  l')y2  John  Wikw  &  Sons.  Inc 


Introduction 

The  ah  initio  linear  combination  of  atomic  orbitals  (I.C  ao)  or  tight  binding 
method  has  been  shown  capable  of  accurately  predicting  the  electronic  band  struc¬ 
ture  and  associated  bulk  properties  of  insulating,  semiconducting,  and  metallic 
solids  { 1  -5  ] .  Recently,  the  method  has  been  extended  to  the  study  of  surface  states, 
complex  crystals,  and  amorphous  materials  that  require  large  numbers  of  atoms 
within  the  unit  cell  [6-10].  These  extensions  are  made  possible  by  the  fact  that  the 
tight  binding  method  requires  an  extremely  small  number  of  basis  functions  per 
atom  to  accurately  describe  the  electronic  structure  of  a  solid.  Nevertheless,  as  the 
number  of  atoms  within  the  unit  cell  becomes  large,  the  CPU  time  needed  to  calculate 
and  disk  space  needed  for  storage  of  the  enormous  number  of  multicenter  integrals 
required  for  an  accurate  determination  of  the  electronic  structure  place  practical 
limits  on  the  size  of  the  problems  that  can  be  treated  by  this  approach. 

A  recent  mathematical  reformulation  of  the  ah  initio  re  aO  method,  the  Factorized 
LCAO  (F1.CAO)  method,  has  greatly  increased  the  size  of  the  problems  that  can  be 
studied  using  this  approach  [8].  Within  the  framework  of  this  formulation  it  is 
shown  that,  for  those  crystals  which  have  cubic,  tetragonal  or  orthorhombic  sym¬ 
metry  or  can  be  “forced”  to  assume  such  symmetry  by  simply  choosing  a  larger 
nonprimitive  unit  cell,  { i )  the  number  of  multiccnter  integrals  to  be  evaluated  can 
be  reduced  from  an  A  ’  problem  to  a  3A'  one.  where  A'  denotes  the  number  of 
equivalent  sites  within  a  radius  R  about  a  given  center  in  the  unit  cell,  and  ( ii )  the 
multicenter  integrals,  per  se,  need  not  be  directly  calculated.  We  report  in  this 
article  on  the  results  of  a  study  of  the  electronic  band  structure  of  o-quartz  and  of 
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the  neutral  oxygen  vacancy  in  a-quart/.  and  in  an  accompanying  article  our  results 
for  ZnS.  ZnSe.  and  the  {ZnS)i/(ZnSe)|  heterostructure  [11]  that  were  obtained 
using  the  nc  xo  method. 

Factorized  tx  ao  Method  and  .Vpproach 

In  this  section  we  briefly  summarize  the  relevant  features  of  the  1 1  x  \o  method 
as  it  applies  to  this  calculation  and  refer  the  interested  reader  to  Ref.  [  8  j  for  further 
details.  .As  with  all  band  theoretical  methods,  we  are  interested  in  obtaining  the 
single  particle  states  of  electrons  in  a  solid.  We  assume  that  the  electron-electron 
interactions  can  be  adequately  described  by  a  local  cr\sialline  potential  that  exhibits 
the  periodicity  of  the  chosen  unit  cell.  The  exchange/correlation  interactions  were 
described  using  the  form  of  the  local  density  functional  approximation  to  the  ex¬ 
change  first  suggested  by  Slater  [12].  This  appears  to  work  quite  well  for  nonself- 
consistent  calculations  such  as  the  ones  that  are  reported  on  in  this  arttcle.  .A  nu¬ 
merical  crystalline  potential  is  calculated  for  a  predetermined  grid  of  points  from 
a  charge  density  that  is  obtained  from  a  linear  superposition  of  free  atom  atomic 
charge  densities.  It  is  further  assumed  that  the  crystalline  potential  can  be  written 
in  the  form 

r(r)  =  I  'fr)  -f-  I-'-fr)  +  T‘(r)  .  (  1  ) 

where 

l‘(r)=  Z  2  1  . 

>■  / 

r‘'’(r)s  z  2  S  'T,,  cxp[-ri„(r,,)-]  . 

i-  ;  / 

r*(r)  s  2  ^  exp[/K„-(r  -  O]  . 

and  where  /■,.,=  j  r  -  ( R,.  —  1,)}  and  C  is  some  point  in  the  lattice  about  which  the 
Fourier  series  is  expanded.  Since  the  decomposition  of  1  (r)  is  not  unique,  the 
1  ■'  (r)  atid  T'^’fr)  contributions  are  chosen  in  such  a  manner  as  to  make  the  Fourier 
contributions  from  r^(r)  negligible.  In  this  study  we  found  it  sufficient  to  retain 
only  the  K|  =  0  term.  This  decomposition  greatly  simplifies  the  evaluation  of  the 
multicenter  integrals  when  the  variational  wave  functions  for  a  point  k  in  the  Bril- 
louin  zone  are  expressed  as  an  expansion  of  Bloch  functions  formed  from  Gaussian 
orbitals. 

Many  crystals  have  either  cubic,  tetragonal  or  orthorhombic  sy  mmetry .  and  many 
others  can  be  forced  to  assume  such  rectangular  sy  mmetry  by  simply  choosing  a 
larger  unit  cell  than  the  primitive  cell.  For  example,  the  Bravais  lattice  of  (»-quartz 
is  hexagonal  where  the  primitive  lattice  vectors  arc  given  by 

a,  -  d/(.V'%-I.0)/2.  a:  =  afO.l.O),  a,  -  c{().().l  ) .  (2) 

and  contains  nine  atoms,  three  silicons,  and  six  oxygens.  For  this  primitive  unit 
cell,  the  primitive  vectors  of  the  reciprocal  lattice  arc 


1 1  (  \H  t  I  \  1 1<)\  01  ..-Si(  >  (1' 

bi  (4r  .V  ■',/)(  l.lt.OK  h;  (2;r/\V  'i/ H  I ,  '  ’  ’.()).  b,  {2r.  ,)(ti,ii.ii  (’%> 

I  he  cr\stui  eaii  he  "roreeci"  to  have  oitliorhi>mlne  svinineiiA  h\  elioosiiie  ,i  new 
unit  veil  that  is  twice  as  lariic  with  "priniitise"  lattice  vectors 

A;  :ii,  i\:  4 '  a/(  l.o.d !,  A.  a-  ./(O.l.ti).  A.  a.  ctO.O.ii.  f4i 

and  reciprocal  lattice  vectors  given  hv 

Bi  (:?r/,V  ■'</)(  l.o.(l).  B-  Cir/atXO.l.Ol.  B C.t  <  H  U.P.  I  )  ,  (>) 

Bv  a  similar  transl'ormation,  it  is  possible  to  choose  a  unit  cell  tor  the  /iiii.  blende 
structure  that  is  tetiMgc  '  -.i  and  twice  the  si/e  ol' the  inimitive  cell  or  cubic,  and 
four  times  the  si/e  of  the  primitive  cell  [  1  1 1  More  imporlaiuK,  it  is  almost  alwa\s 
possible  to  choose  a  rectangular  'superceil"  lor  use  m  calculations  ot  surface  s'uitcs. 
amorphous  materials,  or  detects  in  solais.  The  presetKc  o!  such  svminctrv  gicaiK 
simplifies  tight  binding  calculations. 

Where  rectangular  svmmetrv  esists  or  can  be  lorced.  the  lattuc  v colors  van  he 
written  as 


R,  ‘  I'.’U  V  *  ru/;/  . 

In  such  a  case,  it  is  show n  in  Ret.  { S ]  that  the  imilticentei  integrals  aie  tacioi  i/ahle 
The  primitive  (  iaussivins  are  written  as 

Xnto.r)  \’'rr’’e\p!  <»/•':.  where  n  in.ij’n. 

f  hen.  following  the  notation  used  in  Ret.  |M).  a  potential  energv  nuitriv  element 
of  I  '',  evaluated  at  a  point  k  in  the  Bnilouin  /one,  can  he  written  m  t.kton/ed 
form  as 

^  e\p(  'k  ■  R,  )  \  „i  o; .  (I  -  .  B  R. .  (■ ) 

*1 

^  e\p(  /  A  ,ra/.  )ll  ,  i  „  d  o  I .  o  -  .  ,1  .  T  ,  //,  r-tl,  .  (  1  ! 

.  r  j 

^  e\p(/ A , (It ,, i ,  <1  il  (  .  H  r  </  - .  (  '  ) 

C'spt' A  )If  d  <ft  .  O.’.  .1  .  I  .  /i  I'.c/.t  i|.  lb) 

where  the  elements  of  the  11  matrices  are  given  by 

ii  ,  i  ,  ;  d  (I  1  .  O  ’  ,  d.  .  I  ,  .  /A,  .  (  ,  )  (,  1  d  O  ].(«•,  d,  .1  ,,  /T  .  (  .  :  11  I  )  . 


flic  I  \  arc.  in  general,  simplv  .Teenier,  .Tgaussian  integrals,  I  his  shows  that  1 1 1 
the  lattice  sum  over  \  '  terms  that  must  normallv  tv  done  in  conventional  I  (  \<  i 
calculations  reduces  to  three  summations  of  onlv  \  terms  each  and  ( li )  the  individual 
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multicenlcr  integrals  need  not  be  evaluated  and  that  onK  the  H  -matrices  need  to 
he  calculated  and  stored  on  disk.  These  two  features  not  onlv  lead  to  a  significant 
increase  in  the  speed  of  computation,  but  also  leads  to  a  significant  reduction  in 
the  amount  of  disk  storage.  \  ectori/ed  computer  codes  are  in  the  process  of  being 
developed  for  the  IBM  .1090-200S  that  utilize  these  features  of  the  F  l  (  \o  method, 
although  the  scalar  versions  were  used  to  calculate  the  electronic  structure  of  «- 
quartz  that  will  be  reported  in  the  next  section  of  this  article,  and  of  Zn.S,  ZnSe. 
and  the  i-1  heterostructure  in  an  accompansing  article  [11). 


F.nergy  Band  Structure  of  a-Si02 


Review 


In  this  section  we  present  the  results  of  our  calculation  of  the  electronic  band 
structure  of  o-SiO;.  Among  the  oxide.s.  quartz  is  a  rather  unique  material.  It  is 
extremely  stable  and  can  be  grow  n  with  high  quality.  Due  to  its  piezoelectric  nature, 
it  is  widely  used  as  the  key  element  in  precision  frequency  control  [1.^].  Because 
of  its  high  technological  importance,  its  cry  stal  and  electronic  structures  have  been 
intensively  studied  both  experimentally  and  theoretically  for  several  decades.  Alpha- 
quartz.  also  known  as  low  quartz,  is  stable  at  room  temperature.  It  exists  in  both 
right-  and  left-handed  forms,  corresponding  to  the  enantiomorphous  space  groups 
=  R3:2  \  and  Di  =  /’3|21.  respectively  .  Here,  we  only  consider  the  right-handed 
form,  although  both  forms  often  exist  in  real  crystals.  The  unit  cell  contains  nine 
atoms  and  was  discussed  in  the  previous  section.  At  29.3  K.  the  primitive  lattice 
constants  are  a  =  4.91 34  A  and  e  ~  5.4052  A  [14].  In  addition  to  the  9-  and  18- 
atom  unit  cells,  energy  bands  were  also  calculated  for  the  72-atom  orthorhombic 
unit  cell  where,  the  lattice  parameters  were  chosen  to  be  ( in  terms  of  those  for  the 
18-atom  cell)  .I.  =  (|.  -  2.1;.  and  I'i,  =  2  F?. 

There  have  been  several  recent  band  structure  calculations  reported  for  alpha 
quartz  (7.15-19).  Chclikowski  and  Schluter  [15)  made  a  self-consistent  pseudo- 
potential  calculation  of  the  valence  band  structure  that  gives  good  agreement  with 
experimental  data  for  the  band  gap,  optical  spectrum,  and  photcxjmission  spectrum. 
The  calculations  of  Calabrese  and  Fowler  [16)  were  made  using  the  mixed-basis 
function  method  for  a  cry  stalline  potential  that  was  con.structed  by  superimposing 
atomic  Hartree-I  ock-Slater  potentials  obtained  from  the  Herman-Skillman  codes 
[20).  The  results  reported  in  Refs.  (7),  (17-18)  were  obtained  from  nonself-con¬ 
sistent  tight-binding  calculations  that  differ  in  the  way  the  exchange  was  treated, 
the  choice  of  ba.xis,  and  the  method  used  for  decomposing  the  crystalline  potential. 
The  calculations  of  Li  and  Thing  [  1 8 )  arc  noteworthy  in  that  they  report  the  energy 
bands  and  densities  of  states  for  all  the  polycry.stalline  forms  of  SiOj.  The  calculation 
of  Dovesi  et  at.  was  made  using  the  pericxiic  Hartree-Fock  method  [21]  with  a 
minimal  si()-3G  basis.  They  compare  their  se  t  results  with  those  obtained  from 
S(  F  Hartree-Fock  calculations  for  the  molecular  cluster  Si:07Hf,  and  find  very 
good  agreement  between  the  two  sets  of  results. 
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1  he  ciAsUilliiio  piilonii;il  used  in  thiseuleulation  waseonstrueled  by  su|X*rim posing 
atomic  cliarge  iJensities  that  were  calculated  using  moililied  I  Icrnian-Skillman  codes 
(2()| .  rhe  atomic  configuration  of  tlic  Si  was  assumed  to  be  3s '  3p  *.  and  tlie  Slater 
form  of  the  exchange  [12]  used  throughout.  The  crystalline  charge  density  was 
determined  along  nonequivalent  directions  about  the  oxygen  and  silicon  sites  in 
the  lattice,  and  used  to  calculate  the  crystalline  potential.  This  numerical  potential 
was  the  deconvoluted  into  a  sujxTposition  of  atomic  centered  analytic  potentials 
as  described  by  Iic|.J  1 ).  I'he  linear  and  nonlinear  parameters  appearing  in  these 
exprc.ssions  were  determined  by  a  least  sc|uares  fitting  process,  and  the  results  are 
given  in  fable  I.  F'or  this  set  of  potential  parameters.  r^{r)  \\  n  ^  -0.  l.^i  a.u. 

and  gives  a  lit  potential  having  a  rms  error  of  7.SS  .  !()  '  a.u.  with  respect  to  the 
numerical  crystalline  potential.  I'or  our  basis,  we  chose  the  atomic  Gaussian  sets 
of  Veillard  [22]  for  the  silicons  and  the  ( 10/6)  basis  of  Hu/inaga  [23]  for  the 
oxygens.  None  of  the  Gaussians  were  omitted  from  either  basis  as  is  often  done  in 
order  to  reduce  the  computational  burden.  Several  methods  were  studied  for  con¬ 
tracting  the  basis,  including  those  contained  in  the  articles  cited,  through  calculations 
of  the  states  at  selected  k  points  in  the  first  Brillouin  /one  for  the  18-atom  unit  cell. 
These  had  little  to  no  effect  upon  the  valence  band  states,  but  some  showed  significant 
effects  on  the  conduction  band  states.  The  method  of  contraction  which  we  have 
found  most  appealing,  and  was  employed  in  our  II-VI  studies  [II].  goes  as  follows. 
A  calculation  was  made  for  the  18-atom  unit  cell  at  the  f  point  using  the  fully 
uncontracted  basis.  For  this  basis,  this  gives  rise  to  570  Bloch  functions.  The  coef¬ 
ficients  of  the  Bloch  functions  for  the  core  states  can  be  readily  identified  as  being 
predominantly  due  to  symmetrized  combinations  of  atomic-like  orbitals  that  can 
be  expressed  as  a  linear  combination  of  the  basis  of  one  type  of  atom.  These  coef¬ 
ficients  arc  renormalized  and  used  to  describe  the  core  orbitals  in  subsequent  cal¬ 
culations.  FToni  the  results  for  the  valence  and  conduction  hand  states,  it  is  possible 
to  determine  which  of  the  uncontracted  CJaussians  can  lie  omitted  from  the  re¬ 
mainder  of  tlte  liasis.  In  this  case,  a  342-memlier  contracted  basis  was  constructed 
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which  had  negligible  etfcct  on  the calculaled  hands.  We  calculated  an  indirect  band 
gap  energy  lor  a-quart/  using  the  570  uncontracted  Ciaussian  basis  ot'S.,V)  eV  and 
8.47  eV  using  the  342  contracted  basis.  In  Figures  1  to  H  we  sht)w  the  results  of 
our  calculations  of  the  energy  band  structure  and  densities  of  states  (  dos)  for  a- 
quart/.  For  purposes  of  comparison  with  earlier  calculations  by  other  methods, 
and  due  to  the  difficulty  in  displaying  twice  as  many  stales  in  a  figure  of  this  si/e. 
we  only  show  a  detailed  plot  of  the  band  structure  for  the  9-atom  pnmitise  cell, 
fhe  DOS's,  .shown  in  F-igures  2  to  5  are  for  the  18-alom  unit  cell  results,  although 
we  could  detect  no  discernable  ditferences  between  the  ixts's  obtained  for  the  two 
cases,  which  is  as  it  should  be.  It  should  be  noted  that  in  going  from  the  9-  to  the 
1 8-atom  unit  cell,  the  volume  doubles  and  the  number  of  occupied  slates  per  reduced 
k-voctor  also  doubles.  The  F  point  for  the  18-atom  cell  contains  both  the  F  and  .1/ 
points  of  the  9-atom  cell.  A  good  picture  of  the  bands  for  the  18-atom  cell  along 
this  direction  can  be  seen  from  Figure  I  by  recognizing  that  .1/  folds  over  onto  F. 
L  onto  .1 ,  where  the  “fold"  is  made  at M.  A  similar  folding  over  of  bands  occurs 
in  going  from  the  1 8-  to  the  72-atom  unit  cell.  This  results  in  there  being  96  weupied 
states  per  k-vector  in  the  72-atom  unit  cell's  oxygen  nonbonding 
"2p'’  band. 
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In  Figure  4  we  show  the  ealeulateci  valence  hand  iX)S  and  have  also  plotted  the 
evpenmentalh  measured  \-ra\  and  ultraviolet  photoemission  spectra  tor  d-quarl/ 
for  comparison  [24.25].  Ihe  agreement  should  be  considered  to  he  quite  good 
since  the  theoretical  1X)S  does  not  contain  an\  corrections  lor  instrumental  line 
hroademng  etlects  nor  for  the  dilFerent  optical-absorption  cross  section  for  electrons 
of  dill'erent  quantum  numbers  (26).  The  four-peaked  structure  in  the  calculated 
DOS.  which  from  the  partial  Dos  results  shown  in  f  igure  we  attribute  to  the  () 
(2p)  Si  t.^p)  bonding  band  between  4  and  4  eV.  is  in  agreement  with  the 
M’S  data  (27).  In  Figure  5  vve  compare  our  calculated  Dos  for  the  states  near  the 
bottom  of  the  conduction  band  with  etfectivc  photoioni/ation  cross  section  data 
(28].  i  he  data  suggests  that  there  is  a  conduction  band  densitv  of  states  peak  at 
abtiut  I  c'V  above  the  bottom  of  the  conduction  band.  1  he  calculated  nos  shows 
a  shoulder  m  that  range  but  the  first  peak  occurs  ca.  I  eV  higher  and  niav  relleet 
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Figure  5.  Comparison  of  the  calculated  conduction  band  densitv  of  stales  with  the  etfectisc 
photoioni/ation  cross  section  for  o-tjuan/. 


the  fact  that  this  calculation  is  not  self-consistent.  Our  calculations  using  the  con¬ 
tracted  basis  give  an  indirect  band  gap  of  8.47  eV  from  A'  -►  T, .  although  the  Sf  -*■ 
r,  transition  is  only  0.01  eV  above  this.  The  experimental  gap  energy.  A\,,  as 
determined  from  photoconductivity  measurements  is  8.9  eV  [29].  The  difference 
between  the  value  for  obtained  from  our  calculations  and  the  experimcittai  value 
can  be  attributed  in  part  to  our  use  of  the  Slater  exchange  and  to  the  fact  that  the 
calculations  are  not  self-consistent.  This  value  is  somewhat  smaller  than  those  ob¬ 
tained  by  (i)  He^ie  et  al.  (8.61  eV)  [7],  who  used  the  Wigner  interpolational 
formula  for  the  exchange  and  correlation,  (ii)  Li  and  Ching  (8.8  eV)  [18],  that 
was  obtained  from  an  olcao  calculation  where  they  used  a  value  for  the  exchange 
parameter  of  a  =  0.8  and  a  minimal  basis,  and  is  larger  than  that  calculated  by 
Batra  (7.6  eV),  who  used  the  extended  tight  binding  method  with  the  Kohn-Sham 
exchange  [17].  Nevertheless,  aside  from  the  calculated  values  for  the  gap  energy, 
the  calculated  valence  band  widths  and  positions  are  in  generally  good  agreement 
with  experiment,  and  with  previous  lcao  calculations,  in  spite  of  the  fact  that  all 


Figure  6.  Oxygen  ‘'2s"  valence  bands  for  o-quart/. 
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Figure  7.  l  o'^  l>ing  conduction  bands  lor  t«-quart/. 


were  made  using  highly  contracted  basis  sets.  It  should  be  noted  that  the  contracted 
basis  used  in  this  work  is  three  times  larger  than  the  minimal  basis  (114  for  the  1 8- 
atom  unit  cell ). 

In  Figure  3  and  Table  II  we  show  our  results  for  the  partial  densities  of  states 
and  Muliiken  population  analysis  of  the  valence  bands  and  of  the  states  near  the 
bottom  of  the  conduction  band.  They  clearly  show  that  the  major  contributions  to 
the  valence  band  states  are  from  the  oxygen  s-  and  p-orbitals.  with  only  small,  but 
as  we  shall  see  important,  contributions  from  the  silicons.  The  contributions  to  the 
low  lying  states  of  the  conduction  band  arising  from  the  oxygens  and  silicons  are 
comparable,  whereas  the  silicon  p-orbital  contributions  dominate  the  higher  con¬ 
duction  band  states.  The  six  bands  shown  in  Figure  6,  (from  bottom  to  top  we 
label  these  1  -»■  6).  comprise  the  lowest  of  the  valence  bands  of  o-SiO:  that  the 
population  analysis  shows  to  be  predominantly  oxygen  “2s"  in  origin.  From  the 
results  of  this  analysis  and  that  of  the  coefficients  of  the  lcao  Bloch  functions,  it 
was  possible  for  us  to  develop  a  simple  model  for  describing  the  origin  and  ordering 
of  the  states  of  this  band.  We  begin  by  placing  a  silicon  at  the  center  of  a  tetrahedron 
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Figure  8  Oxygen  ‘‘2p"  bonding  and  nonbonding  valence  hands  for  o-quart/. 
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formed  by  four  oxygens.  The  silicon  can  form  sp  ’  hybrid  bonds  with  the  "Zs" 
orbitals  on  ail  four  oxygens.  T  hese  bonds  are  strong  and  help  hold  the  tetrahedron 
together.  They  give  rise  to  a  lou-lying  ,li  bonding  state,  where  the  silicttn  p-orbitals 
have  no  role  for  a  perfect  tetrahedron,  and  a  higher  .^-fold  degenerate  /  .-  state, 
where  the  silicon  s-orbital  similarly  has  no  role.  In  a-quart/.  the  SiO.,  tetrahedra 
are  not  perfect  as  there  are  two  Si  -  O  long  bonds  (  1 .6  i  2  .A )  and  two  Si  O  short 
bonds  {  1 .607  A ).  and  the  angles  between  them  are  not  those  of  a  perfect  tetrahedron. 
Therefore,  these  cancellations  are  not  exact.  We  now  bring  together  these  Si04 
“molecules,"  or  fragments,  to  form  <(-quart/  and  assume  that  the  resultant  wave- 
functions  can  be  represented  b>  linear  combinations  of  the  bonding  mo's,  ( l  (  bmo) 
[30],  This  results  in  a  twelve  MO  basis  from  which  12  Bloch  functions  can  be 
constructed,  only  6  of  which  are  linearly  independent.  From  this  procedure  we  find 
that  the  three  lower  bands  arise  from  the  .1 1  states  of  the  constituent  Si04  fragments. 
The  oxygons  are  strongly  bound  to  the  central  silicon  with  large  overlapping  charge 
and  is  why  they  are  shifted  to  such  low  energies.  Band  1  produces  the  most  bonding 
charge,  where  every  overlap  betvseen  the  .1,  mo's  is  positive.  Bands  2  and  3  are 
again  made  up  of  the  totally  bonded  .  I|  Mo's,  but  combine  out  of  phase  in  order 
to  maintain  orthogonality  to  the  band  1  state.  In  this  way.  all  the  possible  in-  and 
out-of  phase  combinations  of  the  SiOj  .  b  MO's  arc  used  up.  T  hu,s.  bands  4.  5.  and 
6  have  no  other  choice  but  to  form  Bloch  functions  from  the  higher  energy  I':  Si04 
states.  The  bonding  between  the  silicon  p's  with  the  oxygen  2s's  in  these  bands  is 
not  as  favorable  as  that  of  the  silicon  s's  with  the  oxygen  2s's  in  bands  1  -*•  3.  In 
fact,  in  band  1  there  is  1 1*7  Si  (s)  but  in  band  6  there  is  O'i  Si  (s)  and  only  5'-'  Si 
(p).  As  a  result,  in  bands  4  -►  6  the  oxygens  are  more  or  less  on  their  own  and. 
due  to  the  small  overlap,  there  is  little  dispersion.  This  analysis  carries  over  to  that 
of  the  six  lowest  bands  of  the  conduction  bands  shown  in  Figure  7.  and  accounts 
for  their  striking  resemblance  to  the  o.xygcn  “2s"  bands  shown  in  Figure  6. 

However,  an  extension  of  this  analysis  to  the  oxygen  2p„  bonding  and  2p^  non¬ 
bonding  bands  ( sec  Table  II ).  shown  in  Figure  8.  fails  to  provide  any  clear  insight 
into  the  nature  of  the  bonding.  Instead,  we  fmd  that  the  2p.,  and  2p^  band  states 
can  best  be  described  in  terms  of  1 1  ,m<>'s  formed  from  Si:0  mo's,  where  each  of 
the  Si;0  fragments  involves  one  long-  and  one  short-bond,  that  is.  we  picture  a- 
SiO;  as  a  network  of  Si;0  fragments.  In  the  p,.  bonding  band,  the  p-orbitals  on  the 
central  oxygens  “point"  in  a  direction  p  ''allcl  to  a  vector  that  lies  in  the  Si  —  Q  -  Si 
plane  and  from  the  long-bond  silicon  to  the  short-bond  silicon  for  half  of  the  oxygens, 
and  anti-parallel  for  the  remaining  half.  .Similarly,  the  analysis  of  the  p,  nonbonding 
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hand  ^lalc^  con\>pinHl  to  iho  iiwiu'ii’s  p-infuial  luanu  .  lo  iho  Si  ( )  Si  phnu-. 
wticrc  ilic  --inlcraclions  Jominak'  the  BliK'h  luiRlions  uiiii  vioak  <)  Si 

iiUi^'i'acluins,  !  i\csc  aro  prcosclx  ihc  oiiciiuuii'ns  piwiiolod  h>  dll',  simple  pietuic 
and  the  t  (  \U)  ivsults. 

I  tils  analvsis  o'  tlic  1 1  \(  >  state  runclions  tor  die  \alenee  haiuis  heliis  to  e\|il.nn 
die  lone  known  lael  that  exi'ienmental  peaks  m  the  \alenee  ixiiid  ilensitv  ok  states 
t  from  I  ns  or  \ns)  eaii  best  he  int''rpieteil  in  terms  of  \i<  >  ea.Ienlations  !n  usnip 
Si  •()  results  to  deserihe  the  nppei  iO  2iM  two  \alenee  baiuts.  and  SiO;  lesulis 
tor  deserihmu  the  Unser  (O  2sl  \alenee  haiul  (  si].  It  also  helps  lo  aeeonm  for 
the  iiuredible  sneeess  of  S(  I  ealeulalions  on  ■'mininiar'  clusters  iinolMne  two 
I  SiO; )  Ifagments  in  modeling  the  osvgen-saeanev  related  lielects  in  SiO-  j  sd.ss  ] 


Klcetroiiic  Stnieture  <tf  the  Neutral  ()\>(4en  \  aeane>  in  (»-Si()j 

In  this  section  vse  sumniari/e  the  principle  results  ol  a  l  i  <  m o  calculation  of  the 
electronic  structure  of  the  gmund  state  ol  the  neutral  o\\een  \acanc>.  or  I  center, 
in  o-quari/.  1  he  I  center,  an  oxygen  vaeancx  containing  two  sinn-paned  electrons. 
IS  wideh  behexes!  to  be  the  precursor  of  many  of  the  xlefects  in  SiO  Since  f  i’K 
has  been  the  primarx  tool  used  to  characteri/e  defects  in  quart/  ;  ere  is  little  direct 
experimental  information  on  this  diamagnetic  delect.  Recent  optical-absorption 
Studies  of  high-purdx  SiO  class  suggest  that  the  I'hscrxed  .s.O  and  7.6  eV  absorption 
bands  are  associated  xxnh  diis  defect  [  .'4  | .  Sexeral  recent  sc  i  xte )  molecular  cluster 
calculations  shoxx  that  1 1 )  the  txxo  electrons  are  locali/ed  on  tlv  Si-sp  '  orbitals  that 
■point"  into  the  xacancy.  and  ( li )  the  siliet'iis  "relax"  inxxtnd  by  ca.  O.d  \  |  xy..k>| 
or  by  ca.  0,5  A  (.x7,,kS  j  if  the  nnn  oxygens  are  also  alloxxed  lo  "relax"  Irom  their 
perfect  lattice  positions.  An  earlier  nonsell-consistent  ic  xo.  minimai  basis  calcu¬ 
lation.  employing  a  ^2-aiom  unit  cell,  xxas  made  on  this  center  xxhicii  gaxe  a  Idled 
'  ;'";mcy  iexel  2.4  eV  beloxx  the  conduction  band  edge  174),  |  aitu’c  relaxatuin 
ellects  xxere  not  included,  thus  these  results  are  not  consic.  .  cd  xery  realisiii.. 

A  series  of  sc  I  M<  i  cluster  tmd  i  ic  xo  ban  1  structure  calculations  haxe  been 
carried  out  in  order  to  determine  the  ground  and  excited  states  of  the  I  , ,  center 
m  ii-SiO...  I  he  1 1  <  \o  band  structure  xxas  ealeulated  in  the  same  fasliton  as  described 
•  isoxe  xxhere  one  ot  the  oxygens  xxas  remoxed  Irom  the  unit  cell.  I  he  bands  xxere 
calculated  for  both  an  bS’-atom  and  a  '^d-atom  unit  cell  using  the  IS-alom  u-SiO 
contracted  basis  described  aboxe.  l  attice  relaxation  ellects  xxere  included  by  deter¬ 
mining  the  nn  silicon  and  nnn  oxxgen  "relaxed"  (lositions  from  sc  i  xin  cluster 
calcula'.ions  [  j  1  he  results  for  '■\acancx"  band  obtained  from  the  i  5-alom  unit 
cel!  '  alculalion  displaxed  cti.  0,2  e\  dispersion  shoxxing  that  there  xxas  not  enougli 
separation  beixxeen  the  defects  to  adeciuateiy  describe  an  isolated  xacanex  state. 
1  he  results  from  the  "."I -atom  calculation  gaxe  only  ca.  0.01  e\  dispersion  m  this 
"band"  and  the  results  for  the  1'  1/2  M  direction  are  slioxxn  along  xxith  toe  72- 
atom  perlect  crystal  bands  in  I  igure  4.  1  /2  M  is  the  edge  of  thx'  72-alom  n/  in  the 
(  1,0,0)  direction.  1  hese  results  gixe  the  "xacancy"  lexel,  or  band,  to  he  7.7  e\ 
aboxe  the  xalence  band  and  a  band  ga()  of  ca.  <'7.4  e\  .  An  tinalysis  of  the  "xacancy" 
hand  Bloch  fi  ”'  tions  shoxxs  that  thi’  txxo  electrons  are  freah/ed  on  the  nn  silicons 
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f  igure  4.  I'lcctninic  structure  u('<i-guar1/  and  the  neutral  ossgen  \acane>  ( I  1,)  center 
in  (i-quart/  ealculatcd  b>  the  1 1  r  \o  method  eiriploving  a  "2-atoni  supereell 

and  the  tinn  oxygens.  There  is  a  second,  wcil  defined  •‘vacancy”  band  ca.  0.5  eV 
above  the  bottom  of  the  conduction  band,  which  gives  rise  to  a  calculated  value  of 
5.2  eV  for  the  observed  5.0  cV  ( 1'",) absorption  band  (.54  J,  Rudra  and  Fowler  [.59] 
calculated  this  splitting  to  be  6.6  eV  using  the  mim>o/5  technique.  However,  al¬ 
though  our  calculations  include  lattice  relaxation  effects,  since  they  ( i )  arc  not  self- 
consistent.  and  ( ii )  involve  no  corrections  to  the  l.DA  for  treating  the  exchange,  the 
good  agreement  of  our  results  with  experiment  may  justifiably  be  regarded  as  for¬ 
tuitous. 

Summary  and  Conclusions 

In  this  article,  we  have  reported  the  results  of  our  application  of  the  recent  re¬ 
formulation  of  the  l.c  AO  method  to  the  calculation  of  the  electronic  structure  of 
e»-SiO;  and  of  the  neutral  oxygen  vacancy  defect  in  this  material.  Although  the 
calculations  are  not  self-consistent,  they  represent  the  most  comprehensive  study 
yet  made  of  the  electronic  structure  of,  and  the  nature  of  the  bonding  in,  n-quart/'. 
These  calculations,  along  with  those  for  a  55-atom  thick  {  100)  copper  thin  film 
[8j.  and  for  the  1-1  ZnS/ZnSe  strained-layer  superlatticc  (11).  clearly  establish 
the  F  LC'AO  method  as  a  powerful  and  practical  technique  for  determining  the  elec¬ 
tronic  structure  of  surfaces,  amorphous  materials,  strained-layer  superlattices,  or 
defects,  where  large  numbers  of  atoms  must  be  included  in  the  unit  cell,  and  a 
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rcvtcinjiular  "supcivcM"  can  almnst  always  Iv  employed.  This  makes  possible  the 
faclDii/ation  oCtlie  multiceiUer  integrals  that  results  in  a  considerable  retliiction  ol 
computaliunal  ct»niplc\ity  and  <  im  '  time,  thereby  making  this  technk|iie  eompetitise 
with  I  \i’\v  and  I  M  lo  metluKis  (40)  that  are  Irequently  employed  in  such  studies. 

1  he  deconvolutiun  of  the  crystalline  potential  shown  in  Ivq.  ( I )  dilVers  in  an 
important  way  from  the  tme  that  has  been  used  witlt  considerable  success  in  the 
study  of  thin  lilms  using  the  i  (  v )  metluHl  [  10).  There,  the  crystalline  charge  density 
and  e.xcliange  pntenlial  are  separately  lit  lo  a  linear  combination  ofgaussians.  This 
rnetiiod  results  in  a  signilicant  reductit)n  in  the  complexity  of  evaluating  matrix 
elements  involving  /) '  *.  but  it  does  not  yield  expressions  Tor  the  multieenter  potential 
energy  integrals  that  are  Tactori/able.  In  the  rerormulatit>n  described  here  and  in 
ReT  [S],  the  only  matrix  element  that  dues  not  factori/e  invt>lvcs  I'.  Since  the 
sole  puniose  of  this  term  is  to  reproduce  the  coulombic  singularity,  the  exponent 
(ia  is  chosen  lo  he  quite  large  ( see  Table  I ).  It  has  been  shown  that  good  results  can 
be  achieved  by  simply  lilting  I  "  to  a  sum  ofCJaussians  [8.41].  thereby  making  all 
the  matrix  elements  Tactori/able.  The  1 1  cao  method  is  ideally  suited  to  vectori/ation 
and  work  is  underway  to  vectori/e  and  make  the  programs  selT-eonsistent. 
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Abstract 
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H  IS  Jisv  iissv\l  aiul  ihc  iiK'iils  ol  .ilu  rii.iitu-  loi nml.iiinns  ni  .i  liiuia  i.-U  nu-iu  ri.inh's'.''ik  .m; 

^  >’iiMvk'!X\i  \Mlh  it's;\\I  Ui  possihii,-  niiPK'iu.,it  >.'il.MiM.'iK'ss  I  iHH-  .in>i  scS'.'ii-x!inK'iisiiiiiai  In pri splu  fi's 
.1!;'  JiSv  U'li/Okl  as  tr.aaits  ni  ^icssll!'llll:  Ihiw-  atal  si\-,ijnK  iisiiin.i!  sialtattni;  pml’laips  ■  I  '  l '  l.  i  i:  n  a  , 

ASas  i.n 


Motivation 

i^iiv  angular  nioincntutii  states  arc  the  prelerred  ehoiee  in  (.|iiantuni  meehameal 
anaKses  of  rotationail>  iinariaiit  ssstenis.  I  heir  appliealion  in  the  tlieiuA  ol  almn- 
diatoni  seattenng.  the  partial  wave  anaKsis  leads  to  siowlv  eonveruinu  senes  lor 
scattering  cross  sections  since  the  heave  pariieles  have  velaliseiv  large  momenta 
and  rotational  energv  levels  htive  a  high  densitv ,  l  lie  use  ol'the  Rorn  ;ippro\im;ilK'n 
and  Its  evtensions,  winch  are  adequate  in  elastic  timl  some  inelastic  processes,  gets 
tvi  be  quite  involvev^  lor  reactive  processes.  Ml  algvnithms  lor  reactive  scattering 
are  computationallv  demanding  and  the  search  is  going  on  I'oi  simplilications  and 
more  general  methovls  that  can  beethcientlv  implemented  on  more  varied  n>mpiiter 
systems. 

I  his  note  will  not  attempt  to  review  tire  status  ol  reactive  scattering  theory; 
1  aunav  and  .Miller  represent  two  maior  lines  ol  deveiopment  as  witnessed  at  this 
■Sanibel  Symposium.  The  purpose  is  to  point  towards  some  possibilities  lor  general 
and  I'ormally  simple  treatments  by  means  ol  a  linite  element  methoi,!  implementation 
oT  the  hy persphencal  lormulation.  As  initiatevi  by  Cironwali  ainl  Bartlett  [1]  the 
liyperspherical  approach  was  presented  in  Kemble's  book  (2)  and  was  later  used 
liequently  in  atomic  physics.  It  is  now  also  established  as  a  usel'ul  representation 
in  reactive  scattering  as  we  have  learned  t'rom  1  aunay's  lecture,  i  inite  element 
methods  are  also  gaining  recognition  aselisvtive  tools  of  the  trade.  T  hey  appeal  to 
quantum  chemists  through  the  t'amiliar  basis  set  expansions  and  the  variational 
origin.  I  he  numerical  advantage  arises  t'rom  the  sparse  matrix  struetures  and  the 
possibilities  to  apply  the  lull  machinery  ol  eirKient  linear  algebra  routines.  Huge 
matrix  problems  do  appear,  hut  l.dwdin’s  teachings  has  provided  us  with  a  rich 
arsenal  ol  partitioning  tools,  inner  projections,  and  |ierturbation  schemes  with  which 
we  may  attack  formidable  tasks. 


Inkrn.iiion.tl  loiiriuil  i>t  (Jiuinuiiu  (  tienii'.ir).  (Jii.inliini  (  henii'-m  S-.nipo'-unn  "I'’  '24  <  hW2l 
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After  this  preamble  follows  a  seetion  on  the  particular  dilliculties  with  the  partial 
wave  expansion  and  preliminaries  are  given  on  the  finite  element  alternative.  A 
previously  reported  pilot  calculation  on  the  free  rotor  is  referred  to  in  the  third  pan 
and  a  mapping  from  the  rotor  to  the  potential  scattering  problem  is  given  in  the 
fourth.  Cjenerali/ations  to  the  three-particle  problem  '.re  discussed  in  terms  of  dis¬ 
cretized  hyperspheres  in  six-  and  seven-dimensions  in  the  fifth  section,  which  is 
followed  by  a  few  speculative  remarks. 


Partial  \\  aves 

Schreidinger's  equation  in  the  time  independent  case,  and  the  associated  boundary 
conditions,  derive  from  the  condition  of  stationarity  of  the  functional 


./('I'.'l')  -  J  dxlli:  -  H  (,v)]|'l'(.v)|- -  ir'K.v)!- 
-I-  r/v[4'(.v)*‘N.v)  f  ‘t>(,v)*'l'(,v)j 

-  r/,v4>(.v)*  Ji7?(.v,,r)4>{  f) 


(  1  ) 


The  vsave  function  is  defined  on  a  domain  V..  with  the  boundary  T.  in  R’\ 
An  auxiliary  function  4>(.v)  is  defined  on  P  and  equals  the  normal  derivative  of 
'P(.\ )  there.  The  integral  kernel  /?(.v,  r)  provides  the  boundary  condition 


(2) 


Mass  weighted  coordinates  are  implied  and  units  arc  chosen  so  that  /f  is  the  total 
energy  of  the  system  and  ff  '(  v)  is  the  potential.  A  more  detailed  account  is  given 
elsewhere  [  3  ] . 

ft  is  a.ssumed  that  the  boundary  P  and  the  potential  fP(  .v)  arc  invariant  under 
the  operations  of  a  group  (/.  This  is  formulated  in  terms  ofa  function.  .S(.v),  with 
the  properties 

5(.v)  =  0.  .yGP  (3) 

and 

^.V(.v)  =  ‘.\)  =  0.  -V G  P  (4) 

Similarly  it  holds  that 

.gU(.v)  =  '.V)  =  fr(.Y),  .JfGG',  .vGJ2  (5) 

for  the  potential.  It  is  then  conventional  to  e.xpand  the  wave  function  in  terms  of 
the  irreducible  representations  of  the  group; 

4'(.V)  =  Z  „„■{.?)*  (6) 
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(\>ntinuiHis  uroiips,  m  pattictilar  ilio  ihivi-ilmiciisi.nial  rutatinii  tiotip  ttlifi  pa- 
ranu'tcri/atn'ns  uilh  vanahlas  uhicli  scrtc  a'>  t.'«)t>ri.imai'as  in  mniiniiUan  unit  iIk' 
internal  ones. 

Seattenne  problems  lead  to  ware  tiinetions  uiili  tinite  ampliuule  aiul  normal 
sieruatire  al  the  httiindars  I'  tor  .irbiiranb  laree  iliimains.  I  he  Isniiuiai  \  eoiuiiiions 
are  speeilietl  m  lerms  of  tree  wares  of  the  tiirm 

rj'l  \  1  "  espt.'S-  \l  I  2A  •  |l  A  \  ll.^'A  '  I/’.  I  '  i  i  ^  ! 

rrhere  lire  spheneal  Ressel  tuneturns  are  the  ampliiti(.ies  ol  the  pariial  rrares  on  a 
sphere  in  R  .  \n  illustration  ol  then  mauniUKie  isuiven  m  i  leure  I  1  he  oscillators 
heharior  rriih  increasing  amplitude  until  the  order  oh  the  e\|>ansion  esceeds  the 
ariiumeiit  tifthe  Bessel  lunction  is  indieatire  t'l’the  problem.  Our  liehiest  srsiem 
rriih  three  lisdroaen  aliuns  requires,  at  the  rela'tre  collision  eneiirr  ol  1  e\  .  an 
areument  ot  at  least  (K)  to  ensure  the  asrmptotie  lorm. 

It  IS  realized  that  an  expansion  such  as  (b)  tiecouples  the  rimiponents  ol  the 
ware  function  belonging  It' diliereiit  irrerlucible  representations  and  that  a  multi- 
component  ssstem  ol'the  riegree  ot' the  dimension  ol  the  representation  remains 
tor  eacti  !  he  general  case  ol  roiational  sr  mmetrr  goes  the  estimate  ilKit  a  ealeiilalion 
which  has  a  cost  l((i|  tor  zero  total  angular  momentum  rnll  hare  a  inice  lag  ol' 

/  I 

/(./  I  I  Itdl  l2.\  •  II'  I((ll./d2./  I  I  tS) 
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in  ihc  case  that  ./  partial  vsaxcsarc  included.  I  he  csliinale  umild  indicate  that  il 
Will  be  26  million  times  more  expensive  to  do  the  lull  calculation  lor  M :  than  the 
/  0  case  I  xperience,  as  reported  at  this  meeting,  shows  that  the  structure  ot  the 

matrices  in  the  angular  momentum  eigenstate  I'orm  admits  a  scaling  where  the 
matrices  require  work  proportional  to  the  first  power  of  the  dimension  and  the 
total  etVort  runs  as  the  second  power  of  the  largest  eigenvalue.  Idlicient  alternatives 
have  a  market. 

Discrete  variable  representations  (4]  uiili/e  orthogonal  basis  functions  associated 
with  a  lattice  determined  from  the  prt'jection  kernel  for  a  given  function  space  [  .“v ) . 
The  relevant  kernel  for  the  rotation  group. 


(  ’  1  ) 


n „„„  (g  ) 


(  '7.  ,(/) 

4-' 


(4) 


IS  expressed  in  terms  of  the  derivative  of  a  (  hebvshev  poivnomial  ol  the  second 
kind  in  the  variable  /.  which  gives  a  measure  t>f  the  magnitude  of  the  composite 
rotation  g  '.g7  It  provides  no  automatic  way  to  find  a  suitable  lattice,  such  as  the 
discrete  I'ourier  transform  and.  in  a  single  dimension,  the  Ciaussian  integration 
rules  do.  The  rank  of  the  kernel  is  (./  t  ItC./f  lit:,/  i  .D/.^  and  thedrscreti/ation 
would  correspond  to  the  construetivm  of  a  subset  of  this  order  with  "distances" 
between  elements  such  that  the  kernel  would  be  diagonal. 

Were  it  possible  to  generate  a  set  ofsuitablv  distributed  elements  of  the  rotation 
group,  the  associated,  localized  basis  functions  would  have  a  global  character  with 
an  oscillator,  behavior  as  given  by  the  form  ( 4 ),  This  will  necessitate  the  inclusion 
of  matrix  elements  between  distant  neighborsand  there  will  be  no  particular  sparse¬ 
ness  pattern.  In  cvtnirast.  the  finite  element  method  otiers  a  regular  way  of  discretizing 
diverse  spaces  and  involves  a  basis  of  strictly  localized,  albeit  nonorthogonal  func¬ 
tions.  The  matrix  patterns  are  reflections  of  the  connectivity  in  the  discretized 
structure  and  indicate  ways  to  handle  the  large  matrices  by  partitioning  methods, 
outer  and  inner  projections  [  6  j.  and  Lanezos  techniques  [  7  ] .  .^n  equal  number  of 
points  in  the  finite  clement  method  and  the  discrete  variable  representation  will 
give  an  equiv  alent  resolution  in  terms  of  “distances”  between  group  elements.  The 
finite  element  approach  will  not  be  as  accurate  for  the  high  angular  momentum 
components  included  in  the  discrete  variable  formulation,  but  does  include  higher 
components.  One  might  expect  that  the  finite  element  method  basis  should  cover 
the  relevant  function  space  equally  efficient  as  the  partial  wave  expansion,  and  that 
the  as,sociated  computational  effort  should  be  less. 


Rigid  Kotor 

A  pilot  study  of  the  rigid  rotor  has  been  performed  [  X  j  in  order  to  examine  some 
particular  discretization  procedures.  The  Euler-Rodrigues  parameters  (‘>]  for  the 
group  SI  ( 2  )  were  used  to  obtain  appro.ximale  representation  matrices  for  S()(  ?> ). 
Thus  we  have  that  the  relevant  domain  it  is  closed  and  consists  of  the  three-di¬ 
mensional.  unit  hy  persphere  in  /?“*.  Boundary  terms  disappear  from  the  functional 
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(  1  )  aiul  liu'  lianstomiaimns  Irom  a  maii\ -pai ik la  piohlcni  lo  iha  naikl  u'lnt  k-ad 
til  liic  rollinMitu  raprasaniaiioii  ot  ilia  ai'inponaiits  til  ilia  aiiaiilai  nuiiiianliiii!  in 
the  s'. slam  ilaltnaii  b\  tha  piuiaipal  niimtsails  ol  iiiartia  (  /  .  /  .  /  i 
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IS  curNcd  and  iita  chosa  to  anipkn  isoparamatria  liniia  alanianis  uiiii  ihinl-ilaeraa 
poKnomials. 

[  he  hspersphara  vsas  partitiona'd  into  .iX4  aqnualani  smiplasas.  aaah  ona  uan- 
crated  from  a  priniitoa  one. 
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by  means  of  permutations  and  sign  changes  of  the  aourdmaies  1  he  set  ol  vN4 
operations  tbrm  a  group  known  as  a  Coxeter  retk'atiun  group  |  !b|  It  is  generated 
h>  a  set  of  relleetions,  similarix  as  the  elements  ol  the  rotation  group  ma>  be  aom- 
posetl  of  two  relleetions  [’’].  I  here  are  7PX  faces.  4(i4  edges.  Xtl  \artiaas.  ani! 
nodes  in  an  isoparametric  tinite  element  approximation,  vxliera  tha  auiwai.l  simplex 
IS  mapped  on  a  straight  one  through  third-degree  poKnomi.ils  in  standard  banaentria 
coordinates  [II].  The  C  oxeter  group  is  the  sxmmetrx  group  ol  ihe  lunational  (II) 
when  ail  the  moments  of  inertia  are  equal,  that  is  tor  the  spheriaa!  rotor,  ll  has  2(1 
irreducible  representations.  A  general  rotor  admits  a  lower  s\mmelr>  group  with 
elements  and  17  irreducible  representations.  One  oC  these  is  rour  ilimansional 
vx  hile  the  remaining  ones  are  of  the  first  degree  and  are  admissible  for  .VO(  ' ).  1  his 
group  has  been  used  to  block  diagonali/e  the  matrix  into  one  block  of  dimension 
bh,  six  of  dimension  .si.  and  nine  of  dimension  57.  (  alculations  for  the  spherical 
rotor  demonstrate  that  this  simple  approximation  gives  angular  momentum  eigen¬ 
values  of  reasonable  aeeuraev.  the  4h  states  corresponding  to  the  manifold  for  ./ 

^  occur  m  the  range  ;  I2,2.'i.  12.60  ; . 


The  liulcr-Rodrigucs  paramcicn/ation  of  the  rotation  group  is  readily  trans¬ 
formed  into  the  axis-angle  parameterization  in  terms  of  the  direction  of  the  axis 
of  rotation  in  R  '  and  the  magnitude  of  the  angle.  I  hese  parameters  are  dehned  on 
a  solid  sphere  domain  in  /?'.  Conversely,  one  may  convert  a  solid  sphere  dirmain 
to  a  part  of  the  unit  hxpersphere  in  /?■*  and  use  the  tesselation  of  this  as  a  means 
of  generating  a  suitable  set  of  simplexes  and  nodes  for  a  standard  scattering  problem 
in  R\  Thus  \xe  may  put 

V  =  (.V|  ,,XS.,Vi  )  =-■  (  <k|  ,f» '.<1  I Oii  >  If.  (I  C  12  {  14) 

for  the  interior  of  the  unit  sphere  m  R  '  and 

.V  -  ( .V|  .-V:..\y )  =  (ni.n_',0();  oo  "  0;  a  £  12  (  15) 

for  its  boundary.  The  tesselation  of  the  sphere  with  the  prexiously  ofVered  set  of 
simplexes  will  give  a  structure  with  octahedral  symmetry  since  the  subgroup  of  the 
Co.xeter  group  which  leaves  one  component  of  a  four-vector  invariant  is  isomorphic 
to  the  octahedral  group  O,,.  There  will  be  48  sphencal  mangles,  72  edges.  2f’i  xertices. 
and  218  nodes  on  the  boundary.  A  similar  resolution  will  be  accomplished  with 
an  expansion  in  spherical  harmonics  including  angular  momentum  terms  of  order 
14,  The  inteiior  of  the  sphere  will  have  779  nodes  and  the  resulting  network  will 
he  made  up  of  tetrahedra  of  very  similar  volume. 

Intricate  networks  can  be  constructed  for  the  hypersphere  in  four  dimensions 
(10],  They  arise  from  the  great  variety  of  regular  polytopes  which  exists  in  this 
particular  case.  The  five  Platonic  solids  in  three  dimensions  do  not  generalize  in 
higher  spaces,  only  the  tetrahedron,  the  octahedron,  and  the  cube  possess  higher 
dimensional  analogues  [  II)  ]  and  for  three-particle  quantum  mechanics  in  the  center- 
of-mass  system  we  expect  that  only  the  regular  polytope  corresponding  to  the  oc¬ 
tahedron  will  be  relevant. 


General  Ilyperspheres 

Atom-diatom  scattering  problems  lead,  in  the  Born-Oppenheimer  approxima¬ 
tion.  to  a  six-dimensional  problem.  A  finite  element  application  will  necessarily 
involve  a  considerable  number  of  ntxJcs  and  we  will  give  a  preliminary  account  of 
the  consequences  of  the  kind  of  tesselation  which  was  used  previously  .  Thus  we 
consider  a  hypersphere  in  seven  dimensions; 

il:  Icy  =  (  aii.CYl  .CYy,CYU(Y4,CY^  .(Yf,): 

of)  +  -f  -I-  oy  +  oi  +  +  rtS  =  1  1  (16) 

It  will  then  be  possible  to  generate  7!2  -  645.120  simplexes  from  the  basic  one: 
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by  means  of  the  appropriate  Coxetcr  group  [10].  A  third-degree  version  requires 
745  418  nodes,  which  may  he  partitioned  so  that  102.024  nodes  have  o,,  =  0  and 
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.'2  1  .O'-)"  lia\i.'  M.,  '  (l.  l  oinialK.  this  uouM  result  m  a  iikUiis  (iiuhleni  n!  ouki 
42.'. ''21.  Rolatiunal  s\nimeir'.  is  iwiueeil  to  v'elalioilra!  aiul  ive  iiia\  (.unsHiK  i  an 
a(.iaptoi.l  basis  whieh  will  eaiiso  a  bimk  tiuni  with  eubu.  s\mineli\  labels  aiul  i.ii- 
niensions  about  ■  ol  the  onuinal.  I  he  tesselatmii  suin'orts  jiariiele  penmilaiion 
ssmnietrx  when  two  are  eriual.  but  Joes  not  auionuilkalK  ineiuJe  the  operations 
tor  three  iJentieal  atoms. 

I  he  Coxeter  uroup  l!ll|  eorrespoiiilme  to  the  tesselation  m  six  thmensions  has 
4b.()N(l  elements  anJ  ean  be  siruetureJ  as  the  4.s-elemeiU  oelaheJral  eioup  aiui 
eosets  [S],  I  here  is  liius  a  basie  domain  m  the  tesselation  eonsistmu  of  the  union 
of  the  basie  simplex  <b  and  others  formed  bx  the  eoset  eeneiaiors,  Onh  half 
ot  these  are  neeessarx  when  there  is  partiele  label  s\ mmelrx  It  is  aw kwaixt  to  imagine 
tlie  eonneeiixitx  in  the  six-dimensional  simplex  strueture.  but  the  ealeulatioii  of  a 
suitable  numbering  ot  the  nodes,  the  sx  mmelrx  analxsis.  and  the  aelual  exalualion 
ot  nonzero  matrix  elements  are  i|uile  direet.  I’rogress  is  being  matie  in  the  eonsirue- 
tion  of  eomputer  eodes. 

It  IS  not  aniieipated  that  the  4(i(i.(MHi  lunies  xxhieh  are liistributx'd  oxer  the  mierior 
and  boundarx  ol  the  six-dimensional  Inpersphere  will  gixea  satisfaetorx  ilesenption 
ot  an  atom-diatom  sealtermg  problem.  One  xxill  nex'd  a  denser  mesh  m  eertain 
parts  ot  the  spaee.  I  his  ean  also  be  aeeomplished  ratlier  automalieallx  bx  sulxii- 
xisions  ol  the  prex  ious  design.  It  xxill  then  be  L|uile  obxious  tnal  main  of  the  nexx 
nodes  will  be  unimportant  and  the  tinite  element  literature  pinx  ides  manx  sehemes 
lor  lire  eliminafion  of  insignilieani  detail.  .Sexeral  of  these  methods  xorrespoml  to 
the  xxell-knnxvn  quantum  chemieai  methods  for  the  eontraelion  of  large  basis  sets 
to  smaller  xmx's.  There  remains  m  the  finite  element  method  the  possibihtx  of  re¬ 
taining  slriet  loealitx . 

Speculations 

It  is  adxi'cated  in  this  anieie  that  the  tinite  element  representation  for  the  quantum 
meehanieal  xanational  problem  is  feasible.  I  he  use  ofaceurate  angular  momentum 
eigentunetions  is  not  obxiousix  the  most  etlicient.  Scattering  problems  do  not  require 
a  xerx  high  angular  resolution,  partieularix  \xhen  no  differential  cross  sections  are 
sought,  and  max  be  dealt  with  in  terms  of  a  discretization  of  the  directions  in  space. 
Onix  fexx  data  are  axailable  to  support  the  present  xiexx.  xxhile  a  multitiale  of  cal¬ 
culations  haxe  demonstrated  the  poor  performance  of  the  partial  wax  e  expansion. 
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Abslnui 

Siirliia'-iiiiiliviik'  iiik'i^K linns  aiul  iiMiliuns  aiv  iinpnMaiil  I'li'nu'nlaiA  sli'ps  nl  lalaKlu  iiailin  i 
Snuc  tlii‘\  iinuKi'  ink'iailmns  Ivlwivn  inlinik-  aiul  linik-  sssioms.  imxlflinv.s  an-  navss.iiA  Ini  ihi'nicikal 
invcstijialmns  nl' lalaKlin  ivaclinns  nn  a  surlaiv.  I  he  nliislci  ntnilnl  ( i  \i  I  is  iiiiisi  liaiuiMiiU  usi-il  Ini 
iliiaiiliiin  (.  lu-nikal  nak  tilalinns  Inn  ik-('.lrt  ls  llin  olliv'l  nl  tlu-  bulk  snlul  I m  iik  liulinj'  sm  h  i-Mis  l.  i  I  i 
nmlviklin)'.  ilk'  nltisk'i  nnin  a  siiilaa'  (.u'lualK  inin  a  laii'i'i  nliisk'i  )  is  a  iik-llinil  pinpnsi'd  Ik  (  ninili's 
aiul  I’isani,  aiul  I  2  I  ilippiii)'.  llu-  aJi  liiskT  I  admnk'i  iik'  ‘  (.  liisk'i  )  nnln  llu'  I'k'i  Irnn  balh  nl  llu'  snlul  aiul 
k'Uini;  llu'  sssk'in  Ix'  al  i'i|iiilibiiiini  Ini  I'k'ilinn  aiul  spin  i-uhanirs  is  annllu'i  ninik'l  pinpnsi'd  In 
Nakalsuli.  Wn  slinu  sniiu'  appliialinns  nl  llu-  I'mlK-ildini’,  i  lusk'i  niixk'l  1 1 «  M  )  and  llu'  dipped  adi  liisk'r 
Itindi'l  I  DAM  I  Wo  will  alsn  lopnil  in  llu'  k'l'Uiio  nn  Iho  stiiiK  nl  iho  phnlni  lu'inual  doonmpnsilinn 
icaolinn  nIMnOj  inlnMnl)  .  •  ()..  <  lalm  Wiloi  \  Sums.  Iiu 


InCroiliiction 

Chemistry  ami  physics  of  siirl'ace-im>leeiile  inleractiDii  ami  reaction  systems  are 
ol  much  interest  from  both  purely  scientific  ami  imliistrial  stamipoints.  Since  these 
interactions  involve  finite  ami  infinite  systems.  moilelinj>s  are  nccessa'y  for  theo¬ 
retical  investijiations  of  these  systems.  Since  the  results  of  the  investigations  arc 
largely  depemlent  upon  the  nature  ami  the  quality  of  the  moilel  adopted,  we  ha\e 
to  carefully  examine  the  models  for  surface-molecule  interactions  and  reactions. 

Ideetron  correlations  are  very  important  since  we  are  mostly  interested  in  the 
system  involving  transition  metals.  Since  surface  has  many  tiangling  homis.  it  usuallv 
has  .several  lower  excited  states  and  further  the  catalytically  active  stale  is  not  nec¬ 
essarily  the  ground  state,  so  that  our  theory  shoulil  he  able  to  deal  with  both  ground 
and  excited  states  in  a  same  accuracy.  Moreover,  electron  transfer  is  sometimes  of 
crucial  importance  for  surface  electronic  processes  and  therefore  should  be  ilescribed 
accurately. 

Cluster  model  ((M)  has  been  most  fret)uentlv  used  by  quantum  chemists  for 
investigating  chemisorptions  and  catalytic  reactions  on  metal  and  semiconductor 
surfaces.  It  also  has  a  direct  implication  in  the  field  of  cluster  chemistry  growing 
up  very  rapidly  in  recent  years.  I  lowever.  as  a  imulel  of  surface  reactions,  this  model 
has  a  defect  that  it  neglects  the  elfect  of  bulk  metal,  l  or  including  such  elfeci. 

( irimley.  I’isani.  and  others  proposetl  the  embedded  cluster  model  ( I  -  M  Nak- 
tilsuji  the  (lipped  adcluster  model  |4,.'>I. 
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Ill,'  do  ul-  model  a  siirldcu  ? 
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f  igure  I ,  Conceptual  sketch  of  the  cluster  niotlel  (('ss ).  embedded  cluster  model  ( i  <  M  ). 
and  dipped  adcluster  model  ( I)\m ). 


f  igure  I  is  a  sketch  of  the  concepts  of  the  embedded  cluster  model  (t;CM)  and 
the  dipped  adcluster  model  (dam)  in  comparison  with  the  cm.  We  define  the 
combined  system  of  admolccule  plus  cluster  in  the  CM  as  adcluster.  Then,  the  cm 
is  a  free  adclu.ster  model.  In  the  ccm,  the  cluster  part  of  the  adcluster  is  “embedded" 
onto  the  shaded  cluster  of  atoms  which  are  thought  to  represent  the  bulk.  The 
direct  interaction  between  the  admolecule  and  the  shaded  part  is  neglected  but  its 
effect  is  taken  into  account  effectively,  using  the  Green’s  function  formalism,  in 
the  calculation  of  the  adcluster.  On  the  other  hand  in  the  dam,  the  adcluster  is 
dipped  onto  the  electron  bath  of  the  solid  and  is  let  to  be  in  equilibrium  for  the 
electron  exchange  between  the  adcluster  and  the  .solid.  This  equilibrium  is  governed 
by  the  chemical  potentials  of  the  adcluster  and  the  solid. 


f-'igurc  2.  Schematic  representation  of  the  embedded  ciusler  model.  .1  is  the  adsorbate. 
B  the  cluster,  and  D  represents  the  solid. 
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In  this  iocuiK'.  a  hiict' account  oi  our  studies  on  the  l<  M  and  ihe  i  >%\i  is  eoeii 
More  details  will  be  publishetl  somewhere  in  the  literature  1  >  n  | 

W'e  also  gi\e  in  this  leeture  some  results  ol' the  iheorelieal  siud\  loi  ihe  I'hmo- 
chemieal  decomposition  reaction  ol  permanganate  ion  |  lO.I  1  j. 

Kntbedded  (  luster  Model  Applied  to  Hi  (  liemisorption  on  a  I.ithiiiin  Siirlaee 

\V  e  use  here  the  moderateK  large  embedded  cluster  i\ii  ii  )  model  ot  Pisaiii. 
Rasenek.  and  others  [2.,^|.  1  igure  2  illustrates  the  rlelmition  ok  the  model  I  is  an 
adsorbate.  H  is  the  cluster  direeth  inleraeling  with  I.  and  /)  represenls  ilia  soliil. 
In  the  closed-shell  Hartree-i  ock-Roothaan  approcimation, 

I  C  S  Cr  (  !  I 

the  (ireen's  function  (i  and  ilie  matrix  I'^.lare  viehiied  in 

CXr  K/tc)  1  (  2  I 

CXr)  -S  /•  (3) 

where  .S  and  /  are.  respectixeh .  liie  o'.erlap  and  I  ock  matrices  i  he  ( liven  s  funclion 
(i  is  further  written  as 


(,{z\ 

!r.S  /•  )  ' 

t4i 

(o  (c) 

r  r. 

(  ,s  1 

where  X  and  n  stand  for  the  basis  in  the  i(  \<'  approximation  and  (  .  is  the  mi  > 
eoetiicient  ot  the  orbital  gr,  with  the  orhitat  energx  f . .  I  he  essentia!  stepis  of  the  t  <  xi 
max  be  summari/ed  as  follows. 

(  I  )  Neglect  the  direct  interaction  between  .  I  and  l> 

(Qn  Lhf<  0  W/,,,  0  \  /in  ()\ 

I  (J/ii  (Jk/i  ^'/((  (’nil  I  ^  ' 

t  2!  Calculate  the  free  H  »  1)  sxstem  without  I 
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F  ijiLirc  4.  Rciictiiin  path  for  the  II;  adsorption  on  a  I  i  surfaiv  I  his  reaeiion  path  keeps 
the  (  ■;!  synimetrs  and  is  the  same  lor  all  of  the  hsc  dilfers'nt  ehislcr  and  cinlvdded  elusier 
ealeulations  eseept  that  some  I  i  atoms  are  missing  in  some  models.  Points  I  v  14.  and 
Is  arc  the  most  stable  struetures  for  the  full;.  1  UjHu  and  I  i.i.H;  ekisteis.  respeetisels . 


IQhh  C^/i/i \/(' /i/I  ^Mi/>\  /  I 

lc^/>//  C?/>/)/ Mr/)//  (>  lU)}  i/ 

(3)  Calculate  oni\  the  A  4-  /i  system  using  the  equation  derised  from  l.q.  (6t 
and  appro.ximate  the  interacti'  n  between  /3and  D  to  be  a  constant  which  is  given 
froin  the  second  step  above. 

IQn  Cliz/W^M,  Cm\  /]  0 

lc?//i  QnfJ\(rin  ('/f/il  1  ~  Qi<i>(’ nn 

We  have  adopted  basically  the  calculational  scheme  given  by  Ravenek  and  Geurts. 
but  added  some  modifications  for  improving  convergence  in  the  Cireen  function 
calculation.  Details  are  described  elsewhere  [6]. 

We  have  applied  the  embedded  cluster  model  to  an  H:  adsorption  on  a  I,i(  100 ) 
surface.  The  calculated  model  systems  are  as  follows: 

(!)  Li  14  cluster  interacting  with  H: 

(2)  Li  id  cluster:  teracling  with  Hs 

(.3)  Li4  cluster  interacting  with  H; 

(4)  Lij  embedded  onto  Lim  interacting  with  Hy 

{ 5 )  Li4  embedded  onto  Li,,  interacting  with  H; 

Figure  3  illustrates  the  systems.  The  Li  clusters  are  taken  out  from  the  Li(  100) 
surface  with  the  lattice  jonstant  fixed  at  3.52  A.  The  shaded  Lij  is  the  smallest 
cluster  in  the  c  m  or  the  embedded  cluster  in  the  Et'M .  The  gaussian  basis  is  double- 
zeta  (31  )  set  for  hydrogen  and  STO  .3G  plus  diffuse  s  function  (  C  =  0.076)  for 
lithium. 

The  assumed  reaction  pathway  is  displayed  in  Figure  4.  The  t cm  is  applicable 
only  to  the  region  from  position  1  to  position  10,  since  there  the  direct  interaction 
between  Hy  and  the  region  D  may  be  neglected.  In  this  region  the  rCM  calculations 
for  the  systems  (4)  and  ( 5 )  above  should  simulate  respectively  the  full-cluster  cal- 


culalions  for  ( 1 )  and  (2).  As  a  cluster  mode!  calculation,  we  further  perform  cal¬ 
culations  up  to  the  positions  1.1  to  15. 

Figure  5  shows  the  potential  curves  obtained  by  the  cm  and  i;CM .  The  minimum 
geometries  and  the  corresponding  energies  are  summari/ed  in  Table  I.  The  following 
results  may  be  deduced. 

( 1 )  Embedding  the  Li4  cluster  onto  the  larger  cluster,  the  curve  for  the  Lij 
cluster  model  is  shifted  up  to  those  for  the  Li4  embedded  cluster  models.  This  is 
reasonable  in  comparison  with  the  curves  obtained  by  the  full-cluster  model  cal¬ 
culations. 

(2)  The  value  and  the  position  of  the  barrier  calculated  by  the  CM  is  dependent 
on  the  cluster  size,  but  those  of  the  i:cM  is  less  dependent  on  the  size  of  the  region 
D.  The  barrier  of  the  IX'M  is  higher  than  that  of  the  full  cluster  model,  since  the 
approximation  of  the  fixed  electronic  elfect  of  D  on  li  can  not  fully  describe  the 
relaxation  of  the  system. 


I'ahi  I  I.  Adsorption  siU’.  adsorption  barrier,  adsorption  cnertty,  and  atomic  population  on  II  at  the 
most  stable  adsorption  geometry  calculated  by  the  cluster  anil  emK’dded  cluster  miKlels. 
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(3)  The  r-CM  gives  a  minimum  at  the  on-top  geometry,  though  it  is  less  stable 
than  the  separated  system.  The  corresponding  full  cluster  model  does  not  have 
such  a  minimum.  This  minimum  may  be  artificial  because  the  present  KCm  is  too 
small  for  the  regions  of  the  points  9  to  12;  the  direct  interaction  between  H;  and 
the  D  region  is  not  negligible  there. 

(4)  In  the  cm  calculations,  the  most  stable  geometries  are  the  bridge  site  ( position 
14)  for  Li  14,  the  three-foid-hollow  site  (position  15)  for  Lii,,.  and  the  on-lop  site 
(position  13)  for  Lia.  The  stabilization  energies  are  summarized  in  Table  I. 

( 5 )  The  atomic  charges  of  the  adsorbed  hydrogens  are  given  in  Table  1  and  are 
between  -0,2  and  -0.3. 


Figure  7.  Potential  energy  curves  for  the  ground  slates  of  dioxygen  anion  species.  O; 
and  ,  calculated  by  the  .SAC/SAr-ri  method. 
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I  ho  ontic'.sm  ol'lho  prosont  rosull  is  r.itlior  ditlioull.  It  llio  ivmiIis  i>l  iho  oiuhotiJod 
cluster  inudol  shouk!  rcpiiKluco  those  (it  tlie  tiill-v  liister  moiti'l  ihc  ioniiIi^  sluiun 
ill  I'iguie  are  b'.  no  nievins  tavorahle  to  the  embedded  eliisiei  mode!  *  >n  ilie  >  'ttiei 
hand,  it'the  l'>  region  ot'ilie  embedded  eliisier  model  should  tie  eonsidered  as  lep 
resenting  a  boundars  of  the  bulk  metal  instead  ol'an  outer  part  ot  the  lai  eei  Jiisiei 
the  present  result  shoun  m  I'luure  ‘t  is  dillieuli  to  evaluate  since  there  aie  no  es- 
perimental  estimations  on  the  potenluil  surface  lor  the  ilissoeiative  adsoipiion  oi 
11;  on  a  i  t  surface,  espeeiallv  Ivlwe'en  =1  and 

I  nr  doing  1 1  \1  ealeulations.  we  have  to  ealeukitt'  the  H  ■  /•  eUister.  vdiieli  is 
I  II,,  or  I  i;j  in  tile  present  ealeulations.  }  or  stutivme  eatalvtie  aetivitv  of  a  metal 
surface,  w  have  to  eieal  with  transition  metals,  aiui  eioingi;/'  o;, '/a '  eak  illations  tor 
even  this  si/e  of  cluster  is  still  a  harii  jeib  1  urther.  aeeomits  ot'eleetron  enrrel.iiions 
are  verv  important  for  dealing  with  such  s\ stems.  1  herefore.  saiisfaetorv  a|iplieations 
of  the  K  M  to  transition  metal  surfaces  are  rather  ditlieult  .tl  present. 


Dipped  Vrieltister  Model 


l  or  surfaee-moleeule  interacting  systems  m  which  eleeiroii  ti.insl'ei  between  sur¬ 
face  and  admoleeule  is  important,  the  i  m  ami  the  l  <  m  are  msuliieient  as  tar  as  the 
cluster  si/e  is  not  large  enough.  I  lowever.  there  are  manv  eases  in  w  hieh  the  eleetnni 
transfer  seems  to  be  verv  important;  oxvgen  and  halogen  ehemisorptu'tis  on  a  metal 
surface,  the  roles  of  alkali  metals  and  ha/ogens  as  pniinolcr^.  and  the  aeUviiv  ig 
electropositive  metals  for  dissociative  adsorptions  of  (  (>.  \'.  aiui  so  fortli,  I  he 
dipped  adeluster  model  ( 1)\M  )  [4..s  )  has  been  proposed  for  dealing  with  stieh  svs- 
terns.  Since  this  model  lias  been  published  .s  years  ago.  the  accounts  are  given  oiiK 
hrietiv  for  being  pertinent  to  the  following  applications. 

I'igure  6  illustrates  the  concept  of  the  i)\\i,  I  he  adeluster  is  a  combincil  svstem 
ot  an  admoleeule  and  a  cluster  and  it  is  dipped  onto  the  electron  "bath"  of  the 
bulk  metal.  I  hen.  electron  and  spin  esclianges  occur  between  the  adeluster  and 
the  solid  until  the  etiuihbrium  is  establishevl  lor  the  eschangc.  1  he  ei|uilibi uim 
would  be  establishei!  when  the  chemical  potential  of  the  adeluster  becomes  ciitiai 
to  the  chemical  potential  of  the  surfaee. 


d/,  (  /I  t 
I'tii 


or  more  generally  when  the  tdliowing  condition  is  salistied, 

,  d/'  ( >1 ) 

mint  /:,{  n ) )  m  the  ranue  ■  n 

(In 


(d) 


(  ill  1 


where  /:'( ii )  is  the  energy  of  the  adeluster  as  a  function  of  i; .  the  mimtx'r  ot  electrons 
transferred  into  the  adeluster  and  p  the  chemical  potential  of  the  surface.  W  e  note 
that  It  may  be  a  noninteger  since  we  arc  tlealing  with  a  partial  sv  stem.  In  this  model, 
the  cluster  atoms  need  not  to  supply  all  the  electrons  transferred  into  the  avicluster: 
some  are  supplied  from  the  electron  hath  ol  the  soliti. 

Previously,  we  explained  several  general  behaviors  ot  the  /An)  curves  and  their 
implications  (4).  Depending  on  the  shape*  of  the  /.(ntcurve.  eithera  partial  electron 
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transt'or  or  one  or  luo  (inic^rah  clceiron  transfer  ma>  oeeiir,  V\'e  liase  proposed 
the  nioleeular  orbital  mode!  of  the  dipped  adeliisier  [4J,  VN  o  Iia\e  assu  ned  that 
onl\  the  aetive  Mt>  of  tlie  adeliister.  like  lU)\io.  i  i  \in.  or  soMo,  is  partialis  filled 
in  the  eleeiron-nansfer  process.  I  here  are  tuo  extreme  ua\s  of  spin  occupation  m 
the  actixe  Mo.  One  is  the  highest  spin  coupling  in  uhicli  <i  spin  electron  is  tirsi 
occupied  and  after  the  occupation  reaches  units,  the  spin  electron  is  tlien  adried, 
I  he  other  is  the  paired  spin  coupling  in  sshieh  equal  number  of  a  and  .f  spin 
electrrrns  occiips  the  actisc  mo.  I  he  former  model  is  localls  paramagnetic  and  the 
latter  alssass  diamagnetic,  [inergeticalls,  the  former  is  more  stable  than  the  latter. 

When  an  electron  is  transferred  front  a  surface  to  an  admolccule,  the  elecirostalie 
interaction  betsseen  them  ssould  become  important.  I  or  a  metal  surface,  the  so- 
called  image  force  ssould  occur  and  its  inclusion  ssas  described  in  Ref  lor  a 
semiconductor  surface,  the  interaction  sitould  be  more  localized  and  such  treatment 
ssas  described  in  Ref  [4}. 

I’lttcntial  (  urves  of  Diirxygcn  Anion  Species 

In  the  next  section,  ssc  studs  O;  chemisorplistn  on  an  .\g  surface.  On  a  ntetal 
surface,  o.xsgen  is  adsorbed  in  niitlecular  and  dissociatise  states  and  thes  are  neg- 
atisels  charged  as  supero.xide.  O: .  peroxide  ()}  .  and  atomic  anions  O  and  O'  . 
Mere,  ssc  insestigate  the  bondings  and  the  potential  curses  of  the  dio.xygen  anion 
species  O:  and  Oy  in  their  isolated  free  states  for  gis ing a  comparattse  basis  ( 1 2  j , 

The  gau.ssian  basis  is  the  Hu/inaga-Punning  ( ‘)s5p  )/[4s2p]  set  [  1  .^  |  plus  dilVuse 
s.p  functions  ( (I  ■  (I.O.sd )  and  polarization  d  functions  ( <»  ()..^()).  sshieh  gises  the 

electron  alfinits  of  oxygen  alont  as  0.97  eV.  after  electron  correlation  is  included, 
in  comparison  ssith  the  experimental  salue  of  I..1I  eV. 

We  calculate  the  potential  curses  of  O..  and  Os  by  the  sxt  (ssmmetrs  adapted 
cluster  )/S-xr  -(  1  method  (14-16):  Oy  is  calculated  by  the  s  \<  method,  since  it  is 
a  closed-shell  molecule,  and  O:  is  calculated  bs  the  s  \(  -(  i  method  as  a  cation 
produced  from  Oy  .  F'igurc  7  shows  the  result,  fable  11  goes  a  summary  of  the 
spectroscopic  constants,  fhe  superoxide  O-  is  a  stable  molecule  ss  ith  the  dissociation 


I  sm  I  !1.  11k-  hond  k-nglh  K, .  -.  ibration.!!  lrciiiK-ni.>  w, ,  Uissociatidii  />, .  t.-k-i:lron  alhnil\  l  \. 

and  gross  thargi.-  vst  lhs-  ()_■  and  Os  niok-rnlcs  in  a  gas  phaso  and  ol  llic  supr-rnsidc  O;  and  peroxide 

( )■  speeies  on  a  silxcr  surlaee. 
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ciK’ig\  ol  4.(10  cV  ( t’xpcriniLMilai  \aliic  is  4.04  uV).  I  lie  ealciilalecl  eciuiliiiriiiiii 
leiiptli  aiul  iho  \ iiiralional  hvt|uene\  are  1.44  .A  ami  iOlOetn  '  in  rcasonahle  agivo- 
iiienl  with  tlic  expcrimoiila!  values  1..^5  A  aiul  1040  eni  '.  On  the  other  haiul.  the 
peroxide  0;>  is  onl\  a  transient  speeies  though  it  has  a  minimum  at  A’(,  ,,  l.()7 

A  with  the  hump  height  ol' 0.70.4  eV.  The  repulsive  tail  in  the  longer  region  is 
shown  ti)  he  entirely  due  to  the  eleelnistalie  repulsion  between  the  negatively  eharged 
oxygen  atoms  [12]. 


Dipped  Adeliisler  Model  Applied  (o  C  hemisorption  on  an  .Ag  Siirl'aee 

().'  chemisorption  on  an  Ag  surface  is  of  interest  to  many  investigators  because 
this  system  shows  very  cHicient  catalytic  actixity  for  partial  oxydation  ofcthyicne 
giving  ethylene  oxide  (17].  Several  theoretical  studies  have  been  published  using 
<  M  with  inclusion  of  electron  correlations  (IS-20].  Though  they  could  describe 
the  geometry  and  the  vibrational  frequency  of  the  adsorbed  (T  in  good  agreement 
with  experiment,  they  failed  to  reproduce  the  adsorption  energy  and  the  dissocia- 
tively  adsorbed  states.  Actually,  most  calculated  adsorption  energies  were  negative. 

We  think  that  the  reason  of  the  failure  lies  in  its  model,  that  is.  the  (  M.  The 
ell'ect  of  the  electron  transfer  from  the  bulk  metal  to  the  adclustcr  and  the  electrostatic 
image  force  interaction  between  O;  and  an  Ag  surface,  which  are  included  in  the 
nxM  but  not  in  the  (  \t.  are  expected  to  be  important  for  this  system. 

We  first  take  AgT):  as  an  adcluster  and  consider  side-on  bridge  form  interaction. 
The  Ag-Ag  distance  is  fixed  at  2.8844  ,A.  which  is  the  equilibrium  distance  in  the 
solid.  The  gaussian  basis  set  for  Ag  is  ( .4s.4p4d )/{ .4s.4p2d  )  set  with  the  elfective  core 
potential  for  Kr  core  [21  j.  I'or  oxygen,  the  basis  set  is  the  same  as  that  used  in  the 
preceding  section. 

Mefore  doing  electron  correlation  calculations,  we  have  applied  the  molecular 
orbital  model  of  thedipped  adcluster  using  the  highest  spin  coupling  model,  riic 
resultant  l\{ii)  curve  has  show  n  the  occurrence  of  one  electron  transfer  from  the 
bulk  Ag  solid  to  the  adcluster.  Wc  have  therefore  performed  electron-correlation 
calculations  for  the  Ag^O^  anion  as  the  adcluster  using  the  .s.xc/SAC-t’i  method 
[14-16],  which  is  applicable  to  the  ground  and  c.xcitcd  states  of  both  neutral  and 
electron  transferred  states.  We  have  included  all  the  valence  electrons,  together  with 
the  d-clectrons  of  Ag.  into  electron  correlation  calculations. 

F  igure  8  is  ;i  display  of  the  potential  curves  for  the  process  of  approach  onto 
Ag:  dipped  onto  the  metal  bulk,  fhe  broken  lines  are  the  results  without  the  electron 
transfer  (//  ^  0)  and  the  solid  one  w'ith  the  electron  transfer  (;/  ~  I ).  Without  the 
electron  transfer,  the  potential  curve,  denoted  by  'B:  {n  =-  0),  is  repulsive  so  that 
the  chemisorption  does  not  ticcur.  Another  broken  line,  denoted  by  'A:  (//  ^  0), 
corresponds  to  the  electron  transferred  state  within  the  adcluster  from  Ag:  to  CT. 
Though  this  state  is  attractive,  the  minimum  is  less  stable  than  the  separated  system 
which  is  'IT.  'Though  these  curves  include  the  image  force  corrections,  they  e.ssen- 
tially  correspond  to  the  cm  calculations  and  do  not  explain  the  occurrence  of  the 
():  chemisorption.  On  the  other  hand,  the  potential  given  by  the  solid  line,  which 
is  for  the  electron  transferred  state  of  the  DAM.  stabilizes  as  O:  approaches  Ag:. 
The  asterisk  at  about  2..^  A  is  obtained  by  the  optimization  of  the  0-0  distance 


734 


N  \K  \  (  SI  .11 


-224.45!- 


,  u—O  U 

1  R 

ii  Ag  ]  Ag  .;1 

Cl— 

V  r.=0.  ! 
2  SS  j-iA  ^ 


.  '^Az  (n=0) 


-224.5o|-MolecuIar  ' 
1  Adsorption 


^Ai(n=l) 


^pcrv'lgi^Eao^^SKO  moi  ' 

— --.V  c  .o  EaoslKpti) 

™'.i  =9.2kcal  mpi 


Ag2-02  DISTANCE  [A] 

F  igurc  X.  I\)tctitial  cncrgv  curves  tor  tlie  approacli  ot  <  ),•  onto  \g;  in  the  Xg.-I );  acicluster 
n  denotes  the  number  of  electrons  translerred  from  the  hulk  metal  to  the  adclustcr 


and  corvcspttnds  to  the  superoxide  state.  The  calculated  adsorption  cncrgv  is  .3  kcal  / 
mol.  Near  2.0  A,  there  are  another  minimum  corresponding  to  the  peroxide  state 
and  the  adsorption  energy  is  16  kcal /mol.  The  experimental  molecular  adsorption 
energy  is  ^,2  kcal/mol  [22],  Thus,  the  adsorption  energy  calculated  b\  the  dam 
is  positive  and  agrees  well  with  the  experimental  value. 


^  -224.40  ■ 

> 

o 

IT 

UJ 

z 

UJ  -224.45- 


superoxide  Oj- 

SAC-CI  expd- 

wO-0  ^A2  1055cm  l  1053  cm-F  / 

// 

974cm  I 


:i(  AglAg 


2,8894A 


1003 


I  L  ^ 

^  -224,50  - 

a  Molecular 


/  peroxide  022- 

■SAC-CI  exptl. 

WOO  ^Ai  689cm  1  628~697cm-l 


Adsorption  \  jai 


1.0  i.4/1,5  ,:66  2.0  2.5  3.0 

0-0  DISTANCE  [A] 

f  Igurc  9  Potential  energy  curecs  lor  the  O  O  stretching  in  the  Ag:(\,  adclustcr 


SI  Rl  \(  I  \)U1  1(111  IMl  K\(  llOSS 


\\  i.'  nc\i  sUui\  liic  pi>lcntial  (  tir'o  Ini  ihc  O  ()  sUvtchiiiL'.  nn  .1  sihcr  stiikiix' 
iisina  auain  the  XuO  aJiluMcr  1  nunv '>  aiul  I  able  11  shnu  ino  ivsiills  llu'li'Wc-si 
snhii  siiKi'  iv  It'i  ilia  pemsKia  aiul  tha  iippar  tun  a»r\as  tni  ilia  supan'XKlas.  \s 
slinun  111  ilia  lieiira.  tha  aalaiilalad  v  ihialiniial  liaiitianaias  aaraa  ijuila  uali  uiih  iha 
asparuiiaiiial  \alua''  j  2  '  |,  slu'umi;  that  ilia  iiinlaaiilar  atNi’iplinn  slalas  asprassad 
In  ilia  nwi  annaNpt'iui  wall  in  lha  aaliial  slams  nhsataad  a\[iamnaiitalK .  Iha 
asiUilibruini  < )  C)  dislaiua  is  Id’  A  Ini  lha  sa|iarn\ida  and  I  .('>('  \  Int  tha  parnsida 
In  i.nnip,irisnn  u  iili  lha  spaalrnsanpia  Vvihk's  nl  ( )  and  ( )  in  Ihaii  Iraa  stalas,  tha 
pamsida  siala  nn  an  \u  siiilaaa  has  \ai\  similar  \ibiatinnal  tratiuaiiav .  thrnuuh  lha 
ahaiua  nn  < )  is  nnl\  (154  aa.  (>  ('5.  I  ha  I’arnsuia  nn  an  \e  surtaaa  has  a  laruar 
\  ibralintial  rrai.|iiana\  than  dial  m  a  uas  ph.isa.  baaaiisa  lha  Ini  niar  is  a  siabla  sjiaaias 
in  uMitrast  in  iha  transiani  iialura  nl  lha  latiar. 

In  I  igura  'h  a  pniiu  ol  dissapninlmanl  .il  a  hist  ulaiiaa  is<i  lack  nf  lha  dissnaialnalv 
adsiirba’d  stata.  I  p  in  tha  ( )  ( )  distanaa  nl  2.SX  '4  \.  u hiah  is  tha  disiaiiaa  nl  lha 
Aa  laltica.  lha  pnianiial  mniu'lnnniisK  maiaasas.  Ilnuavar.  at  this  disiaiKa.  ua 
t(Hind  tha!  tha  un>ss  aharga  mi  t'\>a.an  is  ()A2,  so  that  tha  alaalinstatia  rapulsinn 
hal\\aan  lha  tun  nssaaiis  aiiuninls  as  larga  as  (id  kaal  mnl,  I  haialnia.  wa  aspeal 
that  il  ua  I'urihat  alonaala  tha  0-0  distanaa.  ua  shniild  aal  a  siahili/aimn  uhiah 
miuht  laad  tn  tha  sasniul  minimum  anrraspniuhii.u  In  lha  dtssnaiati\al>  adsnihad 
siala.  I  nr  this  piir|insa,  ua  undariaka  tha  l)\M  aalaiilatinn  InrO-  on  lha  linaar  Aiij. 

I  ha  rasulls  lor  lha  \':..,-0  adalustar  ara  displavad  m  1  lauia  Id.  \\a  aarumiK  aal 
tun  ditlaranl  pntanlial  minima,  i  ha  minima  at  arnund  i  5  in  I  ’  \  anrraspnnd  In 
tha  ninlaaular  adsorption  stalas  (suparnsida  and  |vrn\ida>  and  anothar  miiiimum 
at  aboul  (>  to  "  A  ai'rrasponds  tn  tha  dissnaiatisaK  ads<'ibad  siala.  1  ha  dissnatalua 
stata  is  obtain  ad  I'rom  lha  jaaniMda  mnlaaulai  adsorption  stata.  Altar  tha  nptimi/ation 
ot  lha  O  <)  and  Au-t)  disianaas.  iha  dissnaiatad  siala  is  aakiilalad  al  tha  .isiarisk 
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al  the  0-0  distance  of'5.78  A.  The  dissociative  state  is  calculated  to  be  more  stable 
than  the  molecular  adsorption  state  hy  about  40  kcal/mol:  the  corresponding  es- 
pcri mental  value  is  31  to  33  kcal/mol  (22]. 

Thus,  using  the  n  \M  and  the  s  u  -c  i  method,  ue  could  successt'uliy  describe  the 
O:  chemisorption  on  an  Ag  surface.  I'he  inclusions  of  the  electron  transfer  from 
the  bulk  Ag  metal  to  the  adcluster  and  the  electrostatic  image  force  correction 
described  by  the  i)\M,  and  the  electron  correlations  for  several  lower  surface  states 
described  by  the  sa(  -(  i  method  are  the  rea.son  of  the  success  of  the  present  study. 
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Abstract 
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Iniriiduction 

riic  adabatic  ivpivscniation  ( 1.2  ]  is  a  t'limiamcnial  concept  in  iiuanluni  chcniisirs. 
In  this  representation,  the  electronic  stales  are  calculated  \sith  the  nuclei  riserl  in 
space,  and  suhserinentK .  the  evolution  of  the  nuclei  on  the  associated  potential 
enerev  surfaces  is  studied.  If  these  surfaces  are  well  separated,  it  is  neneralK  a  uood 
approsimalion  to  restrict  the  nuclear  motion  to  a  single  electronic  state  (  Born- 
Oppcnheimer  approximation  J  .’.4 1 ).  When  two  or  more  surfaces  intersect  or  come 
close  together,  this  is  no  longer  the  case  since  the  nuclear  kinetic  energx  produces 
denx alive  couplings  (see  etj.  i  4  )  in  the  next  section  j  that  can  induce  nonaiiiahatic 
transitions  between  these  states.  I  ix'i|iiemlv.  multiple  potential  energv  surface  col¬ 
lision  tivnamics  arc  treated  not  in  the  adiabatic  representation,  but  in  the  so-calleil 
(Juihuiu  representation  j2..s--l  I).  In  this  representation,  the  ilerivalive  coupling  is 
■'transferred  '  into  the  potential  part  of  the  Hamiltonian.  I  his  a(vproach  is  useful 
w  hen  d  sharti  avouied  crossing  is  encountered  or  at  high  collision  energv  (Ml  ami 
has  been  used  verv  successfullv.  |iarticularl\  in  tilom-atom  collisions  |12|. 

Although  the  dialxilic  representation  is  constructed  explicitiv  to  facilittite  dv  namics 
calcuiaiions.  the  approximations  involved  in  the  construction  of  diahalic  states  and 
their  implications  lor  the  accuraev  ofdvnamics  calculations  arc  rarelv  addressed, 
Onlv  the  adiabatic  representation  has  a  unii|ue  iletinitirm:  adiabatic  slates  diagoiiali/e 
the  electronic  Hamiltonian.  On  the  other  haml.  is  sometimes  looselv  ilelined 

as  >u'i  iu/nilu)in  .  and  an  inliniie  number  ofiliabatic  representations  can  be  defined, 
\s  discussed  bv  (larrell  and  I  ruhlar  (dj.  two  hroatl  classes  ofdiabatic  represen¬ 
tations  can  be  disiinguishetl.  One  is  obtained  bv  etfecting  a  transformation  from 

'  {’  I  HMiK’iu  diiilHd'-''  i  T.iit  nf«.*  ti«'  J’luMi « ’-(  hiHJK'  <jk*s  K.ivonncnicnis  f  I  ihU'  ilf  Rfv  hi‘r'  l>o  k  kt 

.13  i  \Hn  111'  '  ,  BdtiHk’ri!  I  niAi’isilc  B.t! I's  StK),  {)rvi\  I  Mncf, 
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an  adiabatic  basis  to  a  ncv^  basis  tor  which  the  lirsi  dcrivatise  coupling  vanishes. 
F'.  T.  Smith  provided  the  First  Formal  detinition  For  this  type  iiFdiabatic  states  in 
diatomic  molecules  [7,13],  This  dcFiniiion  was  later  estended  to  ati'm-diaiom 
systems  by  Baer  (8  ],  Recentiv  .  this  problem  was  also  examined  by  Mead  and  Truhlar 
[9],  who  separated  the  derivative  coupling  vector  into  a  longitudinal  part  and  a 
transverse  part.  They  were  able  to  show  that  while  the  longitudinal  part  can  always 
be  transformed  away,  in  general,  the  transverse  part  cannot.  Only  diatomic  systems 
constitute  an  exception  to  this  rule.  In  this  latter  case,  sincily  dialHiiic — according 
to  Smith's  definition — and  adiabatic  representations,  are  perfectly  equivalent.  For 
more  than  two  atom  systems,  it  is  in  general  /to/  possible  to  build  a  strictly  diabatic 
representation.  However.  Mead  and  Truhlar  showed  that  r//v)ro.vv7;w/t'/r  diabatic 
states  can  be  built  if.  For  example,  the  transverse  part  of  the  coupling  is  ner  ible. 
The  second  class  of  diabatic  representation,  in  the  terminology  of  Garrett  and 
Truhlar,  does  not  use  a  mathematical  transformation  but.  instead,  is  based  on 
physical  arguments.  These  states  are  only  approximately  diabatic.  For  example, 
nearly  diabatic  states  have  been  defined  as  states  that  preserv  e  a  particular  molecular 
property  { 14-16  ].  or  in  terms  of  a  particular  set  of  atom-like  orbitals  [17].  Batcher 
et  al.  have  considered  the  use  of  block  diagonal  matrices  to  define  approximate 
diabatic  states  [18]. 

To  summarize,  most  of  the  diabatic  bases  used  in  the  literature  are  only  approx¬ 
imately  diabatic — in  the  .sense  of  Smith — either  because  the  system  under  study 
contains  more  than  one  internal  degree  of  freedom,  or  because  they  have  been 
deliberately  built  on  an  intuitive  basis.  The  use  of  approximate  diabatic  bases  in¬ 
volves  approximations  which  are  largely  uncontrollable  (see  next  section),  and 
have  not  been  studied  quantitatively.  It  is  important  to  understand  the  limitations 
involved  in  the  use  of  such  states  in  dynamics  calculations.  One  of  the  goals  of  this 
investigation  is  to  present  a  dy  namical  method  that  will  allow  such  studies. 

Previously,  only  a  limited  number  of  time-independent  quantum  dy  namics  cal¬ 
culations  have  been  performed  in  the  adiabatic  representation  [19]  (see  also  ref¬ 
erences  in  Garrett  and  Truhlar  [2],  Baer  [20],  and  Sidis  [1 1]).  A  principal  reason 
For  this  is  that  the  deriv  ative  operator  can  lead  to  difficulties  in  the  nuclear  dy  namics 
calculations  vv  hen  a  sharp  av  oided  crossing  is  encountered  or  at  high  collision  energy 
[11],  .Another  reason  appears  to  be  the  complexity  of  solving  the  time-independent 
Schrddinger  equation  when  the  first  derivative  operator  appears.  In  this  article  we 
u.sc  a  time-dependent  wave  packet  method  to  overcome  this  difficulty  .  A  particularly 
appealing  aspect  of  time-dependent  methods  when  compared  with  conventional 
stationary  close-coupling  techniques  [ 2,2 1  -23  ] .  is  that  it  requires  only  minor  mod¬ 
ifications  to  be  utilized  with  an  adiabatic  basis  instead  of  a  diabatic  one.  The  extra 
derivative  coupling  terms  are  easily  computed  by  means  of  Fourier  transforms 
[24],  routinely  used  in  wave  packet  propagations.  Perhaps  surprisingly,  there  do 
not  appear  to  have  been  any  previous  calculations  using  a  time-dependent  adiabatic 
state  formalism.  Time-dependent  wave  packet  treatments  in  approximate  diabatic 
bases  have  been  reported  [25-29].  These  approaches,  in  general,  neglect  all  deriv¬ 
ative  couplings,  an  approximation  which  may  not  be  justified  in  practice  [see  dis¬ 
cussion  oFeqs.  (  16)-(  18)]. 
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AnoiliLT  I'aclor  conliihuiinu  to  the  limited  use  ol  the  emipled  ailiabatie  state 
represeiitaliiMi  appears  to  he  tlie  eom|iutalional  expense  leiiiiired  to  determine  the 
requisite  deri\at!\e  couplings.  Iloueser.  this  limitation  has  been  reimneii  it  has 
reeenth  been  shown  [.'Oj.  that  analstic  graiiient  teehnn|ues  can  be  used  to  obtain 
dernatne  couplings  w  ith  little  computational  efiori  besond  that  required  to  obtain 
the  requisite  potential  energy  surfaces.  Related  techniques  permit  ellicient  location 
of  the  regions  of  a\  oided  or  real  crossings  between  surt'aces  |  .>()  ] .  w  here  noruuliabalic 
transitions  are  more  probable  The  methodology  espouseii  in  this  work  is  designed 
to  exploit  these  advances  in  computationa!  electronic  sinieture  theors. 

It  has  been  suggested  that,  in  some  eases,  time-dependent  wave  packet  treatments 
in  the  adiabatic  basis  would  not  be  cost  elfectixe  when  compared  vsith  equivalent 
treatments  in  the  diabatic  basis  I .'  I  ] .  In  this  work  we  show  that  the  propagation  in 
the  adiabatic  basis  presents  no  extra  liitiiciilty  relative  to  the  propagation  in  a  diabatic 
basis  and  that  both  methods  require  comparable  computational  etfort. 

rile  adiabatic  state  representation  is  expected  to  be  panicularly  well-suited  to 
systems  in  which  eleclronicalh  nonadiabatic  eti'eets  are  preeminent  in  the  region 
of  avoided  crossing  seams  ( .^()|.  Ixamples  of  this  elass  of  systems  include  the  fre¬ 
quently  studied  M(  ’P)  t  H\  M.X  t  II(  S)  reaetions  (32-3.x]  where  M  is  an 
alkali  atom  and  ,\  a  halogen.  Alternatively,  the  diabatic  states  approach  is  advan¬ 
tageous  m  instances  when  sharp  spikes  exist  in  the  derivative  coupling  matrix  ele¬ 
ments.  An  example  is  the  Arl  I ;  system  w  here  the  two  diabatic  charge  transfer  stales 
present  an  intersection  seam  which  runs  parallel  to  the  .\r-H:  distance  and  extends 
to  inlinity  [.'b].  At  large  distances  the  charge  exchange  probability  is  zero  and. 
accordingly,  the  derivative  coupling  between  the  two  adiabatic  states  is  infinitely 
sharp.  In  this  region,  a  transformation  to  a  diabatic  representation  would  facilitate 
the  accurate  propagation  of  the  wave  packet. 

Mie  adiabatic  slate  wave  packet  method  espousevi  herein  has  the  usual  advantages 
attributed  to  time-dependent  methods.  In  one  single  calculation  a  wave  packet 
gives  results  over  a  whole  range  of  A  nergies.  Another  attractive  feature  of  the  wave 
packet  technic|ue  is  that  it  permits  the  straightforward  treatment  of  collision-induced 
dissociation.  1  his  jirocess  is  haril  to  describe  in  a  time-indepeiulent  formalism  be¬ 
cause  of  the  dilliculty  of  representing  tiie  continuum  of  v  ibralional  basis  functions 
(.37).  Although  multidimensional  quantum  scattering  calculations,  m  general,  re¬ 
quire  significant  amounts  <if  computer  time  (3X-4()j.  wave  packet  methods  scale 
better  w  ith  the  number  of  stales  and  the  number  of  vlegrees  offreevlom  than  time- 
indepemlent  methods  ( 4  I  ] .  It  is  quite  reasonable  to  consider  the  use  of  the  present 
methiKl  tor  polyatomic  systems  lor  which  rigorous  diabatic  bases  (.lo  not  exist.  This 
implementation  is  currently  in  progress  in  our  group  |42|. 

As  a  first  application,  the  methoil  is  used  here  to  calculate  resonance  energies 
and  lifetimes  of  the  predissociated  state  All  of  MgCI  by  considering  the  long-time 
evolution  of  a  wave  iiacket.  \\\'  have  previously  studied  the  MgC'l  system  by  means 
of  a  close-couiiling  methovl  1 43  ] .  Rropagating  a  wav  e  packet  in  order  to  obtain  the 
/  -*  /  limit  IS  not  the  optimal  procedure  for  obtaining  the  lifetime  of  a  long-lived 
state.  Alternative  wave  packet  proceiliires  have  been  vieveloped  recentiv  to  deal 
with  very  long  lifetimes  [4ll.44j.  However,  we  chose  to  apph  our  method  to  a 
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predissociation  problem  because  it  constitutes  a  stringent  test  of  the  algorithm.  I  hc 
resonance  lifetimes  are  derived  from  Smith's  collision-lifetime  mains  [ 4,7.45.46 1. 
which  is  e.xpressed  in  terms  of  the  S-matri.\  fer  the  system.  In  this  case,  a  \er> 
accurate  propagation  of  the  vsave  packet  is  required  so  that  the  moduli  as  well  as 
the  phases  of  the  S-matrix  elements  are  obtained  with  negligible  errors  over  a  sub¬ 
stantial  range  of  energies  [46]. 

The  formulation  in  terms  of  adiabatic  states  also  gives  us  the  opportunity  to 
study  the  influence  of  the  adiabatic  correction  (see  eq.  (  KSb)  in  the  next  sect. on  ). 
also  called  the  Born-Oppenheimer  (B(>)  diagonal  correction,  on  the  dynamics  of 
the  system.  This  term  is  generally  considered  as  negligibly  small.  Howexer,  some 
studies  [19,47.48]  have  shown  that  the  adiabatic  correction  can  play  a  significant 
role  in  predissociations. 

Next  we  present  the  lime-dependent  coupled  electronic  state  Schrddinger  eijuation 
and  outline  its  solution  using  wave  packets.  The  results  of  the  MgCI  ( .'\'H  )  lifetime 
calculations  are  presented  and  discussed  in  Results  and  Discussion,  and  the  final 
section  gives  a  brief  summary  and  conclusion. 

Theoretical  .Vpproach 

Timc-Di'pendcn!  Schrdctin^er  luiiialion  am!  Coupled  h'Ux  ironic  Suiic  Expansion 

For  an  electronically  nonadiabatic  process,  the  time-dependent  Schrbdinger 
equation  is  given  by  (we  use  atomic  units  throughout): 

//(r.R)'I'(r.R./)  =  /  - 'Kr.R./)  .  (I) 

at 

where  r  and  R  represent  the  electronic  and  nuclear  coordinates,  respectively,  and 
I!  is  the  total  Hamiltonian  in  the  space-fi.xcd  coordinate  frame; 

//(r.R)  =  I  +  //''(r.R)^  T'  +  //“'( r.R )  .  (2) 

2/)/,.  dR- 

In  eq.  (2 ).  7’'  is  the  nuclear  kinetic  energy  operator  and  U"  is  the  nonrelativistic 
BO  electronic  Hamiltonian.  The  total  wave  function,  'I',  is  expanded  in  a  complete 
real  orthonormal  electronic  basis  set  I  1 : 

'Kr.R.H  =  xHR./)i^Hr;R)  ,  (3) 

A 

Projecting  eq.  ( 1 )  onto  the  gives  the  following  system  of  equations  for  the  time- 
dependent  coefficients  (wave  packets)  Xc 

r'x,(R./)  f  2  ^HR)Xi(R./)  -  I  —  /'‘(R)^  X.TR./)  =  l --  X,(R.O. 

(4) 


with 
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'■y..(  R) 

//:  (R) 

//  ‘  (  R  )  . 

( 5 ) 

//;  (R) 

•;dr.H)^ 

11'  (r.R);-^  (r:R)  , 

(b) 

//  (R) 

(';.<r:R) 

OR. Ok  ■ 

1  /  j. 

1  7) 

./•':(R) 

(d,(r.R)|.-7,  ■^(r;R)\  . 

\  ’r 

(  X  ) 

Because  iHir  eleetroiiie  basis  Ciiticti.tns  are  real  and  nrihnnnrnial.  tbe  derivative 
matrix,  f,.  is  antisv mmetrie  aiul  ibe  elements  off  and  h  salisl'v 

h:::{R)  /"(R)  t  ^  /::(R)/''(R) . 

cU<„  , 


which  is  valid  onlv  for  a  cvimpletc  basis. 

.\i  this  point,  we  have  llte  choice  ol’working  in  dilVerent  electronic  representations. 
In  the  adiabatic  representation,  denoted  ;  i/ 1'  1 ,  the  basis  functions  are  eigenfunctions 
of//'  ; 

;tl';(r;R)l//''(r.R))i'';(r;R):,  •=  /-.''/(Rio,,.  (10) 

while  in  a  ngorouslv  diabalic  basis,  denoted  ii/l';.  the  matrix  elements  of/)/d/<, 
should  vanish  [7}: 

(v5;'<r--R) 

d  o  see  the  implications  of  eq.  (  I  1  )  it  is  convenient  to  make  the  assumption  that 
the  process  under  study  can  he  de.scribed  using  only  two  of  the  infinitv  of  electronic 
states.  In  this  case,  the  slates  in  question  are  connected  bv  the  following  transfor¬ 
mation.  which  depends  on  a  function  IH  R).  to  be  determined: 

/i;''i''(r;R)\  /cos/i(R)  sin  ()( R )  r;R  )\ 

\';;f(r;R)j  "  \siri  «(R)  cos  «(  R)  j r;R ) )  ' 

Inserting  cq.  (  12)  into  the  requirement  eq.  (II)  gives  the  system  of  equations 

-y-  (I(R)  -  r!r“{R).  (Id) 

c)R„ 

where  /  "(R)  is  given  by  eq.  (S),  using  adiabatic  wave  functions.  I-q.  (  1  .d )  is 

solved  by  partial  integration.  In  order  for  li{  R )  to  be  uniquely  defined  the  condition 
for  an  exact  derivative  must  hokl: 

/  d'  fd’  \ 

rt(R)  -  0  .  (14) 


OR,. 


-  .t'f 


tf'triR) 


0  . 


(11) 
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Combining  eqs.  (13)  and  (  14).  and  using  cq.  {'■)).  yields  the  f'ollouing  condition 


V  /  /  0  . 


(15) 


In  general,  this  equation  cannot  he  satisfied,  except  hy  the  trivial  sidution  made  of 
constant  ( independent  of  R)  wave  functions  (9].  fhus.  /  ,v  cannot  he  rigorousi;, 
excluded  from  eq.  (4)  [seeeq.  (17)  below).  However,  since  this  term  isditficuli  to 
evaluate,  it  is  common  practice  to  omit  it.  F'inaily.  note  that  for  a  diatomic  s\ stems 
for  which  there  is  only  one  internal  degree  of  freedom  eq.  (  14  )  bectimes  triv  ial. 

F'or  two  electronic  states  the  time-dependent  ctiupf'd  equations  (4  )  for  the  adi¬ 
abatic  and  diabatic  cases,  respectively,  can  be  written 


T  + 
\x‘f/ 


-in.. 


r  21'!.'“  ~~ 


ini. 


d  \ 


_  V 


Xlj 

x“l 


/XY, 

/ .  (16) 


(V  \  X  ( 


and 


X'/i 


+ 


f--i  -  Z  ft!.'/  ifv  -  Z  —  h!::‘‘ 

')})  '  ifti 


-in„ 

1 


zm.. 


//:'!  -  Z  7^  It/'  I/-  Z—  f>:/‘ 

~in„  2m„ 


d  ixi 


(  17) 


with  obvious  notations,  and  where  the  variable  R  has  bv.en  omitted  for  simplicity. 
In  eq.  (  16 ).  it  appears  clear'v  that  the  derivative  operator  is  responsible  for  the  so- 
called  adiabuiic  correction  /;Y:I'(R).  Note  that  this  correction  app'ars  also  in  the 
diabaiic  eqs.  (  I?);  it  vanishes  rigorously  only  if  the  two-state  basis  is  as  umed 
complete  (see  eq.  (9)]. 

If  the  two-state  basis  approximation  is  used,  the  matrix  eiement.s  of  h;',,  and 
h:^  satisfy  the  relations 


/;,',3"(R)  =  -/;r..',"(R) 
R)  -  //,Z'-(R)  - 


fR). 


-U/“(R)V  ■ 


(  iSa) 
(  ISb) 


and 


(R)  =  0  . 


(  l«c) 


Under  the  approximations  (  18a-c)  the  adiabatic  and  diabatic  bases  are  equivalent. 
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The  propagation  in  time  and  spae«*  of  the  coupled  wave  packets  x,  and  x.- — in 
the  tollowtng  we  will  often  refer  to  "the  wave  packet”  although  two  coupled  wave 
packets  are  actually  propagated — is  carried  out  bv  means  of  a  grid  method  [49] 
using  an  expansion  of  the  evolution  operator  over  C'hebvchev  polynomials  [30] 
and  using  fast  Fourier  transforms  [51.52]  (FF'T)  to  calculate  the  action  of  the 
derivative  operator  on  the  wave  packet  [53],  In  a  recent  comparison  of  several 
algorithms,  this  combination  vvas  found  to  be  one  oi’the  fastest  available  for  systems 
with  a  time-independent  Hamiltonian  [54).  Fhc  method  will  be  described  only 
briefly  here  since  wave  packet  techniques  have  been  extensively  reviewed  [49.55,56). 

The  time-evolution  operator  corresponding  to  the  time-dependent  Schrodinger 
equation  (  1  )  can  be  expanded  as  [4  1.57  J; 

\ 

exp(  -  iHM)  =  exp(  -iHM)  V  <«  '/„•(  ■  (19) 

u  O 


where  At  is  the  time  step  and  the  /'„(-V)  are  Chebychev  polynomials  [24).  defined 
over  the  inters  a’  [  - 1 .  + 1  ] .  that  obey  the  recurrence  relations; 


•r„.,(A)  =  2.v7'„(a)  -  T„  ,(v).  (20a) 

7o(-V)=l.  (2()b) 

7',(v)-=v.  (20c) 

The  coetficients.  c„.  are  given  by: 

c„  =  (2  -  6„.„)(-/)"y,,(A/2At)  (21  ) 

w  here  the  J„  are  Bessel  functions  of  the  first  kind. 


The  Hamiltonian  is  scaled  so  that  the  eigenvalues  of  are  limited  to  the 
interval  [-1.+  1]: 


n  - 1: 

(22a) 

A/. 

A/-;=  (Fn,av  -  /•;n„n)/2  , 

(22b) 

K  =  (  /f,nja  +  /f„„n)/2  . 

(22c) 

and  T'mav  are  the  minimum  and  maximum  eigenvalues  of  //,  respectively. 
Following  Mowrey  and  Kouri  [46]  we  determine  as  the  lowest  potential  matrix 
element  and  7;n,,,v  as  the  sum  of  the  highest  potential  matrix  element  and  the  largest 
kinetic  energy  that  can  be  described  on  the  grid,  that  is,  7r’/(  2o7A/?’ )  where  A/?  is 
the  R  stepsi/e. 

To  follow  a  predissociation  process,  the  propagation  of  the  wave  packet  must  be 
pursued  for  a  duration  at  least  equal  to  the  lifetime  of  the  levels  under  study,  that 
is  generailv  several  picoseconds  or  more.  To  avoid  the  reflection  of  the  wave  packet 
on  the  boundaries  of  the  grid,  a  negative  imaginary  potential  is  used  to  absorb  the 
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wave  packet  [41,58.59],  As  established  by  Neuhauser  el  al,  [41  j.  m  this  case  the 
energy  domain.  A/-.'  has  to  be  extended  by  approximately  5'V  to  compensate  lor  the 
fact  that  Chebychev  polxnomiais  with  a  complex  argument  arv  not  hounded. 

The  action  of  the  Hamiltonian  on  the  wave  packet  is  calculated  bv  discrcti/ing 
the  coordinate  /?  on  a  uniform  grid,  f  he  action  of  the  electronic  coupling  is  obtained 
by  a  simple  matrix  multiplication  for  each  grid  point,  since  the  poicnlia!  energx 
operator  is  diagonal  in  the  coordinate  representation.  1  o  evaluate  the  action  of  the 
derivative  operator  we  make  use  of  the  fact  that  this  operator  is  diagonal  in  the 
momentum  representation.  The  wave  packet  is  successively  Fourier-transformed 
to  the  momentum  representation,  multiplied  b>  the  appropriate  momentum  on 
the  momentum  grid,  and  back  Fourier-transformed  to  the  coordinate  representation. 
Both  the  kinetic  energx  term  and  (in  the  adiabatic  representation  )  the  dcrixalixe 
coupling  are  computed  by  means  of  FFT. 

In  the  particular  case  of  the  predissociatixe  .system  studied  here,  we  consider 
i^‘i  to  he  a  metaslablc  bound  ground  state  and  x{,‘{  to  be  a  bound  excited  state  ( see 
Fig,  1  )  such  that  the  diabatic  states.  \P‘!  and  represent  the  purelx  bound  and 
dissociative  stales,  respectixely  [43],  .Asymptotically,  the  waxe  packet  for  the  open 
channel  can  be  expanded  in  terms  of  incoming  and  outgoing  plane  waxes; 

- >-X=  f  ,g(A  i[c  cik  .  { 23  ) 

in  this  equation,  k  is  the  wave  number,  a-  ■-  k-/2ni:  ,e{  k )  is  chosen  as  a  Ciaussian 
distribution;  and  =-  1.2  in  the  adiabatic,  diabatic  formulation,  respectivelx ) 
represents  the  only  open-open  .S-matrix  element.  Using  stationarx  phase  arguments, 
it  can  be  shown  that,  after  the  collision  { R  x  and  l  -*■  y  ).  only  the  outgoing 
waxe  contributes  to  the  asxmplotic  form  [4].  By  examination  of  eq.  ( 23  )  it  is  seen 
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that  the  S-matri\  element  can  he  extracted  from  the  vva\e  packet  as  a  1  ourtcr 
transform  either  over  the  distance  R  i>r  over  the  time  /  [41  j.  Here  ue  choose  the 
second  alternative  and  express  .V,,„  as 


■S],,:  - 


/H  x’(h}  \’2k  J 


^(R..  di  . 


(24) 


where  R,  is  some  fixed  asymptotically  large  distanee.  In  practice,  we  "watch"  the 
wave  packet  as  it  crosses  R ,  .  and  then  use  a  F't  T  tr)  evaluate  eq,  ( 24 ).  Monitoring 
the  modulus  of  .V,,,.,  which  should  equal  one  over  the  energy  domain  of  intere.st. 
can  be  used  to  ensure  that  the  propagation  was  continued  until  only  a  negligible 
part  of  the  wave  packet  remained  in  the  interaction  region  [46], 

F-inally,  for  any  wave  number  A  .  Smith's  collision  delay-time  [45]  is  given  by: 


T 


-iS’f 


AV„ 


(25) 


where  the  derivative  of  S,„,  was  computed  by  means  of  a  FFl'.  By  plotting  t  as  a 
function  of  the  energy  it  is  thus  possible  in  a  single  propagation  to  localize  the 
resonances  and  determine  their  lifetimes. 


Applieation  lo  .\f, I'd  (.i'll j  Fredi.ssceiLilion 

The  i  .2-11  adiabatic  electronic  states  of  MgCl  { Fig.  I  )  were  computed  in  ref  4.5 
where  a  set  of  rgorously  diabatic  states  were  deduced  by  a  unitary  transformation 
chosen  to  satisfy  eq.  (11).  The  relativistic  effects  included  in  ref.  43  have  been 
neglected  here  in  order  to  simplify  the  analysis.  The  1.2'n  diabatic  states  were  fit. 
respectively,  to  a  Morse  curve 

i:i  ^  Ri \'n)  ■■=  r,  +  /4,[1  -  exp( -d,(/J  -  «|))]- .  (26) 

where  F,  =  0.0.  D,  =  26581.05  cm  =  0.718643  a,,',  and  R,  =  4.159150  a,,, 
and  a  decaying  exponential 

R{2-n)  =  14  +  D2C\pi-iRR)  ■  (27) 

where  1;,  =  -5.30.09  cm  /F  =  2.760.693.25  cm  ‘  and  d:  =  1.290188  a,,'.  The 
diabatic  coupling  interaction  vvas  fit  to  a  Gaussian  function 

//'i:  =  <iAi4ii//‘'l'A2-'.i>  =--  Ihexpi-iRlR  ~  R^)-).  (28) 

where  Dy  =  769.62  cm  =  0.618122  a,,',  and  r,  =  4.890010  a<,. 

In  order  to  facilitate  a  precise  comparison  of  the  adiabatic  and  diabatic  treatments, 
the  adiabatic  potential  energy  curves  and  derivative  couplings  used  in  the  present 
calculations  were  derived  from  the  diabatic  fit  through  the  transformation 

Ri  R  i-:i  ±  fiEi  -  R'i)-  +  4/7^;: 

/••< , ....  -  _ 

/  =  (/7f  -  RildlR'.JdR  -  ir/:^(Ri  -  Ri)/dR 

y  (/:f  -  R‘if  Air, >2 


(.30) 
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rather  than  through  a  direct  tit  to  the  uh  inilio  points.  In  the  anticipated  applicativ>ns 
of  this  method,  the  adiabatic  potential  energy  surfaces  and  derivative  couplings 
would  be  obtained  directly  from  the  ah  inilio  daia.  without  any  reference  to  diabatic 
states. 


Results  and  Discussion 

We  chose  to  illustrate  the  method  on  the  c  =  8  vibrational  level  of  MgC’l  (  I'll ) 
(see  Fig.  1 ).  whose  lifetime  is  appro.ximatcly  ()..l  ps.  No  attempt  to  calculate  longer 
lifetimes  was  made,  although,  in  view  of  the  stability  of  the  integrator,  this  is  perfectly 
feasible.  The  energy  profile  of  the  collision  delay-time  (Fig.  2)  was  obtained  after 
propagating  a  Gaussian  wave  packet  of  width  0.25  a<)  centered  on  r  -  8.  The 
calculation  was  carried  out  w  ith  the  maximum  accuracy  available  in  double  precision 
over  8192  steps  of  10  ''  s  on  a  grid  of  2048  points  between  y  and  M)  a<,.  The  wave 
packet  was  analyzed  at  /?  =  2 1  ao  and  absorbed  by  an  imaginary  potential  linearly 
decreasing  from  0  at  22.5  a(,  to  -500  cm  '  at  30  ai*;  the  reflected  part  was  approx¬ 
imately  10  ''  of  the  primary  wave  packet.  After  the  propagation,  the  modulus  of 
the  open-open  S-matrix  element  was  equal  to  one  within  0.08'7 .  The  CPU  time 
on  an  IBM  RISC  6000/550  workstation  was  approximately  3.5  s  and  4.5  s  per  step 
for  the  calculations  in  the  diabatic  and  adiabatic  representations,  respectively. 

Figure  2  presents  the  results  of  four  different  calculations.  The  resonance  energy 
profile  obtained  from  the  wave  packet  calculation  in  the  diabatic  representation  is 
compared  to  a  time-independent  close-coupling  calculation  using  a  log-derivative 
propagator  [43],  These  results  are  in  excellent  agreement,  as  expected.  The  reso- 


Energy  (cm  ’) 

Figure  2.  Resonance  profile  of  ihc  collision  delay-time.  The  wave  packet  calculation  in 
the  diabatic  representation  (solid  line)  is  compared  with  the  calculation  in  the  adiabatic 
representation,  with  the  adiabatic  correction  included  (dashed  line)  or  neglected 

(broken  line).  The  result  of  a  time-independent  calculation  (full  circles)  is  also  presented. 
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I  nance  cune  represcnicti  hy  a  broken  line  uas  obtained  b\  propagating  the  wave 

packet  in  the  adiabatic  representation  where  the  adiabatic  correction  li"'"  iR)  ik 
-  1.  2  1  was  arbitrarily  set  to  zero.  Tliis  has  the  ellect  of' changing  signiticanlly  the 
I  resonance  shift  (  - 1 76.3  instead  of  -  1  >2.2  cm  ' )  as  well  as  the  lifetime  ( 0. 1 K  instead 
of  0.29  ps).  Although  this  phenomenon  has  also  been  noticed  by  other  aulhirrs 
[  19.47.48  j,  the  adiabatic  correction  is  very  often  assumed  negligible  in  predisso¬ 
ciation  calculations. 


Summary  and  Conclusion 

The  wave  packet  method  developed  here  permits  dynamics  calculations  to  be 
carried  out  explicitly  in  the  coupled  adiabatic  .state  representation,  This  methodology 
is  introduced  to  exploit  recent  advances  in  computational  electronic  structure  theory 
which  permit  etVicient  evaluation  of  derivative  couplings  between  adiabatic  states. 
This  approach  w  ill  also  enable  the  study  of  the  implications  of  using  diabatic  rep¬ 
resentations  in  the  treatment  of  nonadiabatic  processes.  Relative  to  procedures 
involving  diabatic  bases,  this  procedure  is  straightforward  to  implement,  requiring 
only  one  extra  FFT  evaluation,  and  the  computational  effort  is  comparable.  Note, 
however,  that  for  vibronic  problems  of  large  dimensions,  it  has  been  reported  that 
the  propagation  in  the  adiabatic  basis  was  much  more  costly  than  in  the  diabatic 
basis  [31],  The  method  is  currently  being  extended  to  higher  dimensions  in  order 
to  study  electronic  quenching  processes,  including  )  by  He  [42]. 
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Introduction  of  External  Field  Effects  in  the  Frontier 
Molecular  Orbital  Theory  of  Chemical  Reactivity 
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Abstract 

F\ternal  held  effects  are  inirnduced  m  both  charge  and  orbital  control  terms  ol  Klopman-Salem 
lormalisni  for  the  studs  ofchentical  rcactisits  in  condensed  phase  \n  analviical  expression  isderised 
for  the  change  of  the  interaction  energs  between  a  nucleophile  and  an  eieciriiphilc  from  gas  to  solution 
phase  The  resulting  simple  expression  contains  the  effect  of  the  external  held,  in  terms  of  the  sanation 
of  the  electrophilic  superdehKali/abiliis  index  associated  ssnh  the  highest  occupied  rrniecular  orbital 
i  msMO)  ofthe  nucleophile,  fsso  classical  reactions  are  analx/ed  to  iliuslralc  the  usefulness  and  reliabilils 
o'The  proposed  formalism.  <  iua2  John  Wiles  &  .Sons,  Ine. 

Introduction 

The  language  of  frontier  molecular  orbital  (f  vio)  iheorv  has  been  incorporated 
for  many  years  into  the  discussion  of  chemical  reactix  ity.  The  widespread  usage  of 
terms  like  homo  and  l  .l'  Vlo  is  a  measure  of  the  success  that  this  kind  of  approach 
has  accomplished  in  the  different  holds  of  modern  chemistry. 

The  current  application  of  tmo  theory  is  usually  based  in  gas  phase  molecular 
orbital  calculations  which  pros  ide  the  basic  variables  to  be  used  in  the  f-MO  analysis, 
namely,  atomic  charges,  monoelectronic  energies,  and  coctheients  of  the  Lt  ao  ex¬ 
pansion  as.sociated  with  those  relevant  orbitals  which  are  supposed  to  directly  de¬ 
termine  the  reactivity  pattern  of  the  system  under  study. 

On  the  other  hand,  most  of  the  chemical  processes  occur  in  the  presence  of  a 
liquid  environment.  It  is  also  well  known  that  the  medium  often  panicipalcs  in 
these  processes  in  a  nontrivial  way  (1-3].  Therefore,  the  modeling  of  a  reacting 
system  in  solution  via  a  gas  phase  molecular  orbital  study  leaves  a  lot  of  information, 
concerning  the  relevant  substrate-medium  interactions,  out  of  the  analysis. 

Klopman  [  4,5  ]  suggested  a  simple  formula  to  account  for  the  interaction  energy 
between  the  reacting  systems  that  partially  included  electrostatic  interactions  with 
the  medium.  Within  this  approach,  only  the  charge-control  term  was  modified  to 
include  electrostatic  interactions  with  the  medium  using  a  model  compatible  with 
the  Born  formula  (6].  .Since  the  orbital-control  term  was  derived  in  the  framework 
of  perturbation  theory  ,  both  the  cwfficicnts  and  the  monoelectronic  orbital  energies 
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were  represented  by  using  the  unperturbed  wavefunction  of  the  isolated  system 
(i.e..  in  the  absence  of  the  polarizable  medium). 

In  other  words,  within  the  Klopman-Salem  formalism,  the  induence  of  the  solvent 
on  the  chemical  reactivity  pattern  is  introduced  in  an  unbalanced  way  that  modifies 
the  charge-control  term,  but  it  leaves  the  orbital-control  term  invariant  to  the  in¬ 
fluence  of  the  polarized  environment  This  approximation  is  equivalent  to  consider 
that  the  mo  energies  move  in  a  constant  amount,  equal  to  the  solvation  energy  of 
the  whole  system,  when  passing  from  the  gas  to  solution  phase. 

Sanchez  et  al.  [7]  have  discussed  the  electrostatic  interactions  as  a  factor  in  the 
determination  of  the  homos  ofa  number  of  benzene  derivatives  in  liquid  solutions. 
Significant  variations  in  the  MO  sequence,  involving  changes  in  the  homo  nature, 
were  observed.  .4  formal  treatment  for  the  mo  shifting  under  the  influence  of  an 
external  field  was  presented  recently  18].  A  very  simple  formula  was  obtained 
within  a  variation-perturbation  treatment  of  the  problem  w  hich  expresses  the  MO 
shifting  from  gas  to  solution  phase  in  terms  of  a  .solute  electronic  polarization 
contribution  and  an  electron-solvent  interaction  term  [8]. 

Based  on  this  last  approach,  we  propose  in  this  work  an  extension  of  the  Klopman- 
Salem  formalism  in  order  to  include  e.xternal  field  effects  on  the  orbital-control 
contribution.  I  he  resulting  formalism  will  be  applied  to  the  study  of  two  well- 
known  systems:  the  alpha  effect  observed  in  the  OH  and  OOH  nucleophilic 
reactivity  pattern  and  the  internal  return  rearrangement  of  F  and  CH  i  on  the 
allylic  substrate. 


Theory 


The  main  objective  of  the  f-MO  analysis  of  chemical  reactivity  is  to  predict  the 
reactivity  pattern  that  is  to  be  expected  from  an  analysis  of  the  weak  interaction  of 
the  reacting  system.  In  other  words,  the  slope  of  the  interaction  potential  at  low 
values  of  the  reaction  coordinate  is  used  to  qualitatively  obtain  the  relative  location 
of  unspecified  transition  states  for  the  reaction  under  study.  .4  natural  approach  to 
represent  this  process  is  a  perturbation  theory  method. 

Klopman  [4]  and  Salem  [9 ]  proposed  a  simple  scheme  ba,sed  on  the  interaction 
of  the  molecular  orbitals  of  the  reacting  subsystems.  The  follow  ing  expression  was 
derived: 
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where  and  <//.  denote  the  electron  densities  associated  with  atomic  orbitals  a  and 
/).  fit, I,  and  S„i,  are  the  resonance  and  overlap  integrals  between  atomic  orbitals  a 
and  h.  Qi,.  Qi  denote  the  net  atomic  charges  on  atoms  k  and  /.  and  Ru  is  the 
interatomic  distance,  c'"  and  <  /!  are  the  coefficients  of  the  1  (  AO  expansion,  c„„  c,, 
represent  molecular  orbital  energies,  and  c  is  the  dielectric  constant  of  the  medium. 

Klopman  showed  that  Fq.  (  1 )  may  be  rca.sonably  reduced  if  the  ansatz  that  only 
frontier  molecular  orbitals  account  for  the  major  part  of  the  reactivity  pattern  is 
accepted  [4j.  The  simplified  expression  becomes: 
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\vhcrc  Q\:,  and  (Ji  represent  llie  net  charges  ol'tlie  aeti\e  sites  oj'the  nuclenphile 
and  electrophile.  respecti\cl> .  According  to  Klopnvan's  approach  [ 4 ) .  reduction  of 
Eq.  (  I  )  to  f:q.  { 2  )  folious  essentially  from  the  consideration  in  cnerg\  ofihe  highest 
occupied  molecular  orbital  of  the  nucleophile,  Cu.  and  the  louesl  v  irtual  molecular 
orbital  of  the  electrophile.  C/  . 

We  mav  immediatelv  see  that  the  elfeet  of  the  polarizable  environment  is  partiallv 
introduced  into  this  formalism,  because  it  atVects  the  first  (charge  control)  term  of 
Eq.  (  2  ).  Substruction  of  the  corresponding  energy  variation  in  vacuum  gives: 


oli:  ■- 


Equation  ( .^ )  tells  us  that  the  change  in  reactivitv  when  passing  from  gas  to 
solution  phase  is  given  by  the  electrostatic  solute-solvent  interaction  energy  (i.e.. 
twice  the  Born's  solvation  energy  contribution  of  the  solvated  active  sites  of  the 
nucleophile  and  eleclriiphilc.  respectively).  We  immediatelv  see  that  such  an  ap¬ 
proach  does  not  include  information  concerning  the  variation  of  the  electronic 
structure  of  the  reacting  system  from  gas  to  solution  phase.  We  propo.se  then  to 
introduce  electrostatic  solvent  etfects  in  both  charge  and  orbital  control  contri¬ 
butions. 

I  ct  us  write  !:q.  (2)  for  the  same  system  in  vacuum  and  in  the  prc.sence  of  the 
solvent: 
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Substraction  of  Eiqs.  ( .s  )  and  (  4  )  gives,  for  the  variation  of  the  interaction  energy 
iVom  gas  to  solution  phase: 
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In  deriving  Eiq,  (6).  a  first  order  variation  in  the  net  charge 
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has  been  assumed  with  Q'l  the  net  charge  on  atom  A  in  vacuum:  higher  terms  have 
been  neglected. 
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Equation  (6)  expresses  the  variation  of  the  interaction  energy  between  an  elec¬ 
trophile  and  a  nucleophile  from  gas  to  solution  pha.se  in  terms  ol'three  contributions: 
the  first  one  corresponds  to  a  Born-iike  solute-solvent  electrostatic  interaction  en¬ 
ergy;  whereas  the  second  accounts  for  the  charge  polarization  contribution,  f  he 
third  term  contains,  in  a  complex  way,  the  elVect  of  the  polarizable  medium  on  the 
orbital  control  contribution. 

This  last  term  may  be  further  simplified  if  we  express  the  molecular  orbital  energy 
shifting  induced  by  electrostatic  external  effects  according  to  the  model  proposed 
by  Contreras  and  .Mzman  [8]: 


(■Sc,  =-  +  /7(/)yI  )  >,,  (S) 

where  the  first  term  of  Eq.  { 8  )  is  the  electronic  polarization  contribution  of  the  MO 

<hm-. 

=  (  T;  I  /••(  1 .  P( f ) )  -  /••(  1 .  T(  I  ) )  I T'/  >  <  4 ) 

whereas  the  second  contribution  represents  the  electron-solvent  interaction,  ex¬ 
pressed  in  terms  of  the  occupation  number  of  the  unperturbed  MO  <!>;’.  n{i).  and 
the  average  reaction  field  potential. 

Based  on  Eq.  (6)  and  using  the  convention  that  the  gas  pha.se  i  t'MO  energy. 
('/  (  I ).  is  a  reference  state  ( i.e..  tv  ( 1 )  =  0 ).  we  may  write; 


i^tv  -  fu'/"'  =  t’/  (r)-  1 

i-*f 

bccau.se  the  occupation  number  of  the  i.l!MO  is  zero  by  definition. 

ETom  Eq.  ( 8 ),  the  energy  shifting  of  the  l  tiMO  of  the  electrophile  is  expected  to 
be  negligible  as  compared  to  the  corresponding  variation  of  the  HOMO  of  the  nu¬ 
cleophile  [the  second  right  hand  term  in  Eq.  (8)  vanishes  for  the  electrophile]. 
This  approximation  is  valid  for  soft  electrophiles  and  also  for  intermediate  cases. 
In  those  ca,ses.  the  approximation  -  0  may  be  u.scd  to  gel  the  approximate 
expression; 
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Next,  we  introduce  the  orbital  electrophilic  superdelocalizability  index; 


’  t  0,(r) 


(  12) 


to  get  the  approximate  expre.ssion  for  the  orbital-control  contribution 
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where  S'/(  1 )  and  Si-{e)  are  the  electrophilic  superdelocalizability  of  the  homo  of 
the  nucleophile  in  gas  and  solution  phase,  respectively. 

Substitution  of  expression  (13)  into  Eq.  (6)  gives  the  desired  final  result 

I-.,  R  sR 

+  0-1  [S'/.ie)(cUe)r  -  SVi  1  )(o;^/(  1 ))-]  ( 14) 

n 

Equation  ( 14)  expresses,  in  a  rather  simple  way,  the  variation  of  the  interaction 
energy  between  an  electrophile  and  a  nucleophile  from  gas  to  solution  phase. 

Results  and  Discussion 

In  order  to  test  the  usefulness  and  reliability  of  the  formulation  presented  above, 
two  classical  reactions  in  solution  will  be  discussed  here,  with  the  method  imple¬ 
mented  at  cndo/2  level: 
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Figure  I.  Moit'cukir  modeling  for  the  l..t  internal  return  rearrangement  of  F  and 
Cl  1 1  on  the  allvl  ‘  substrate. 
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1.3  IfUenial  Remrn  Allyliv  Rcurniniicnicni 

The  model  for  the  migration  of  F  and  CH  ?  on  the  ally!  ‘  frame  is  shown  in 
Figure  1.  Barriers  for  the  rearrangement  were  caleulated  in  vacuum  and  in  the 
presence  of  a  highly  polarizable  medium  (c  =  80 ) .  In  the  case  ofCH  , ,  local  geometry 
optimization  was  included  to  account  for  inversion  oFconfiguration.  In  both  cases, 
gas  phase  calculations  reveal  a  barrier  for  the  1 ,3  migration  with  a  common  transition 
state  consisting  in  an  ion  pair.  This  structure  corresponds  to  the  symmetrical  form 
of  the  complex  (i.e.,  with  the  nucleophile  located  midpoint  between  the  imaginary 
Ci — C}  axis).  The  unsymmetrical  form,  with  the  nucleophile  associated  to  the  C', 
or  Cy  ends,  present  substantial  covalent  character. 

For  the  allyP/F  system,  the  electrostatic  solvation  entails  a  reduction  of  the 
barrier  af  about  50%  (see  Fig.  2).  The  overlap  population  analysis  (see  Table  1) 
reveals  that  the  ion  pair  degree  increases  with  the  strength  of  the  reaction  field.  As 
a  result,  a  strong  electrostatic  solute-solvent  interaction  accounts  for  the  reduction 
of  the  barrier  by  a  strong  stabilization  of  the  transition  state.  This  analysis  reinforces 
the  previous  results  reported  on  this  sytem  [  10],  where  the  hypothesis  of  acid  catalysis 
was  conipletely  discarded  [11]. 

In  the  case  of  the  allyr  /CH  ?  system,  electrostatic  solvation  eftects  produce  a 
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hach^T  roductuin  ol  ahtnit  lO'V  (sec  F-'ig.  3):  in  tliis  case,  ihc  overlap  population 
analysis  sliows  that  a  significant  covalent  character  in  the  transition  state  is  present, 
and  no  si.tnificant  variations  are  observed  with  respect  to  the  change  of  phase  (see 
Table  1).  As  a  result,  a  weaker  electrostatic  solute-solvent  interaction  is  operative 
in  this  system  \Vt  ma>  then  postulate,  on  the  ba-sisofthe  population  analysis,  that 
the  internal  return  rearrangement  m  the  allyl  /l  svstem  is  charge  Cuntrolied. 
whereas  for  the  ailyl  '  /C  H  ;  .system,  it  is  orbitallv  controlled.  We  will  show  that  the 
same  conclusion  may  be  obtained  through  a  formal  i  MO  analysis  ba.sed  on 
[■q.  (  14 ). 

The  study  of  the  internal  return  rearrangement  barrier  entails  the  comparison 
of  total  energies  of  the  reacting  system  from  gas  to  solution  phase.  Equation  (14) 
gives  onb  the  interaction  energy  variation  contribution  to  the  barrier  for  this  process. 
A  standard  energy  partition  procedure  is  needed  to  correctly  identify  all  the  con¬ 
tributing  terms  to  the  total  energy  varation  from  gas  to  solution  phase.  This  can 
be  seen  from  the  following  argument.  Let  the  total  energy  of  the  reacting  .1  and  B 
systems  in  gas  and  solution  phases  be  written  as': 

Eri  1  )  -  /•;,(  I  )  +  E,<{\)  4  I  )  (  i.s) 


and 


/f/(fr)  =  /:,(f)  +  T/jlr)  ^  I'-uAe) 


i  16) 


’  W  th.ink  ;i  a')'cri.v  tor  sajyzcstinp  this  relevant  point 
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Suhstraction  of  Fqs.  (15)  and  (  16)  gives  tlic  total  interaction  energy  variation 
from  gas  to  solution  phase: 


M-  -  ( ,1 )  +  /-fvoK (  /7)  +  (17) 


I  aki  I  II  ('Dninbulion  to  the  total  interaction  cnergv  tor  (al  the  internal  return 
rearrangement  on  alKT  and  ih)  the  alpha  elTect  in  the  nucleopiiilic  attack  ot'OOlt 
and  OH  on  />-nitrophenyl  acetate  in  solution. 


Substrate 

Nucleophile 

Charge  control'' 
contribution 

Orbital  control'' 
contribution 

Al)))' 

1 

4.9,4 

0.,43d- 

f  H, 

0.10 

O.b.Cy- 

p-.\itrophen>  1  acetate 

OH 

d.kO 

O.lbd- 

OOH 

t.J.s 

0.07d-’ 

'  T  his  contribution  is  the  sum  of  first  and  second  terms  of  t  et,  (17).  and  first  and 
second  terms  of  liq  (14).  in  electron  volts. 

’’  T  his  contribution  represents  the  third  term  of  I  q.  ( 14).  in  units  ol  d’. 


rROX'iiK  \tO!  U  t  1  \K  oR»(  1  \1  lliinm 


whoro  ttic  ihild  Icrm  tit'  [  tj.  i  I  ”  )  is  ilio  imcrai,lii>i!  t.'iKT»;\  '.analunt  s’lu  ii  h\ 
l-q,  (  !4  I. 

AIut  the  eak'i.'latuHis  using  I’ci.  (  P  i,  it  uas  lininii  that  ihe  eonliibiiia'a  liutn 
llie  l  l  MO  eiK'frK'is'nis  of  the  cleetri)c>hile  uas  I  tlO  in  hoth  [■»hases  loi  the  all>  I  I 
and  alhl  '  /(’Hi  s> stems,  [his  result  indieates  that,  lor  the  e  proeesses.  the  oihnal 
eontrol  eontrihutnm  unK|uel\  riepends  im  the  variation  oi  the  in  on  >  elei  irophilu' 
superdeioeali/abililv .  in  hible  il  ue  report  the  results  obiametl  using  the  jiariiipi'n 
of  the  interaeli.  n  energs  variations  iVont  gas  to  stvlmuni  phase  tiiv  both  s\  stems  It 
mav  bi  seen  thttt  the  eharge  eontrol  eonti'ibnuon  is  the  leading  term  governing  the 
internal  return  rearrangement  for  the  1  ease.  In  the  (  II  ,  situation  the  ehaige 
control  ecrntributimi  piavs  against  the  process,  whereas  the  orbital  control  contri¬ 
bution  appears  as  the  iriv  ing  force  for  the  rearrangement.  It  ts  also  worth  mentioning 
that  a  global  total  energv  variation  of  about  iO  keai  mol  isoistaineil  with  fq  i  P  ). 
in  a  close  agreement  witli  the  complete  caleiilalion  summan/ed  m  f  igure  V 
I'his  re.sult  is  reinforced  bv  the  laet  that,  in  general.  ■!, ,  ,  . 


i'.Hvi  l 

Hie  enhanced  nucleophilic  reactivity  ofOOII  with  respect  to  )il  in  solution 
has  been  the  object  of  some  research  [12,  l.vj.  Klopman  ami  1  rierson  persuasivelv 
argmd  in  favor  v'f  a  svnergistic  solvent  ;md  orlsital  elVeet  to  explain  'he  inversion 
ol  reaeliviiv  between  these  two  nucleophiles  with  respect  to  their  reaeiioiw  with  />- 
nitrophenyl  acetate  [  I i  hese  authors  proposed  a  i  mm  analvsis  b.tsed  on  gas 
phase  .alculalion  .  together  with  f.q.  (  1  ).  This  conclusion  was  conlnmeii  laier  bv 
Contreras  and  Ai/man  [8j,  who  used  a  formalism  accounting  for  the  mm  energv 
shilling  nduced  by  electrostatic  solvation.  However,  this  last  atiproach  was  not  a 
formal  IMM  analvsis  of  this  ch 'mica!  process.  W'edecKled  then  to  revisit  ihissvstem 
to  make  a  lAto  analvsis  basetl  on  fiq.  (  P  ).  I  he  results  are  ilisplayeti  m  I  able  I! 
It  mav  he  seen  that  tlv  total  interaction  energv  variation  from  gas  to  soluiion  phase 
is  lower  in  OOH  than  it  is  foi  OI!  .  accounting  for  the  enhanced  rea  -iiviiv  of 
OOH  as  compared  w  ith  OH  in  solution. 


f  oncluding  Remarks 

I  'sing  a  previous  theoretical  result  giving  the  mm  energv  shifting  induced  bv 
di'ctrosiatic  externa!  elfects.  a  t  .Mo  .formalism  for  the  ehemn  al  reaetivitv  in  solution 
lutv  been  developed.  F  ile  resulting  simple  expression  introduces  a  eharge  polarization 
contribution  in  the  eharge  control  term,  [he  <irbilal  control  contribution  is  also 
moddied  bv  the  presence  of  a  polari/tible  medium,  ami  it  is  expn  ssed  m  terms  of 
the  variation  of  an  orbital  electrophilic  superdelocali/abilitv  index. 

T  wt  well-known  chemical  reactions  htive  been  analv/ed.  fhe  internal  return 
rearrangement  off  and  f  H  ;  on  the  allvl  '  substrate  in  solution  is  sIiovmi  to  oeeiir 
by  charge  control  in  the  former  ami  orbital  control  in  the  later  ease.  1  he  analvsis 
of  the  reactiviiv  pattern  of  the  nucleophilic  attack  of  OOll  and  OH  towards  a 
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p-nitrophenyl  acetate  substrate  in  solution  is  in  agreement  with  experimental  data 
and  also  in  agreement  with  the  accepted  explanation  of  the  solution  alpha  effect 
observed  in  this  system. 
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A  Fibered  Space  Approach  to 
Chemical  Reaction  Mechanisms 
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Abstract 

In  this  articic  wc  generalize  the  neecssars  conditions  for  a  topological  delinition  of  the  concept  of 
molecular  structure,  showing  that  n  may  be  independent  of  the  particular  criterion  chosen,  as  long  a>  it 
fultills  some  general  conditions  and  may  give  nsc  to  the  concept  ofa  category  of  stable  chemical  structures. 
We  proceed  to  introduce  a  local  metric  in  the  objeets  of  this  category  by  using  the  properties  of  metiie 
.space  bundles,  and  this  allows  us  to  propose  a  general  system  of  reaction  mechanisms  w  ithin  tins  tramework 
of  the  theory  of  categories.  We  conclude  hy  propevsing  a  single  diagram  mat  encompasses  me  whole 
theory  of  stable  structures  and  reaction  mechanisms.  >■  John  W  iles  Sons.  Iik 


Introduction 

Theories  of  chemical  structure  are  among  the  foundations  of  modern  chemistry . 
They  originated  in  the  second  half  of  last  century  with  attempts  to  establish  spatial 
organization  for  atoms  within  molecules  in  order  to  explain  the  existence  of  isomers. 
It  then  became  possible  to  explain  the  differences  between  chemical  or  physical 
properties  of  molecules  constituted  by  the  same  atoms  in  the  same  number  as 
originating  in  differences  between  geometrical  arrangements  of  their  atoms  and  to 
explain  chemical  reactions  as  rearrangements,  or  modifications,  of  these  geometries. 
The  development  of  quantum  mechanics  lead  to  the  combination  of  these  structural 
models  with  quantum  methods,  transforming  the  search  of  configurations  of  min¬ 
imum  energy  and  the  study  of  paths  joining  them  within  the  potential  energy  hy¬ 
persurface  in  central  problems  of  chemistry. 

However,  there  is  one  main  shortcoming:  these  treatments  are  semiclassical. 
They  properly  treat  electrons  as  quantum  particles,  but  treat  nuclei  as  classical 
entities.  Thus  they  lack  essential  consistency  in  spite  of  their  proven  utility  for  the 
theoretical  study  of  chemical  reactions.  For  this  reason,  in  recent  years,  several 
efforts  have  been  made  to  overcome  this  problem  by  con.structing  topological  ( more 
than  geometrical)  definitions  of  toe  fundamental  concepts  of  chemical  strui.iurc 
and  reaction  mechanism. 

Several  proposals  have  been  made  in  this  respect  [1-4],  some  ot  them  based  on 
partitions  over  the  nuclear  configuration  space  j  ^  ] ,  taking  advantage  of  some  prop- 


*  l  o  whom  correspondence  should  be  addressed. 
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ertics  of  molecular  s\  stems  such  as  electronic  energy  or  electronic  density,  computed 
\sithin  the  Born-Oppenheimer  approximation.  More  recently,  some  steps  toward 
a  general  detinition  of  chemical  structure,  independent  of  the  somewhat  arbitrary 
choice  of  particular  criteria,  have  been  given  [6], 

The  interest  of  chemists  in  a  general  theory  of  structure  lies  in  the  hope  that  this 
may  be  useful  in  explaining  molecular  properties,  particularly,  reactivity.  Some 
authors  [7,8]  have  stressed  the  need  to  refer,  even  in  topological  models.  t<i  the 
metric  propenies  of  the  space.  M.  of  nuclear  configurations,  in  order  to  carry  on 
local  analysis  related  to  spectroscopic  properties  and  to  establish  the  frontiers  of 
sets  representing  chemical  structures  when  reaction  mechanisms  are  defined. 

As  we  already  have  a  general  detinition  of  stable  chemical  structures  [6],  from 
which  the  particular  one  based  on  energy  stable  catchment  regions'  or  molecular 
graphs  may  be  obtained.  v\e  wish  to  generalize  this  detinition,  by  adding  to  it  the 
metric  characteristics  permitting  us  to  carry'  on  local  analysis  and  to  put  forward  a 
general  scheme  of  reaction  mechanisms  [9],  More  specifically  ,  we  %vill  use  tibered 
spaces  with  metrical  properties  ( 10]  to  define  the  mode!  of  stable  chemical  structures, 
and  we  w  ill  try  and  establish  the  characteristics  required  in  metric  models  of  stable 
chemical  structures  in  order  to  construct  an  abstract  model  of  reaction  mechanisms. 

I  he  Metric  Model  of  Stable  Chemical  Structures 

Let  /u  be  a  molecular  system  of  N  atomic  nuclei  and  n  electrons.  For  a  given 
electronic  state  of  g.  the  Bom-Oppenheimer  energy  functional.  E(  K ).  is  well  defined 
over  the  reduced  space  of  nuclear  configurations,'  M. 

In  order  to  construct  the  metric  model  of  stable  chemical  structures,  let  us  consider 
the  set  \  K'”''  j  whose  elements  K  E  M  are  such  that 

V„E(K)  =  0  and  M„E{K)>0  (!) 

where  Vk  and  Hk  are  the  gradient  and  the  Hessian  matrix  operators  in  a  system  of 
nuclear  coordinates  of  M.  We  consider  that  each  one  of  these  equilibrium  config¬ 
urations  is  representative  of  a  configuration  set  corresponding  to  a  stable  chemical 
structure. 


‘  t  icncral  definition  of  stable  ehcniieal  slrueturc  given  in  Ref.  jb  ]  is  based  on  proper  partitions  of  the 
nuelear  configuration  space.  Different  partitions  must  lead  to  classes,  each  of  them  containing  points 
uhich  are  equivalent  to  one  energy  minimum.  Clavses  corresponding  to  the  same  minimum  must  be 
equipotent  in  Older  to  obtain  topologically  equivalent  definitions  (l.S.b]  of  stable  chemical  structure 
with  the  possible  partitions.  .Stable  catchment  region  topology  is  presented  as  a  case  fulfilling  the  above 
conditions.  Since  .stable  catchment  regions  arc  assvKialed  with  energy  minima,  they  lead  to  a  topological 
definition  of  molecular  structure  [b|  different  to  the  one  proposed  by  Mercy  [1],  who  uses,  for  this  i 

puqtose.  the  catchment  regions  associated  with  all  critical  points  of  the  hypcrsurface 

■  I  he  reduced  space  ot  nuclear  configurations  is  well  known  by  chemists  I  his  space  is  loosely  defined  ! 

as  the  I  V-(i  )-dimensional  space  remaining  after  elimination  of  the  rotational  and  translational  degrees 
of  Ircedoni  Irorii  the  t.\  -dimensional  space  of  the  nuclear  coordinates  of  a  molecule  containing  ,V  nuclei. 

A  more  rigorous  detinition  has  been  given  by  Mc/ev  as  the  space  where  the  elements  arc  classes  A  ol 
points  of  "R  corresponding  to  rotations  and  translations  of  a  parlictiiar  nuelear  geomeliA  It  is,  in  1 

general,  a  non-1  uclidean  space  |7j  1 

I 

I 


i  iHi  HI  1)  si'\n  \rfMu>M  It 


i 

i  l  ollcnvmg  Nkvc>  (I],  wc  call  1),.,,:  the  set  eotitammg  ilie  eleinerts  k  (  M  lor 

which  K(K)  is  not  well  s!ejiiici.l.  bceaiisc  llic  Inpersuiiaec  is  a  hatl  a|ipio\inia!iot) 
to  the  expected  \aliie  of  electronic  cnergx,  i.c..  where  the  Born-Opjienheiniei  ap¬ 
proximation  IS  not  a  good  one.  and  hence,  the  hist  and  second  denxatoes  ol  l-.l  K  ) 
are  not  vxeil  slehned. 

Let  us  define: 

(  M-\  i:  r  ;  K'"  ’,  /  G  1.  and  ;  a  set  vxith  the  tiisereie  lopologx  i  K,,  ;  being 
a  representative  element  oriL^.^(). 

( .1/-2  ):  G  -  !  K  ; .  G  and  M  are  the  same  set.  but  we  will  use  dillerenl  topologies 
lor  each  one  ol'  them. 

(}/-}]:  epuixaienee  relations  in  M.  /.  /  G  J .  lor  a  goen  equivalenee  reialion. 
we  detine  a  function,  p.  such  that: 

p  :  G  I 

K  — k'”''.  it'k-k''’'-' 

k  —  k,.,.i.  ifK  -  k,.,^.i  (2) 

The  idea  is  that  it  a  nuclear  eoniiguraiion  of  minimum  energx  is  represcmative  of 
a  particular  chemical  structure,  conligutations  corresponding  to  small  geometry 
det'ormaiions  will  represent  the  same  chemical  structure  f  ihcv  will  be  ee|uivalent ). 
whereas  large  enough  deformation  will  give  use  to  dili'erent  chemical  structures  or 
even  to  geometrical  arravs  of  nuclei  not  corresponding  toaiiv  stable  chemical  struc¬ 
ture.  Relationship  (  2  )  formali/es  this  intuitive  chemical  notion  of  ciiuivalence. 

Several  different  criteria  inav  be  used  to  define  equivalence  relations;  for  example, 
two  points  may  be  equivalent  if  the  steepest  descent  paths  from  them  lead  lo  the 
same  minimum  [!.b|,  or  thev  may  be  equivalent  if  they  have  the  same  molecular 
shape  graphs  (2j  or  if  thev  have  the  same  molecular  graph  obtained  from  their 
charge  density  (4.6j. 

( .U-4  ):  -  is  the  set  of  all  tunctions.  <«:  I  -►  G.  vr  C  T.  such  that  p  <>  id  G .  As 
I  is  a  discrete  topological  space,  everv  function  <i  G  i  is  continuous.  I  hen,  function 
o  maps  each  minimum  on  alt  its  equivalent  configurations. 

(  \  f->  ):  a  metric  d;  G  ■  (J  -*■  (0.  ‘  /  ).  such  that: 

f  d(  k  .  k  )  ‘  /  if  p(  k, )  p(  k  ) 

Vk„.h.eG  l.G 

[dlk.k)  (/( k  .  k  )  ifp(k.)  p(k  ) 

where  function  ij  is  defined  hv 

t/(  k.  k ’  I  mm  !  \ .  v '  I;  v  E.  k .  a '  G  k' :  l  4  i 

and.  as  has  been  shown  {^.1  1].  it  has  all  the  pp,>perties  ot  a  metric  on  \1.  In  this 
definition,  p  represents  the  metric  of  the  Luchdean  \-dimensional  space  fiom 
which  M  h  as  been  tibtaiiied  [12]  (see  footnote  2|.  In  this  wav,  a  coui>ic  of  points 
corresponding  to  (.lifierent  chemical  structures  will  lie  an  infinite  distance,  whereas 
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for  equivalent  points  we  retain  the  usual  metric  properties  of  nuclear  configura¬ 
tion  space. 

bundle  of  metric  spaces  ma>  be  built  with  objects  ( .\/-l  )  to  {  \/-s  ).  because 
they  satisfy  the  existence  theorem  for  metric  space  bundles  (see  .Appendix  ).  In  the 
usual  language  of  the  theory  of  metric  space  bundles  [  1 0. 1 .7  ] ,  the  topological  space. 
T,  is  commonly  called  the  basis  space,  and  G  is  called  the  (ibered  space,  f  or  each 
1  G  T.  the  set  p  '  ( /  )  is  known  as  the  fiber  on  /. 

In  other  words,  T  is  a  discrete  point  set  having  as  many  points  as  stable  chemical 
structures  may  be  obtained  with  the  given  set  of  nuclei.  G  is  the  nuclear  configuration 
space  with  subsets  of  the  equivalent  nuclear  geometries  corresponding  to  each 
chemical  structure.  Each  of  these  subsets  is  the  fiber  corresponding  to  the  repre¬ 
sentative  point  of  the  structure. 

With  metric  d  and  the  a  functions  we  define  the  c-tubes  around  eacii  a  as  the 
sets  of  points  of  G.  whose  distance  from  a  point  of  the  image  of  a  is  less  than  a 
given  £  >  0.  The  e-tubes  are  closely  analogous  to  the  open  spheres  of  radius  c.  w  hich 
can  be  obtained  in  any  metric  space. 

In  the  above-defined  structure  (G,  p.  T),  G  is  the  set  of  all  nuclear  geometries. 
The  topology  generated  by  the  e-tubes  on  G  is  equivalent  to  that  obtained  by  the 
disjoint  union  of  subspaces  p  ‘  ( / )  of  M . 

In  this  context,  subspaces 

A"*  -  p  '(fl.  V/  (Si 

represent  stable  chemical  structures,  liecause  p  '(/ j  is  the  set  of  coniiguialions  of 
M.  chemically  equivalents  to  one  of  the  t  •=  K'"''.  according  lo  tiie  paiticular 
criterion  chosen. 

To  a  better  understanding  of  the  topology  of  G .  we  may  remember  that  for  each 
fiber,  p  '(()■(  G  T .  the  metric,  d .  is  a  restriction  of  the  global  metric,  q  { 7  ] ,  of  .M . 
The  "local  metric.”  d.  allow  s  the  retrieval  of  the  characteristics  of  differentiability 
of  E(K)  within  each  stable  structure,  i.e.,  within  each  A"'. 

This  is  an  important  step,  because  the  derivatives  of  the  "potential”  electronic 
energy.  E(K),  allow  local  analysis  in  the  chemically  equivalent  neighborhood  of 
each  minimum. 

We  call  d  “local”  because  it  provides  a  metric  for  each  separated  chemical  struc¬ 
ture.  For  different  chemical  structures,  the  distance  is  infinity  and  they  may  not  be 
compared  with  this  criterion.  This  has  the  advantage  over  a  global  metric.  In  a 
global  metric,  two  difl'erent  points  in  M  located  at  a  distance,  r.  may  or  may  not 
correspond  to  the  same  chemical  structure,  and  thus,  one  does  not  have  a  good 
criterion  to  define  a  chemical  structure.  The  particular  criterion  that  may  be  used 
to  build  these  metric  models  of  chemical  structure  should  lead  to  topologically 
equivalent  definitions;  i.e..  they  should  lead  to  the  construction  of  a  set  of  objects 
(G.  p,  1  )  having  in  common  the  same  space  T  and  a  set  of  isomorphisms  ' 

u :  ( G ,  p .  I  )  -♦  ( G '.  p r  )  ( 6  ) 


1  hi’  mi'rphivm-.  between  ubieelslt;.  p.  I  I  are  eoniinuuus  knKUons.  it  iv  th.u  ii  !s.i  t-isiimorsihism 
if  and  (mi>  if  It  exists  a  morphism  i(  '.  iti.  p.  I' )-*((».  p .  Ilssuhn  '  i,  ii/(f  ( ihe  ulenliu  oser  (i ) 
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such  that  the  diagram 

u:  (»  - ►  (i' 

\ 

P 

T  tDl) 

commutes. 

G  is  the  reduced  space  of  nuclear  configurations  endowed  with  some  structure 
according  to  the  particular  criterion  chosen  for  the  definition  of  equivalent  points. 
Let  us  say.  for  example,  equivalent  points  corresponding  to  the  same  chemical 
structure  are  all  those  having  steepest  descent  paths  that  lead  to  the  same  minimum 
in  the  potential  energy  hypersurface  (1.6):  p  is  the  projection  function  that  maps 
all  these  equivalent  points  on  the  minimum.  K'"'*.  and  T  is  the  point  set  containing 
one  point  for  each  chemical  structure. 

G'  is  analogous  to  G  but  with  a  different  criterion,  e  g.,  in  G'  those  points 
having  the  same  molecular  graph  are  equivalent,  and  p'  is  the  corresponding 
projector  [.3.4,6]. 

What  the  commutability  of  D1  means  for  any  criterion  of  equivalence  chosen 
fulfills  the  given  conditions  is  that  all  these  criteria  give  rise  to  equivalent  formal 
results,  and  the  concept  of  chemical  structure  contains  that  which  is  common  to 
all  of  them. 

The  set  of  objects  and  morphisms  mentioned  in  the  former  lines  conforms  a 
mathematical  structure  called  a  category  [13].  and  thus,  we  have  defined  the  calci^ory 
n!  stable  chemical  structures. 

The  existence  of  isomorphisms  between  two  models  (G,  p.  T  )  is  possible  for  a 
discrete  I  only  if  the  restrictions  andr/L  are  )  -isomorphic.  Here.  ^  •  (G.p, 
T  )  and  77  =  ( G'.  p',  T  )  ann  I '  £  T.  That  is.  from  local  isomorjinisms  representing 
the  same  chemical  structure,  we  obtain,  quite  natuiaily,  global  isomorphisms  be¬ 
tween  all  possible  structures  for  a  given  nioiecuiar  system  and.  hence,  an  equivalence 
between  all  definitions  of  stable  chemical  stiuctures. 

Toward  a  General  System  of  Reaction  Mechanisms 

subject  of  major  importance  in  chemisu  y  is  the  study  of  reaction  inccnanisrns. 
f  rom  a  topological  point  of  view  it  has  been  treated  in  several  ways,  One  way  has 
been  to  propose  a  formal  definition  of  a  reaction  mtrhanism:  either  as  a  honiotopv 
ciass  of  paths  on  M  |1.14).  i.c.asscts  of  continuous  paths  that  can  be  transformed 
continuously  into  each  other;  or.  in  catastrophe  theory  context,  as  structural  dis¬ 
continuous  changes  produced  in  respon.se  to  smooth  changes  in  certain  parameters 
( control  parameters )  governing  the  system  behavior  [  I  j . 

On  the  other  hand,  efforts  have  been  made  to  establish,  for  a  given  chemical 
system,  all  possible  reaction  mechanisms,  based  on  lurnial  deliimioiis.  and  to  analyze 
the  mathematical  structure  (e.g..  the  group  structure  [  14) )  of  the  cvimplete  set  of 
reaction  mechanisms. 
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Our  proposal  is  in  the  latter  sense.  We  take  for  this  purpose  an  approach  based 
on  Mezey’s  definition  of  a  regular  reaction  mechanism  [1|.  Nevertheless,  we  try  to 
apply  it  to  sets  obtained  from  general  criteria,  of  which  the  one  based  in  steepest 
descent  paths  on  the  energy  hypersurface  is  just  a  particular  one. 

For  any  panitioning  scheme  of  M .  the  procedure  to  find  possible  reaction  mech¬ 
anisms  consists  in  determining  the  frontiers,  with  respect  to  the  global  metric  of 
the  nuclear  configurations  space,  of  every  set  representing  a  chemical  structure, 
and  to  determine,  for  each  pair  of  such  sets,  if  the  intersection  of  their  closures  in 
the  global  metric  topology  is  nonempty  [1.4).  which  implies  the  possibility  of  con¬ 
necting  such  a  pair  by  means  of  a  reaction  mechanism. 

Mezey  defines,  for  the  particular  case  of  energy  catchment  regions,  a  neighborhood 
relationship.  N,  allowing  one  to  study  a  reaction  mechanism  algebraically  [1.14] 
in  a  similar  way  that  is  done  with  an  interrupting  circuit;  i.e..  assigning  the  values 
1  and  0  to  the  possibility  or  impossibility,  respectively,  of  connecting  the  two  struc¬ 
tures  by  means  of  a  reaction  mechanism.  The  purpose  of  this  section  is  to  generalize 
the  neighborhood  relationship.  N,  by  allowing  it  to  be  applied  to  any  model  of 
chemical  structures  belonging  to  the  same  category,  in  order  to  obtain  equivalent 
networks  of  reaction  mechanisms. 

The  expression  that  we  shall  use  to  define  the  general  neighborhood  relationship, 
N.  is: 


f  1  ifA*'’n  A"’#0 
[0  in  every  other  case 


(7) 


where  A*''  is  the  closure  of  A''‘  in  the  global  metric.  The  most  current  situation, 
and  perhaps  the  most  important  one  from  a  chemical  point  of  view,  arrives  when 
mechanisms  in  which  two  sets  associated  with  two  dift'erent  energy  minima  are 
neighbors,  i.e.,  w  hen  the  intersection  of  the  closures  of  the  pair  of  sets  with  respect 
to  the  global  metric  of  M  is  not  empty.  In  this  caserne  talks  about  a  regular 
mechanism  [1].  We  can  visualize  the  dift'erence  set.  ( A'*'  -  A"’),  the  frontier  of 
A"’  ( in  the  global  metric),  as  that  containing  the  unstable  intermediate  structures 
of  the  reaction  mechanisms. 

We  will  try  and  obtain  the  conditions  for  relationship  (7)  to  give  equivalent 
reaction  mechanisms,  when  applied  to  equivalent  models  of  structure.  This  is  not 
an  arbitrary  restriction,  but  an  essential  one  in  order  to  have  a  coherent  general 
model  of  chemical  structure  and  reaction  mechanisms.  That  is,  if  in  a  particular 
realization  of  the  general  model,  we  can  establish  a  reaction  mechanism  involv  ing 
a  given  couple  of  chemical  structures,  we  must  reach  the  same  conclusion  by  working 
with  any  other  particular  realization  of  the  model.  In  the  following,  we  try  to  de¬ 
termine  the  implications  brought  by  the  mentioned  restriction  for  objects  and 
morphisms  in  the  category  of  stable  chemical  structures. 

The  metric  of  model  (G,  p.  T )  of  stable  chemical  structure  does  not  possess  the 
global  characteristics  that  would  allow  immediate  application  in  G  of  neighborhood 
relations.  N .  Nevertheless,  it  is  possible  to  charactenze  the  metric  mvxlels  of  structure 
leading  to  the  equivalent  reaction  mechanism,  by  relating  G  and  M  by  means  of 
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the  identity  application  id:  G  -►  M.  Clearly,  id;  p  ‘(0  “♦  G.  is  continuous  and 
each  p  '(0.  /  G  T  is  both  open  and  closed  in  the  topology  ofG.  Accordingly,  the 
topology  of  G  is  finer  than  that  of  M,  and  hence,  the  function  id:  G  -*•  M  is 
continuous.  The  possibility  of  building  equivalent  networks  of  regular  reaction 
mechanisms  implies,  on  the  first  hand,  the  necessary  existence  of  morphisms,  m. 
between  each  pair  of  objects  (G,  p,  T )  and  (G',  p',  T )  such  that  if  A  and  B  arc  the 
closures  with  respect  to  the  global  metric  q  of  any  pair  of  sets  representing  stable 
chemical  structures,  then: 

A,  BCG 

if  A  n  B  7^  0  -*■  ni(  A)  n  m(  B)  #  0, 

and  if  A  n  B  =  0  -»•  in(A)  n  m(B)  =  0 

Every  isomorphism,  u:  (G,  p,  T )  -►  (G',  p',  T ),  of  the  stable  chemical  structures 
category  satisfy  the  former  condition,  due  to  the  fact  that  for  every  function  f\ 
Y  Z,  if  /  is  one-to-one  and  onto  and  (X,),^!  is  an  arbitrary  family  of  subsets 
belonging  to  Y,  then  [16] 

/(n  X,)  =  n/(X,)  (9) 

V/el  /  /el 

implying  that,  for  any  pair,  A,  B,  whenever  A.  B  C  G.  if  A  n  B  9^  0,  then 
u(A  n  B)  =  u(A)  Pi  u(B)  ^  0,  because  u  is  one-to-one  and  onto,  and  if  A  H 
B  =  0,  then  u(A  H  B)  -  u(  A)  n  u(B)  =  0. 

As  a  consequence  of  this  result,  if  we  can  guarantee  in  some  way  that  the  iso- 
morphism,  u,  relates  each  set  of  G  corresponding  to  a  stable  structure  plus  its 
frontier,  Ag\  with  the  set  corresponding  in  G'  to  the  same  stable  structure  plus  its 
frontier,  Ac',  then  all  reaction  mechanisms  between  every  pair  of  sets  of  G  will 
also  be  reaction  mechanisms  for  the  corresponding  sets  of  G'.  The  isomorphisms 
of  the  category  of  stable  chemical  structures  relate  each  structure  Ag’  in  G  with 
Ags  in  G',  but  it  is  then  necessary  to  extend  the  relationship  to  one  between  each 
pair  Ag’,  Ag^  That  is,  it  is  necessary  that  the  same  isomorphisms,  u,  relate  the 
closures,  with  respect  to  the  global  metric  of  M,  of  sets  representing  stable  chemical 
structures  m  model  (G,  p,  T )  to  the  closures  of  the  corresponding  stable  structures 
in  (G',  p',  T),  with  respect  to  M'."^  That  is,  there  should  exist  isomorphisms  u: 
G  G',  that  may  be  extended  to  homeomorphisms  u’:  M  -►  M'  such  that  the 
following  diagram  commutes; 


u':  M - ►M'  (D2) 


M'  is  the  same  as  M,  but  for  elarity  we  designate  it  with  a  prime. 
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This  is  a  condition  satisfied  by  every  isomorphism  u:  (G,  p,  T  )  -►  (G',  p'.  T)  for 
which  u  and  u  '  are  uniformly  continuous,  because  id;  G  -►  M  and  id':  G'  -►  M' 
are  uniformly  continuous  as  well  (see  Appendix),  and  if  we  define  subset  R  of  M 
( and  G ) 

R  =  U  A''’UiniM(Aexci)  (10) 

lei 

where  the  A"’,  i  G  /,  represent  the  p“'(K'"'*)  for  each  K'"''  G  T  and 
intM  (Atxci)  represent  the  interior  of  Ac^ci,  i  e.,  of  p  ‘(Kcvli)  in  the  topology  of  M 
(the  one  associated  to  the  global  metric).  This  means  that  each  A*'’  is  the  set 
corresponding  to  a  stable  chemical  structure  in  G.  The  A"'  are  disjoint,  open  sets 
in  M  (see  Appendix)  and  M  is  connected;  accordingly.  A.xci  is  closed  because  of 

M-UA''*UA,xd  (11) 

/£! 

R  is  dense  in  M.  due  to  the  fact  that 

R  =  U  A*'*  U  intM  (Aexci)  =  U  A^  U  Aexo  (12) 

lel  /el 


then 

U  A^'  U  Aexd  =  U  A‘'>  U  Aexd  =  M  (13) 

/£!  /el 

Let  us  consider  that  R  has  the  topology  induced  by  that  of  M.  i.e..  R  is  a  subspace 
of  M.  R  is  also  a  subspace  of  G  because  G  is  the  disjoint  union  of  A*'*  and  the 
Aexd.  each  one  of  them  with  the  topology  induced  by  that  of  M . 

The  restriction  ofu:  G  -♦  G'to  R  is  uniformly  continuous  [16],  and  the  function 
k  =  id«u;  G  -►  G'  M'  is  uniformly  continuous,  being  the  composite  of  two 
uniformly  continuous  functions  Then,  the  restriction,  ^|r;  R  -►  M',  is  uniformly 
continuous.  Every  function,  k|  rs  uniformly  continuous,  defined  in  a  dense  sub¬ 
space.  R,  of  a  uniform  space  M.  taking  its  values  in  a  uniform  and  complete 
Hausdor.T  space,  M',  may  be  extended  [16]  to  a  unique  function,  k,  uniformly 
continuous,  of  M  in  M',  k:  M  -*•  M'. 

Isomorphisms  u:  G  -*■  G'  are  also  isomorphisms  at  the  fiber  level,  meaning  that 
the  restriction  of  u  to  Acx,;i  C  G  is  an  isomorphism  between  Aexd  and  Aexd,  where 
A  exd  (“  G  . 

The  restrictions 

k  1  :  Aexd  -  M '  A  k  I  :  Aexd  -  M '  (14) 

are  uniformly  continuous. 

Let  us  remember  that  they  both  coincide  in  the  interior  with  respect  to  M  of 
Aexxi.  and  also  that  intM  (Aexd)  is  a  dense  subset  of  A^d  (in  the  subspaces  topology 
of  M).  Accordingly,  if  the  extension  of  A:|b  is  unique,  then  k\  and  k\  are 
identical.  This  implies  that  M  -*■  M'  is  one-to-one,  onto,  and  uniformly  contin¬ 
uous.  One  may  apply  the  same  arguments  to  u  '  in  order  to  conclude  that  {k,  ‘ 
is  one-to-one,  onto,  and  uniformly  continuous,  i.e.,  ^  is  a  homeomorphism. 
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Summarizing,  this  result  ma\  be  o.\pres.sed  as  foliows;  tlic  uniformly  continuous 
isomorphisms  of  the  categories  here  defined  relate  sets  corresponding  to  the  same 
stable  chemical  structure  plus  its  frontier.  By  different  definitions  we  can  build 
equivalent  systems  of  chemical  structure  in  the  sense  that  they  belong  to  the  same 
category  and  hence,  these  isomorphisms  guarantee  equivalence  in  reaction  mech¬ 
anisms. 


Conclusion 


The  characteristics  of  the  metric  model  of  chemical  structure  and  reactivity  pre¬ 
sented  herein  may  be  expressed  by  means  of  the  following  commuting  diagram; 

u':  M - -  M' 


id 


id' 


u:  G - -  G' 

\ 

P 

T  (D3) 

which,  in  the  inferior,  triangular,  part  expresses  the  equivalence  condition  in  the 
particular  realizations  of  the  concept  of  structure,  and  in  the  superior,  square,  part 
expresses  the  equivalence  in  algebraic  systems  of  reactivity  associated  to  each  one 
of  the  particular  criteria  of  structure  discussed. 
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Appendix 

Metric  Spaces  Bundle 
Definitions: 

(a)  G  and  T  are  topological  spaces 

(b)  p:  G  -*•  T  is  a  continuous  and  onto  function 

(c)  d  is  a  metric  d:  G  X  G  -»>  (0,  +x  ]  for  p,  satisfying; 

(C-1  )  Vu,  V  e  G,  p(u)  p(v)  d(u,  v)  =  -f  x 

{c-2)  Vu.  V  G  G,  d(u,  v)  =  0  u  =  V 
{(■-3)  Vu,  V  G  G,  d(v,  u)  =  d(ii.  v) 

(c'-4)  Vu,v,wGG,d(o,v)<d(u,w)  +  d(w',v) 
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(d)  a;  U  -*■  G,  where  U  is  open  in  T,  is  a  continuous  function,  called  local 
section,  such  that  p»a  =  id  L'  (the  identity  in  L') 

(e)  Te(cv)  =  {  u  £  G:  p(u)  £  U  =  dom  a.  A,  d(u,  a(p(u)))  <  c  |  (where  dom 
a  is  the  domain  of  «)  is  a  set  known  as  the  c-tube  around  a. 

The  triple  of  (G,  p,  T )  is  called  a  bundle  of  metric  spaces,  if  Vu  £  G  and  Ve  > 
0,  3o:  u  £  T,(«).  and  if  the  collection  of  the  T^o).  c  >  0,  V«  form  a  basis  for  the 
topology  of  G  ( 1 0  ] , 

Theorem  of  Existence  of  Metric  Space  Bandies 

( a )  T  a  topological  space 

(b)  p;  G  T  an  onto  function 

(c)  2;  a  set  of  functions  a:  U  G  (U  an  open  of  T ),  such  that  Va,  p-«  =  id  U 

(d)  d  a  metric  for  p. 

If  the  following  conditions  are  satisfied  [10]: 

(£-1 )  Vu  £  G  A  Ve  >  0,  3«  £  S;  u  £  T^cy),  and 

(£-2)  Vc  >  0  A  V(«,  d)  e  2  X  S.  the  set  1 1  £  T:  d(a(/),  d(0)  <  «  }  is  open  in  T. 
then  G  may  be  given  a  topology  r,  such  that: 

( T-l )  T  has  a  basis  spanned  by  the  T,(a).  where  c  >  0  and  a  \  i  is  the  restriction 
to  an  open  U  C  dom  a.  of  a  function  o  £  21, 

( T-2 )  Each  tv  £  2  is  continuous,  and 
(T-3)  (G.  p,  T)  is  a  bundle  o'" metric  spaces. 

For  objects  (A/-1 )  to  ( A/-5 ): 

Given  any  u  £  G,  the  function  a(p(u))  =  u  belongs  to  2,  because  p(u)  is  a  subset 
of  T  and  p=a(p(u))  =  id  (p(u)).  Then  u  £  T,(a).  where 

T,(«)  =  {-V  £  G:  p(a)  £  dom  o.  A,  d(A-.  o(p(a)))  <  c,  Ve  >  0], 

because  p(u)  belongs  to  dom  a  and  d(u,  «(p(u)))  =  0,  In  this  way.  (£-1 )  and  (£- 
2)  is  satisfied,  because,  given  any  couple  («.  d)  G  2  X  2,  o:  U,  ->  G,  fS: 
U;  -*•  G  y  L'l .  Ut  C  T,  then  subset  { /  £  T:  d(a{/).  d(0)  <  c  Vc  >  0  }  is  a  part  U3 
of  T  and.  as  T  has  the  discrete  topology,  it  is  an  open  set  of  T. 

In  order  to  show  that  isomorphisms  u:  (G.  p.  T)  -♦  (G',  p'.  T ).  such  that  u  y 
u  '  are  uniformly  continuous,  may  be  extended  to  homeomorphisms  in  such  a 
way  that  Diagram  (D2)  commutes,  it  is  necessary  to  remember  that: 

( a )  M  and  G  are  Hausdorff  spaces  because  they  arc  metric  spaces. 

(b)  M  and  G  are  metric  spaces  and  then  they  are  uniforms,  w'ith  a  uniformity 
£.  where  U  is  the  collection  of  sets  ^  {  (a,  v)  £  X  X  X,  ofA,  r)  <  c 
Vc  >  (£f ,  where  X  is  the  metric  space  and  is  its  metric  [  16  ] . 

(c)  From  (b)  it  follows  that  the  uniformity  of  G  is  finer  than  that  of  M,  vvhich 
is  a  condition  [16]  for  function  id:  G  -*>  M  to  be  uniformly  continuous. 

(d)  Wc  consider  that  the  catchment  region  A'*’"  of  a  minimum  is  an  open  set 
in  the  metric  topology  of  the  reduced  nuclear  configuration  space. 

(e)  is  connected,  because  it  is  the  3A'-dimensional  Euclidean  space.  Hence. 
iVI,  which  is  a  quotient  space  of  is  also  connected  [16]. 
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(f)  ’'R  is  complete,  and  M  is  obtained  by  taking  the  quotient  of  "R  with 
respect  to  equivalence  classes  K,  closed  [17]  in  the  topology  of  "R,  And. 
as  M  does  not  have  isolated  points,  it  follows  that  M  is  complete. 
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Abstract 

There  is  a  ver\  simple  enterion  showing  whether  two  ( or  more )  Hamiltonians  desenhe  strielK  additive 
effects,  Ba.scd  on  this  criterion,  an  attempt  is  made  to  develop  techniques  ihal  would  permit  treatment 
ofdiffcrenl  not  strictiv  additive  interactions  h>  separating  out  their  components,  which  can  he  considered 
strictly  additive,  and  describing  the  nonadditive  ( interference  1  effects  as  some  penurhation  As  a  first 
result,  a  promising  scheme  has  been  developed  for  estimating  matriv  eigenvalues  by  an  —  A  '  procedure, 
it  John  W'ilev  &  Sons.  Inc. 


Introduction 

Considering  different  physical  and  chemical  problems,  one  often  encounters  a 
situation  in  which  some  almost  additive  effects  can  be  recognized.  Nevertheless, 
such  quasi-additivity  usually  is  not  utilized  explicitly  in  the  quantum  chemical 
theories,  owing  to  the  absence  of  a  proper  formalism.  (Implicitly,  of  course,  all 
theories  utilize  some  additivity  assumptions.)  We  have  started,  therefore,  to  develop 
special  techniques  for  treating  quasi-additive  interactions,  hoping  that  this  will  lead 
to  results  which  are  useful  both  in  understanding  chemical  phenomena  and  in 
facilitating  their  treatment  in  the  framework  of  ah  initio  quantum  chemical  theory'. 

Criterion  of  Additivity 

Let  // '  and  //*  be  two  Hamiltonians  describing  strictly  additive  interactions. 
This  means  that  each  eigenstate  of  the  system  can  be  characterized  by  a  pair  of 
indices  /  and  j  such  that  the  energy  is  equal  to  +  E'/ .  If  these  Hamiltonians 
are  defined  over  finite  basis  sets  of  dimensions  and  miu  then  the  total  Hamil¬ 
tonian  H  =  //..,  +  Hu  should  be  defined  over  a  space  of  dimension  m,,  X  mu, 
spanned  by  a  basis  obtained  as  (properly  antisymmetrized)  products  of  the  two 
basis  sets.  The  matrix  elements  of  the  Hamiltonians  can  then  be  characterized  by 
two  pairs  of  indices  (e.g.,  Humko)-  is  easily  seen  that  the  Hamiltonian  matrix  H 
will  describe  strictly  additive  interactions  //  '  and  U"  if  its  matrix  elements  can  be 
given  as  (or  can  be  transformed  to) 

+  (I) 
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or.  in  matrix  form; 


H  =  H'  (8  I"  4  I"®  H  '  (2) 

where  I  '  and  are  the  ni ,  X  m  ,  and  run  -<  fHu  unit  matrices.  respcclixeK.  In  the 
strictly  additive  case,  the  eigenvector  c  of  the  secular  equation  He  /x  wilt  also 
represent  direct  products  of  the  eigenvectors  [  1 )  obtained  for  the  individual  problems 
H^c,'  =  E;‘c,’  and  H"cf  =-  E'fcf,  respectively;  c„  c/  ®  cf.  So,  the  additive 
eigenvalue  equation  becomes 

(H'®  +  I'®  H^Xc,'  ®cf)  =  (/■:,'  +  /:f)(c,'  ®cf)  .  (}) 

Any  nonadditivity  can  be  characterized  as  a  deviation  from  this  equation.  Fwo 
types  of  effects  can  cause  such  deviations.  There  may  be  terms  of  the  Hamiltonian 
which  are  not  exactly  equal  to  the  values  predicted  by  the  strictly  additive  scheme. 
We  may  call  them  direct  nonadditive  interaction  terms.  .Another  type  of  effect  is 
connected  with  the  differences  in  the  dimensions  of  the  actual  eigenvalue  problem 
and  that  of  the  strictly  additive  model,  due,  for  example,  to  the  Pauli  exclusion 
principle.  This  causes  nonadditivity  which  may  be  called  interference  of  interactions. 
It  appears  that  effects  of  this  type  should  be  responsible  for  some  characteristic 
chemical  phenomena. 

Sume  Generalizations 

Generalization  to  the  case  of  three  or  more  Hamiltonians  can  trivially  be  done 
by  induction.  So  the  Hamiltonian  matrix  in  the  case  of  three  strictly  additive  in¬ 
teractions  //  '.  //"  and  has  the  form 

H  =  H  '  ®  l"®  I‘  +  I  '  ®  H"®  H  4  ( '  ®  I"®  H'  .  (4) 

The  eigenvectors  in  the  strictly  additive  ca.se  arc  c„a  =  c,'  ®  c/'  ®  cf .  the  eigenvalues 

=  e;  +  e;‘  +  Ei. 

Generalization  to  the  overlapping  basis  sets  can  also  be  done  easily.  If  matrices 
M  '  and  H''  are  referred  to  nonorthogonal  basis  sets  with  the  overlap  matrices  S  ' 
and  S",  respectively,  then  the  strictly  additive  composite  eigenvalue  equation  be¬ 
comes 

(H  '  ®  S"  4-  ®  H"){c,'  ®  c/')  -  (E,'  4  Ef)(S  '  ®  S")(c,'  ®  cf ) .  ( 5 ) 


Figure  I.  The  simple  two-electron  model  discussed  in  the  text. 
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Figure  2.  A  6  x  6  matrix  and  the  performance  of  our  scheme  as  compared  with  that  of 
the  standard  PT  in  approximating  its  lowest  eigenvalue.  (The  horizontal  full  and  dashed 
lines  represent  the  exact  solution  and  the  result  of  our  approximation,  respectively.) 


Nonadditivity  as  a  Perturbation 

If  the  Hamiltonian  matrix  H  describes  a  quasi-additive  situation  in  which  one 
can  recognize  the  almost  (but  not  strictly)  additive  interactions  described  by  the 
Hamiltonians  // '  and  H“,  with  known  solutions,  then  the  strictly  additive  Ham¬ 
iltonian  =  H  ■*  ®  +  I  ’  ®  H^can  be  introduced  as  an  unperturbed  Hamiltonian 

and  the  difference  V  =  H  —  as  a  perturbation.  The  secular  equation  becomes 

(H'^  +  V)(c;'  ®  cf  +  Ac,,)  =  +  Ef  +  A£„)(c;'  ®  cf  +  Ac,,) .  (6) 

and  can  be  treated  by  usual  perturbation  theory. 

Usual  second-order  PT  often  gives  additive  contributions,  but  none  of  the  inter¬ 
actions  is  treated  exactly.  Our  scheme  permits  exact  treatment  of  individual  inter¬ 
actions,  and  only  the  deviations  from  the  additivity  are  treated  by  PT. 

In  the  overlapping  case.  is  given  as 

lio  =  f|..i  g,  ^  g.i  g,  ^ 
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Figure  1  A  10  X  10  matrix  and  the  performance  of  our  scheme  as  compared  vsith  that 
of  the  standard  PT  in  approximating  its  lowest  eigenvalue.  (The  notations  are  the  same 

as  on  Fig.  7.) 


and  one  has  to  introduce  also  the  deviation  (if  any)  of  the  overlap  matrix  as  AS  = 
S  -  S  ■'  ®  S^.  One  then  obtains  a  nonlinear  perturbational  equation 

+  V  -  /i'ASXc;'  ®  cf  +  Ac„) 

=  ( f:f  +  A/i„)(S'  ®  ®  cf  +  Ac,,)  ( 7 ) 

which  is  to  be  treated  in  an  iterative  manner.  (On  the  left-hand  side  /;'  =  /;,'  + 
Ef  +  j\E,i ,  of  course.) 

In  the  cases  of  interferences  caused  by  the  exclusion  principle,  the  Hamiltonian 
//  is  defined  over  a  linear  space  of  a  dimension  m  <  m ,  X  m#.  In  such  a  ca,se  one 
has  to  extend  the  space  by  introducing  m.|  X  m/,  ~  m  additional  abstract  ( non¬ 
physical  )  states,  requiring  that  they  should  not  interact  with  the  physical  ones.  ( The 
off-diagonal  elements  of  the  H-matrix  should  be  zero.)  Under  these  conditions  the 
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inclusion  of  the  nonphysical  states  will  not  influence  the  physical  solutions,  but 
will  only  lead  to  some  nonphysical  solutions  of  the  secular  equation,  which  should 
be  simply  discarded.  At  the  same  time,  the  introduction  of  these  nonphysical  states 
may  be  important  for  separating  out  the  strictly  additive  components  of  the  inter¬ 
actions. 


The  Simplest  Physical  Model 

Two  electrons  of  the  same  spin  occupy  mainly  orbitals  x,  and  X:  but  can  also 
undergo  some  delocalizations  to  a  third  orbital  x.i.  Situations  of  this  type  occur, 
for  example,  within  any  electron-correlation  problem;  the  absence  of  a  full  additivity 
of  the  pair  correlation  energies  should  be  partly  connected  with  the  impossibility 
of  excitations  in  which  both  pairs  utilize  the  same  virtual  orbital  (Fig,  1 ). 

The  excitations  Xt  -►  X^  and  X:  -*•  X^  give  an  additive  energy  correction  in  the 
second-order  PT,  but  dot  not  represent  truly  additive  effects,  mainly  because  the 
Pauli  principle  does  not  permit  a  state  with  both  electrons  excited  to  Xi.  The  Ham¬ 
iltonian  matrix  is  (taking  the  energy  of  the  state  |XVX"  >  as  zero): 
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/O  a  h\ 

H  =  «  r 

\/>  <'  jJ 

We  define  the  extended  eigenvalue  problem  having  the  same  physical  solutions 
(and  also  an  unimportant  nonphysical  one)  with  the  Hamiltonian  matrix 

/O  ah  0  \ 

. , ,  _  a  c  e  0 

~  h  e  d  0 

\0  0  0  c  +  dl 

This  matrix  can  be  considered  as  the  sum  of  the  unperturbed  additive  Hamiltonian 
(direct  product)  describing  the  two  delocalizations  as  they  were  independent,  and 
a  perturbation;  H '  =  +  V,  where 


fO  a  h  0  \ 

i 

(0  0  0  o\ 

H"'  = 

'  a  c  0  h 

< 

II 

1  0  0  c  -A 

hod  a  1 

! 

o 

o 

^0  h  a  c  +  dl 

'  1 

\0  ~b  -a  0/ 

One  can  transform  V  to  the  basis  of  eigenvectors  of  the  auxiliary  strictly  additive 
problem  as  V  -►  (IJ  '  ®  L!")*V(l'  '  ®  and  then  standard  PT  can  be  used  to 
account  for  nonaddilivity. 

Estimating  Matrix  Eigenvalues 

We  need  a  method  for  estimating  how  much  the  lowest  eigenvalue  differs  from 
the  corresponding  diagonal  matrix  element  //,hi.  We  first  make  an  additive  esti¬ 
mation  based  on  the  exact  solution  of  all  2  X  2  eigenvalue  problems  of  the  matrices 

/  0  /A)/  \ 

\H,„ 

i.e.,  sum  the  “energy  lowerings"  predicted  by  all  such  subproblems  {3).  Nonad- 
ditiviiy  corrections  then  are  calculated  for  each  pair  i  <  /  of  “excitations.”  i.e..  for 
the  3x3  matrices 

/  0  //„,  //o,  \ 

//,„  //„-//«)  //„ 

H,.  H„-lU 

This  is  performed  by  using  second-order  PT  following  the  scheme  described  for 
the  previous  simple  model.  ( Exact  solution  for  the  3x3  matrices  may  also  be 
done.)  Our  experience  is  that  this  method  always  gives  reliable  estimations,  even 
if  the  off-diagonal  matrix  elements  are  large  and  standard  PT  is  badly  divergent. 

Examples 

Figures  2  to  4  show  examples  of  small  matrices  for  which  the  off-diagonal  matrix 
elements  are  large  enough  to  make  the  usual  Rayleigh-Schrodinger  PT  either  con- 
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verge  rather  slowly  or  be  divergent.  At  the  same  time  our  scheme  of  estimating  the 
I  lowest  eigenvalue  in  all  cases  gives  very  good  approximations  to  the  exact  eigen¬ 
values.  Of  course,  in  the  cases  when  standard  PT  convergence  is  rapid,  the  new 
scheme  does  not  fail  either:  in  pra'^'iical  examples  it  always  gave  results  better  than 
fourth-order  PT.  although  it  is  easily  .seen  that  our  scheme  is  only  a  ~  /V  '  procedure. 


Discussion 

The  primary  aim  of  this  work  has  been  not  to  develop  a  new  scheme  of  estimating 
matrix  eigenvalues  (although  it  may  be  useful  as  well),  but  rather  to  illustrate  that 
the  idea  of  introducing  auxiliary  sirktly  additive  problems  and  then  treat  nonad- 
ditivity  us  a  pertiirhaliou  is  a  promising  one:  it  does  work  in  the  simplest  cases  and 
even  in  models  which  exhibit  considerable  deviations  from  the  strictly  additive 
limit.  This  success  will  motivate  us  to  apply  the  approach  in  different  actual  problems 
of  quantum  chemical  theory  . 
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Abstract 

The  Cj,  potential  energy  curves  for  the  interaction  of  Ga.  Ga',  and  Ga’’  with  the  hydrogen  molecule 
were  calculated  using  the  pseudopotential  method  of  Durand  et  al.  and  triple-s"  gaussian  basis  sets. 
Electronic  correlation  has  been  taken  into  account  by  mrci  +  mp2  calculations.  We  studied  the  ‘B2(4p), 
^A,(4p),  ^Ai(5s).  and  *B:(5p)  surfaces  for  the  Ga  +  Hj.  the  'A,.  'B;,  and  'B;  surfaces  for  Ga‘  +  H;  and 
the  ^A,(4s).  -82,  and  ‘Ait.^s)  surfaces  for  the  Ga^'  +  H2  reaction,  W'e  first  analyvcd  the  unrelaxed  H2 
approach  to  the  metallic  center,  followed  by  the  angle  relaxation.  The  reactivity  in  all  the  interactions 
studied  arc  analyzed  with  a  model  mechanism,  previously  proposed  by  us.  t  I'W:  Juhn  wucy  &  Sons.  Ine. 

Introduction 

Experimental  and  theoretical  studies  of  group  (111),  (IV),  and  (V)-hydrides  have 
recently  been  increasing  in  number  [1-3,  and  references  therein].  Many  of  these 
hydrides  are  sou  ces  for  the  corresponding  elements  *0  generate  semiconductor 
layers  comprising  these  elements  in  chemical  vapor  deposition  (cvd).  Therefore, 
the  bond  energies,  ionization  potentials,  and  appearance  potentials  of  such  hydrides 
have  been  the  topic  of  several  studies.  Theoretical  calculations  may  be  quite  valuable 
for  the  elucidation  of  the  low-lying  electronic  states  and  the  computation  of  bond 
energies  and  adiabatic  ionization  potentials  [3], 

On  the  other  hand,  the  quantum  chemical  study  of  AHy  (where  A  is  a  p-block 
element)  systems  and  their  ions  helps  to  understand  the  nature  of  bonding  and 
reactivity  trends  in  p-block  elements.  Also,  these  systems  serve  like  models  for 
chemisorption  and  catalysis  studies.  Especially,  gallium  is  used  to  substitute  alu¬ 
minum  in  zeolitic  materials  [4],  Gallium-containing  zeolites  for  light  paraffin  aro- 
matization  have  received  considerable  attention  and  have  been  suggested  an  inter¬ 
mediate  Bronsted  acid  strength  with  respect  to  the  boron-  and  aluminium-containing 
forms  [5]. 


*  Also  at  FFS-Cuaulitlan.  UNAM,  Mexico. 
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Balasubramanian  has  investigated  the  geometries  and  the  bond  energies  of  GaH„ 
and  GaH,*  (n  --  1-3)  complexes,  through  cassce/scxti  calculations  using  pseudo¬ 
potentials  [2|.  For  GaH;  the  ground  state  was  found  to  be  a  ’A|  bent  state  (r,  = 
1.58  A.  d  =  120.3°)  while  the  ground  state  of  GaHt  is  a  linear  closed-shell 
state.  The  configuration  for  the  “A|  ground  state  ofGaH;  was  missing  in  that  report 
but  it  is  mentioned  to  have  a  coefficient  of  0.97.  both  at  the  saddle  point  and  at 
the  bent  minimum  on  the  calculated  potential  energy  surfaee.  The  Mulliken  pop¬ 
ulation  analyses  exhibit  Ga(2.87),  H(1.03),  and  Ga(2.l7).  HjO.92)  gross  \aience 
populations  for  the  ground  states  of  GaH^  and  GaHT  respectively. 

Armentrout  has  reported  preliminary  experimental  work  of  the  Ga'  4  D;.  re¬ 
action  using  guided  ion-beam  tandem  spectrometry  [6].  He  has  found  a  similar 
behavior  to  that  for  AF  -f-  D2;  there  is  an  apparent  threshold  of  about  9  eV  but  the 
relation  with  electronic  states  is  not  mentioned. 

Mitchell  et  al.  have  encountered  an  extremely  low  cross  section  for  quenching 
Ga  (‘S  excited  state)  atoms  by  in  gas  phase  experiments,  in  contrast  with  the 
case  of  methane  [7].  From  this  and  from  a  similar  study  for  Al  using  the  matrix 
isolation  technique,  Pamis  and  Ozin  have  concluded  that  the  occupation  of  a  valence 
p  orbital  is  not  always  an  essential  factor  in  these  reactions,  particularly  when  an 
insertion  mechanism  is  involved  [8], 

In  this  work  we  report  the  potential  energy  surfaces  for  Ga.  Ga*.  and  Ga*'  in¬ 
teracting  with  the  H2  molecule.  We  studied  the  ground  state  and  some  excited  states 
for  each  reaction.  First,  we  approach  H2  to  the  metal  atom  keeping  the  H  —  H 
bond  unrelaxed,  and  then  we  relax  it  with  the  M  —  H  distance  fixed  for  the  Ga  + 
H2  and  Ga*^  4-  H2  reactions.  For  the  Ga^*^  +  H2  reaction  we  just  present  the  unrelaxcd 
''urves.  Once  the  minima  have  been  localized  we  proceed  to  fully  optimize  these 
points. 

Also  we  analyzed  the  results  in  the  light  of  our  model  proposed  for  the  Zn.  Zn* 
and  Zn**^  +  H?  interactions  [9],  based  on  the  conclusion  [1,10-12]  that  the  reactivity 
of  the  M*^  +  H2  reactions  is  controlled  by  the  electronic  configuration  of  M*,  whether 
it  corresponds  to  the  ground  or  to  an  excited  state,  and  not  simply  by  the  multiplicity 
or  the  total  angular  momentum  or  the  relative  energetic  position  of  the  electronic 
state  under  consideration. 


Computational  Details 

Self-consistent  field  (SCF)  and  Multiconfiguration  SCF  for  the  excited  states  fol¬ 
lowed  by  Multireference  configuration  interaction  (mrci)  4-  second-order  Moller- 
Plesset  (mp2)  perturbative  calculations  were  performed  for  the  lowest  electronic 
states  of  Ga  4-  H2,  Ga*^  4-  H2,  and  Ga^*^  4-  H2, 

The  SCF  calculations  were  made  with  the  pshf  code,  a  modified  version  of  the 
HONDO  program  which  uses  the  pseudopotential  method  of  Durand  et  al.  [  1 3].  We 
are  thus  left  with  an  [ArJSd'”  core  and  3  valence  electrons  (4s^4p')  for  the  gallium 
atom.  The  pseudopotential  parameters  can  be  found  in  Ref.  [14].  The  gallium 
gaussian  basis  set  with  contraction  is  of  triple-f  quality  for  the  4s,  4p  shells  and  a 
d-type  polarization  function.  The  s  and  p  exponents  and  coefficients  were  taken 
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from  Ref.  [15].  This  s  and  p  basis  was  augmented  with  the  two  diffuse  s  and  p 
orbitals  and  the  d-type  polarization  function  of  Kim  and  Balasubramanian  [16], 
since  we  were  interested  in  studying  excited  states  which  differ  in  a  unit  on  the 
principal  quantum  number  from  the  ground  state. 

The  calculated  energy  differences  for  the  lower  part  of  the  atomic  spectrum  for 
Ga  [  1 7]  are  in  good  agreement  with  experimental  results  and  can  be  seen  as  asymp¬ 
totes  to  the  right  in  Figure  I . 

The  MCSCF  algorithm  [  1 8]  was  used  to  determine  the  optimal  molecular  orbital 
(MO)  set  to  be  used  in  the  mrci  treatment.  For  the  open-shel'  states  we  first  make 
a  restricted-SCF  calculation  and  then  we  improve  the  molecular  orbitals  doing  a 
MCSCF  calculation  using  only  the  configuration  of  interest.  In  the  closed-shell  cases 
we  use  directly  in  the  MRCi  treatment  the  rscf  optimal  molecular  orbitals. 

The  variational  and  perturbational  (second-order  Mdller-Plesset)  mrci  calcu¬ 
lations  were  carried  out  using  the  CIPSI  algorithm  [  1 9]  in  its  three  class  version  [20]. 
Firstly,  a  reference  space  S  containing  NCF  determinants  is  diagonalized  and  used 
to  generate  the  perturbational  space  P.  Then,  a  much  larger  space  (5  -f  Af)  is  used 
to  obtain  a  better  variational  energy  but  it  does  not  generate  any  more  determinants 
in  the  already  fixed  space  P.  Finally,  one  must  substract  the  contribution  of  \f  from 
the  overall  perturbational  energy  originally  calculated  in  P.  This  means  that  Af  (a 
subset  of  P)  is  composed  of  the  determinants  in  P  having  the  largest  mp2  coefficients. 
In  the  present  calculations,  S,  M.  and  ^contain  approximately  20, 2000,  and  200  000 
determinants,  respectively. 

In  practice,  the  size  of  the  reference  space  S  is  determined  by  the  norm  (using 
the  intermediate  normalization)  of  the  resulting  perturbational  part  of  the  wave 
function.  The  ratio  norm(A/)/norm(P)  is  closely  related  to  the  ratio  variational/ 
(perturbational  +  •  ariational)  contributions  to  the  total  energy  and  it  was  used  as 
a  measure  of  the  relative  quality  of  the  description  of  all  the  studied  states. 

Results  and  Discussion 

In  Figure  1  we  present  the  Cj,  potential  energy  surfaces  corresponding  to  the  Ga 
+  Hi  reactions.  Figure  1(a)  shows  the  curves  for  the  unrelaxed  approach  of  Hi  (at 
its  equilibrium  geometry  of  1.4  a.u.)  to  Ga  in  four  of  the  lowest  states,  ^Bi(4p). 
^A|(4p).  ^A|(5s),  and  ’Bi(5p)  which  are  diabatically  related  to  the  (‘P;4s“4pv), 
(*P;4s^4p]),  (^S;4s^5s').  and  (^P;4s^‘)pJ)  atomic  states  of  gallium,  respectively.  All 
these  curves  are  totally  repulsive. 

In  order  to  see  if  these  curves  would  go  down  when  one  allows  the  hydrogen 
molecule  to  break,  we  followed  the  well-known  strategy  of  opening  the  H  — Ga  —  H 
angle  while  keeping  the  Ga  —  H  distance  fixed.  Now,  if  any  of  the  unrelaxed  ap¬ 
proach  surfaces  presents  a  well  we  can  use  the  equilibrium  distance  of  that  minimum 
to  keep  it  fixed  while  allowing  the  angle  relaxation.  Nevertheless,  since  we  lacked 
any  criterion  to  tell  us  what  Ga  —  H  distance  would  be  suitable  for  our  purpose, 
we  decided  to  work  with  the  Ga  —  H  distance  which  results  from  considering  the 
arbitrarily  chosen  Ga  —  H2  distance  of  2  A  (3.84  a.u.). 

Figure  1(b)  shows  the  surfaces  corresponding  to  the  relaxation  of  the  H  —  H 
distance,  keeping  now  the  Ga  —  H  distance  at  3.84  a.u.  The  l"Bi  and  2^B2  curves 
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Figure  1 .  (a)  potential  energy  surfaces  for  four  of  the  lowest  electronic  states  ofGaHj 
as  a  function  of  the  Ga  —  H2  distance.  Keeping  H?  at  its  equilibrium  distance  of  1.4>  a.u.; 
(b)  Q,  potential  energy  surfaces  for  four  of  the  lowest  electronic  states  of  GaH;  as  a 
function  of  the  H  — Ga  —  H  angle  (in  degrees).  Ga —  H  distance  for  each  state  was  kept 

constant  at  2  A. 


i\  n  K  \<  I M I )i  < ,,i  <1.1  \Ni '  .  1.1 


arc  both  totalK  li.-pulM'.i.’,  I'lih  stuiu  iIk'v  states  aji  li>  i'  12(<  and  4'  . 
restX'CtucK.  hoeaiise  ue  .'.cie  iniable  to  obtain  a  cooi)  desitipiion  ol  ihciii  at  larpct 
angles  In  jiidition  ue  lepoit  the  '  \  siirtaee  onginateil  Irotn  thefia  !  .S,4s  4p:  ( 
♦  H-  tragnients  uliicti  sulieis  an  i\iikiei.l  i.i«>ssing  unit  the  -  ei'ming  front  the 
tiaf  S:4s  .■'s  I  •  H  iV.tgnients  I  he  1!  \  r  inse  stifters  altel^^ards  an  avoided  erossing 
ssilii  tile  !  \.  stale  r.  nnng  Iiont  i!ie(<ai  I’.4s4p')  •  H  separtite  Iragmenls. 

The  I  A  erase  has  a  bail lei  of  ill's  keal mol  at  4  that  has  to  fx‘ surnuiunted 

to  attain  <i  bent  stnieture  at  i  14  that  lies  ,U  4  keal/mol  higher  than  the  (iaClM  i 
H;  grouixi  state  se[saiaie  Iragnienis  lesel  I  lie  dominant  eontignraiion  iil  ihis  mm- 
mnirn  is  la  2a  lb  issiih  ,iii  'is  (.oetlreienli  and  in  .lesitddle  point  this  tonliguration 
IS  niisoii  ssith  the  la  2a  'xi  one  1  he  t'ulK-opiinu/ed  niininnini  is  loeate(.i  at  0 
12(1  aixl  '.2  keal  ’iiol  higher  than  the  (ia(  I’l  i  H-  tragnieif.s  ssiih  a  (la  II 
distanee  ol  viU  u  a  I  his  siirtase  r  onesponils  to  the  A,  stale  reporie<i  hs  Halasu- 
branianian  [21  with  the  barrier  at  o  40  and  SxS  '  ral mol  high  whose  Ix-nt 
minirmirniii  120  )  lies  onls  aiouiut  I  kealmoi  higher  than  the  se|iarate  Iragments 
I  he  ditlerence  between  our  results  and  those  ol  Balasuhraniaaian  eouKI  be  slue  to 
the  tael  llutl  he  uses  a  latger  basis  set  aitii  .i  ilill'ereni  siralegs  to  take  into  aeeouni 
the  eorrelatii.n  energs 

In  i  igure  2  sse  presem  the  (  i  surla>  's  eorresponding  to  the  ( ia  •  11  reaetion 
b'igure  2la)  shows  the  curses  IvX  tlie  unrelaseti  approach  ol'  It  -  (;it  its  e<|uihbrium 
geometrs  of  1.4  a.u.)  to  (ia  m  the  three  losses!  stales  A,  (groutxl  state).  ‘B-.  and 
B  -  that  arc  diahaocalls  related  ssith  the  i  '.S:4s' ).  i  'P.dsMp' ).  aiul  i  B.4s  4p  i  aionne 
states  of  ( ia  .  respeciisels . 

I'hc  ground  state  shosss  a  totalis  rcpulsise  eurse.  I  he  'B-  sitiie  has  a  well  at  a 
distanee  ol'  .A.^1  a.u.  sshile  the  B-  stale  has  it  at  .'^.21  a.u.  I  hese  ssells,  sshen  sse 
eorreet  the  error  for  the  di'.soeiated  Iragments,  base  energs  minima  ssnh  depths 
equal  to  .^2,4  and  44,0  keal/mol.  respeetisels.  The  optimal  (ia'  H  siistanee  is 
.A38  a.u.  tor  the  ’B-  state  and  ,i.2H  a.u.  for  the  'B-  state,  the  li  II  distanee  being 
kept  at  1.41  a.u. 

f'igure  2(b)  shosss  the  curses  eorresponding  to  the  relaxation  ol'  the  11  11  dis¬ 

tanee,  this  time  keeping  the  optimal  Cia  II  distances  reporietl  abuse.  The  'B: 
surface  has  a  minimum  at  71'^’  that  lies  44.1  keal/mol  heloss  the  (ia'(*P)  t  H- 
separate  fragments,  fhe  4V’  surface  has  its  minimum  at  0  ('5.0’,  sshich  lies  74.1 

keal/mol  heloss  the  (ia'('P)  t  H-  fragments.  After  the  full  optimi/ation  of  these 
minima,  liie  ‘B:  stable  bent  structure  is  locates!  at  O  70’  and  44,2  keal/moi  heloss 
the  (ia  I  P)  li  -  seixuaie  iragments  ssith  a  (ia  .i  <list;inee  of  .V-IS  a.u.;  and 
the  'B'  st;ible  hent  siruelure  is  foimil  at  0  (>4.5  anil  '^(i.h  ke;ii/niol  heloss  the 
(ia'!.'!’)  '  li  fragments  ssith  a  (ni  11  distance  of  .5,1H  u.u.  AddittonalK  sse 
present  the  2'Ai  curse  coming  from  the  (ia'('S;4sA  i  H,4n*')  fragments  ssliieh 
suffers  an  asoided  crossing  ssith  the  I ‘A,  surface  arising  from  the  (ia'('S:4s'  )  + 
Fl4(T  )  fragments.  It  should  he  noticed  that  now  an  excited  state  of  M,'  leads  to  a 
stable  iCiaH;)  complex. 

The  I  '.A ,  surface  has  a  barrier  of  approximately  1 25  kcal/moI  before  the  complex 
reaches  its  linear  closed-shell  structure  that  lies  41  keal/mol  higher  than  the 
(la'l'S)  *  11(<T  )  groun<l-state  fragments,  I  he  fulls-optimi/ed  stable  linear  structure 
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Figure  2.  (a)  p<itcntial  energy  surfao'Ch  for  the  three  JowoM  eleetronic  stales  of 

(iaH:  as  a  function  of  the  fia'  H;  clislance;  (b)  <  potcalial  energ>  surfaces  for  the 
Ihrcc  lowest  clecironic  states  of  CiaH;  as  a  function  of  the  H  Cia '  M  angle  (in  t’  sreesi 
Optimal  Cia*  H  distance  for  each  stale  was  kept  constant.  See  k'xl. 


is  located  26.4  kcal/mol  higher  than  the  (i;i  ('SI  +  )  iVagmenls  with  a  Cia'  U 

distance  of  2.92  a.u.  In  the  saddle  point  the  mixed  configurations  arc  Iai2af  and 
2af  Ibj  while  for  the  linear  complex  the  dominant  configuration  is  2a'i  Ibv  (with  a 
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0-^7  coctlkicnt).  1  his  linear  structure  corrcs|x>nds  to  the  ‘1'^'  stale  rcpuricd  bs 
Baiasubramanian  [2]  tor  the  ground  slate  ofciaH  ^  winch  is  found  25.4')  keal/mol 
higher  than  the  Cia  t'S)  +  1 1  .I't')  fragments  with  a  tut  If  distance  of  2. S"  a  u 
in  Figure  .5  we  show  the  surfaces  eorresponding  to  the  unrelased  approach  of  f  1  • 
to  Ga’'  leading  to  the  I  '.Xi  (ground  state).  I  ’B.’.  2’A,,  2  R’,  .V'a,.  and  4  .Xi  states, 
adiabaticallv  correlated  with  the  (ja''(’S;4s')  i  ff.(rr'),  (.ia  ('P;4s’4p.,')  '  tlAa'l. 
Ga‘  ("P;4p’)  +  ll;(f7  ),  Cia"  ('i’;4p')  t  II.4n  ).  (ia  ('S:4s‘5s')  )  Hdri').  and 
Ga‘ '('.S;5s')  +  H;(a  )  fragments,  rcspectiseh. 

The  ground  state  has  a  well  at  a  distance  of  .4.^0  a.u.  v\hich  lies  .40. h  kcal/mol 
below  the  Cia' ■(■S;4s')  +  H:  fragments.  1  he  I'B.'  and  the  2'B.-  surfaces  show  an 
avoided  crossing  at  a  distance  of  b.24  a.u.  The  I  B:  state  then,  has  a  well  at  .4.21 
a.u.  and  96.^  kcal/niol  deep  with  respect  to  the  diabaticallv  correlated  Ga'  (  P)  r 
H:  fragments  (we  recall  that  all  the  well  depths  are  corrected  for  the  error  at  the 
dissociated  fragments).  The  2-A|  surface  has  a  well  in  the  region  ol  the  avoided 
crossing  of  the  B;  curves.  This  minimum  lies  47.0  kcal/mol  below  the  Ga'  ('  P)  + 
H;  fragments  at  a  distance  of  5.57  a.u. 

The  .4-.A|  and  4"A|  states  also  present  an  avoided  crossing  at  a  distance  of  6,24 
a.u.  This  produces  a  well  82.9  kcal/mol  deep  at  a  distance  of  ,4. .4 1  a.u.  for  the  .4'.A, 
state  with  respect  to  the  Cia’ '(-.S^ss')  +  H.-  fragments. 


Hj,(!»h>Go'*l'S,45') 


C'l  P4-';  .  .:.4  .  '  .  '  *1' 

distance  (AI 


Hgurc  .t  C’;,  potential  energy  surfaces  for  four  of  the  lowest  states  off  iatlO  as  a  liinelion 
of  the  Ga*'  H:  distance.  (*)  Thesr*  curves  have  as  asymptotical  levels  the  * 
Ga't'P'As'Ap')  and  Ht  +  Ga'('S;4s'5.s')  fragments  for  I'P:  and  .t'A,  molecular  states 
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The  total  valence  SO'  Mulliken  populations  for  the  ground  states  of  (JalT. 
GaHJ,  and  GaHT  are  (Ga:2.97,  H;1.0i5).  (Ga;2.12.  H;0.94)  and  (Ga;i.33,  li: 
0.84),  respectively,  with  Ga  —  H:  at  2A  and  keeping  the  11  H  distance  unreiaxed. 

Now  using  the  first  interaction  mechanism  of  our  proposed  model  for  the  similar 
Zn  reactions  [9],  let  us  discuss  each  one  of  the  studied  reactions.  We  hrielly  recall 
this  mechanism  that  leads  to  attractive  interactions: 

(a)  a  charge  transfer  from  the  hydrogen-bonding  a  orbital  towards  the  cmpi\  or 
half-filled  s  subshell  of  the  center  .1  and 

(b)  a  charge  transfer  from  the  p,  orbital  of  the  center  ,I  to  the  aniibonding  a* 
orbital  of 

In  order  to  identify  each  of  the  studied  reactions  we  have  labeled  them  according 
to  the  electronic  configurations  of  the  separate  interacting  fragments. 

Ga  +  H: 

(1)  l'B;(4p):4s‘4pi  +  <r‘.  This  reaction  leads  to  a  repulsive  interaction  because 
the  4s  orbital  is  doubly  occupied.  Condition  (a)  of  the  mechar>i«;n  is  not  satisfied. 
As  the  angle  is  increased  this  situation  is  not  changed  and  the  resulting  curve  is  still 
repulsive.  The  charge  transfer  from  the  4p,  orbital  towards  the  a*  MO  is  not  a 
sufficient  condition  for  the  interaction  to  be  attractive. 

(2)  1-A|(4p);4s'4p'  +  (t‘.  This  interaction  is  repulsive  because  the  4s  orbital  of 
Ga  is  doubly  occupied;  thus  no  charge  transfer  from  the  ct  orbital  is  possible,  that 
is.  condition  (a)  is  not  met.  As  the  H  —  H  distance  is  relaxed,  the  repulsive  character 
is  maintained  until  the  appearance  of  the  avoided  crossing  w  here  the  original  con¬ 
figuration  la]2aT3a|  is  changed  to  laT2ailbs  which,  as  we  have  said,  is  originated 
from  the  Ga(’S;4s'4p‘)  +  H2  fragments.  Then  the  two  conditions  of  the  mechanism 
are  fulfilled  and  a  bent  stable  structure  is  formed  as  expected.  The  !at2a!  lbs  con¬ 
figuration  of  the  bent  complex  (i?  =  1 14°)  is  related  to  the  second  term  (’S|  ,;)  of 
the  even  series  arising  from  the  atomic  4s‘4p"  configuration  that  resonates  with  the 
continuum  states  of  the  even  P  series  generated  from  the  '’s’4p'  atomic  configura¬ 
tion  [17]. 

(3)  2^Ai:4s’5s'  +  In  this  case,  condition  (b)  is  not  met  because  there  is  no 
longer  any  p,  orbital  from  which  it  were  possible  a  charge  transfer  to  the  rr*  orbital 
of  H2,  thus  leading  to  a  repulsive  interaction.  The  charge  transfer  to  the  5s  orbital 
from  the  <x  orbital  of  H2  is  not  a  sufficient  condition  for  an  attractive  interaction. 
The  avoided  crossing  of  this  2'Ai  curve  with  the  3"A|  surface  produces  a  small 
attractive  region  which  is  not  however  important  for  this  state  because  very  soon 
it  suffers  another  avoided  crossing,  now  with  the  1’A|  state  after  of  which  the  2‘A| 
state  is  repulsive  again. 

(4)  2^B2(5p):4s^5pI  +  a*.  Here  we  have  again  a  p,  orbital  capable  of  charge  transfer 
to  the  a*  of  H2  but  we  obtained  a  repulsive  potential  energy  surface.  This  is  a 
similar  situation  to  that  found  in  case  ( 1 )  but  only  with  a  p,  orbital  of  greater  spatial 
extension;  again,  since  the  4s  orbital  is  fully  occupied,  not  even  the  condition  (a) 
of  the  mechanism  is  fulfilled  here.  On  the  other  hand,  one  could  consider  that  the 
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5s  cmpt>  orbital  could  accept  charge  Irom  the  <x  rtiinial  \e\eriheless.  our  calcu¬ 
lations  show  this  5s  orbital  coupled  ti>  the  «•  orbital  which  leads  to  a  rcpulsi'.e 
interaction.  This  can  be  esplained  b\  the  fact  tliat  a  change  tVom  n  4  to  /;  5 

was  made  in  the  prineipal  quantum  number,  thus  pnsdueing  a  greater  destabilization 
of' the  5s  \irtual  orbital  than  that  tdiind  tor  tlie  4s  virtual  orbital  in  the  /n 
('F'„^d'"4p‘)  I  H'  reaction. 

(tel  r  //. 

In  the  ease  cd'da  we  ha\e  qnalilatiseK  a  similar  beh  winr  to  that  (xt  the  /n  * 
H'  reactions  [4],  1  he  three  curves  reported  her-'  can  h-  evpiained  b\  the  same 
arguments  used  in  Zn  reaction^,  lixeept  lor  the  p'esen*  e  of  the  ''d  orbitals  in  the 
valence  shell  of  Zn  (the  .^d  shell  is  taken  into  account  in  tb>.‘  pseudopotential  for 
(ia).  which  we  have  found  do  not  play  a  major  ri'le  in  the  interaction  mechanism. 
Cia  has  the  same  eleetrome  eontiguratiivn  as  Zn. 

(5)  1 ' Ai;4s'  X  rf  Here  a  repulsive  interaction  occurs  for  the  unrelaved  approach 
because  the  4s  orbital  ol  Cia  isiloublv  occupied,  and  there  is  no  occupied  p,  orbiml 
from  which  charge  could  be  transferred  to  M-.  Neither  condition  is  met.  However, 
the  H  -  H  distance  relaxation  modifies  the  repulsive  character  of  the  curve  since 
this  stale  sulfers  an  avoided  crossing  with  the  2 '.A.  state  arising  from  the  (  la  (4s-')  i 
Hdn*-)  fragments,  which  leads  to  a  '2,';  linear  complex  composed  of  a  completelv 
broken  H-  molecule  with  a  (la  ion  in-between.  This  linear  complex  lies  above  the 
fragments  because  there  is  no  charge  transfer,  nor  from  the  4p,  to  the  rr*  orbital, 
nor  from  the  n  to  the  4s  orbital.  In  order  to  satisfy  both  conditions,  this  reaction 
wnuld  have  tti  come  from  the  Cia  (4p;)  i  H.'(xt-)  fragments,  but  the  gallium  ion  in 
this  electronic  state  docs  not  exist. 

(6.  7)  ’  'B::4s'4p|  ^  T  hese  potential  energv  surfaces  show  an  absolute  mini¬ 
mum  and  both  conditions  of  the  interaction  mechanism  are  fulfilled.  I  he  diti'erence 
betw  een  these  reactions  w  ith  the  same  configuration  is  on  the  greater  loss  of  exchange 
energy  of  the  triplet  when  the  bond  with  H  -  is  formed;  this  fact  is  responsible  for 
a  smaller  energy  gain  as  compared  with  the  singlet  state,  according  with  the  argu¬ 
ments  of  Carter  and  Cioddard  [dlj. 

As  in  the  case  of  Zn.  the  optimal  bent  structures  after  H  H  relaxation  are 
explained  if  one  thinks  that  the  overlap  between  the  4s  and  n  orbitals  reaches  a 
maximum  at  a  certain  Cia'  H_  distance,  beyond  which  repulsion  lakes  over, 
while  the  overlap  of  the  4p,  and  o*  orbitals  increases  with  the  H  Cia  H  angle 
because  of  the  orientation  of  the  4p,  orbital. 

+  II: 

(8)  |-.A|:4s'  4  (T-,  Here  condition  (b)  is  not  met  because  there  is  no  p,  orbital 
from  w  hich  a  charge  transfer  towards  the  it*  could  take  place.  One  would  therefore 
expect  a  repulsive  curve.  However,  a  possible  explanation  is  that  an  admixture  of 
the  covalent  and  electrostatic  interactions  produces  the  observed  attractive  surface. 
I  his  electrostatic  versus  covalent  behavior  has  already  been  studied  by  Bauschlicher 
et  al.  [221  Ihc  Nb- '-alkcne  interaction.  If  the  metal  atom  were  not  doubly  charged. 
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the  fultilhnent  of  condition  (a)  alone  would  not  allow  an  attractive  curve  to  be 
produced;  however  the  eicctrostatic  attraction  produced  by  the  Ga- '  ion  replaces 
condition  (b)  of  the  proposed  interaction  mechanism  and  the  overall  result  is  a 
relatively  shallow  well  at  short  distance  (3.50  a.u.).  I'he  fact  that  the  well  is  found 
at  such  a  short  distance  can  be  explained  by  noticing  that  the  charge  transfer  from 
the  n  MO  of  H;  to  the  singly  (Kcupied  4s  orbital  of  gallium  can  only  take  place  in 
the  region  where  the  overlap  between  these  orbitals  is  not  negligible, 

(9)  2*B;:4pI  +  (T'.  In  this  reaction  the  two  conditions  of  the  mechanism  are 
satisfied.  The  electron  in  the  p,  orbital  can  transfer  charge  to  the  n*  orbital  of  H; 
and  the  <t  orbital  can  transfer  charge  to  the  empty  4s  orbital  of  Ga‘ Moreover, 
there  is  also  the  attractive  effect  on  of  a  strongly  electron-defiicient  species  w  hich 
results  in  a  deep  well  as  it  has  been  shown. 

The  resulting  attractive  curve  of  Ga''(’P)  with  H:  suffers  an  avoided  crossing 
with  the  purely  repulsive  curve  arising  from  the  Ga'('P;4s'4pi)  +  IG  fragments. 
The  stable  complex  (recall  that  H  —  H  distance  is  fixed  at  its  equilibrium  value)  is 
formed  following  the  2‘B:(Ga''(’P)  +  H;)  surface  and  passing  through  a  nonadi- 
abatic  transition  to  the  l‘B;(GaT'P)  +  H;)curvc  to  reach  the  absolute  minimum. 

(10)  4'Ai;5s'  +  a'.  For  this  reaction,  a  similar  situation  arises  to  that  found  in 
reaction  (8)  with  a  single  electron  on  an  s  orbital  but  with  a  larger  radial  extension. 
Since  the  condition  (a)  of  the  mechanism  is  met.  the  incoming  n  orbital  can  go 
nearer  into  Ga"  ‘  [the  well  is  found  at  3.3 1  a.u.  instead  of  3.50  a.u.  for  reaction  (8)] 
thus  producing  a  deeper  well  for  this  case  than  that  in  reaction  (8), 

Also,  as  in  reaction  (9),  an  avoided  crossing  with  the  purely  repulsive  curve 
arising  from  the  Ga‘(‘S:4s*5s')  +  H;(<r’)  leads  to  a  stable  structure  on  the  3-A| 
surface  after  a  nonadiabatic  transition  coming  from  theGa'*('S:5s')  +  H:  fragments. 

Conclusion 

We  would  like  to  point  out  the  important  role  played  by  the  resonant 
■S(4s'4p;)  atomic  state  of  gallium  which  is  responsible  for  the  formation  of  the 
stable  ’A]  bent  complex  in  the  Ga(*P:4s'4p-)  +  H;  reaction. 

Another  new  feature  observed  is  the  fact  that  for  the  Ga*('S.4s')  +  H:  reaction, 
the  electronic  configuration  of  the  linear  complex  is  diabatically  related  to  an  excited 
state  of  H:,  that  is.  to  the  GaT'S;4s-)  +  H:('2,;;(t*‘)  fragments. 

For  the  Ga'*  -f-  H;  reactions  we  found  that  most  of  the  excited  stable  complexes 
were  obtained  as  a  result  of  avoided  crossings  with  the  Ga*  +  reactions.  This 
situation  is  new  since  these  crossings  for  the  Zn'*  +  H;  reactions  take  place  at 
much  longer  intermolecular  distances  [9].  Finally,  we  also  found  that  the  electrostatic 
interactions  play  a  key  role  since  for  the  isoelectronic  Cu('S:,3d‘"4s')  +  [23]  and 

Zn*('S:.3d"'4s')  +  H:  [9]  reactions,  the  unrelaxed  approach  was  totally  repulsive. 
Therefore  the  enhanced  electronegativity  of  Ga**  became  important  in  this  case 
and  leads  to  the  admixture  of  covalent  and  electrostatic  interactions. 
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Abstract 

An  ah  milio  analysis  of  the  reaction  of  molecular  hydrogen  with  the  2r-imido  complex  ( NH;  hZr  NH 
is  reported.  Several  interesting  points  are  noted.  The  calculated  stretching  frequency  of  the  Zr  N  bond 

in  (NHjljZr  ---  NH  is  860  cm  '  when  properly  sealed  to  account  for  electron  correlation  effects.  The 
value  supports  the  assignment  of  an  infrared  (IR)  band  at  865  cm  '  to  the  Zr  N  stretch  of  a  tetra- 
hydrofuran  (THF)  adduct  of  the  putative  reactive  intermediate  (  NHSi  ');Zr  ■  NSi '  Although  a  weakly 
bound,  H;  complex  is  found,  the  interaction  is  small  ( I.J  kcal  mol  ')  compared  with  experimentally 
characterized  H;  complexes.  Variations  in  bond  lengths  and  intrinsic  stretching  frequencies  demonstrate 
that  ir -bonding  for  amido  (NH;)  ligands  can  be  substantial  in  a  coordinalively  saturated  complex,  H; 
activation  by  the  Wv(  amido  limido  reactive  intermediate  is  calculated  to  be  significantly  more  favorable 
by  the  1.2-addition  of  H-  acros-s  the  Zr-~-  N  bond  to  form  the  /m( amido Ihydride  than  a  stgma-l>ond 
metathesis  pathway.  The  transition  state  (TS)  for  the  addition  of  H;  across  the  Zr-  N  bond  of  the 
amido  limido  complex  is  9.8  kcal  mol  '  above  the  charge  transfer  (CT)  complex,  (NH:):Zr-  NH  •  H; 
at  the  MP2  level;  the  reverse  process,  extrusion  of  H;  from  the /r;,v( amido) hydride  hasa  28.2  kcal  mol  ' 
barrier.  The  geometry  of  the  four-center  TS  is  of  interest,  deviating  markedly  from  that  of  a  square  and 
being  more  "kite"  shaped  ( i.c.,  one  obtuse  and  three  acute  angles).  Mulliken  Bond  Overlap  Populations 
suggest  that  there  is  some  interaction  between  the  Zr  and  the  H  atom  being  transfened  (H,)  in  the 
various  TSs  studied.  It  is  suggested  that  the  interaction  plays  an  important  role  in  the  ability  of  the  Zr- 
imido  complexes,  and  indeed  other  high-valent,  multiply  bonded  complexes,  to  activate  X  H  (  X  -  -  H. 
C,  Si.  N.  and  H )  bonds.  The  design  of  materials  and  catalysis  precursors  which  enhance  the  mciai- 
hydrogen  interaction  in  the  TS  could  conceivably  lead  to  lower  chemical  vapor  deposition  ( CVD I  pro¬ 
cessing  temperatures  and  higher  catalytic  activities,  'e  l')<)2  John  Wiley  &  Sons.  Inc 


Introduction 

Multiply  bonded  transition  metal  complexes  (L„-|M  — ER„,  i )  have  attracted 
considerable  experimental  interest  (l-5j  for  the  selective  functionalization  of  hy¬ 
drocarbons,  particularly  alkanes.  The  elimination  of  small  molecules  ( LR )  from 
organomelallic  precursors  ( L,,M-ER„,)  is  of  interest  in  the  synthesis  of  solid-state 
materials.  [ME],,  by  chemical  vapor  deposition  (CVD).  Many  CVD  processes  are 
thought  to  involve  ctxirdinauvely  unsaiurated,  multiply  bonded  intermediates  which 
eventually  polymerize  to  form  a  solid-state  material  [6,7],  Thus,  in  some  sense 
many  catalytic  processes  can  be  considered  as  being  the  reverse  of  reactions  of 
interest  in  CVD  [Eq.  ( 1  )]. 
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Cummins  et  al.  have  proposed  that  an  (NHSi'EZr  NSi'  intermediate. 
Si '  Si(  /-bu  )i ,  is  capable  of  activating  the  C  —  H  bonds  of  benzene  and  methane, 
and  H;  [1],  Walsh  el  al.  have  demonstrated  that  zirconocene-imido  compie.xes. 
Cp;Zr  NR.  are  capable  of  activating  the  C~  H  bond  of  benzene:  the  presence 
of  a  Zr-imido  intermediate  was  confirmed  by  x-ray  crystallography  [2],  Ti-imido 
complexes  similar  to  the  /)/v(amido)imido  Zr  complex  show  distinctly  dirtcrent 
reactivity  (i.e..  they  do  not  activate  C  “H  bonds)  [.^].  Rothwell  and  co-workers 
have  characterized  a  Ti-imido  complex  and  studied  its  reactivity;  when 
(.4r"0);(py  ')Ti  ■  N-Ph  isretluxed  in  benzene  for  several  hours  noC-H  activation 
products  are  observed  [4j.  However,  Doxsee  et  al.  have  demonstrated  the  utility 
of  vinyl  imido  complexes  of  Ti  (51  in  organic  synthesis. 

Cummins  et  al.  [1]  discovered  that  various  /r/.v(amido)alkyl  complexes  of  Zr. 
( NHSi  ')xZr-R  (  R  -  CH  i ,  Ph,  cyc!o-C,,H  1 1  )•  when  reacted  w  ith  3  atm  of  molecular 
hydrogen  in  a  cvclohexane  solvent  yield  the  corresponding  hydride.  (NHSi')?Zr- 
H.  Furthermore,  reaction  of  the  /mfamido) methyl  complex  with  D;  resulted  in 
the  formation  of  (  NHSi ');( NDSi ')Zr-D  and  methane.  Coupled  with  analogous 
studies  of  the  reactions  of  Zr  trisf  amide  )alkyl  species  w  ith  methane  and  benzene, 
the  data  suggest  a  />/v(amido)imido  reactive  intermediate.  (NHSi');Zr  NSi'. 
formed  by  the  elimination  of  one  equivalent  of  alkane.  The  hi\{  amide  )imido  then 
reacts  with  H;  (or  R-H )  to  yield  the  final  product.  ( NHSi  ')?Zr-H  ( or  ( NHSi  '),Zr- 
R )  {2  ].  Two  pathways  can  be  envisioned  for  the  conversion  of  the  hi.s(  amido)imido 
to  the  trisf  amido  )h>dride.  The  first  route  is  the  addition  of  H-H  across  the  Zr  -  ■  N 
bond  of  the  /i/.vf  amido)  imido  intermediate  to  form  the  trisf  amido)  hydride,  nich 
is  supported  by  the  reactivity  of  the  related  Cp:Zr  NR  complexes  [1].  Anuther 
path  is  the  addition  of  H:  across  the  Zr-amido  bond  off  NHSi'):Zr  -  -  NSi  ’.  resulting 
in  f  NHSi  ')f  NTTS  ')f  H  )Zr'  NSi '.  which  then  undergoes  rapid  H-transfer  from 
the  amino  f  NSi'H;)  to  the  imido  (NSi')  ligand  to  yield  the  trisf  amido  )hydride. 
The  latter  pathway,  sigma-bond  metathesis,  is  lent  credence  by  the  reactivity  of  the 
related  Ti  complexes  (3).  the  fact  that  facile  H-transfer  in  nitrogen-containing 
ligands  is  known  in  other  high-valent,  transition  metal  systems  [8].  and  the  real¬ 
ization  that  sigma-bond  metathesis  represents  a  viable  alternative  in  many  organo- 
metallic  reactions  when  compared  to  traditional  mechanisms  (9]. 

Imido  complexes  of  the  early  transition  metals  have  been  envisaged  by  many 
workers  as  intermediates  and  precursors  in  CVD  processes  leading  to  solid  state 
transition  metal  nitrides  (6.7).  Titanium  tetrachloride  has  long  been  known  to 
interact  with  organic  amines  to  form  Lewis  base  adducts  and  in  some  cases  polymeric 
materials  formed  by  the  extrusion  of  volatiles  such  as  HCI.  In  many  cases,  imido 
complexes  are  proposed  as  plausible  intermediates  along  the  pathway  to  the  solid 
state  material  [ID].  Recently.  Winter  et  al.  have  reported  a  mechanistic  study  of 
the  formation  of  thin  films  of  TiN  from  TiCL  and  Z-butylamine  [6],  When  TiCL 
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and  ^biitv laniiiu-  arc  mivcd  in  mctinicnc  ihloriilc  in  a  Id'  ratio  at  ~S  (  and 
llicn  allowed  to  warm  iiv  room  tcmpcrauiiv.  a  suhsiancc  with  the  lormula 
[  I  iC  l  (  N[l-/-bu  )l  Nl  I '/-hn  1  j,  is  ohtaincil;  the  malcnal  viclds  a  thm  liim  ol  li\ 
when  heated  ti'  dOO  ('  at  aimospherie  pressure-  V\hen  the  pohmerie  material  is 
retluxed  in  a  methvlene  elilonde  solution  of  I’hd’O  the  imido  eomples 
[  I  iCI-t  I’hd’O  I ;(  A-j-but]  results,  as  eonlirmed  b>  \-rav  analvsis  [Pj  Mass 
spectral  analvsis  ot  [  I  iCI  i  N1  l-/-iiu  H  Nl  I  /-bu  )  |,  supports  the  tormation  o|  inmii> 
species  during  decomposition, 

hot  the  present  v\ork  the  transition  metal  ol  interest  is  (  M  /ri  and  the  mam 
group  element  of  interest  is  nitrogen  (  b  \  i.  ( ii\en  our  eontinuing  loeus  on  the 
eleelronie  strueture  and  reaetivitv  oCmultipIr  boiuled.  Iraiisiiion  meia/ eompleves 
[12-15],  a  computational  studv  of  tlie  aeti\ation  <'1  small  molecules  bv  imido 
complexes  was  initiated,  I  lerein.  vse  report  the  results  lor  one  ol  the  more  mieiesling 
ol' these  reactions:  the  activation  of  molecular  hvdrogen  bv  a  /’/'I  amido  Imiido 
complex  ol  Zr,  (NH  i  Zr  NH,  I  he  relative  lavorabilitv  ol  the  H  ■  arkiition  [vath- 
wavs  (and  their  mieroseopiealiv  reverse  reactions),  as  well  ;is  the  stabihtv  ol  the 
various  iSkimeric  intermediates,  is  considered  Implieaiions  ol  these  results  lor  ea- 
talvsts  and  C'\  1)  processes  are  presented  throughout. 

('(imputational  Methods 

rite  ealeulatiotis  deseriberl  herein  emplov  the  ah  iiiiin'  i|uantum  ehemisirv  pro¬ 
gram  ( iAMI  SS  I  Ih  I .  blleetive  core  iiotentials  (  bCi’s )  replace  the  chemical  I  v  less 
important  core  orbitals  and  thus  make  calculations  leasible  I't'i'  all  rows  ot  the 
transition  senes.  The  IX'Ps  and  valence  basis  sets  ot  Stevens.  Raseh.  Krauss  and 
.lasien  ( SitK.l  I  ( 1 7  ]  arc  used  I’l'r  heavv  atoms  while  Hs  are  described  w  ith  the  .5 1  ( i 
basis  set.  Basis  sets  Tor  heav  v.  main-group  elements  are  augmented  with  a  d  polar- 
1/alion  function  [ISj.  (ieometry  optimizations  emplov  the  method  of  Baker  [Id] 
and  unless  stated  otherwise  are  done  at  the  restricted  Hartree-Toek  (Kill  )  level  for 
closed-shell  singlets.  I  he  [iresent  combination  of  IX'Ps.  basis  sets  and  level  of  theory 
has  been  thoroughlv  tested  for  a  large  number  ol  transition  metal  complexes,  and 
performeii  admirably  ( 1 2- 1  5 1 .  The  energy  hessian  is  calculated  at  stationary  points 
m  order  to  identify  them  as  minima  or  transition  states.  Plotting  the  imaginary 
lrec|ueney  of  transition  slates  aiu.1  perturbing  along  the  mode  (m  the  foncard  or 
reverse  direction  )  folhivsed  by  reoptimization  is  used  to  assess  v\  hich  transition  state 
IIS)  connects  which  two  minima;  in  some  eases,  the  intrinsic  reaction  coordinate 
(il<(  )  IS  followed  from  the  I  S  tovcaixl  reactants  and  products.  Intrinsic  stretching 
frec|ueneies  are  calculated  using  the  methods  of  Boatz  and  (iordon  [2()j. 

Previous  work  [I  1-1.5.21)  clearly  demonstrated  that  Zr  complexes  similar  to 
those  studied  here  are  well  described  at  the  single-determinant  level;  thus,  geometric 
parameters  are  accurately  predicted  as  long  as  a  suitably  flexible  basis  set  is  used 
[1 1-15,21].  Important  bond  lengths  and  bond  angles  for  calculated  stationary  points 
are  colicctet}  in  f  igure  I.  CjkuLilvd  energetics  vviJ]  usually  be  poor  if  electron 
correlation  is  ignored,  f  or  species  described  well  at  the  single-determinant  level  of 
theory,  the  correlation  contribution  can  be  treated  as  a  perturbation  to  the  single- 
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Figure  I.  Calculated  Mruclural  data  for  important  minima  and  transition  states  on  the 
PI  S  for  the  reaction  of  H,.  and  I  NH;);Zr  NH.  Zr  atoms  arc  represented  hs  circles  with 
diagonal  lines,  N  by  crossed  lines,  and  H  hy  open  circles. 


determinant  energy  [18],  For  this  reason,  the  correlation  energy  is  calculated  using 
second-order  Moller-PIcsset  (  mp2  )  theory'  [22],  The  core  electrons  are  not  included 
in  the  lviP2-active  space.  All  quoted  energies  arc  determined  at  mp2  level  of  theory 
using  the  RHF-optimized  geometries  with  the  zero-point  energy  (ZPr.)  correction 
included. 


Results  and  Discussion 

fnilial  Inieraction  of  U:  and  the  Bisf,lm;r/oj  Imido  Complex 

The  imido  reactant.  ( NH2)2Zr  -~  NH.  hasa  C’,  minimum  which  is  nearly  planar 
[21].  The  geometry  about  the  Zr  and  amido  .N  atoms  is  roughly  trigonal  planar 
while  the  Zr  -  N-F^  angle  is  nearly  linear  ( [79° ).  as  expected.  The  Zr-imido  ( i.e.. 
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Zr-NH; )  and  Zr-amido  ( i.e.,  Zr  -  NH )  bond  lengths  are  calculated  to  be  1  .K3  and 
2.10  A.  respectively,  in  goo  J  agreement  with  values  for  experimental  models.  Char- 
acteri^cd  Zr  -  N  bonds  are  1 .868(  3 )  A  for  Zr(  NH.Ar ):( py ' ):( N Ar )  and  1 .826(4 ) 
.A  for  Cp:Zr(  -  N-/-bu)(THF)  [2,23]  '.he  Zr-amido  bond  lengths  in  the  former 
complex  are  roughly  2.13  A  [23].  The  calculated  Zr  N  stretching  frequency  is 
955  cm  ' ;  it  is  important  to  note  that  this  is  not  an  intrinsic  stretching  frequency 
[20].  Vibrational  frequencies  at  the  Rtti-  level  are  usually  scaled  by  0.9  [24]  to 
account  for  electron  correlation  effects  (ivr  \(  scaled  )  =  860  cm  ' ).  An  infrared 
( IR )  band  at  865  cm  '  was  assigned  to  the  Zr  -  N  stretch  of  the  THF  adduct  of 
( NHSi  '):Zr  NSi '  [  1].  Our  calculated  I’z,  \  is  in  agreement  with  the  assignment 
of  the  IR  band  to  a  Zr  ;  N  stretch  and  thus  lends  support  to  a  /)M(amido  )imido 
intermediate  [1]  in  the  experimental  system. 

A  weakly  bonded  complex,  (NHO^Zr  -  NH-H;.  was  isolated  as  a  minimum. 
1  [  25  ] .  The  complex  has  a  f  \  geometry  and  the  reactant  fragments  are  little  changed 
from  their  separated  geometries.  The  H  atoms  of  the  FI:  fragment  arc  nearly  sym¬ 
metrically  disposed  with  respect  to  the  Zr  atom,  one  ZrH  distance  is  2.46  A  while 
the  other  is  2.44  A.  The  binding  energy  of  the  IT  is  only  1.3  kcal  mol  '.  Upon 
"coordination"  of  the  H;,  the  ZrN  bonds  stretch  by  less  than  0.01  A  from  their 
values  in  (NH:):Zr-  NH.  The  largest  change  is  in  the  H-H  bond,  stretching  by 
0.02  A.  Subtle  changes  in  the  electronic  structure  can  be  measured  by  calculating 
the  intrinsic  stretching  frequencies  [20]  and  comparing  to  values  for  isolated  mol¬ 
ecules.  The  Zr-amido  and  Zr-imido  ininnsic  stretching  frequencies  for  I  are  624 
and  970  cm  ' ,  respectively,  or  9  and  2%  lower  as  compared  with  (  NH;  );Zr  :--  NH. 
Thus,  some  weakening  of  these  bonds  is  taking  place  when  hydrogen  coordinates, 
presumably  by  donation  of  electron  density  from  the  <T||h  into  metal-nitrogen  an¬ 
tibonding  molecular  orbitals  (MOs).  The  H;  intrinsic  stretching  frequency  goes 
from  4646  cm  '  in  “free"  H;  to  4469  cm  '  (-4T  )  in  “complexed"  H;.  There  is  a 
small  amount  of  charge  transfer  from  the  H;  to  the  imido,  0, 1 3  electrons  as  deter¬ 
mined  from  a  Mulliken  Population  Analysis. 

Addilioti  of  li:  Acrow  the  Zr-  -  N  Douhic  Bond  of/ SII:)//.r  -  Ml 

The  1.2-addition  of  H;  across  the  Zr-  -  N  double  bond  of  the  />/.s(amido)imido 
leads  to  the  /r/.v(  amido)  hydride,  (NHiIjZr-H.  2.  The  complex  hasaCi  minimum, 
with  Zr-N  bond  lengths  of  2.06  A.  Interestingly,  the  Zr-amido  bond  length  is  0.03 
A  longer  than  that  calculated  for  the  simple  amido  complex,  H  iZr-NH;  indicating 
that  TT-bonding  in  the  formally  singly  bonded  amido  ligands  can  be  important. 
Another  indication  of  the  strength  of  the  ir-bonding  of  the  amido  ligands  is  prov  ided 
by  their  competition  with  the  imido  ligand  for  the  dv  AOs.  The  Zr-imido  intrinsic 
stretching  frequency  in  the  parent  molecule.  ( H  );Zr  ---  NH,  is  29  cm  '  higher  than 
in  ( NH;);Zr  NH;  the  Zr-imido  bond  is  0.03  A  shorter  in  the  former  compared 
with  the  latter.  The  importance  of  ir-bonding  in  early  tran.sition  metal  imido  com¬ 
plexes  has  been  the  subject  of  much  discussion  by  experimentalists  [26].  Kapellos 
et  al.  have  studied  the  phenomenon  for  the  coordinatively  unsaturated  case.  M  ’  - 
NH;  [27],  and  the  present  results  demonstrate  that  rr-bonding  for  amido  ligands 
can  be  substantial  in  coordinatively  saturated  complexes. 


The  1.2  addition  of  across  a  Zr  N  double  bond  ( I  -►  2)  immediately 
suggests  a  four-center  transition  state,  where  H-H  and  Zr  N  bonds  are  being 
stretched  while  Zr-H  and  N-H  bonds  are  being  formed.  Indeed,  a  transition  state 
fitting  this  description  is  found.  3  [28].  T  he  TS  for  the  addition  of  H  .  across  the 
Zr  =  N  bond  of  the  amidolimido  complex  is  9.K  kcal  mol  ' .  abo\e  the  charge 
transfer  (CT)  complex,  1.  The  product.  (NH;)tZr-H,  2,  is  18,4  kcal  mol  '  stable 
than  the  CT  complex.  Thus,  the  reverse  process,  extrusion  of  H;  from  the 
tm(amido) hydride  has  a  28.2  kcal  mol  '  barrier.  The  activation  enthalpy  for  the 
elimination  of  methane  from  ( NHSi  ')?Zr-CH,  is  23.9  ( 4 )  kcal  mol  ' .  As  Steigcrvvald 
and  Goddard  [29.30]  found  for  the  addition  of  H:  across  metal-carbon  single  bonds, 
the  TS  deviates  markedly  from  that  of  a  square  and  is  more  ‘‘kite"  shaped,  with 
one  obtuse  and  three  acute  angles.  The  ZrN,  bond  in  the  TS  is  1.89.  0.06  A  ( 3'  (  ) 
longer  the  Zr-imido  bond  in  (NH^bZr  ”  NH,  while  the  Zr  •  •  ■  bond  is  2.07 
A.  8C;  (0.16  A)  longer  than  that  in  (NH:.),Zr-H.  The  H-H  and  N-H  bonds  in  3 
are  stretched  much  more  significantly;  0.22  A  ( 30'';  vs.  H: )  and  0.3 1  A  (  50''.  com¬ 
pared  with  (NH-bZr-Hi.  respectively.  The  Zr “  N.-H,  angle  in  TS  3  is  nearly 
linear!  176° ).  The  data  suggest  a  lateTS  when  the  reaction  is  viewed  as  (  NH;  l^ZrH 
(3)  (NH;);Zr  --  NH  •  H;.  The  kinetic  data  for  ( NHSi ')-.Zr-CH,  [1]  has  been 
interpreted  as  supporting  a  TS  with  "substantial  Zr —  C  bond  breaking  ( A//*  = 
25.9  (4)  kcal /mol)  in  a  relatively  constrained  transition  state  (AS*  ~  7(1)  cu)," 
These  calculations  seem  to  be  in  qualitative  agreement  with  the  experimental  results. 

The  most  interesting  point  about  transition  state  3  is  the  short  Zr  •  •  •  I!,  trans- 
annular  distance,  1.98  A.  which  is  only  0.07  A  (4'r  )  longer  than  the  Zr-terminal 
hydride  distance  in  the  tris(amido)hydride.  and  0.09  A  (5%)  shorter  than  the 
Zr  •  •  •  Ha  distance  in  3.  It  is  reasonable  to  expect  that  low  energy  4 A  Os  on  the 
high-valent  Zr  are  available  to  stabilize  the  //  being  transferred  (as  well  as  the  //,, 
and  N,//j  fragments)  in  the  TS,  //,.  thus  lowering  the  TS  versus  a  system  without 
vacant,  lower  energy  cJ  orbitals  (e.g..  a  main  group  element  or  a  late,  low  valent 
metal)  and  facilitating  the  reaction.  As  a  rough  measure  of  the  strength  of  the 
interaction  between  the  Zr  and  the  various  hydrogens,  the  Mulliken  Bond  Overlap 
Population  (BOP)  was  calculated  for  the  various  ZrH  interactions  and  compared 
to  a  “normal"  terminally  bonded  hydride  ligand.  The  ZrH  bops  were  calculated 
to  be  0.16  (//,)  and  0.38  (//„)  which  compares  with  a  value  of  0.70  for  the  terminally 
bonded  H  in  (NH-I^Zr-H. 

Sigma- Band  Metathesis 

The  sigma-bond  metathesis  pathway  (1  -♦  5  -*•  4)  leads  to  an  interesting  product. 
Zr(NH  ){NH2)(NH3)H.  possessing  a  Zr-imido.  Zr-imido.  and  Zr-amino  (i.e..  Zr, 
-NH;)  bond  in  the  same  complex.  Thus,  there  is  a  formally  double  (imido),  single 
(amido),  and  dative  (amino)  ZrN  bond  in  4,  which  should  provide  a  good  challenge 
for  the  computational  methods.  The  various  ZrN  bond  lengths  are  calculated  to 
be  1.83  A  (imido),  2.10  A  (amido)  and  2.41  A  (amino)  in  the  C,  minimum,  4. 
Rothwell  et  al.  [23]  have  characterized  the  complex  Zr(py '):( NHAr);(  -  N-Ph). 
which  has  Zr-amido  bond  lengths  of  2. 13  A  and  2.14  A.  Zr-amino  bond  lengths  of 
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2.36  .3  and  2.38  A,  and  a  Zr-iniido  bond  length  of  1,87  A.  I'he  calculated  value.s 
differ  from  the  experimental  model  b>  <2"';  which  is  excellent  despite  the  d-dcrences 
in  coordination  number  and  sleric  congestion. 

In  the  sigma  bond  metathesis  pathway,  as  in  the  previous  mechanism,  the  most 
obvious  choice  ofTS  geometrx  is  a  four-center  one.  I'he  calculated  barrier  to  addition 
of  H:  across  the  Zr-amido  b<md  is  1 7,9  kcal  mol  ' ,  nearly  twice  that  for  the  addition 
ot  H:  across  the  Zr-imido  bond.  The  high  barrier  to  addition  of  If'  across  the  Zr- 
amido  bond  is  consistent  with  a  much  lower  driving  force  for  the  reaction;  the 
amino(amido)imido  complex  is  only  l.O  kcal  mol  '  more  stable  than  the  (  I 
complex  ( 1 ).  TS  5  can  also  be  described  as  kite-shaped.  As  before,  there  is  a  short 
Zr  •  •  •  H  transannular  distance.  2.14  A.  0.16  A  longer  than  for  the  previous  fS. 
The  longer  ZrH,  distance  in  5  vs.  3  suggests  less  interaction  between  Zr  and  II,  in 
the  sigma-bond  metathesis  TS.  However,  the  calculated  ZrH,  Mullikcn  Bond  Over¬ 
lap  Population  in  5  is  similar.  0.18,  to  that  calculated  for  3. 

Conversion  of  Zr(SU:)iII  to  /.n  SH)( SH:)( NU <) 

The  conversion  of  2  to  4  (by  way  of  TS  6)  entails  H-iransfer  from  one  amido 
group  to  another.  A  similar  process  has  been  implicated  in  the  formation  of 
{NHSi')(Cl)(THF)Ti  “■  NSi'  from  (NHSi')iTi-Cl  by  elimination  of  NH^Si'  [3] 
and  in  6/v(  amido )  complexes.  The  geometries  of  the  products  and  reactants  ( 2  and 
4)  have  been  discussed  and  compared  to  available  experimental  data  above,  fhe 
removal  of  NH.i  from  Zr(  NH)(  NH^X  NHi)H  is  calculated  to  be  quite  endothermic. 

36.3  kcal  mol  ' .  Our  calculations  indicate  that  a  H-tran.sfer  process  for  Zr  model 
complexes  ( 2  -»•  4  or  the  reverse )  has  a  high  barrier.  The  TS  for  the  reaction  4  -► 
2  is  23.8  kcal  mol  '  above  the  Zr(NH)(NH:)(NHOH  minimum.  Complex  4  is 

1 7.4  kcal  mol  '  less  stable  than  the  ?m( amido )hydridc. 

Several  things  distinguish  TS  6  from  the  r'''ated  transition  state  for  the  addition 
of  H-H  across  the  Zr  --  N  bond  of  ( NH:. XZr  --  NH.  The  most  noticeable  difference 
is  the  significantly  smaller  M-N-H  angle  of  the  erstwhile  imido  ligand  (161°  vs. 
176°)  in  6.  The  small  M-N-H  angle  suggests  that  the  transition  state  is  early  if  the 
reaction  is  viewed  as  Zr(NH;),H  -*  Zr(NH)(NH;)(NH3)H.  The  transannular 
Zr  •  •  •  //,  distance  of  2.1 1  A  (vs.  1.98  A)  is  similar  to  that  found  for  the  sigma- 
bond  metathesis  TS.  5;  however,  the  calculated  Mulliken  Bond  Overlap  Population 
for  Zr  •  >  •  //,  is  three  times  smaller  for  6  (0.06)  than  5  (0.18).  If  the  reaction  is 
viewed  as  the  addition  of  the  N-H  bond  of  ammonia  across  the  Zr  - "  N  double 
bond  of  Zr(  NH;)(  H )(  --  NH ).  then  the  greater  electronegativity  of  N  will  make 
the  H  being  transferred  more  acidic  and  thus  less  likely  to  be  stabilized  by  the  high 
valent  metal.  The  lower  degree  of  stabilization  of  the  H  being  transferred  in  TS  6 
correlates  with  the  higher  activation  energy  for  (4  -*•  6  -►  2)  versus  ( 1  -*  3  -»■  2) 
despite  the  comparable  driving  force  for  each  reaction  ( 17.4  kcal  mol  '  for  the 
former;  13.4  kcal  mol  '  for  the  latter). 

Intrinsic  Reaction  Coordinate  from  CT  Complex.  /,  to  lm( .  {mido} Hydride.  3 

The  intrinsic  reaction  coordinate  ( IRC)  [3 1  ]  for  the  conversion  of  the  CT  complex, 
1,  to  the  tris(amido)hydride.  2,  by  way  of  transition  state  3  was  studied  in  order 
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to  understand  the  ds  naniies  of  the  !  I  -  aeti\atuni/e\trusion  proeess  (  ^2  |  \  plot  ot 
the  ehanges  in  the  pertinent  bond  lengths  and  bond  angles  along  the  IRC  is  shoun 
in  Figure  2,  The  mass-weighted  distance  along  the  reaction  coordinate  is  denoted 
the  IS  IS  set  to  0  bohr*aimi'  Proceeiling  from  IS  3  to  the  C  l 

complex,  bes’onies  more  negative.  From  I  S  3  to  the  /r/d amido  Ihydride.  2, 
'\oi.ii  becomes  more  positive.  Not  surprisinglv,  the  two  internal  coordinates  showing 
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t  igurc  2.  P!  ns  ol' important  parameters  ( u>p:  boiul  lengths;  botumi:  bonU  angles )  alone 
the  IR(  from  i  2.  I  s  1  is  set  In  -S  U,  the  positise  slireelion  leads  !<>  the 

tnslaitiiiloe’vitrule,  2.  the  t.  ’galive  direelion  leads  to  Ihe  <  I  eoniples.  I. 
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tlic  most  siranialu'  clianucs  along  the  IK(  an-  iIk-  11,  H  hoiiil  of  the  11  biiiiu 
actuated  (eliminated  in  the  reverse  reaction  I  anil  the  N,  II,  hiMid  whieli  is  heiin; 
t'ormed  (broken),  i  heie  are  two  '■breaking"  points  where  the  slopes  ehaiige  siu- 
mlieamh  (lie.  2a).  lor  the  H,  11.  bond,  this  is  iinighlv  at  S,  , ,  i).4l 

b,)lir»amir  .  .Alter  .S',,.;,,  0.41  bohr*amii"  the  II  11  bond,  whuh  up  to 
this  point  IS  essenliallv  unchanged  I'rom  the  ( '  I  eomples.  undergoes  rapid  elongation. 
//  IS  in  the  process  ol  bemg  transrerred  to  \  .  torming  the  thinl  amide  ligand.  Note 
tliat  the  point  is  assoeiateil  with  ;i  change  in  the  direetion  ot  1 1  -/r-N  angle  i  big 
2b):  the  angle  which  was  decreasing  begins  to  increase  once  again.  A  little  eonsid- 
entiion  reveals  that  this  is  to  be  evpeeted.  As  the  11-  fragment  of  I  cants  toward 
N  ,  to  form  the  N  11  bond,  the  N.-/r-ll  angle  must  decrease,  (  "oncomitam 
with  formation  of  the  \,  II  bond,  /r  11.,  bond  formation  is  taking  place, 
bvinuiallv.  in  the  Os(amido)hvdnde.  .i  nearlv  leirahedral  ll,-/i-\  angle  will 
resuh  so  that  the  angle  must  increase  to  roughlv  lOh.N  as  the  IR< '  indicates  I  he 
second  "break"  point  at  S  1.21  bohr»amu '  is  more  illuminating  ( 1  ig.  2  ):  the 
slope  of  the  N  -H  hne  changes  ahrupilv.  from  negative  to  ntsir  zero  At  this  [vomt 
the  N  11  bond  is  essentiallv  formeil.  N  11  1.0'  A  (vs.  1.02  A  in  the 

/ru( amido )hvdnde ).  As  belbre,  the  motion  is  correlated  vvith  a  change  in  one  of 
the  angles.  /i-N  -11  .  After  S  1.21  bohr*amu'  .  the  Zr-\  -II,  angle  starts  to 
tiecrease,  as  the  ligand  fulfills  its  eventual  ilestinv  of  transforming  from  an  imulo 
( linear  coordination  )  (;'  tin  aniKlo  ( triauonal  planar  coontmation  ). 

Discussion 

A  schematic  representation  of  the  reaction  coordinate  for  the  various  interme¬ 
diates  and  transition  stales  studieil  is  shown  m  l  igiire  ,v  Several  interesting  points 
were  noted  above  which  are  now  discusscvl  in  greater  rieiail 

A  weaklv  bound.  II  complev.  I,  was  isolateil  for  the  imlial  inter.Klion  of 
(NH,')’Zr  Ml  and  II-.  Recent  evpenmenlal  evulcncc  bv  Bergman  cl  ai.  ( .VI  | 
and  Burkey  el  a)  (.b4]  suggests  that  metal-alkane  c>>mple\es  can  have  sigmlicanl 
binding  energies  (  10-12  kcal  mol  ' ).  and  thus  play  an  important  role  m  the  catalytic 
activation  of  ('  II  bonds.  Preliminary  studies  suggest  that  alkanes  have  greater 
binding  energies  for  the  initial  interaction  titan  11  .  e.g.  1(11)  /r  Nil  -  ■Cll.i] 
is  S  kcal  mol  below  separateil  fragments.  Molecular  hvdrogcn  compleves  have 
elieited  a  good  deal  of  interest  since  the  isolation  ol  the  tirst  examples  by  Kuhas  el 
al.  [  1.  VV  ( ('( ) ):(  PR ; )'.  R  cyclo-(  ,11,,  and  i-Pr.  1  lay  has ealculated  a  substantial 

binding  energy  for  the  11-  ligand.  IP. I  kcal  mol  ’  |.Vi|.  Burkey  and  \a;  ak  have 
recently  measured  a  binding  energy  of  1 7  •  .b  kcal  mol  '  for  (  r(  ( '()  i  ( 1 1  i  (  tr’j. 
In  contrast,  comftlcx  I  is  weakly  hound,  only  l.x  kcal  mol  ’  below  the  isolated 
molecules.  Calculations  [.76]  indicate  the  imponance  of  backbondmg  fnmt  the 
occuincd  metal  d  orlatals  to  the  rrnu.  Since  the  metal  is  I'ormallv  d"  and  hiuhlv 
electrophilic.  Imck  donation  into  the  fr*,,,  is  expected  to  he  negligible  It  seems 
unlikely  that  in  iIh-  present  case  there  are  an  appreciable  conceniralion  of  these  1 1 
complexes  in  sulution  or  that  they  have  a  long  liletime  if  formed. 

Perhaps  the  most  interesting  feature  vvnh  respect  to  the  electronic  s'luciure  ot  I 
IS  the  polarily  m  the  II-  fragment,  despite  the  nearly  ec|iiivalent  /rl  I  distances  I  he 
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Figure  .V  Schematic  representation  of  the  relative  energies  for  the  minima  ami  transition 
states  in  this  studs.  The  energies  are  reported  in  kcal  mol  computational  details  are 
gisen  m  the  text.  The  numbering  scheme  coincides  ssith  that  in  Figure  1  and  the  text. 


calculated  charge  on  the  H  which  is  slightly  farther  from  Zr  is  +0.02  while  that 
which  is  2.44  A  away  from  the  Zr  (i.e..  closer  to  the  imido  N)  has  a  calculated 
atomic  charge  of  +0. 1 1 .  Wolezanski  et  al.  [  1  ]  have  postulated  that  the  great  polarity 
in  the  Zr=^-  N  bond  (Zr'  '  -  n  by  a  Mulliken  Population  Analysis)  induces 

a  polarization  of  the  C —  H  bond  which  assists  in  its  activation.  The  present  com¬ 
putational  results  support  the  contention. 

The  calculated  activation  energy  for  the  addition  of  H:  across  the  Zr  —  N  bond 
of  one  of  the  amido  ligands  ( 1  5  -►  4)  is  roughly  twice  as  high  as  for  the  addition 

of  H;  across  the  Zr  -  N  bond  (I  -►  3  -»■  2).  Furthermore,  even  if  the 
ami no( amido) imido  complex  (4)  is  formed,  the  high  barrier  to  form  the  observed 
product,  a  trisl amido)  complex,  is  so  high  as  to  make  the  .second  H-transfer  step 
(4-»6  — 2)  even  more  unfavorable.  One  small  point  of  interest  is  the  much  larger 
calculated  dipole  moment  for  the  sigma  metathesis  TS  (5)  versus  the  1 .2  addition 
TS  (3).  .1. 16D  and  1 .61 D.  Perhaps  in  a  sufficiently  polar  solvent,  the  two  processes 
may  become  more  competitive,  although  there  is  still  the  high  barrier  for  the  second 
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H-Uan^^'cr  process  lo  contend  \Mlh.  1  he  espennienls  ol  W  oic/anski  e!  al.  j  1 )  were 
run  in  hen/ene.  Oui  results  indicate  that  the  II-  actoation  proces-  bv  a 
/'/s(  anndo  liniido  reacti\e  intermediate  is  signitieant!\  more  lavoivible  b>  tiie  1.2- 
addilion  ol  1 1  -  across  the  /r  N  bond  (I  2 )  to  form  the  amido  ih>dnde 

than  a  siuma-bond  metathesis  jrathwas  (I  -*■  5  4  I  (Inen  the  similantv  ol  II- 

II  and  ('-H  actiration  processes,  it  seems  reasonable  to  assume  that  a  similar  con¬ 
clusion  IS  \alid  tor  the  ;icti\ation  of  hvdrocarbons  b\  these  compleves. 

1  he  most  interesting  point  from  the  IRC  is  that  eom|nessioii  of  the  /i  is  -II 
angle  takes  place  alter  the  H  (H  ;  cssentialK  translerrerl  to  the  iniKlo  \  to 
form  the  third  amido  ligaiKi  of  the  trist  amidothsdride.  2.  At  .Si..,..  12! 

bohr ♦  amu  '  on  the  reaction  coordinate  for  the  11  -  aetisation  elimination  process 
( l  ig.  2  >.  the  7r  complex  bears  a  striking  resemblance  to  the  isoeleetronie  ( in  terms 
ol  valence  electrons)  la  (-11  I'ragment  in  eleetron-detieient  alkxiidenes. 
I...M  ('(  R  I R  .  I  hese  complexes  haxe  l  a  C-1 1  angles  close  to  Mt)^'  as  rexealed 

by  neutron  ditTraction  [  ''k  ].  The  fact  that  ir-bonding  in  amides  is  signilicanl  ( ivi/e 
siipnt )  makes  the  analogx  more  complete.  The  distorted  l  a  C-1 1  angles  suggest 
incipient  C-H  bond  breaking,  xxhieh  issupportcil  by  longer  than  normal  C-11  boml 
lengths  [.^8].  in  the  alkylidene  (  C  (ll)R)  to  exentually  yield  an  alkylidyne 
(i~C'R).  i.e.,  iinalogous  to  the  process  I  ->•  3  -►  2  rolkHreri  along  the  IRC.  1  xper- 
imentally,  Schrock  has  shown  that  distorted  l  a-alky  liiiene  complexes  can  be  (nished 
even  further  by  increasing  steric  congestion  le.g..  by  addition  of  phosphine  ligands 
(.r8].  liq.  (2)|  to  eliminate  toluene,  laking  the  experimental  data  for  the  related 
la  complexes  and  combining  them  with  the  eom(rutational  resuhs  for  Zr  suggests 
txxo  possible  extensions  for  future  computational 

Cp*TafCI)(CH-Ph)(  C(ll)Ph)  f2PMe-,— 

Cp*  ra(Cl)(P.MeA..C CPh)  •  Ph-CIC  (2) 

and  experimental  work,  first,  analogous  complexes  of  the  form  I  ,.Zr-Nl  11  )R  and 
L.„  l  a  C ( 11 )  R  may  show  the  same  interesting  distortion  [  ) .  Second,  increasetl 

stenc  congestion  in  (  \  ()  precursors  of  the  type  Zr(  \R  ).R  by  the  coordination  of 
Lewis  bases  may  lower  the  harrier  for  extrusion  of  volatiles,  ami  thus  allow  for 
lower  <  X  I)  processing  temperatures  [4l)), 

■Although  one  should  avoid  putting  too  much  faith  in  quantitative  comparisons 
basetl  on  an  arbitrary  partitioning  of  the  total  electron  density,  the  Mulliken  Bond 
Overlap  Populations  suggest  that  there  is  an  appreciable  interaction,  hetvxeen  the 
Zr  and  the  transannular  11  (  H, )  in  the  I  S  for  1 ,2-addition  across  the  Zr  \  bond 
ol  (  NH-  )-Zr  Nil.  3.  T  he  interaeiirm  may  have  an  important  role  to  plav  in  the 
ability  of  the  Zr-imido  complexes,  and  indeed  other  multiply  bonded  complexes 
with  early  ,  high-valent  metals,  to  activate  \-H  ( ,\  11.  C.  Si.  N.  and  H  )  bonds. 

More  activity  is  expected  from  catalysis  which  are  designed  lo  vield  reactive  inter¬ 
mediates  in  which  the  interaction  is  enhanced.  Simple  considerations  vxould  lead 
one  to  predict  that  the  transannular  interaction  should  be  enhtinceii  by  a  more 
electrophilic  metal  ;ind  nucleophilic  transannular  hydrogen.  T  he  hypothesis  is  sup¬ 
ported  by  the  greater  reactivity  of  Zr-imido  complexes  [1.2]  when  compared  to  1 1 


804 


t  I  NIJARl 


analogues  [3,4  j.  Zr(  X/,  =  1 .33)  issigniticanlly  more  electropositive  than  I  i  (  X  i, 

1 .54).  and  thus  the  Ti  in  Ti-imidu  complexes  will  be  less  electrophilic  when  com¬ 
pared  with  a  Zr  analog;  Mulliken  charges  for  the  parent  metal-imidi,  complexes. 
{H):M  NH,  arc  Ti  =  N  and  Zr''"'’  =  N  Similarly,  the  synthesis 
of  materials  precursors  which  enhance  the  metal-hydrogen  interaction  in  the  I  S 
for  elimination  of  volatiles  could  allow  for  lower  processing  temperatures  in  t  vd. 
For  example,  the  relative  electronegativity  of  Si  versus  C  leads  one  to  predict,  based 
on  the  present  results,  that  silyl-substitutcd  comple.xes  may  have  a  greater  degree 
of  stabilization  of  the  H  in  the  TS  for  elimination  of  silanes,  and  may  be  preferable 
as  low-temperature  CVD  precursors.  Studies  are  underway  to  test  these  hypotheses 
and  their  effects  on  the  mechanism  of  X  —  H  bond  activation  and  the  reverse 
process,  extrusion  of  X  —  H-bonded  molecules. 
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( 9  ]  fmr  example.  Tilley  and  co-workers  have  recently  presented  evidence  in  favor  of  a  sigma-txmd 
metathesis  route  for  the  polymerization  of  silanes  by  Group  I VB  catalysts  in  preference  to  the  older 
silylene  mechanism.  H.  G.  Woo  and  T.  I>.  Tilley.  J.  Am.  (  hem.  ,Soc.  III.  8047  (  1989 1, 

(  lO)  (a)  Y.  Saeki.  R.  Matsu/aki.  A.  Yajima.  and  M.  .Akiyama.  Bull.  Chem  Soc.  Jpn.  55,  719.7  (  1982 ): 
(b)  1  .  Maya,  Inorg.  Chem.  25,421.7(1986). 
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(35)  (a)Ci.  J.  Kubas,  Alv  <'lKm  Ros.  21.  I  2(1  (  l‘fSX );  ( b)  CalKrinioinc  works  b>  tiolf'ci  al  base  alsi) 
bei'ti  publisheii  on  molecular  hsdroi’cii  complexes  K  /hang.  A  A  (ion/alc/.  S  1  .  Mukerjee.  S. 
J.  Chou.  C  1).  Hori'.  K  A  Kubal-Martin.  I)  Barnhan,  ami  <i.  J.  Kubas.  J  Am  Chem  Soc.  JI.1. 
4I?(l  (  Ihhl  );  (c)  J.  M.  Millar.  R.  A  Kasirup.  M.  1.  Melchior.  I  I  tiorsalh.  C  O  Holl.  and 
R  H.  Crabtree.  J  Am.  Chem  Soc'.  112.  ‘)64.A  (  l‘Wt)(. 
lAb)  P.  J.  Hay,  J.  Am.  Chem  Sik.  HH.  70s  ( 10X7). 

(.^7]  r.  J.  Burkey  and  S.  Nayak  (unpublished  results). 

|  ,^xi  R.  R.  Schroc'k,  Acc  Chem  Res.  12.  OX  (  1070). 

[.AO]  An  I-xtended  Huckel  analysis  ol  ia-alkylidenes  and  their  geometric  distortion  is  reported  in  R  J. 

Goddard.  R.  Hoffmann,  and  E.  D.  Jemmis,  J  Am.  Chem.  Soc.  102.  7fib7  (  lOXO). 

(40)  An  interesting  observation  in  connection  with  this  prediction  is  found  in  the  work  of  Rothwcll  and 
co-workers  [41  j.  A  li  b/ctamidel  complex.  (OAr);Ti(  NHPh  b  is  stable  until  a  neutral.  lew  is 
base,  py '.  is  added  Cpon  addition  of  py  ,  aniline  (  PhNH;  I  is  eliminated  to  yield  the  complex. 
tOAr)i4  il  NPh  l;(py  );.  Similar  results  base  been  obtained  for  Z.r  analogs  [27). 

[41  }  (a)  13.  M.  T.  Chan,  W  C.  Eult/.  W.  A.  Nugent.  D  C.  RtK‘.  and  I  H  1  ulip.  J.  Am  Chem.  Soc. 
107.  251  (  19X5);  (b)  J  E  Hill.  R.  D  Profilet.  P.  E.  Eanwick.  and  I  P  Rothwell,  Angew.  Chem.. 
Int.  Ed.  Engl  20.  6b4  (  19401, 


Solvation  Effect  on  the  Tunneling  Rates 
of  Proton  I’ransfer 
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AbstracI 

SoKation  clkv!  i>n  ilic  tiiniu'liiit:  ralo>  in  iho  laso  nroHiploJ  moinm  ol  l»ti  priMniis  alntii;  ilu-  uai  iu>ii 
u'ordinali.'  ua'-  st'mionipiricalK.  <  six)/2.  oinipuKxl  Ihc  rDllnumf  nuilwular  IransiiK'n-viaic  vDrnpk'^c' 
(  IS(  I  v\crc  sUidicd.  ■  All--  HU-- A.  '.vkcrv  I  svas  cither  \H,  or  ll  <>  ami  Hll  was  III  SviUation  was 
modeled  with  water  molecules  attached  to  each  side  ol  the  [Krivndicular  axis,  through  the  Inuli’e  III-  at 
di Herein  tlistances  /•  !0.  /  A  and  !  ()  (  on-line  )  distances  were  also  raried.  1  -'wer  and  narrower  harriers 
were  obserxed  xxith  the  close  positioning  of  the  soKating  molecules  1  Ins  etiect  is  rellecicd  in  higher 
tunneling  probahiiiiies.  I  luis.  sokaiion  Taxors  the  tunnel  phenomenon  in  proton-iransler  proeess).'s 
'  tU'O  John  lies  iS.  Sons.  Ins 


Inlnxiuction 

The  problem  ttf  environmental  eH'ects  upon  the  prtiton  transl'er  processes  bv 
considering  sobent  etVects  has  been,  in  ditlerent  wavs,  attacked  (1-10],  The  tran¬ 
sition  state  theory  ol  chemical  reactions  is  the  basic  paradigm  of  current  chemical 
and  biochemical  thought  [I  1 1.  f  he  account  i>t'  macromoiecular  catalysis,  such  as 
en/yme  catalysis,  dictates  that  the  primary  function  of  the  cataly  st  is  the  stahili/alitm 
of  the  activated  comple.x  [12],  A  macroscopic  approach  trr  the  general  idea  of 
catalysis  can  be  stated  as  follows. 

Reactant  T  C  atalyst  ( Reactant. C  atalyst ) 

( Reactant. Catalyst  ]  |  Activated  complex. Catalyst  ]  Pnrduct  +  Catalyst 

The  close  interaction  between  catalyst  mrilecules  and  actixated  complexes  result 
in  the  lowering  of  the  free-energy  harrier  which  separates  the  initial  reactant  state 
and  the  linal  product  state.  I  he  function  of  the  catalyst  is  to  produce  the  necessary 
molecular  distortion  in  the  reactant  molecules,  in  order  to  generate  the  configu¬ 
rations  proper  of  the  transition  state.  I  his  process  is  endergonic.  Compensatory 
binding  interactions  to  the  catalyst  must  give  rise  to  the  activated  complex  stabi¬ 
lization.  thus  leading  to  the  observed  rate  accelerations  over  the  uncatalyzcd  process. 
Some  en/yme  may  have  evolved  in  such  a  way  that  part  of  their  cataly  tic  power  is 
derived  from  their  ability  of  altering  the  height  ol  energy  harriers  but  also  their 
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Figurcl.  Energy  profiles  Ai .  81.  f'l,  Dl.  I:  I .  when  F/O  2.90  , A  while  FN  Ais2.90. 
2.85.  2  7f  2  65  and  2.55  respectively. 


shapes.  The  induction  of  lower  and  narrower  energy  barriers  increases  the  contri¬ 
bution  of  tunneling  in  chemical  catalysis.  In  a  previous  article  [13].  we  found  that 
solvation  of  proton-transfer  bridges  led  to  increased  contributions  to  the  magnitude 
of  tunneling.  We  present  here  a  more  complete  study  of  the  stereochemical  features 
of  solvation  to  the  amount  of  tunnel  effect  in  proton-transfer  arrays. 
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oricnlalu'iis. 


Acicf-basc  catalysis  is  a  common  molecular  mode  of  enzyme  cauilysis.  flic  mo¬ 
lecular  machinery  which  performs  the.se  processes  have  become  a  most  refined 
feature  in  hirrmolecular  systems  The  attempt  to  model  a  large  array  of  solvent 
molecules  seems  to  be  successful  although  extrapolations  of  the  results  to  the  cases 
of  supermolecules  is  rather  ditlicult. 


Method 


I  ncrgy  proliles  with  respect  to  the  reaction  coordinate  and  the  respective  tunneling 
rates  were  seniiempiricatly.  c  NtK)/2.  computed  in  the  cases  of  coupled  motion  of 
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Tabu  1.  (  ataUlic  acccleraiitm  and  ^clali^c  mcrcnuTit  id* 

tunneling  probabililN  tor  Jitlcrenc  distances. 
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two  protons  along  the  reaction  coordinate.  The  following  H-bonded  systems  were 
studied: 

Coupled  motion  of  two  protons  along  the  reaction  coordinate  in  the  case  of: 
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and  coupled  motion  of  two  protons  along  the  reaction  coordinate  in  the  case  of: 
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F  igure  .1  l  op  (if  iho  cnorg>  barriers  lor  F  N  3.55  A.  F  ,/()  *  3.4(1  A  curse  |- 11 .  I  /O  • 
3.75  A  113  jnsi  I  /O  >  3  45  A  .urve  11. A 


In  order  to  search  about  the  behavior  of  these  cases  tor  large  and  short  distances 
/•.\  and  f  O  ( on-line)  they  were  made  to  take  the  values;  2.95  -  O.OSn  A  with  n  = 

! . 10  meanwhile  the  water  solvation  molecules  were  attached  perpendicularly 

to  the  bridge  /■'//  at  difl'ercnt  distances  /'/O  ~  2.95  ().()5«  A  with  n  =  1 . 10. 

In  both  eases  the  water  molecules  hydrates  the  i.s(  at  ditt'erent  orientations  around 
the  vertical  a.xes.  but  the  angle  F  -M  -  O  is  150°. 

For  the  case  of  the  proton  transfer  reaction  (  I )  the  energy  profiles  look  like  curves 
A I .  B I .  (' i .  D 1 .  F:  1  in  Figure  1  for  l  \  =  2,90  A,  2.85  A.  2.75  A.  2.65  A.  and  2.55 
A.  respectively,  white  I'lO  -  2.90  A  (olf-line). 
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In  the  case  of' the  proton  transfer  reaction  ( 2 ),  similar  variations  were  made  and 
the  energy  profiles  resemble  a  similar  form,  but  the  coordinates  were  calculated 
considering  not  only  the  translation  of  the  protons  but  the  simultaneous  variation 
of  the  angle  0:  H  -  O  “  H  from  1 17.d  to  104.0  when  going  from  H  -.O  to  H  'O  or 
vice  versa.  As  in  a  prev  ious  article  [1.7]  the  following  functions  were  used: 

n  -■  I  17.9  -  2.()->  or  n  -  104.0  +  2.0>  .  (.7) 

with 


=  b.95(  1.0  cspt  ■ni(/0..7))/(  1.0  espt  -  (//0..7 )  1  .  (41 

where  li  is  the  total  proton  translation,  u  is  the  si/c  of  each  step,  and  n  goes  from 
zero  to  the  total  number  of  steps. 

lising  cubic  spline  fitting,  the  energv  prritiles  as  functions  of  the  reaction  coor¬ 
dinate  were  adjusted  and  the  tunneling  rates  were  calculated  for  both  cases  near 
the  activated  state  when  the  profile  is  approximated  bv  the  parabolic  form; 

I  (  v)  i„(v/.v„)(2.0  v/v„).  (5) 


where  Vu  is  the  distance  of  any  point  along  oie  reaction  coordinate  respect  to  the 
position  of  the  activated  state  and  I ,,  is  the  corresponding  height  barrier. 
.According  to  the  jw  kh  method,  the  barrier  penetration  factor  K  is: 


K 


fi 


V2.0/ii(I  (  v) 


/■.  )  r/v  . 


(b) 


where  /;  I  i,  nl  'u  "■ith  n  (1.0  in  the  (op  and  n  1.0  at  the  bottom  of  the 
tunneling  barrier. 

!  or  /.  at  the  bottom,  one  obtains  from  lai.  (b) 

A  (  \„/2/i  )  V2)iil .  (7) 


Ihe  transmission  coellicient  for  the  case  of  incoming  protons  from  the  left-hand 
side  is: 
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which  can  bo  expressed  as; 

e  e\p(  64,(>5()  \,.l  I .  (IP) 

when  \,i  is  in  A  and  ! in  e\  . 

Taking  the  center  ofThe  wave  packet  as  represciumg  the  preton  at  the  lei't-iiand 
well  which  hit  tlie  barriei'  in  the  lundanicnial  state  with  a  t'reciucncs: 

1-  hfliitTrh'  (  I.POx/b' )  it)''  til) 

where  2h  is  the  distance  in  A  between  tlie  turning  points  in  the  lelt-liaiul  side  well. 

li  the  full  panicle  hits  the  barrier  with  that  tVeciuencx  anil  with  the  transmission 
coetheient  gixen  b\  Fiq.  (11)  then  the  fraction  of  the  particle  that  at  a  given  energy 
is  going  to  tunnel  per  second  is  the  tunneling  rate: 

Cl  i;e  f  I  -  » 

log  Cl  ^  :p.pxs.v,,u;.  (l,^) 

Hsdrogen-bond  distances  used  were  I.P46  A  in  l.P.'S  A  in  !■'!! .  and  1.074  s 
in  NHi. 

As  m  the  presious  work  jl.l]  there  is  gooii  agreement  with  the  infrareil  spec¬ 
troscopy  data  [14]. 

Discussion 

T  he  energs  profile's  obtained  in  both  cases,  for  dillerent  distances  between  the 
donor  and  the  acceptor  were  similar  to  thi'se  ol  Tigure  I.  showing  that  for  short 
distances  there  xvas  neii  a  double  potential  xsell  but  a  single  one.  1  he  as\mmcir\ 
m  that  tigure  is  because  the  water  solvating  molecule  is  oriented  in  such  a  wa>  that 
the  oxygen  is  m  the  right-hand  side  in  the  plane  xvith  angle  (iio  of  15()'.  1  lasing 
those  water  molecules  in  the  perpendicular  plane  to  the  hori/onlal  axes  one  obtains 
sxmmetric  profiles  as  in  the  case  of  curve  <s  in  Tigure  2.  That  figure  shows  three 
orientations  of  the  solvating  rnoleculcs  since  curse  ( i  correspond  to  the  oxygen  in 
the  left-hand  side  and  curve  {  K  to  the  oxygen  of  the  water  soKaling  molecule  in 
the  right-hand  side. 

In  the  cases  of  double  potenlial  wells  the  Schrddinger  equation  was  solved  using 
the  potential  function  which  is  obtainetl  b\  cubic  spline  lilting.  Tlie  energy  cigcrnaluc 
tor  which  convergencx  vvas  reached  was  lower  in  the  right-hand  well  than  in  the 
left-hand  well.  I  he  reaction  \elociiy  f.  a-.  Arrhenius.  18X4.  showed  it  must  he 
pro(iortional  to  the  exfionential  function  ( 1  5  1  ol  the  acto  at  ion  energs  /. ..  ; 

c  (  14) 

then  there  is  a  kind  of  catalytic  acceleration: 


Hi4 
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In  the  case  ofreaetioti  f  q.  (  I  ).  lahle  I  eoniaiiis  Jala  for  large,  irtterrtieiliale,  and 
short  donor-acceptor  distances,  and  one  can  see  the  diU'erence  in  /  in  K.!  /niol 
betsveen  the  curses  in  1  igure  .r  ssith  respect  to  the  corresponding  one  lor  the  larger 
soKation  distance,  }■'/().  and  also  the  eatal>tic  acceleration  at  .^00°  K.  sshich  can 
be  compared,  at  the  same  temperature,  to  those  \s  hen  the  soKaling  water  molecules 
approach.  On  the  other  hand  in  the  case  of  the  reaction  Id)  ( 2  ).  l  able  11  contains 
the  data  tor  large,  mtermediate,  and  short  donor-accepittr  distances  and  one  can 
also  compare,  at  the  same  temperature,  the  diU'erence  in  .A/-.',.,  .  the  catalytic  accel¬ 
eration  with  respect  to  the  corresponding  one  to  the  situation  in  w  hich  the  solv  aiing 
water  molecule;,  are  farther  away. 

l.ower  and  narrower  barriers  were  obtained  with  the  close  positioning  of  the 
sobating  molecules  as  can  be  seen  in  f  igure 

On  the  other  hand,  in  the  last  column  in  fables  I  and  11  the  relatise  increment 
C',/C’i  on  the  tunneling  rates  probabilities  are  reported  near  the  top  of  the  barrier, 
as  an  e.xample  at  ,V4th  of  the  barner  height,  in  those  energy  profiles  corresponding 
to  a  closer  positioning  ot  the  water  solvating  molecules,  with  respect  to  the  ease  of 
large  solvating  distance.  It  can  be  seen  that  to  a  closer  positioning  of  the  water 
solvating  molecules,  it  corresponds  to  lower  barriers  and  higher  log  ( w  hich  accounts 
for  bigger  barrier  penetration  probabilities  before  the  proton  reaches  the  top  of  the 
barrier.  This  indicates  also  that  tunneling  occurs  at  a  frequency  of  10'’  reciprocal 
s.  The  etfect  is  significant  but  it  is  expected  that  a  larger  etfeet  could  be  obtained 
upon  the  addition  of  more  solvating  water  molecules. 

Catalysis  is  a  concept  that  assumes  situations  which  account  for  lower  and  nar¬ 
rower  activation  barriers  and  tunneling  of  proton  transfer  is  probably  an  essential 
mechanism  w  hich  accounts  for  the  extreme  clficicncy  of  biocatalysis.  1  hereforo  the 
correct  positioning  of  solvating  amino  acid  residues  in  en/yme  active  sites  seems 
a  most  plausi'''lc  reason  to  explain  the  high  catalytic  accelerations  observed  in  en- 
^yme-catalyzcd  processes. 
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Calculation  of  Barriers  to  Proton  Transfer  Using  a 
Variety  of  Electron  Correlation  Methods 
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Abstract 

i  he  viscluhiess  ol  eiirivm-.  eimii'iiialiune  ol  Mi  si  1  aiul  <  1  mctlioiK  in  eompming  eorreiaK-il  prolon 
iranslei  poii'iituiK  IS  invcMig.ilCii  lor  ihe  sssioms.  HI  ■,  HA,-.  Il,().- .  aiul  11. ()_^  M<  sc  t  falciilaliuns 
sail  asx'tirats'l.i  liftcrniine  proton  transfer  harriers,  provuleil  the  eorrelation  is  limited  to  the  proton 
transfer  process  fhe  firoper  eorrelaterl  space  eaii  K‘  obtained  more  easiK  if  the  canonical  occupied  Mos 
.ire  lirst  siihiected  to  a  loealiralion.  \  arums  means  are  tested  ol  meludini;  additional  electron  correlation 
into  the  Ml  S(  i  methods,  c  is  and  i  ist)  ealeiilaiions  are  perliirmed  lollouini;  sti  si  i  eepansion  ol  the 
ssase  function  using  carious  ditlerenl  Mi  si  t  reference  ccace  liinclions  The  Mi  sct  <•  t  isii  results  are 
excellent,  being  tairic  independent  of  ehoiee  of  cirtual  M<>s.  although  it  is  iniporlant  that  the  iKeupied 
oibitals  he  balanced  between  the  donor  and  aeeeplor.  I  oeali/iiig  the  oeeupied  .Mils  prior  to  the  Mi  si  I 
pait  of  the  ealetilation  again  results  in  a  further  intprovenient.  I'hese  results  are  compared  to  i  t  eom- 
putalions  using  the  eanomeal  orbitals  (and  which  are  not  preceded  he  Mr  si  i  preparation  of  the  wave 
funetioii  I  and  to  .Moller-f’lessel  results.  >  i'ln:  ,|,,hn  eVilec  \  Sons  Ire 


Introduction 

Because  of  its  fundamental  nature  and  its  prevalence  in  c  arious  important  chem¬ 
ical  and  biological  reactions,  the  proton  transfer  process  has  been  the  focus  of 
increasing  attention  [1-51.  \  number  of  ah  quantum  chemical  calculations 
have  been  addressed  to  evaluation  of  the  potential  energy  surface  for  the  transfer 
of  a  proton  from  one  molecule  to  another  across  a  prce.xi.sting  hydrogen  bond.  Past 
work  has  indicated  that  electron  correlation  introduces  significant  perturbations 
into  the  Hartree-Foek  (lit  )  potentials  [6-16).  The  majority  of  correlated  studies 
of  proton  transfers  have  utilized  the  Mollcr-Plcssct  (Mi>)  perturbation  technique 
[b- 1  i]‘.  other  methexis  incestigated  have  included  coupled  cluster  and  configuration 
interaction  [12-16].  Common  to  all  of  these  approaches  is  the  assumption  that  a 
single  electron  configuration  can  serve  as  an  adequate  rcterencc  state.  While  such 
an  approach  max  not  be  w  ise  if  the  proton  were  required  to  transfer  a  long  distance, 
it  is  considered  quite  satisfactory  for  H-bonded  complexes,  wherein  the  two  sub- 
s>  stems  arc  within  A  or  so  of  one  another,  an  assumption  which  has  been  verified 
fo.  i  number  of  systems  [17-19], 

fhe  central  objeetive  of  this  communication  is  an  analysis  of  the  possibility  of 
using  mulliconfiguration  St  (  methods  to  calculate  proton  transfer  potentials,  in¬ 
cluding  electron  correlation,  in  an  efficient  and  accurate  manner  [20).  A  prime 
draw  back  of  .m(  S(  t  is  the  necessity  to  make  an  arbitrary  choice  as  to  which  molecular 
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orbitals  to  include  in  the  expansion.  Hence,  this  work  includes  an  exaniination  ol 
the  effects  upon  the  correlated  wavefunction  of  including  \arious  combinations  ol 
orbitals  in  the  XK  st  i  expansion.  The  proton  transfer  barrier  w  ill  then  be  determined 
using  the  combinations  vshich  best  represent  correlating  the  proton  transfer.  A 
multiconfiguration  method  yields  a  certain  fraction  ol'the  total  correlation  energy; 
the  remainder  may  be  recovered  by  a  configuration  interaction  approach,  fherefore. 
singles  and  singles  +  doubles  configuration  interaction  calculations,  taking  as  a 
reference  point  the  multiple  determinant  solution  obtained  by  the  Mt  st  i  method, 
are  tested  as  well.  In  addition,  the  differences  between  using  multiconliguration 
and  single  configuration  reference  wave  functions  arc  explored  by  comparison  with 
the  results  of  a  single  reference  t'l  study. 

■A  standard  Hi  calculation  yields  canonical  molecular  orbitals  which  are  delo¬ 
calized  over  the  entire  complex.  These  Mos  can  he  transformed  by  a  localization 
procedure  into  a  set  of  orbitals  which  arc  much  more  concentrated  in  one  region 
or  another  of  the  sy  stem.  The  concentrated  nature  of  these  orbitals  should  allow  a 
more  complete  treatment  of  interactions  deemed  important  with  a  minimum  num¬ 
ber  of  orbitals  in  the  expansion.  .Another  question  considered  is  whether  such  a 
localization  does  in  fact  offer  a  superior  framcwxirk  for  the  M(  sci  machinery  ,  for 
both  the  situation  when  a  subsequent  (  I  calculation  is  performed  and  when  one  is 
not.  F'or  example,  can  the  Mc  sci  procedure  be  accomplished  more  cllkienlly  using 
the  localized  mos  representing  the  A  —  H  bond  and  the  'i'  lone  pair,  as  compared 
to  a  larger  number  of  delocalized  Mos? 

The  final  question  that  this  communication  addres.ses  is  the  effect  of  increasing 
the  proton  transfer  distance.  What  is  the  maximum  M-bond  length,  beyond  which 
each  type  of  method  y  ields  unreliable  results? 

Computational  Details 

Most  of  the  calculations  discussed  here  were  performed  using  the  Cicneral  .Atomic 
and  Molecular  Electronic  Structure  System  ( GAMESS )  [  2 1  ] ,  All  calculations  were 
performed  using  the  split  valence  4-3 IG  basis  (22).  The  primary  focus  of  this  work 
concerns  the  multi-configuration  self-consistent-field  (M(  st  i  )  [23]  and  configu¬ 
ration  interaction  (c  i'  methods  [24].  as  implemented  in  CiAMESS.  The  full  op¬ 
timized  reaction  space  ( tons)  approach  is  used  for  the  Mt  St  I  portion  of  the  cal¬ 
culations.  rt)RS  includes  all  possible  combinations  of  electrtm  excitations  from  the 
chosen  occupied  orbitals  to  the  chosen  \  irtual  orbitals.  As  a  result,  the  number  of 
configurations  included  in  the  calculation  rises  dramatically  with  increase  in  the 
number  of  orbitals  chosen.  Our  version  and  implementation  of  G  AMESS  allows 
approximately  10  orbitals  to  be  included  in  the  reaction  space. 

Mt  St  i  1  t)RS  wave  functions  are  computed  and  used  as  beginning  wave  functions 
for  1 1  expansions,  which  involve  all  virtual  orbitals  that  are  not  included  in  the 
Mt  st  I  active  space.  The  fi  portion  represents  a  complete  active  space  (f.xs)  cal¬ 
culation  [24].  The  fl  calculations  include  all  single  and  single  -t  double  excitations. 
fiS  and  f  isiJ.  respectively,  from  the  MCSCE  reference  wave  function  into  the  re¬ 
maining  virtual  orbitals.  The  t  ASt  i  calculations  add  a  large  number  of  configu- 
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rations  tc  the  already  extensile  Mr  S(  i  calculations,  thus  the  maximum  si/'c  of  the 
MCSt'i  -actixe  space  is  reduced  to  (bur  or  possibly  six  orbitals  depending  upon  the 
particular  system. 

Localizations  were  carried  out  using  the  Boys  criteria  [.''.‘'1,  as  implemented  in 
the  program.  The  occupied  i  MOs  were  then  substituted  for  the  canonical  orbitals 
in  the  Mt  set  f-ORS  calculation.  GAUSSl.‘\N-88  [26]  was  used  to  carry  out  the 
Moller-Plesset  ( Ml’)  calculations. 

The  energy  barrier  for  proton  transfer  is  investigated  for  four  symmetrical  H- 
bonded  complexes,  HF; .  fTNt ,  H^O: ,  and  H5O: .  The  transfer  barrier  is  evaluated 
as  the  difference  in  energs  between  the  midpoint  of  the  transfer  and  the  starting  or 
ending  point  ( equivalent  due  to  the  symmetry ).  The  rigid  molecule  approximation 
is  applied  so  that  only  the  central  hydrogen  atom  is  allowed  to  move  during  the 
transfer.  .All  other  bond  angles  and  lengths  remain  constant  throughout  the  transfer. 
Previous  studies  have  indicated  that  this  is  a  reasonable  approximation  for  these 
systems  [27-29].  The  midpoint  structure  is  that  in  which  the  central  hydrogen 
atom  is  placed  halfway  along  the  F'  —  F,  O  —  O,  or  N  —  N  vector.  For  the  endpoint 
structure,  the  distance  of  the  bridging  hydrogen  from  the  donor  atom,  along  the 
same  axis,  is  determined  by  a  .SCF/6-.tl  IG**  optimization.  H,  is  used  to  designate 
the  central  hydrogen  undergoing  the  transfer  while  the  terminal  hydrogens  are 
denoted  H,. 

The  following  geometrical  parameters  were  used  to  construct  the  complexes.  For 
FIF: .  the  F  —  F  distance  was  set  equal  to  the  observed  value  of  2.28  A  [30],  resulting 
in  a  midpoint  F — H,  distance  of  1.14  A.  The  optimized  endpoint  structure  is 
somewhat  arbitrary  for  this  complex,  since  the  potential  contains  only  a  single  and 
symmetric  minimum.  The  optimized  hydrogen  position  for  the  starting  point  was 
arbitrarily  set  slightly  closer  to  one  of  the  fluorines,  at  a  distance  of  1.1 13  ,A  (the 
transfer  potential  is  extremely  flat  for  longer  distances).  The  midpoint  structure 
has  D ,  /,  symmetry  ,  while  that  of  the  endpoint  is  C’,  i  . 

The  geometry  around  each  nitrogen  atom  of  FItN;  is  tetrahedral  with  r(NFf) 
equal  to  1.00  A.  The  two  tetrahedra  are  staggered  with  ^(N  —  N)  =  2.95  A.  The 
N  —  FI,  distances  arc  1.475  A  and  1.043  A  in  the  mid-  and  endpoint  structures, 
respectively.  The  symmetry  of  the  midpoint  is  /Twand  the  endpoint  is  Ci,  . 

The  length  of  the  bond  between  the  oxygen  and  each  terminal  hydrogen  (FI,)  in 
HiO:  is  0.957  A.  and  each  O  —  H,  bond  makes  an  angle  of  104.5°  with  the  O  —  O 
axis;  the  two  terminal  hydrogens  are  m  a  /ram  arrangement  with  respect  to  the 
O  —  O  axis.  The  oxygen  atoms  are  separated  by  2.74  A.  with  r(  OH )  equal  to  0.997 
A  in  the  endpoint  structure.  Even  though  the  midpoint  structure  is  formally  of  G/, 
symmetry,  the  calculations  were  limited  to  C',.  The  endpoint  structure  has  C, 
symmetry. 

In  each  OH;  subunit  of  H5O; .  the  O  —  H,  distances  are  0.957  A  and  the  H,OH, 
angle  104.5°.  The  HOH  bisectors  are  disposed  120°  from  the  0  —  0  axis,  /rans  to 
one  another.  The  O  —  O  distance  is  again  2.74  A.  The  distance  from  the  nearest 
oxygen  to  the  central  hydrogen  is  1.012  A  in  the  starting  structure.  The  symmetries 
are  G*  and  C\  for  the  mid-  and  endpoint  structures,  respectively.  As  with  H^O; , 
only  C,  symmetry  is  explicitly  used  in  the  calculations. 
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SI >  and  Ml’ C  alculations 

The  4-3 IG  basis  set  was  used  for  all  calculations.  Of  course,  the  results  with  this 
basis  set  cannot  be  taken  as  delinitive  values  of  the  transfer  harriers,  but  the  spirit 
of  this  study  is  directed  more  along  the  lines  of  examining  the  merit  of  each  individual 
computational  method  rather  than  determination  of  a  precise  barrier  of  experimental 
quality.  In  that  vein,  the  specific  basis  set  choice  is  less  critical  than  the  consistency 
and  reproducibility  of  the  calculated  barriers.  .4s  a  yardstick  of  the  accuracy  of  a 
given  calculation,  comparisons  can  be  made  of  the  calculated  barriers  with  those 
found  using  other  methods.  Table  1  reports  the  barriers  computed  for  each  system 
at  the  set  level  with  the  4-3 iG  basis  set  as  well  as  the  results  at  various  levels  of 
MP  perturbation  theory  .  The  negative  barriers  listed  for  FHF  refer  to  the  greater 
stability  of  the  midpoint  than  of  the  somewhat  arbitrary  endpoint,  since  the  transfer 
potential  of  this  system  contains  a  single  symmetric  well.  The  trend  observed  in 
each  case  is  that  mp2  lowers  the  barrier  quite  substantially  relative  to  sc'l  .  It  is 
raised  a  bit  by  mp3  but  lowered  again  at  the  mp4  level,  all  in  accord  with  trends 
noted  previously  [16,18.19].  The  data  using  the  larger  6-31  IG**  basis  set  are 
included  to  indicate  how  changing  the  si/c  of  the  basis  atl'ccls  the  calculated  proton 
transfer  barrier  at  various  levels  of  correlation.  In  the  follow  ing,  we  will  consider 
the  MP4/4-31G  results  as  a  sort  of  benchmark  by  which  to  judge  the  accuracy  of 
the  various  calculation.s.  also  based  on  4-3  IG. 

Before  discussing  the  various  methods  investigated,  the  S(  t  orbitals  will  be  sum¬ 
marized.  The  systems  investigated  here  are  isoeicctronic.  each  having  10  occupied 
orbitals.  The  MOs  in  the  midpoint  geometry  represent  cither  symmetric  or  antisym¬ 
metric  combinations  of  the  two  subunits,  w'ith  equal  weight.  The  MOs  are  consid¬ 
erably  more  localized  in  the  endpoint  conhgurations.  where  each  orbital  pair  consists 
of  two  similar  orbitals,  one  located  primarily  on  each  subunit.  The  first  two  MOs 
are  composed  of  the  I  v  orbitals  on  the  first-row  atoms,  leaving  eight  valence  orbitals. 
The  third  and  fourth  MOs  are  similar  in  character  except  they  involve  the  2.v  rather 
than  l.v  functions  of  F,  O.  or  N.  and  the  terminal  hydrogens.  The  symmetric  MO 
of  this  pair  also  contains  a  certain  contribution  from  the  central  hydrogen.  The 
next  six  MOs  incorporate  primarily  the  /?  orbitals  of  the  first-row  atoms  and  terminal 
hydrogens  where  symmetry-allowed. 


I  ABi  i:  I.  S(  I  And  M^llcr-Plcsvcl  proton  transfer  barriers  (kcal/mol). 


Basic  set 

S(  1 

mp2 

Ml' 3 

MI’4 

HF, 

4-3  IG 

0.059 

0.i05 

0.(192 

0.077 

HiN: 

4-3  IG 

1 1.15 

5.61 

6.94 

5.96 

HjOj 

4-3  IG 

6.71 

0.54 

2.42 

1.16 

H.Ot 

4-3  IG 

6.24 

0.94 

2.57 

1.52 

fbO; 

6-31  IG** 

lO.(M) 

4.45 

6.10 
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M<  Si  I  (  iili'iiLiitons 

\  prime  isMio  uilh  ihe  M(  S(  i  aiiproaeli  is  prii|vr  selecluin  ol  .1  small  ruimix'i 
of  I'lbiials  u>  inrludf  m  the  espatisinn.  A  straiuhiliMAiard  imiial  appmaeh  is  in 
meluiie  tlie  boniimu  anJ  em respomimu  aniihuiulini;  orliii.ils  ol  \shai  aie  dei  nieii 
tlie  most  important  intei tietions,  Smie  it  is  the  motion  ot  the  l■>rlrl^m.L’  hulrofien 
uliieh  IS  iiiuier  studs,  the  orhtials'  importanee  will  he  anaK/eii  in  terms  ot  their 
iiiteraetion  with  this  eentei  I  he  situation  is  eompheaiei.1  m  that  one  ilesiies  to 
ensure  that  the  orhitals  useri  tor  the  eiiil  and  midpoint  geometries  are  einnparahle. 
it' not  identieal  It  this  is  not  aeliieseil.  the  energs  ol  one  siriieture  will  he  arlitieialK 
loweivd  with  respesl  to  the  other. 

One  might  reasmiahK  suppose  that  oiiK  orhitals  whit  h  eontam  a  sienitieant 
eontrihtition  trom  orhitals  ot  the  eentral  lisdrogen  ire.  "mieraei"  ssith  11  )  need 
he  meludeii  in  a  M<  si  1  esalualion  ol  the  transl'er  harrier,  I  his  assertion  was  tested 
ls\  ix-rt'ormine  three  t>ix's  ol  ealeulations.  \  tirst  group  olA'ihitaK  to  melude  in  the 
eseiiation  pixKedure  is  a  partial  set  I'l  tlnise  whieli  eannot  inteiaet  with  11,.  A 
seei'iul  ehoiee  insohes  a  more  eomplete  set  oh  noninteraetmg  orhitals.  \i/.,  till  ol 
the  noninteraeting  oeeu|iied  orhittiK  ansi  their  eorresponding  \irtual  Mos,  A  third 
ehk'iee  huikts  im  the  seoiind  m  that,  m  aiistition  to  a  eomplete  sample  ol'nonmler- 
aetmg  m  hitah.  one  iitehules  oeeupied  or  sirtual  orhitals  that  mas  mterael. 

.Smee  tiie  basis  ot'the  eentral  hsdrogen  consists  entirels  of  '  orhitals  within  the 
es'itlest  of  the  4-.''  I ( r  basis  set.  1 1  sail  participate  ( in  the  misipomt  geomeirs  )  onls 
111  Mos  sshisii  are  ssmnietrie  ssnli  res|Vet  to  a  plane  perjx’iidieular  to  the  H-h(>iul 
axis,  \dditioiial  orhitals  are  able  to  mteraet  111  the  ease  ot'the  endpoint  due  to  its 
losser  ss mnietrs ,  \s  both  III  ,■  aiisl  11  N  contain  an  axis  ol  ss mmetrs  eoineiilent 
ss  iih  the  \  ll-\  axis.  onK  the  molecular  orhitals  emisisting  prinitinls  of  the  atomic 
1  and  N  2'  ansi  Ip  orhitals.  idAr  or  (/-tspe  ssmnietrs,  are  able  to  mterael  with  the 
central  hssirogen.  I  he  sirhiials  containing  tlie  I  atiil  \  2p.  anil  2/r  atomic  orhitals 
are  orihogonai  to  tirs  axis  ansi  belong  to  the  r-  or  c-ss mnietrs  slesignations  ansi, 
iien^e.  cannot  inleraci  ssiih  the  eenlral  hsdrogen.  In  contrast,  the  O  11  ()  tixis 

ot  lid')'  and  11,0  is  not  ;t  [iroper  rotation  axis.  I  liere  is.  Iiosseser,  a  ssmmetrs 
plane  which  contains  the  O  II  O  line  as  well  as  the  lermimil  hsdrogeris  in 
H'.O  ,  it  hiss’cts  tils'  H  O  11.  angles  in  IKO  ■ .  I  he  six  2' .  2/>. .  and  2/',  orbitals 
coiitamed  in  this  plane  can  interact  ssith  tlie  central  hsdrogen.  while  the  tsso  2/i 
orhitals  perpendicular  to  this  plane  cannot,  in  these  ss  stems,  it  is  the  a"  orhitals 
ssliich  are  prohibited  Iroiii  interacting  ssith  tlie  central  hssirogen  sshile  interaction 
ssitli  a'  IS  allossed. 

I  he  results  of  a  series  of  xti  s<  1  calculations  insolsing  noninteraeting  orhitals 
are  lists'd  in  iahle  II.  I'or  both  HI  -  and  U  N  - .  when  one  of  the  tsso  occupied  rr 
I  or  <’)  pairs  of  orbitals  is  incluiied  along  with  one  ot  the  sirtual  ptiirs  (the  tirst  row 
for  eaeli  complex  ).  the  harriers  are  quite  liigh,  ssell  above  the  S(  1  value.  I  his  result 
retlects  ;i  strong  imhalaiice.  especialls  for  Ml  •  .  since  the  s<  1  data  indicate  a  single 
symmetric  minimum  m  which  a  eentral  position  of  the  proton  is  favored.  I'hat  is. 
the  harrier  computed  as  the  energs  dillerenee  between  the  two  proton  positions 
should  sield  a  negative  harrier,  a  result  conlirnied  bs  Iahle  I  Hie  second  rows 
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illusiralc  the  efi'ccts  of  adding  another  pair  of  oceupied  and  virtual  w  or  c  MOs  to 
the  set.  resulting  in  a  complete  treatment  of  the  noninteracting  orbitals.  The  results 
arc  barriers  within  O.l  kcal/mol  of  the  se  t  vakie.  The  third  rows  reveal  that  the 
addition  of  either  occupied  or  virtual  a  ora-type  MOs.  w  hich  can  interact  w  ith  the 
central  hydrogen.  ha\e  no  further  elfecl  on  the  calculated  proton  transfer  barrier. 

The  situation  for  the  oxygen-containing  systems  is  somewhat  different  in  that 
there  are  onl>  two  occupied  a"  MOs  prohibited  by  their  symmetry  from  interacting 
with  the  central  hydrogen.  Taking  these  two  and  adding  one  a"  virtual  produces  a 
rather  high  barrier,  as  in  the  first  calculations  for  H  and  H<,0; .  Adding  a  second 
vacant  a"  reduces  the  barrier  to  within  0.1  kcal/mol  of  the  sr  t  value  in  cither  caic. 
This  barrier  undergoes  very  little  change  thereafter,  whether  more  vacant  a"  MOs 
.are  added  or  if  the  vacant  list  includes  «'  MOs. 

The  high  barriers  for  the  first  calculation  on  each  system  can  be  attributed  to  a 
preferential  stabilization  by  the  M(  S(  i  procedure  of  the  endpoint  of  the  transfer  in 
comparison  to  the  midpoint.  This  preference  mav  be  associated  with  the  change 
in  character  of  the  individual  Mf)s  as  the  proton  is  transferred.  For  instance,  the 
I  Tr„,  and  1  ;r„,  MOs  of  HFj  distribute  themselves  evenly  among  all  four  atomic  p, 
and  Pi  orbitals  in  the  midpoint  structure,  while  in  the  endpoint  structure  they  ate 
concentrated  on  the  p  orbitals  of  the  proton  donor  atom.  Excitation  from  these 
MOs  will  therefore  be  similarly  concentrated  on  the  donor  atom  in  the  endpoint 
structure  in  comparison  to  the  midpoint.  However,  the  i  I  tt^,.  ,  1  )  pair  undergoes 

a  reverse  polarization  in  which  density  accumulates  on  the  acceptor  rather  than 
the  donor.  Combination  of  the  latter  pair  with  ( 1  tt,,,  .  1  n,„ )  can  offer  a  more  balanced 
framework.  Indeed,  use  of  both  pairs  in  the  excitation  list,  along  with  the  four 
corresponding  virtual  MOs,  docs  result  in  much  lower  barriers,  near  the  sr  F  value. 
The  same  situation  applies  to  HtN;  where  the  (  1  1  c,,, )  pair  must  be  combined 
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with  (  1  , ,  I  )  to  achieve  the  neeessar\  balance.  Similar  conclusions  are  reached 

tbrH,0;  and  IbO;  where  balance  requires  b/"and  2u"  as  occupicil  Mosicoupled 
with  appropriate  virtual  pairs). 

In  total  then,  when  a  complete  treatment  rrl' orbitals  that  are  not  s>  mmetncalK 
disposed  to  interact  with  the  transferring  hsdrrrgen  is  utili/ed.  the  single-contigu- 
ration  St  I  barrier  is  obtained,  indicating  that  the  Indrogen  position  does  not  all'ect 
the  amount  of  correlation  resulting  from  these  orbitals  and  does  not  aid  in  incor¬ 
poration  of  electron  correlation  into  the  proton  transl'er  harriers.  As  a  result,  thev 
need  not  be  included  in  the  allowed  e.scitations  of  these  calculations.  However,  if 
an  incomplete  treatment  is  used,  one  obtains  rather  erratic  results.  The  barriers  are 
considerably  higher  than  better-correlated  calculations  would  indicate  and  even 
higher  than  the  uncorrelated  s(  i  results.  I  hus.  these  interactions  must  be  either 
completely  included  or  completely  e.xcluded  from  the  correlated  space. 

We  now  shift  our  attention  to  those  orbitals  which  may  interact  directiv  with  the 
central  hydrogen.  Initially,  it  .should  be  noted  that  previous  results  indicate  that  the 
occupied  orbitals  included  in  the  MCSt  i  active  space  must  be  balanced  with  respect 
to  the  donor  and  acceptor  atoms  to  achieve  reasonable  results.  especialK  for  inter¬ 
acting  orbitals  ( 20] .  As  a  result,  only  orbital  combinations  previously  found  to  be 
balanced  will  be  included  in  this  study.  In  principle,  the  .Mt  S(  i  results  will  depend 
only  on  the  number  of  occupied  and  virtual  orbitals  of  each  symmetry  that  arc 
included  in  the  active  space.  Since  only  orbitals  that  can  interact  w  ith  the  transferring 
hydrogen  need  be  con‘"idered.  the  remaining  procedure  seems  straightforward;  i.e.. 
to  merely  include  the  desired  number  of  these  orbitals.  I  nfortunately.  that  is  not 
the  case  for  these  systems.  Even  though  the  remaining  orbitals  have  the  proper 
sy  mmetry,  it  is  not  certain  that  they  will  lead  to  the  desired  correlated  space.  In 
actuality,  several  dilferent  correlated  spaces,  many  containing  lone  pair  or  H,  con¬ 
tributions.  can  result.  Each  different  correlated  space  represents  a  dilferent  local 
minimum,  fhe  desired  minimum  contains  the  ma.ximum  amount  of  proton  transfer 
correlation  with  a  minimal  interaction  with  the  terminal  hydrogens  and  lone  pairs. 
It  should  be  stressed  that  the  desired  correlated  space  is  not  the  lowest  in  energy 
because  while  including  correlation  from  the  othei  interactions  may  lower  the  cal¬ 
culated  energy  substantially  ,  those  interactions  arc  not  relevant  to  the  proton  transfer 
process. 

The  interactions  that  are  included  in  the  correlated  space  can  be  determined  by 
investigation  of  the  multiconligurational  Hartree-I ock  (nk  ill  )  natural  orbitals 
that  result  from  the  M(  St  t  procedure.  Terminal  hydrogen  incorponition  is  deter¬ 
mined  by  inspection  of  the  coefficients  of  the  Mt  m  natural  orbitals,  particularly 
those  with  small  occupations.  I  he  H,  interaction  is  considered  significant  if  any  H, 
atomic  orbital  coefficient  in  these  orbitals  is  greater  than  0. 1 .  It  is  more  difficult  to 
ascertain  the  e.xtcnt  of  lone  pair  correlation.  Each  situation  must  be  evaluated  in¬ 
dependently;  however,  the  simplest  method  of  assuring  exclusion  of  tone  pair  cor¬ 
relation  is  to  minimize  the  lone  pair  character  of  the  occupied  orbitals  that  are 
included  in  the  Mt  s(  i  active  space.  Eor  each  of  the  complexes  studied,  the  energies 
and  resulting  proton  transfer  barriers  from  the  best  Mr  st  i  calculations,  using  the 
above  criteria  for  isolating  the  proton  transfer  correlation,  are  listed  for  a  variety 
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lo  he  inekivled  in  the  Mt  m  i  jesiu  vp.ue  t.'  piinhiee  tlie  vlevired  eurreLiled  spaw 
is  diseiissevi  in  vietail  in  a  Nepaiale  v  i'ninniinv  .i!ii>n  |  ’ii  (. 

(.  iinsideniiu  lil  .  ihe  ic.kiei  vhouid  in--!  !v  leniiiidevl  iluil  siiue  tiie  uansler 
pinemial  is  nt  llio  s'.  mnietru  snaik  well  die  liuv-  h.inier  e.ileulated  in  iliis  was 
should  be  ncj'.atoe,  I  io'-ve^er,  on!\  u  hen  na, .  i>eeupied  aiui  I'mii'  \  irtiial  oihuals  are 
inekidcd  in  the  NU  sr  i  aeu\e  spaee  is  a  neualue  harrier  piiulueed  Overall,  the 
barriers  ealculaievl  tor  III'  are  eseeptu'iiallv  erratie  The  dilitc nils  in  provlueine  a 
consistent  barrier  lv>r  this  eoinples  is  not  surprising,  since  each  fluorine  contains 
three  lone  pairs  and  the  svniinetne  conibinaiinn  of  each  fhu'i  ine's  lone  pairs  is  of 
the  proper  svmnietry  to  interact  unh  II.  \t  the  s(  i  level,  tlie  1  11,  interaction 
and  the  symniclric  lone  jiair  combination  mis  to  tdrni  lour  occupied  orbitals, 
elfectively  prev  enting  the  separation  ril  the  riccupievl  interactions  into  lone  pair  and 
n, ,  and  resulting  in  an  unsuccessful  \i<  s(  i  ireainient  of  the  jiroton  transfer  cor¬ 
relation. 

One  might  envision  that  Mr  st  t  calculations  on  II  N  -  would  have  problems 
similar  to  those  for  III-'- .  because  each  lone  pair  can  be  considered  to  be  replaced 
b\  a  terminal  hvdrogen.  allowing  the  svnimetric  combination  to  again  interact  with 
the  proton  transfer  corrclatir'ii.  1  he  results  shown  in  table  111  mrheate  otherwise. 
I  he  calculated  barriers  are  reasonable,  being  ciinsistentiv  mitiwav  between  the  st  i 
and  Ml’  values.  AKo.  the  barrier  decreases  when  the  correlated  s[>ace  is  increased 
by  addition  of  a  third  v  irtual  orbital.  A  subseiiuent  addition  has  only  a  small  elfect 
because  the  interaction  is  sufficiently  hantlled  with  three  vmuals.  Ihe  barrier  cal¬ 
culated  using  the  four  appropriate  occupied  orbitals  is  somewhat  larger  due  to  slight 
II,  correlation,  fh.e  results  for  these  complexes  ditlcr.  because  for  II  N  ;  the  terminal 
hydrogen  interaction  can  be  eliminated  by  carefully  incliKling  in  the  .ictive  space 
only  virtual  orbitals  which  have  no  terminal  hydrogen  character,  thus  preventing 
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an>  coiTciation  of  tins  Ispc.  On  l!u'  oiht-i  hutul.  this  j^tvsci  iinimi  is  imt  taasihia  Un 
HI' ;  ,  because  the  lone  pair  eharaeier  eaiituu  be  elheeiueb  elmuiKiieil  liniu  eiiiiei 
the  oeeiipied  tu'  \irtual  orbitals. 

I  or  the  u.\\gen-eonlaininu  eoniple.ses  the  decisions  ei'iieeriiii',!;  is  Im  h  oii'’!i  lis  to 
include  arc  slightly  mvuv  eompheated.  !l  is  not  suiheicnl  to  siinpis  choose  \iriiials 
that  do  not  ha\e  terminal  h\drogen  eharaeier;  one  must  also  esaimne  the  relative 
proportion  ot  C.).  and  (),  ,  in  the  orbitals  Since  the  proton  transler  oeeuis  along 
the  i  -asis.  the  O..,  orbitals  are  centra!  to  liie  tiaitsier.  However,  tile  lermuui!  h\- 
drogens  interact  with  the  o\\gen  via  a  inbridi/atioii  iil' the  ()  and  O  oibitals 
Asa  result,  significant  virtual  ().,  character  will  \iekl  unpro(.lueti\ e  correlation  even 
without  ans  direct  H,.  contribution  to  the  virtual  orbital. 

bor  H  -.C) '  there  are  onlv  three  appropriate  virtual  orbitals.  It  all  tliiee  are  included 
in  the  activ  e  space,  substantial  fl  correlation  results.  Also,  shglit  li  con  elation  is 
introduced  w  hen  onlv  two  of  the  virtuals  are  includeii,  I  oi  tiinatclv ,  the  amount  ol 
H,  correlation  incorporated  is  ev|uiva!ent  in  both  structuics.  hasei.1  on  the  II,  coel- 
ficicnis  ( largest  is  0.14)  and  oeeupanev  1 0,007 a )  of  the  natural  orbital,  i  he  harrier 
calculated  in  this  ease  is  .’vOfi  kcal/mol  which  is  again  between  the  si  i  and  Ml’ 
results.  Kor  bUO.t  more  appro(>riate  vnluals  arc  avinlal'ic  aiut  cither  two  or  tour 
virtual  orbitals  can  be  included  in  the  active  sixice  without  incorporating  signilicanl 
(),,,  and  n,  character.  The  barriers  calculated  aie  4.U>  aiul  .\7n  kcai  mol  tor  two 
and  four  virtuals,  respectivelv.  fhese  values  arc  saiislactorv .  being  slight! v  larger 
than  those  for  M  as  seen  tor  the  Mi‘  results  as  well.  In  avivlition.  as  with 
ll-\  :  the  barrier  decreases  bv  aptrro.simatciv  0.4  kcal/rnoi  when  llevibilitv  is.iddevi 
by  increasing  the  si/e  ol  the  active  space. 

Overall,  the  correlateii  space,  and  thus  the  i|ualitv.  (4  an  mi  si  r  calculation  is 
highiv  sensitive  to  the  choice  ot  orbitals  that  are  mcludeii  in  the  active  space.  When 
the  correlation  is  limited  to  the  proton  transt'er  process,  consistent  results  arc  ob¬ 
tained,  provided  there  is  a  proper  balance  between  the  donor  aiui  acceptor.  Oth¬ 
erwise.  the  barriers  are  inconsistent  and  unreliable.  Our  results  indicate  that  onlv 
orbitals  which  are  allowed  by  svmmetrv  to  interact  with  the  translerring  hvdrogen 
need  be  included  in  the  M(  sc  t  active  space.  However,  not  all  orbitals  with  the 
proper  svmmetrv  lead  to  the  correct  correlated  space.  Care  must  be  taken  to  exclude 
those  orbitals,  cither  occupied  or  virtual,  that  can  introduce  interactions  other  than 
those  pertaining  directly  to  the  proton  transfer.  I 'sing  v  iituai  orbitals  in  addition 
to  one  appropriate  antibonding  counterpart  of  each  occupied  orbital  lowers  the 
barrier  by  allowing  more  correlation  to  occur  without  introducing  new  types  of 
correlation,  f  inally.  it  should  be  noted  that  it  can  be  extremely  ditficult  to  determine 
whether  a  given  set  of  orbitals  will  generate  the  desired  correlated  space  without 
performing  the  calculation.  I  his  observation  limits  the  general  usefulness  of  this 
approach  because  additional  calculations  must  be  (X’rformcd  to  guaratuee  the  vpiality 
of  the  results. 

l.ocali>ted  M(.s<  i- 

The  localization  procedure  changes  the  character  of  the  occupieii  orbitals  such 
that  each  mo  corresponds  to  a  distinct  bonding  or  lone  pair  orbital  f  or  both  the 
end  and  midpoint  geometries  of  HI  localization  produces  a  coie  orbital,  one 


11  111  \M)  S(  HI  IM  K 


h:(i 


1-  H  ht'iiding  orbital  and  ihrec  lone  pairs  for  each  I'  axom.  1  he  four  I -centered 
orbitals  are  arranged  letrahedralK .  relative  to  the  F  -  H  bond  King  tilong  the 
F  ■  I  i  F  axis.  I  he  localized  o.xxgen  and  nitrogen  orbitals  in  the  other  complexes 
adopt  the  same  spatial  arrangement,  llie  localized  orbitals  no  longer  belong  to 
irreducible  representations  of  the  point  group  of  the  complex,  preventing  symmetrv 
from  being  used  in  the  calculation.  .Mthough  the  loss  of  symmetry  may  seem  to 
create  ;i  problem  in  clumsing  the  orbitals  to  inelude.  it  does  not.  Only  the  occupied 
orbitals  which  consist  of  the  O.  N.  or  F  interaction  with  the  transferring  hydrogen 
need  be  included.  For  the  v  irtuals,  the  decision  process,  as  described  for  the  canonical 
occupied  orbitals,  must  still  be  used  to  choose  the  best  combinations, 

Fhe  data  pertaining  to  the  desired  correlated  space  obtained  using  localized  mo¬ 
lecular  orbitals  in  the  Mt  sci  active  space  are  listed  in  fable  IV'.  It  is  immediately 
evident  that  localization  produces  a  dramatic  improvement  for  I  lFK  .  Whereas  the 
canonical  Mos  failed  to  yield  consistent  barriers  since  only  one  combination  gave 
the  correct  sign,  quite  good  results  are  obtained  using  occupied  i  MOs.  With  two 
vacant  orbitals  a  b'”-'ier  of -<i  o7  tx-al.'mrvl  is  obtained.  Each  additional  virtual  mo 
iiisiuOeci  m  the  active  space  raises  the  barrier  very  slightly.  The  values  arc  in  excellent 
agreement  with  the  Mi>  barriers  in  Table  I.  Fhese  results  confirm  that  the  dillicully 
m  producing  acceptable  values  with  the  canonical  orbitals  is  due  to  the  contribution 
of  the  lluorinc  lone  pairs  in  the  occupied  orbitals. 

The  results  for  fl-N ;  computed  using  the  two  N  -  •  H,  orbitals  are  virtually  iden¬ 
tical  to  those  obtained  with  the  canonical  orbitals.  The  only  difference  is  in  the  case 
with  two  occupied  and  four  virtual  orbitals  where  the  barrier  changes  from  8. 1 7  to 
8. 1 .7  kcal  /  mol.  fhis  difference  is  due  to  a  very  slight  decrease  in  the  Fi,  contribution 
to  the  correlation.  For  both  FI  T):  and  Fid);  only  the  two  O  "  localized  orbitals 
were  included  in  the  MC  S(  I  active  space.  In  each  case,  the  results  are  again  nearly 
identical  to  those  obtained  using  the  canonical  orbitals.  The  one  exception  is  that 
reasonable  natural  orbitals  can  be  obtained  using  lour  virtuals  for  H  .O;  as  compared 
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10  a  mavmuiiii  ol  tuo  \\  ilh  tiio  oanoiiioal  i)i  hilals.  I  Ikto  icmaiiis  si'nia  1 1  iitU'i.K  li'  -a 
Inil  It  is  still  cquisaloiii  tor  hotli  sinictiiivs  and  thus  rioos  not  Lillis  t  iho  i. .ta  u'aik  d 
banicr.  1  lie  trend  ol  redueing  the  ealeiiiaieil  harrier  lor  II  \  and  il  O  !'•.  af 
proximaleK  0.4  keal  . mo!  In  mereasine  the  si/e  ol'the  a^  tne  ^l'ai.e  lioUK  true  f,>! 
this  eoniplex  as  xselt. 

Oxerall.  the  M(  st  i  results  usinn  loetili/eil  Oi-eupieii  \n  is  aie  eiKourai'ine  in 
prineiple,  the  eorrelated  spaee  sltould  not  depenrl  on  the  aetiuil  s haraetei oi 
the  oeeiipied  orbitals  ineludesi  in  the  aetne  spaee,  but  should  iv  identieal  nheiba  i 
the\  tire  loeali/ed  or  not.  The  barriers  ealeulateii  iisme  li'eali/esi  oibitaK  are  iiuieed 
\irtualK  identieal  to  those  obtained  liom  tlie  caiionieal  \i<  s(  i  ealeulations.  mdi 
eatinu  that  tlie  eanonieai  ealeulations  dul  etleeloelv  eliinintite  ant  tune  pan  o: 
terniina!  hsdrogen  inieraetion.  eseept  lor  III  - .  I  here  is  an  adihiional  tuhaniaet 
ereated  b\  loetili/ing  the  oeeupied  orbitals;  the  ehtiraeler  of  the  \irtual  nilsiiaK  is 
not  as  erueial,  thus  there  can  be  slight  eontributions  front  the  lone  [i;iirs  .n  tei  inina! 
hydrogens  nithtml  ereating  the  additional  eorrelation.  Iseeaiise  those  elements  d.o 
not  exist  in  the  occupied  orbitals.  I  his  tilso  enables  ealeulations  to  be  suceessliili'. 
performed  using  extra  xiriual  orbitals,  \xhieh  increases  the  amount  of  tlie  desired 
etirrelation  and  loners  the  calculated  barrier. 

(  I  MoiImkJ 

I'able  V  presettts  the  results  of  <  l  ealeulatittns  of  the  transter  barrier  using  a  single 
eontiguration  referenec.  i  he  tirst  two  rows  of  [able  V  sltou  tbtil  uheii  all  orbitals 
of  I  IF;  arc  included,  a  barrier  of  0,04  keal,' mol  isealeulaled  at  either  the  double 
or  triple  exeitalion  level.  Remox  ing  the  core  orbittils  has  no  elfeet  on  the  eak  tilatevl 
barriers  vxhiie  eliminating  the  occupied  tr  orbitals,  which  are  unable  to  interact 
directly  with  the  transferring  hydrttgen.  has  xtriually  no  etieel  either.  In  laet,  the 
only  result  that  rlillers  appreciably  is  that  obtained  when  onlx  the  t  hr  ..Fr  )  p.nr. 
composed  largely  of  the  Ip  atomic  orbitals.  \s  used  xxith  doiilsle  exeilations,  bm 
this  0.4-kcal  diiierence  vanishes  when  triples  are  atlvleii.  I  he  last  tow  demonstrates 
that  including  quadruple  excitations  has  no  further  elieel  on  the  energv  dilferenee 
between  the  end-  and  midpoints  of  1 1[_- .  Ihe  <  i  barriers  for  111  -  agree  nicely  with 
the  eorrelated  values  obtained  by  tlie  alternate  Moller-Rlesset  approach  and  listed 
in  fable  i. 

Ihe  first  few  rows  for  H  N  ■  m  fable  V  suggest  a  barrier  or7..s  keaf'  inol.  again 
unchanged  by  vieletion  of  the  core  orbitals,  fhis  result  is  some  !  ,.s-keal  higher  than 
the  .V1P4  v  alue,  but  quite  close  to  \il>.7.  Removing  the  oeeui'ieii  ;r  (  e  )  orbitals  raises 
the  calculated  barrier  to  7.8  keal  (7.6  lor  triple  excitations).  I  he  2(0..  and  2ii<. 
orbitals  are  composed  primarily  ol'the  2v  atvimie  orbitals  while  the  2/<  orbitals 
contribute  to  and  .^</;„  exlensixcly .  FixeiUilion  frvim  the  latter  pair  only  prov  ides 
a  similar  barrier,  xirtually  iinallceix’d  by  the  level  of  eorrelation  eonsidered.  In 
summary,  consistent  anil  accurate  barriers  may  he  obtained  with  even  a  small 
number  ol'oeeupied  Mos.  provided  some  eare  is  exercised  in  their  ehoiee. 

lair  HiO;  .  a  doubles  ealeultition  using  all  orbitals,  both  oeeupied  and  virtu.il. 
y  ields  a  barrier  of  2.74  keal /mol.  ;i  result  which  is  again  unalfeeted  by  neglect  of 
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the  core  orbitals.  The  harrier  is  ktwered  slightly  by  removal  of  the  two  2v  trrbitals, 
but  the  corresponding  triples  calculation  yields  a  barrier  0.4  kcal  lower,  t  he  Ml’3 
barrier  for  this  system  is  2.4  kcal/mol.  quite  close  to  the  2. .3  obtained  here  with 
triple  excitations  in  the  c  i  expansion.  The  occupied  a”  orbitals  have  only  a  small 
inlluencc  since,  when  the\  are  removed  both  the  doubles  and  triples  barriers,  increase 
by  only  0.1  kcal. 

A  barrier  of  2.84  kcal/mol  is  calculated  for  H<()i  when  all  orbitals  are  includetl. 
(Again,  the  Is  core  orbitals  may  be  ignored.)  l.imiting  excitations  to  a'  orbitals 
changes  the  barrier  by  only  0.1.  The  two  2,v-based  or  the  a"  orbitals  can  also  be 
eliminated  at  little  cost  in  accuracy  and  raising  the  lesel  to  triples  has  minimal 
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impact  as  well.  I  he  last  two  rows  reseal  that  uiihalancet!  oecapied  sets  prt)duce 
o\erl\  higlt  barriers,  as  in  all  presious  studies. 

In  sumniars.  the  (  l  rs-sults  reported  heri.  are  in  good  eoineidenee  with  Moller - 
Plesset  eomputations  vsith  the  same  basis  set.  espeeialK  Mi’,s.  Core  orbitals  neeii 
not  be  included  as  the  results  sutler  little  deterioration  in  their  alwenee.  Howeser. 
orbitals  of  more  than  one  ss  mmetrs  are  often  necessary;  their  imptiitanee  can  be 
determined  in  each  case  by  performing  a  few  sample  calculations.  Increasing  the 
excitation  level  from  tsvo  to  three  lowers  the  calculated  barriers  h\  rinighh  0. 1  -(!..! 
kcal/mol.  An  additional  but  smaller  reduct  on  results  from  inclusion  ofquadruple 
excitations.  Therefore,  calculations  limited  to  doubles  can  provide  an  excellent 
upper  bound  to  the  barrier. 

\K  .S(  1  4  t  I 

in  this  section,  the  multiconfiguralional  wave  function  obtained  from  a  given 
collection  of  occupied  and  \  irtual  xtos  is  used  as  a  starting  point  for  a  conliguration 
interaction  calculation.  The  important  occupied  orbitals  should  be  included  in  the 
MCSCF  active  space  for  maximal  flexibility.  Therefore,  the  combinations  that  were 
found  to  be  successful  in  the  prior  .Mt  st  I  calculations  will  be  used  here  as  well. 
Different  combinations  are  investigated  to  determine  how  dependent  the  M(  S(  i  t 
Cl  results  are  on  the  quality  of  the  MC.S(  r  retercnce  wave  function.  The  same  com¬ 
binations  of  occupied  and  virtual  I'rbitals  are  used,  vvhenever  po.ssible.  for  both  the 
CIS  and  ( tSD  calculations  so  that  the  cHccts  of  changing  the  excitation  level  can  be 
evaluated  explicitly. 

Table  VJ  contains  the  MCSC  l-  +  v't  results  for  HP:  using  two  fairly  well  balanced 
occupied  sets,  along  with  two  balanced  and  one  unbalanced  virtual  set.  The 
{ .Vt..3fT,., )  set  contains  the  two  P  2/>.  orbitals,  and  the  larger  occupied  group  adds 
the  two  F  2,s  orbitals.  The  negative  barriers  listed  for  all  six  combinations  indicate 
correctly  that  the  midpoint  geometry  is  slightly  favored.  The  values  agree  nicely 
with  theci  calculations  in  Tabic  V.  indicating  that  the  muiticonligurationai  nature 
of  the  wave  function  docs  not  perturb  the  character  of  the  potential.  1  hero  seems 
to  be  little  sensitivity  to  choice  of  occupied  and  virtual  sets  as  ah  oairiers  arc  ap¬ 
proximately  --0.(  8  kcal/mol.  The  only  exceptions  are  (  is  computations  that  use 
an  unbalanced  set  of  th.  'c  virtuals;  the  barriers  here  are  still  negative  but  probably 
overly  so. 

In  the  case  of  H7N  - .  the  two  occupied  combinations  are  first  the  two  2/)  orbitals 
and  then  the  four  2,v  and  Ip-  orbitals.  With  the  2/n  orbitals  and  the  lowest  two  or 
three  virtual  orbitals,  the  (  IS  barrier  is  fairly  high  but  is  reduced  alter  including  an 
additional  virtual.  Similar  esulls  are  obtained  with  the  2.v  and  2/>,  orbitals,  except 
the  values  are  lower,  c  ist)  Calculations  using  the  2p,  orbitals  and  either  virtual 
combination  yields  a  barrier  of  8  kcal.  (The  corresponding  calculations  using  the 
second  occupied  pair  were  too  large  to  be  performed.)  These  results  indicate  good 
consistency  at  the  ciSD  level,  as  compared  to  much  greater  sensitivity  of  harriers 
to  orbital  choice  for  (  is.  The  ( ist)  barrier  of  8  kcal/mol  is  in  accord  with  the  best 
( 1  result  of  some  7.5  in  Table  V. 

The  first  two  sets  of  occupied  orbitals  of  TCO:  listed  arc  unbalanced.  The  con- 
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sequent  transfer  barriers  are  quite  large,  as  with  all  previous  unbalanced  occupied 
groups,  particularly  at  the  ciSD  level.  Much  more  reasonable  results  are  obtained 
for  the  balanced  ( 5£;'6a'7«'8a')  quartet  of  occupied  orbitals.  Although  the  ris  barriers 
are  somewhat  erratic  with  respect  to  choice  of  virtuals.  the  data  are  much  more 
consistent  at  the  singles  +  doubles  level,  with  barriers  all  right  around  2  kcal/mol. 
Unlike  the  CIS  case,  even  the  unbalanced  ( 13a',  15a')  virtual  pair  produces  a  value 
similar  to  the  others,  indicating  that  raising  the  order  of  correlation  to  the  doubles 
can  overcome  an  unbalanced  set  of  virtuals.  These  ciSD  barriers  following  MCSCF 
are  quite  similar  to  the  single  configuration  c  l  results  in  Table  V,  reconfirming  that 
a  single  configuration  is  sufficient  as  a  starting  point  for  c  i. 

The  first  group  of  occupied  orbitals  for  H5O;  is  not  balanced.  The  second  com¬ 
bination  of  occupied  orbitals,  which  includes  all  those  that  can  interact  directly 
with  the  central  hydrogen,  was  not  sufficiently  balanced  for  the  mcsc:f  calculations. 
The  third  combination  adds  the  oxygen  lone  pairs,  which  help  balance  the  orbimls. 
Three  different  pairs  of  virtual  orbitals  are  tested.  Two  of  these  pairs  ( 9a'l  Oa')  and 
( 1  la'l  2a')  are  balanced;  the  third.  ( 14a'l  5a'),  is  not.  At  the  CIS  level,  the  unbalanced 
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(Tti'Su  )  pair  leads  lo  I'airK  high  harriers,  which  are  I'uriher  elevated  using  t  isi). 
The  imbalance  prevents  the  ( isti  computations  I'rom  rclicv  ing  the  problem,  similar 
to  H',0: .  Results  are  improved  when  ( 5u'6u’)  are  added  to  the  occupied  MOs,  with 
barriers  calculated  in  the  2-3  kcal/mol  range  at  either  level  and  with  anv  of  the 
virtual  combinations.  (The  {'isi>  calculation  using  (  l4u'l  5uT  would  not  converge 
because  of  the  imbalance  of  the  virtual  orbitals.)  Addition  of  the  \ii"2a''  oxvgen 
lone  pairs  reduces  the  barriers  somewhat  (although  in  this  case,  a  high  barrier 
occurs  with  the  unbalanced  virtual  set).  The  best  quality  c  isiv  barriers  again  are  in 
accord  with  the  C  l  barrier  in  Table  V,  wherein  all  Mrts  are  included. 

Overall,  the  Mcsc  r  +  c  t  results  are  quite  succes.sfiil.  CIS  Results  are  fairly  consistent 
although,  in  a  couple  of  instances,  the  barrier  is  unreliable  because  the  Mc  st  i  active 
space  is  too  small  for  a  C  l  singles  calculation  to  include  all  of  the  necessary  v  irtual 
orbital  interactions.  The  cisn  results  are  excellent.  In  all  cases,  the  values  are  nearly 
independent  of  the  virtual  orbitals  included,  and  arc  comparable  to  those  found 
using  other  correlation  methods.  The  method's  success  is  due  to  the  extra  config¬ 
uration  interaction  compensating  for  any  omi.ssion  of  important  orbitals  from  the 
MCSCP  active  space,  largely  negating  the  need  for  balanced  virtual  orbitals.  However, 
the  occupied  orbitals  must  still  be  balanced  or  the  resulting  barriers  are  unreliable 
and  excessively  large.  A  prior  MC'SCi-  does  not  appear  to  produce  any  significant 
perturbations  upon  these  correlated  potentials.  In  addition,  the  quality  of  the  Mt  se  t 
reference  wave  function  is  not  especially  important  in  the  determination  of  the 
transfer  barrier. 


Localized  MCSC  K  +  c  i 

Localization  simplifies  the  choice  of  which  orbitals  to  include  in  the  Mcst'i'  ex¬ 
pansion  and  reduces  the  number  necessary.  C'l  makes  much  less  critical  the  choice 
of  virtuais.  Therefore,  it  was  deemed  worthwhile  to  investigate  the  efficacy  of  em¬ 
ploying  both  methods  simultaneously;  the  results  are  reported  in  Table  Vli. 

Following  localization  of  HF; .  the  two  F — H  orbitals  were  used  in  the  mcscf 
expansion.  The  data  suggest  very'  low  sensitivity  to  choice  of  virtuals.  All  barriers 
t-re  correctly  negative.  Indeed,  there  is  minimal  dependence  for  c  IS  and  no  depen¬ 
dence  at  all  for  CISD  where  all  values  arc  -0.08  kcal.  comparable  to  the  previous 
results.  The  ci.s  results  obtained  for  HiO;  are  rather  poor,  exhibiting  a  13-kcai 
range  of  barrier  relative  to  choice  of  victuals.  However,  the  ciSD  data  are  in  excellent 
coincidence,  all  around  3. 2-3. 3  kcal/mol.  The  results  for  H^O;  and  H7N;i  are 
nearly  identical  lo  H^O; ,  CIS  yields  inconsistent  barriers,  which  arc  improved  by 
including  doubles  as  well,  with  barriers  of  3.6-3. 7  and  8.0-8. 1  kcal/mol.  respectively. 
Overall,  application  of  CISD.  following  localization,  provides  results  that  are  superior 
to  those  obtained  by  CISD  from  the  canonical  Mcsct  or  by  mcscf  from  a  localized 
set  of  occupied  MOs. 


Distance  Dependence 

The  calculations  reported  above  have  each  corresponded  to  a  particular  fixed  H- 
bond  length.  It  is  important  to  consider  also  the  range  of  length  over  which  a  given 
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theoretical  method  will  be  reliable.  For  example,  it  is  clear  that  a  single  determinant 
would  represent  a  poor  starting  point  for  a  correlation  calculation  when  the  proton 
is  midw’ay  between  two  groups  very  far  apart.  In  order  to  investigate  this  question, 
a  series  of  calculations  on  H7N ;  is  detailed,  varying  the  internuclear  N — N  distance 
between  2.95  and  4.5  A,  In  the  midpoint  geometry,  H,  was  placed  equidistant  from 
the  two  N  atoms,  as  before.  The  r{N — H, )  distances  in  all  endpoints  were  taken 
as  1 .043  A,  consistent  with  the  shorter  H-bonds  above. 

The  calculations  without  localization  utilized  the  (3ai^..  3<r2;,)  pair  of  occupied 
orbitals.  After  localization,  the  two  N — H<  orbitals  were  used.  For  each  of  the 
MCSC  F  methods,  two  combinations  of  virtual  orbitals  were  investigated.  The  first 
included  the  lowest  energy  pair,  and  the  .second  added  5a^..  The  Cl  method  included 
either  all  doubles  or  all  double  and  triples.  The  results  are  displayed  in  Table  ViU. 
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For  each  R(N — N)  distance  considered,  the  .sc  (  barrier  is  appreciabh  higher 
than  correlated  values,  as  e.xpected.  .All  of  the  methods  show  an  extremcK  similar 
dependence  of  the  barrier  to  the  transfer  distance.  For  exer\  ().2.s- A  increase  in  the 
N — N  distance,  the  barrier  ri.ses  by  roughly  12- 1  .s  kcal/mol.  Most  surprising  is  the 
insemsitivity  of  the  correlated  barriers  to  the  particular  method  employed.  Barriers 
differ  very  little,  regardless  of  whether  calculated  by  the  simple  M(  S(  i  scheme,  with 
or  without  prior  localization,  whether  a  standard  c  i  or  one  using  the  Mf  sc  i  wave 
function  as  a  starting  point. 

Conclusions 

Although  the  MC  sc  i  calculations  are  usually  able  to  calculate  consistent  proton 
transfer  barriers,  results  are  improced  by  including  combinations  of  the  other  meth¬ 
ods  inx  estigated.  Localization  of  the  sc  i  -occupied  orbitals  prior  to  the  Mc  sc  t  cal¬ 
culation  relieves  some  of  the  difficulties  of  choosing  the  proper  orbittils  to  include 
in  the  calculations  and  allows  additional  virtuals  to  be  included.  The  additional 
virtual  orbitals  result  in  more  correlation  and  better  barriers.  When  using  Boys- 
locali/.ed  orbitals,  the  calculated  barriers  are  similar  to  those  of  other  correlation 
methods,  fhe  barriers  are  approximately  -0.80  kcal/mol  for  HF'.- .  8.1  for 
HtN;  .  3.4  kcal/mol  for  H3O; .  and  3.8  for  . 

More  dramatic  results  arc  observed  when  following  the  MC  sc  t  calculation  with 
C  l.  When  a  single  electron  is  allowed  to  be  excited  from  the  M(  sci  reference  (c  is), 
the  results  are  improved  regardless  of  the  quality  of  the  reference  MC  sc  f  calculation, 
but  they  are  still  not  completely  reliable.  Fixcellent  and  consistent  barriers  are  ob¬ 
tained  when  two  electrons  are  allowed  to  be  excited  (c  isu)  from  any  of  the  MC  sc  1 
reference  wave  functions  studied. 
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Although  both  variations  otter  improved  results,  they  take  advantage  ordill'erent 
aspects  of  the  Mt'St  't  procedure.  The  M<  S(  i  t  o  calculations  alleviate  the  dilficulty 
in  choosing  the  virtual  orbitals  needed  to  produce  the  desired  correlated  space  by 
allowing  all  of  the  virtuals  to  interact  in  some  way.  However,  the  overall  quality  is 
still  extremely  sensitive  to  the  occupied  orbitals  chosen:  they  must  have  equal  con¬ 
tributions  from  the  donor  and  acceptor  in  both  end-  and  midpoint  structures.  In 
contrast,  the  localized  Mt  SC  l  eliminates  some  t)f  the  uncertainty  in  choosing  oc¬ 
cupied  orbitals.  Only  the  orbitals  involving  the  transferring  hydrogen,  usually  two 
of  them,  need  to  be  included  in  the  Mc  st  r  active  space.  Therefore,  additional 
virtual  orbitals  can  be  included,  making  it  easier  to  include  all  important  interactions. 

Combining  the  methods  resulted  in  easier  choices  for  both  sets  of  orbitals.  The 
localized  mcscf  +  <'ts  results  are  not  a  significant  improvement  over  the  other 
methods,  but  the  localized  MCSCt-  +  c  tSD  results  are  comparable  or  better  than 
either  method  by  itself  in  terms  of  both  consistency  and  accuracy  of  the  calculated 
barriers.  The  best  values  obtained  in  this  way  are  -0.08.  8.02.  3.26.  and  3.68  kcal/ 
mol  for  HF; ,  H7N  J .  HiO; ,  and  H^O_> .  respectively. 

The  disadvantage  of  the  cisd  calculations  from  an  MC  SC  t  reference,  either  lo¬ 
calized  or  canonical,  is  that  they  take  significantly  more  computer  time,  especially 
when  compared  to  the  single  reference  n  or  mp  calculations.  For  example,  a  c  ist) 
calculation  on  H7N:  can  require  an  order  of  magnitude  more  computer  lime  in 
comparison  to  the  others.  On  the  other  hand,  it  requires  a  smaller  group  of  orbitals 
to  achieve  consistent  results,  economizing  on  computer  resources  in  that  way.  In 
addition,  the  CISD  calculation  gives  a  great  deal  of  useful  information  pertaining 
to  orbital  interactions  and  the  contributions  of  individual  configurations  that  are 
not  available  from  the  Moller-Plcsset  perturbation  data. 

One  may  then  conclude  that  the  cisd  methcxl.  using  localized  orbitals,  is  a  reliable 
and  cost-effective  choice,  particularly  if  analysis  in  terms  of  orbital  interactions  is 
desirable,  mp3  or  mp4  calculations  are  cheaper  and  may  be  run  on  a  tighter  budget. 
MCS(  t-  using  localized  orbitals  can  be  accurate,  providing  proper  care  is  taken.  On 
the  other  hand.  MCSCF  calculations  are  not  the  best  choice  if  neither  prior  localization 
nor  subsequent  Cl  is  attempted.  MCSCF,  Followed  by  cis,  is  not  recommended 
either,  since  much  more  consistent  results  can  be  achieved  by  increasing  the  (  I  to 
singles  and  doubles  at  only  a  moderate  additional  effort. 

The  distance  dependence  of  the  proton  transfer  is  handled  consistently  by  all 
methods.  In  each  case,  the  calculated  proton  transfer  barner  increases  approximately 
12-15  kcal/mol  for  every'  0.25-A  increase  in  the  N — N  distance,  indicating  that  a 
single  reference  wave  function  can  represent  a  long  distance  transfer. 
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Abstract 

The  implemeniation  of  the  densiiy-funelional  scheme  requires  the  knowledge  of  the  exchange  and 
conelation  potential.  I',,,  as  a  functional  of  the  electron  density.  In  the  local-density  approximation 
( I  D-x )  this  potential  becomes  a  function  of  the  local  value  of  the  density.  This  breaks  down 

qualitatively  at  a  surface  because  of  its  neglect  of  long-range  electron-electron  correlations  in  the  presence 
of  strong  charge  inhomogeneitv  This  breakdown  is  of  relevance  in  the  context  ot  carious  surface  spec¬ 
troscopies.  We  outline  a  scheme  for  going  beyond  the  1 1)\  without  invoking  gradient  expansions  This 
scheme  is  based  on  establishing  an  interrelation  between  density-functional  theory  and  many-bcHly  per¬ 
turbation  theory.  In  this  scheme  I  ',,  is  obtainable  from  the  knowledge  of  the  electron  self-energy  . 
We  solve  an  exact  integral  equation  relating  these  two  quantities  for  the  electron-gas  surface  with  use 
of  the  C;W  approximation  for  the  self-energy.  We  establish  a  '‘nonUKal"  lelation  between  I  ',,  and  the 
electron  density  which  allows  us  to  curry  out  nonlocal  density -functional  calciilalions  with  the  same  ease 
as  I  D  \-based  calculations.  We  present  results  of  the  first  application  of  our  method  for  the  case  of  Al 
and  Pd  surfaces.  In  addition,  we  report  on  work  in  progress  devoted  to  a  detailed  comparison  of  the 
density-functional  and  quasiparticle  pictures  of  electronic  excitations  at  a  metal  surface.  <  luijs 
yy'iifv  &  S()ii.>,  Inc 


Introduction 

Most  first-principles  calculations  of  electronic  properties  of  solids  are  based  on 
the  use  of  density-functional  theory  (1.2],  This  formulation  of  the  many-body 
problem  provides  a  universal  scheme  for  treating  the  effects  of  Coulomb  correlations 
via  the  introduction  of  an  exchange  and  correlation  energy  functional  and  associated 
exchange  and  correlation  potential. 

In  a  solid  the  electrons  are  embedded  in  a  periodic  ionic  background,  which 
makes  the  system  inhomogeneous.  The  presence  of  a  surface  adds  a  new  source  of 
inhomogeneity  on  a  microscopic  scale.  However,  in  the  implementation  of  the 
density-functional  scheme,  the  vast  majority  of  papers  have  resorted  to  the  use  of 
the  local-density  approximation  (LDA)  (IJ.  in  which  both  sources  of  inhomogeneity 
are  simply  ignored  in  the  treatment  of  the  crucial  electron-electron  interactions. 
The  crudeness  of  this  approximation  notwithstanding,  it  has  proved  capable  of 
yielding,  when  used  in  conjunction  with  either  all-electron  schemes  or  norm-con- 
serving  pseudopotentials,  accurate  values  [2]  for  cohesive  energies,  lattice  param- 
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eters.  and  bulk  moduli  (which  arc  t\picall>  obtained  lo  within  a  few  percent  of 
their  experimental  values). 

Because  of  its  neglect  of  long-range  correlations,  the  rn  \  gives  rise  tt)  a  surface 
barrier  with  a  qualitatively  incorrect  asymptotic  behavior,  i.c..  exponential  decay  , 
rather  than  the  expected  inverse  power  law.  Until  recently  this  failure  of  the  I  DA 
at  a  surface  was  perhaps  academic.  However,  probes  such  as  inverse  photoemission 
[3-6],  two-photon  photoemission  [7-4],  the  scanning-tunneling  microscope  [10- 
15].  etc.,  have  recently  produced  a  wealth  of  data  on  observables  such  as  binding 
energies  and  lifetimes  of  image  potential-bound  surface  states  [3-6,16-23],  tun¬ 
neling  currents  in  the  scanning-tunneling  microscope  [10-15],  resonant-tunneling 
rates  for  ion-surface  collisions  [24],  etc.,  whose  values  are  affected  by  the  details 
of  the  surface  barrier,  in  particular,  by  the  presence  of  its  image  tail. 

The  phy  sics  behind  this  cnutHtathc  IwakJown  of  the  I. da  at  a  surface  is  easy  to 
visualize.  In  a  many-elcctron  system  a  given  electron  is  surrounded  by  an  exchange- 
correlation  hole,  w  hich  arises  by  virtue  of  both  Coulomb  correlations  and  the  an¬ 
tisymmetry  of  the  many-hody  states.  In  the  I  DA  the  exchange-correlation  hole  is 
spherical,  the  electron  being  at  its  center.  This  is  a  good  approximation  in  the  bulk 
(indeed  the  exchange-correlation  hole  is  spherical  for  the  homogeneous  electron 
gas).  Now,  as  the  electron  moves  outward  through  the  surface,  the  exchange-cor¬ 
relation  hole  must  progressively  distort  and  lag  behind  the  electron  (since  the  hole 
must  remain  in  the  solid).  However,  in  the  l.DA  the  exchange-correlation  hole 
remains  spherical,  and  centered  at  the  position  of  the  electron,  as  the  latter  moves 
out  into  the  vacuum.  Hence  the  I.DA  entirely  misses  the  key  features  of  the  long- 
range  correlation  etfects  which  are  the  origin  of  the  image  effects.  ( It  is  well  know  n 
that  the  l.DA  yields  accurate  values  for  “global"  ground  state  quantities,  such  as 
work  functions,  which  are  not  aflected  significantly  by  the  presence  of  the  image 
tail  of  the  surface  barrier  [2].) 

Thus,  in  the  study  of  various  surface  phenomena  [3-24]  the  l.DA  must  be  su¬ 
perceded  by  a  theory  w  hich  properly  accounts  for  long-range  Coulomb  correlation 
effects  and  their  interplay  with  the  extreme  inhomogencity  of  the  surface  environ¬ 
ment.  The  theoretical  challenge  involved  in  this  endeavor  is  significant.  In  particular, 
the  phenomena  of  interest  cannot  be  addressed  by  treating  the  inhomogeneily  of 
the  electron  system  perturbalivcly  (i.e.,  gradient  expansions  do  not  suffice).  What 
is  required  is  an  approach  in  which  the  basic  features  of  long-range  Coulomb  cor¬ 
relations  and  strong  charge  inhomogencity  are  treated  from  first  principles  within 
a  consistent  diagrammatic  approach. 

In  this  article  we  outline  a  method  which  incorporates  these  physical  requirements. 
The  same  is  based  on  defining  the  exchange  and  correlation  potential  of  density- 
functional  theory  .  T,,  ,  in  terms  of  the  electron  self-energy  of  diagrammatic  per¬ 
turbation  theory.  21,, .  An  integral  equation  relating  these  two  quantities  is  solved 
exactly  for  the  electron  gas-vacuum  interface  with  use  of  the  GW  approximation 
for  the  self-energy. 

From  the  solution  of  that  integral  equation  for  1  ( .v)  we  establish  a  “nonlocal" 
relation  between  I  „  and  the  electron  density  which  allows  us  to  perform  nonlocal 
density  functional  calculations  with  the  same  relative  simplicity  as  i.DA-bascd  cal- 
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dilations.  T  his  scheme  has  been  tested  so  I'ar  in  ealeiilations  of  the  eleetronie  struc¬ 
ture  of  low-index  surfaces  of  .Al  and  Pd.  Because  our  method  properly  accounts 
for  long-range  Coulomb  correlations,  a  Rydberg  series  of  image  airface  states  lying 
near  the  vacuum  level  is  obtained  on  the  same  footing  with  the  conventional  crystal- 
termination  surtace  states.  The  binding  energies  of  the  ima.ge  states  and  the  associated 
etfective  masses  compare  favorably  with  experiment.  The  image  states,  and  the 
physics  behind  them,  are  beyond  the  1 1)\. 

Finally,  we  present  preliminary  results  of  a  comparison  of  the  density-functional 
and  tiuasiparticle  pictures  ofelectronice.xcilalions  at  metal  surfaces.  I  his  comparison 
is  based  on  a  joint  analysis  of  I  ,,  and  .  and  of  density-functional  and  quasiparticle 
wave  functions.  V\e  find  that  once  the  mam  elfects  of  the  long-range  electron 
correlations  are  incorporated  into  I  .  this  local  potential  becitmes  a  fair  approx¬ 
imation  to  the  real  part  of  the  electron  self-energy  for  low  frequencies.  On  the  other 
hand,  the  imaginary  part  of  the  self-energy,  which  is  related  to  the  damping  of  the 
quasiparticle  states,  has  no  counterpart  in  density-functional  theory  .  \^'e  show  that 
Im  is  highly  nonlocal  in  the  surface  region.  This  intr.nsic  feature  of  electron 
propagation  near  a  surface  has  yet  to  be  implemented  into  the  optical  potentials 
used  in  state-of-thc  art  multiple  scattering  calculations  [25]. 


Kvaluation  of  the  F'.xchange  and  Correlation  Potential  at  a  Metal  Surface 
From  the  Knowledge  of  the  Klcctron  Self-Fncrgy 


Density-functional  theory  [1,2]  provides  a  formally  e.xact  prtKedure  for  calculating 
the  ground  state  electron  density  and  the  total  ground  state  energy  of  an  interacting 
many-elcctron  system.  In  essence  this  method  establishes  a  rigorous  mapping  be¬ 
tween  the  intractable  system  of  10''  interacting  electrons  and  a  much  simpler  system 
of  noninteractmg  electrons  moving  in  an  appropriate  effective  potential. 

The  mathematical  framework  for  this  mapping  is  embodied  by  the  Kohn-Sham 
(  KS )  equation  [  1  j 


/r’ 


V-  (  V) 


'F,(  V)  V) . 


(  I  ) 


where  the  effective  one-electron  potential  !  ,,/(  v)  is  defined  by  the  equation 


V)  -  l,.(.v)  4  I  „(.V)  . 


(2) 


where  I  ,  ,(.v)  is  the  usual  electrostatic  potential.  All  many-body  effects  enter 
Fq.  (  I  )  through  the  exchange  and  correlation  potential  defined  by  the 

equation 


Ij.f.v) 


<)/■ ,.  [  n } 
n/i(.v) 


(.f) 


where  /.',,[«]  is  the  exchange  and  correlation  energy  functional,  Equations  (  1  )- 
( .5 )  are  to  be  solved  self-consistently  with  the  following  one-electron-likc  equation 
for  the  electron  density 
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«(-V)  =  -V)l' .  (4) 

I- 

The  exact  form  of  the  energy  functional  [«]  is  unknown.  Thus,  approximations 
must  be  introduced  in  the  treatment  of  the  electron-electron  interactions.  In  the 
EDA  the  exchange  and  correlation  energy  density  at  each  point  of  the  .solid  is  assumed 
to  be  given  by  that  appropriate  for  a  homogeneous  electron  gas  (jellium  model) 
with  the  local  value  of  the  density  [I].  This  approximation  yields  a  r\,  which  is  a 
function  of  the  local  value  of  the  density .  Now,  from  basic  quantum-mechanical 
considerations  we  know  that  the  electron  density  decays  exponentially  outside  the 
surface  (tunneling).  It  then  follows  immediately  that  the  lda  surface  barrier  a’  ^ 
decays  exponentially  into  the  vacuum  [26J,  unlike  the  expected  image-like  behaviur 
of  the  correct  surface  potential. 

As  noted  in  the  Introduction,  there  is  significant  interest  in  the  study  of  various 
electronic  processes  at  surfaces  influenced  by  the  presence  of  the  image  tail  of  the 
actual  surface  barrier  [  3-24  ] .  Several  models  for  ff,[n  ]  have  been  proposed  in  the 
literature  in  order  to  enforce  the  presence  of  an  image  tail  in  an  ad  hoc  way  [  27.28  ] . 
In  our  work  we  take  a  more  fundamental  approach,  geared  towards  a  first-principles 
investigation  of  the  joint  effects  of  long-range  Coulomb  correlations  and  the  rapid 
rate  of  change  of  the  electron  density  at  the  surface. 

Since  a  suitable  functional  £’,<(«]  is  not  available  [29).  we  do  not  base  our 
method  on  the  definition  of  f'v,  {  a  )  given  by  Eq.  ( 3 ).  Rather,  we  proceed  by  making 
use  of  an  interrelation  between  density-functional  theory  and  many-body  pertur¬ 
bation  theory  which  was  first  established  [30]  and  applied  [31]  in  the  context  of 
the  band-gap  problem  in  bulk  semiconductors,  and  in  the  construction  of  a  I  \,  for 
the  insulating  state  of  matter  [32]. 

Of  course,  if  one  had  at  hand  an  accurate  implementation  of  diagrammatic  per¬ 
turbation  theory  for  real  solids,  in  particular,  near  a  surface,  one  could  in  principle 
bypass  the  density-functional  scheme  altogether  (which,  as  originally  formulated, 
applies  for  ground-state  properties  only).  However,  given  the  well-established  power 
of  this  method,  which  is  traced  to  the  relative  simplicity  of  its  implementation  in 
terms  of  a  local  effective  potential,  it  is  of  interest  to  obtain  a  I  which  incorporates 
long-range  correlation  effects. 

The  exact  one-electron  Green’s  function  of  many-body  perturbation  theory. 
g(A,A'|  E)y  satisfies  the  equation  [33] 

[E  -  h(  jc)]j?(  A.A'j  E)  -  J  ^  V2,,  (  T,a"|  E)g(  A",  a'  I  E)  =  S(  x  -  T) .  (5) 
where  fi(  a)  is  the  Hartree  Hamiltonian 

/?(  a)  =  -  -f  KrT  a)  ,  (6) 

2m 

and  S^,(  A,.t'|  E)  is  the  nonlocal,  energy-dependent  electron  self-energy.  The  self¬ 
energy  can  be  thought  of  as  the  true  “potential”  in  which  a  quasiparticle  propagates 
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(via  and  lo  which  it  contributes  seli'-consistently  via  the  exchange-correlation 
process. 

Similarly,  we  introduce  a  Green's  function  for  the  KS  Hamiltonian. 
ft)(  .v,.v't  which  corresponds  to  propagation  of  what  in  this  article  we  will  refer 
to  as  a  KS  electron  [i.e.,  an  “electron"  described  by  a  density-functional  wave  func¬ 
tion  ]  in  the  presence  of  a  local  potential,  whose  many-body  part  is  I  .  The  density- 
functional  Green’s  function  obeys  the  differential  equation 

(£  -  /i(.v)  -  l\,(.v)lft,(  A'.-v'l  h)  =  5(  .V  -  .V') .  (7) 

and  is  related  to  the  quasiparticle  Green's  function  by  the  Dyson-like  equation 
(which  we  write  down  symbolically) 

.‘f  =  A'o  +  .sJol-x  -  K'-  <8) 

From  Eq.  (8)  and  the  requirement  that  both  Green’s  functions  yield  the  same 
exact  ground-state  density,  i.e., 

n(.v)  =  -/i'(-v./|.v4  +  0* ) 

= +  0* ) ,  (9) 

we  are  readil  v  led  to  the  following  exact  integral  equation  relating  l  and  2v,  [30- 
32V. 

J  d\x\  Kv,  ( .v, )  J  dEgiA  X-,-Vi  I  E)g(  .v,  ^'v  1  E) 

=  J  (/'.V|  J  d\\2  J  dEg„(  x,xi  I  E)Iu  (^i  E)g(  X2,:^l  E) .  (10) 

Our  approach  consists  in  viewing  Eq.  ( lO)  as  defining  in  terms  of  the  self¬ 
energy  2:,, .  By  including  the  effects  of  long-range  Coulomb  correlation  and  the 
rapid  density  variation  at  the  surface  into  the  self-energy,  these  effects  find  their 
way  into  f\,  in  a  fundamental  way. 

The  state-of-the-art  in  the  computation  of  the  electron  self-energy  in  solids  [  3 1 ,34- 
36]  is  the  GW  approximation  due  to  Hedin  [33], 

2;,,  ( ;v,  ..V3 1  E)  =  ^  J  dE'e"  '’’g{  X,  .A-2|  E  +  E'  W(  .v,  i  £') .  (11) 

which  is  the  first  term  in  an  expansion  of  the  self-energy  in  powers  of  the  dynamically 
screened  electron-electron  interaction  fT,  defined  by  the  equation  (which  we  write 
symbolically)  [33] 


lA’  =  V  +  VXtV  ,  (12) 

where  c  is  the  bare  Coulomb  interaction,  and  X,  is  the  time-ordered  density-response 
function.  The  response  function  satisfies  its  own  integral  equation  [37] 
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X,  =  X  +  XL'X,  ,  (13) 

where  X  is  the  irreducible  polarizability.  The  physics  behind  Eq.  { 1 2 )  is  the  screening 
of  the  Coulomb  interaction  between  a  pair  of  electrons  embedded  in  a  many-electron 
system.  Similarly.  Eq.  ( 1 3)  reflects  the  self-consistent  screening  of  charge  llucluations 
induced  in  an  interacting  electron  system. 

In  the  present  work  we  have  set  X  =  x”.  where  x"  is  the  electron-hole  pair  bubble 
( i.e..  the  random-phase  approximation  for  the  polarizability  ).  T  hus,  we  ignore,  e.g.. 
excitonic  effects  such  as  are  contained  in  ladder  diagrams  [38]. 

First-Principles  Solution  for  for  the  Electron  Gas-X'acuum  Interface 

We  have  solved  Eq.  ( 10 )  for  the  electron  gas-vacuum  interface  with  use  of  Eq. 
( 1 1 )  for  the  electron  self-energy  [39].  Our  calculations  are  performed  for  a  slab 
which  is  thick  enough  [  four  or  more  Fermi  wavelengths]  that  we  have  a  good 
representation  of  the  for  a  semi-inlinite  medium.  The  time-ordered  response 
function  X/  is  expressed  in  terms  of  its  retarded  counterpart  X„  via  a  Lehmann 
representation  [  33  ] .  Followi  ng  standard  practice  [  3 1  ] .  we  have  .set  =  .c  throughout. 
It  should  be  noted  that  Eq.  ( 10)  is  homogeneous,  which  makes  it  very  unstable 
from  the  numerical  viewpoint  [40] .  Furthermore,  its  kernel  is  singular,  a  reflection 
of  the  fact  that  the  electron  density  drops  to  zero  in  the  vacuum  outside  the  surface. 
In  addition,  we  would  like  to  emphasize  that: 

•  Since  go  depends  on  the  function  we  seek.  i.e..  I  „ .  Eq.  ( 10)  poses  a  self-consistency 
problem,  which  we  solved  by  iteration.  Wave  functions  and  energy  eigenvalues 
for  the  computation  of  updated  21  >,  and  g,,  are  obtained  by  feeding  the  solution 
of  Eq.  (10)  into  Eq.  ( 1 ),  Fortunately,  one  or  two  iterations  suffice. 

•  X/,  is  computed  self-consistently  for  a  jellium  slab;  u  c  c/o  not  impose  any  restrictions 
on  the  rate  oj  spatial  change  of  the  elcetron  density  at  the  surface  [37], 

•  The  full  energy  dependence  of  x„  is  kept.  We  do  not  introduce  a  plasmon-pole 
approximation  because  the  lack  of  translational  invariance  in  the  direction  normal 
to  the  surface  renders  Landau  damping  important  even  for  small  wave  vectors. 

It  should  be  noted  that  the  solution  of  Eq.  ( 10)  for  the  homogeneous  electron 
gas  is  given  by  [41  ] 

r,,  =  =  A,;/;=  /v).  (14) 

i.e..  L„  in  the  bulk  equals  the  self-energy  evaluated  at  the  Fermi  surface  (where  it 
is  real).  Equation  ( 14)  defines  the  lda  within  the  self-energy  formalism.  The  lda 
results  we  compare  with  below  were  generated  from  this  (exact)  result  with  use  of 
the  bulk  GW  self-energy  [42];  wc  will  refer  to  this  potential  as  the  lda-gw  L„.. 

In  Figure  1  we  show  the  solution  of  Eq.  (10)  for  r,  =  1.5  [this  value  of  the 
electron-gas  parameter  will  be  of  interest  below,  when  we  discuss  the  calculation 
we  have  performed  for  Pd].  The  solution  to  Eq.  ( 10)  is  compared  with  the  corre¬ 
sponding  i.tM-GW  potential,  and  with  the  image  potential 

e- 


f'm.(r)  =  - 


4(c-  z,,)  ’ 


(15) 
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SURFACE  BARRIER 

From  GW  approximation  for  the  Seif-Energy 


Figure  I.  I  \,  at  a  simple  metal  surface  for  r,  =  1.5.  The  solid  curve  is  the  solution  of 
Eig.  ( 10 )  obtained  with  use  of  the  Civv  approximation  for  the  self-energy.  The  dotted  curve 
IS  the  corresponding  in  v  potential,  and  the  dashed  curve  is  the  classical  image  potential 

given  by  Eg.  ( 14). 


where  r  is  the  coordinate  normal  to  the  surface  and  Ci,  is  the  position  of  the  effective 
image  plane  [  39.43]. 

From  Figure  1  it  is  clear  that  our  solution  for  f'v.  fz)  becomes  image-like  outside 
the  surface.  This  is  an  important  improvement  over  the  lda  in  the  context  of 
experiments  which  probe  various  electronic  processes  whose  interpretation  is  related 
to  the  presence  of  the  image  tail  of  the  surface  barrier  [3-24]. 

The  physics  of  the  many-body  surface  barrier  experienced  by  a  KS  electron  [the 
solution  of  Eq.  ( 10)]  is  quite  interesting.  As  noted  elsewhere  [.39].  the  classical- 
image  limit  of  the  barrier,  F',.  ( r )  -►  -e  "/4z  for  r  >  l-n/kf,  is  established  by  virtue 
of  the  Coulomb  correlation  effect  present  in  2,, .  Thus,  this  limit  is  “universal”:  it 
is  the  same  for  a  KS  electron  and  for  a  classical,  distinguishable,  test  charge. 

Our  conclusion  that  the  classical-image  limit  of  the  surface  barrier  for  a  KS  electron 
is  a  Coulomb-correlation  effect  confirms  by  actual  computation  previous  statements 
by  Almbladh  and  von  Barth  [44]  and  Sham  [45],  but  it  disagrees  with  recent 
conclusions  by  Harbola  and  Sahni  [46],  [Since  the  method  of  the  latter  authors  is 
formally  quite  different  from  ours,  the  reason  for  this  difference  is  not  entirely 
apparent.] 

In  addition,  we  have  also  shown  [39]  that  the  numerical  value  of  the  effective 
image  plane  zp  includes  a  significant  contribution  from  the  exchange  process.  It  is 
then  clear  that  the  image-plane  position  that  governs  the  surface  barrier  that  self¬ 
binds  <1  KS  electron  necessarily  differs  from  its  counterpart  for  a  test  charge.  In 
other  words,  the  zo  for  a  KS  electron  is  not  obtainable  via  the  well-known  Lang- 
Kohn  linear-response  result  [26]  which  equates  the  image  plane  position  appropriate 
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fora  test  charge  with  the  centroid  of  the  •  harge  induced  at  the  surliice  b\  an  evternul. 
uniform  electric  field. 

The  above  conclusion  (which  is  of  dehnite  importance  in  surface  physics)  is 
corroborated  quantitatively  by  the  following  example.  For  r,  =  2.07  ( corresponding 
to  Al)  the  image-plane  position  extracted  from  the  image  tail  of  I  „  is  0.72  a 
0.1  a.u.  (measured  from  the  jellium  edge — the  origin  of  coordinates  in  Fig.  I  ). 
while  from  linear  response  in  l  UA-tiW  we  obtain  c,,  =  1.49  a.u.  By  comparison, 
the  phenomenological  I’u  of  Ossicini  et  al.  (28)  yields  r,,  =  0.85  a.u.  for  r,  =■  2.0. 
which  is  rather  close  to  our  value.  The  t  da  linear-response  value  obtained  by  Lang 
and  Kohn  [26],  also  for  -  2.0,  is  r,,  =  1.60  a.u. 

A  Scheme  for  Performing  .Nonlocal  Density-Functional 
Calculations  fur  Real  Metals 

With  the  solution  of  Eq.  ( 10)  for  r„{-)  at  hand,  we  have  developed  a  scheme 
for  performing  nonlocal  density  functional  calculations  in  which  long-range  elec¬ 
tron-electron  correlation  effects  are  included  from  hrst  principles. 

Starting  from  the  position  of  the  first  Friedel  peak  of  the  density,  and  moving 
out  into  the  vacuum,  we  have  constructed,  by  a  poinl-by-point  '‘tabulation"  of  the 
solution  of  Eq.  ( 10)  and  the  electron  density  n  self-consistent  with  it,  a  one-to-one 
relation  between  F,,  and  n  •‘o  be  symbolized  as  I  «(/■,:  [We  note  that  we 

start  from  the  first  Friedel  peak  in  order  to  make  the  relation  one-to-one.]  This 
relation  (illustrated  in  Fig.  2  for  r,  =  2.07).  derives  implicitly  from  a  functional 
E'„  [«]  containing  the  physics  of  the  nonlocal  self-energy. 

While  the  ultimate  theoretical  significance  of  a  relation  such  as  the  one  represented 
in  Figure  2  remains  to  be  elucidated  [this  may  require  the  actual  determination  of 


Figure  2.  "Nonlocal”  relation  I  „  vs  rf  ’  constructed  IVom  the  solution  ol'Fq.  (  Kl), 
obtained  with  use  of  the  f.w  appro.ximation  tor  the  selt-cncrg>.  I'he  electron  number 
densits  is  normali/.cd  to  its  value  at  the  hrst  Friedel  peak  inside  the  jellium;  n  0 
corresponds  to  the  vacuum,  (  t  his  relation  has  been  parameterized  by  the  functional 
form  given  in  f  q.  (  16)  | 
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the  fiinetional  [/)]].  the  spirit  ol'sueh  a  relation  iselear:  The  same  l  \  (z)  shown 
in  Figure  1  (obtained  b>  explicit  solution  ol'the  integral  etiuation  I  Idi)  can  now 
be  obtained  directK  IVotn  the  sell'-eonsistent  siilution  ofthe  Ks  etjuation  (F.q.  (  1  )) 
in  the  preseace  of  our  I,.  ( r> ;  //'  ' )  relation,  matched  to  1 1)\-(  ;w  in  the  v  icinity  of 
the  first  Friedel  peak  ol'the  density.  Fins  represents  a  major  simplification  relatixe 
to  .solving  Fcj.  (  10).  /'/iits  the  inieanil  equation  tor  I  .  ha^  in  elicci  hven  solved  om  e 
and  /or  all  U>r  eaeli  value  of  i\  (  As  Fig.  I  suggests,  tlie  precise  [loint  where  the 
matching  just  alluded  to  is  done  is  not  important,  since  the  nonlocal  and  local 
potentials  are  quite  close  numerically  oxer  an  ap|sreciable  interval  ! 

A  preliminary  parameteri/atix>n  ofour  I  ,  (r,;  n’  ')  relation  in  terms  ot  a  simple 
analytical  form  is  a.s  lollows: 

I  \  {i\:  n'  ')  US  '  4  />v  ■ ,  (lb) 

where  v  =  n'  Interestingly .  in  the  cases  we  have  considered  so  far  ( r  I  ..s.  2.07. 
and  3.93]  the  exponent  a  turns  out  to  be  very  close  to  unity,  while  the  other 
exponent  is  substantially  smaller  ( d  <  0. 1  ).  Thus,  we  interpret  Fq.  (lb)  as  consisting 
o'"  an  l  D\-!ike  term  (the  first  one),  with  a  surface  correction  (the  second  term) 
giving  ri.se  to  a  I  ,,  which  "decays"  much  more  slowly  than  the  density , 

We  would  like  to  stress  that  while  the  form  given  by  Fiq.  (lb)  has  worked  very 
well  in  the  few  cases  for  which  it  has  been  tested  so  far  ( see  belirw  ).  the  same  cannot 
be  taken  as  final  at  this  early  stage  in  the  development  ofour  method.  It  is  presented 
in  these  Proceedings  in  the  spirit  of  a  report  of  work  in  progress:  other  forms  are 
still  being  tried,  and  a  larger  database  over  the  metallic  range  of  densities  must  yet 
be  collected  and  analyved. 

The  next  step  in  our  program,  n/tn  //  amounts  to  implementing  a  reeiped  la  i.l>  i. 
ivliile  meorporatinp  the  elleels  of  stronp  eliari’e  inliomoueneitr  at  the  surlaee.  is  to 
use  our  electron-gas  1  „(r,;  n'  ')  relation  for  a  real  metal  surface.  We  turn  to 
discussing  that  question  next. 

linage  States  in  U 

The  first  application  ofthe  above  method  (39)  was  a  nonlocal  density-functional 
calculation  ofthe  electronic  structure  of  .Al(  lOO),  performed  by  making  use  of  fiq. 

( 16)  in  the  Kohn-Sham  scheme  defined  by  Fiqs.  ( 1 ).  (2).  and  (4).  In  the  self- 
consistency  procedure  for  this  three-dimensional  calculation,  the  "nonlocal"  I  is 
matched  to  l\,  in  l.iaA-tiW  in  the  vicinity  ofthe  nominal  jcllium  edge.  As  noted 
above,  the  precise  point  where  the  matching  is  done  docs  not  affect  our  results. 

Now  in  the  implementation  v)f  our  scheme  an  cfl'cctive  value  of  r.  must  be  defined. 
W'e  have  adopted  the  following  criterion:  W'e  average  F„  over  the  unit  cell,  and 
extract  a  value  of  r.  Fviin  the  I  versus  n  relation.  The  three-dimensional 

surface  barrier  determined  with  this  criterion  joins  smoothly  with  the  bulk 
potential.  In  the  present  case  we  obtain  r.  2,07.  [We  note  that  we  obtain  the 
same  r.  value  using  other  versions  of  the  I. da,  such  as  Ceperlcy-Alder  [42].] 

The  calculation  is  performed  in  a  periodic-slab  geometryc  with  use  of  a  plane- 
wave  basis  set.  and  ah  inino  norm-conserving  pscudopotentia!:.  [47],  Since  the 
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new  physics  included  in  our  method  is  related  to  the  existence  ol'image  states  w  hose 
wavefunetions  are  localized  many  atomic  units  outside  the  surface,  a  large  vacuum 
gap  between  consecutive  slabs  must  be  utilized.  Moreover,  in  order  to  separate  the 
members  of  the  Rydberg  scries  of  image  states,  the  physical  slab  must  be  at  least 
25  atomic  layers  thick.  Both  reciuirements  lead  to  the  use  of  a  very  large 
unit  cell. 

In  Figure  3  we  show  a  weighted  density  of  states  (nos)  near  the  vacuum  level, 
for  both  nonlocal  and  i  da  calculations,  [  he  i)OS  is  defined  by  the  etjualion 

)  -  V  iiMi:  -  I'Ak  )).  d?) 

/ 

where  the  weights  S2;  arc  defined  as  the  ratio  of  the  charge  density  contained  in  an 
appropriate  volume  of  the  vacuum  gap  (chosen  such  that  it  encompasses  the  state 
under  consideration )  and  the  charge  density  in  the  whole  supercell.  Both  local  and 
nonlocal  calculations  give  the  same  results  for  the  conventional  crystal-termination 
surface  states.  In  particular,  the  energy  position  of  an  occupied  surface  state  obtained 
at  r  [39]  agrees  very  well  with  the  photoemission  data  of  Levinson  et  ai.  |48j. 
However,  the  I. li  t  entirely  misses  the  Rydhery  series  oj  imaye  states,  as  illustrated 
in  Fii^ure  3. 

We  note  that  in  Al  there  is  no  gap  in  the  projected  bulk  band  structure  near  the 
vacuum  level.  The  nonlocal  density -functional  calculation  yields  image-likc  eigen¬ 
states  over  a  finite  energy  range,  which  accounts  for  the  broad  bumps  observed  in 
the  DOS.  These  image  states  correspond  to  resonances. 

Finally,  we  note  that  the  binding  energy  of  the  n  =  1  resonance  compares  favorably 
with  the  location  of  the  image-state  peak  (ca.  0.45  eV )  in  the  inverse  photocmission 
data  of  Heskett  et  al.  for  Al(  111). 


Figure  3.  Weighted  density  of  states  near  the  vacuum  level  lor  Alt  100),  at  I'.  The  solid 
curves  correspond  to  the  image-state  resonances.  The  dashed  curves  are  the  corresponding 
l.tiA  results.  Energies  arc  measured  from  the  vacuum  level. 
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A  similar  calculation  has  been  performed  for  Pd(  Ml).  I  he  main  technical  dif¬ 
ference  in  relation  to  the  previous  case  is  the  use  of  a  mixed  basis  consistinji  ol‘ 
plane  waves  and  localized  Gaussians.  fhe  latter  are  introduced  in  order  to  account 
for  the  presence  of  f/-electrons  in  this  transition  metal. 

The  criterion  put  forth  above  to  define  an  eH’ective  value  of  r,  yields  in  this  case 
i\  --  1.5.  A  measure  of  the  reasonableness  of  this  choice  is  found  in  the  fact  that 
the  crystal-termination  surface  stales  obtained  from  our  procedure  agree  very  well 
with  those  we  obtained  via  a  conventional  l.f>A  calculation  (performed  with  use  of 
the  Ceperley-Alder  [ 42  ]  result  for  the  exchange-correlation  energy  ] .  This  agreement 
refers  to  energies  measured  from  the  Fermi  level  (42]. 

In  Figure  4  we  show  the  surface- projected  bulk  band  structure.  The  solid  lines 
indicate  the  surface  states  which  we  have  identified  by  inspecting  their  energy  lo¬ 
cation,  appropriate  Do.s.  and  the  decay  of  the  associated  wave  functions  into  the 
bulk.  Both  nonlocal  and  i.DA-Ciw  calculations  give  the  same  results  for  the  crystal- 
termination  surface  stales.  This  is  a  consequence  of  the  fact  that  these  states  are 
localized  enough  to  the  immediate  surface  region  that  they  do  not  probe  the  image 
tail  of  the  "nonlocal”  surface  barrier. 

In  addition,  the  nonlocal  calculation  produces  a  Rydberg  series  of  image  slates 
inside  the  gap  spanning  the  vacuum  level.  The  presence  of  this  gap  renders  these 
states  true  surface  states,  and  not  surface  resonances,  as  was  the  case  for  Al.  For 
the  range  of  values  of  the  vacuum  gap  that  we  have  used  we  have  been  able  to 
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figure  4.  .Surface-projcelcd  bulk  band  structure  lor  Pd(  Ml).  The  solid  curves  show  the 
surface  states  Note,  m  particular,  the  n  ^  I  image  state  in  the  gap  at  the  vacuum  level. 
Energies  are  measured  from  the  Fermi  level 
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separate  the  n  =  1  and  ii  =  1  members  of  the  Rydberg  series;  only  the  n  1  branch 
is  shown  in  Figure  4.  The  calculated  binding  energy  at  I'  for  this  state  is  0.72  eV. 
its  dispersion  with  wave  vector  is  frec-electron  like,  with  an  elfective  mass  of  1.03. 
For  the  «  =  2  state  the  corresponding  binding  energy  is  0.17  eV.  and  the  effective 
mass  is  1 .0 ! . 

We  are  aware  of  three  experimental  investigations  of  the  image  states  of  Pdf  111) 
[49,50,51].  The  experimental  results  arc  summanzed  in  Table  I.  together  with  our 
theoretical  results.  It  is  apparent  that  the  binding  energy  and  effective  mass  for  the 
n  -  1  state  compare  quite  well  with  two  of  the  experimental  observations  ( 49.50  j . 

Density-Functional  and  Quasiparticle  Pictures  of  Electron  Propagation 

at  a  Metal  Surface 

As  noted  in  the  second  section,  a  quasiparticle  propagates  in  the  presence  of  a 
complex,  nonlocal,  energy-dependent  “potential’’,  the  electron  self-energy  .  A 
KS  electron,  on  the  other  hand,  propagates  in  the  presence  of  I  .  which  by  definition 
is  a  real,  local,  energy-independent  potential.  It  is  of  considerable  importance  to 
assess  the  extent  to  which  the  simpler  density-functional  picture  can  approximate 
the  more  accurate  quasiparticle  picture  of  electronic  excitations  near  a  metal  surface. 

We  close  this  article  by  discussing  a  few  preliminary  results  which  shed  some 
light  on  this  issue.  In  Figures  5  and  6  we  show  representative  results  for  the  real 
and  imaginary  parts  of  Lv.fyi  wUr’)  [the  two-dimensional  Fourier  transform  of 
the  GW  self-energy  given  by  Eq.  ( 10)]  for  particular  values  of  the  two-dimensional 
wave  vector  qt,  and  of  the  frequency  w.  In  Figure  5  we  have  placed  z'  at  the  position 
of  the  jellium  edge;  in  Figure  6,  z'  is  about  a  Fermi  wavelength  into  the  vacuum. 

The  contrast  between  both  sets  of  results  is  striking;  While  the  main  feature  of 
both  real  and  imaginary  parts  of  in  Figure  5  is  the  ’’local’’  spike  occurring  at 
2  =  z',  and  the  same  applies  for  Re  2,,  in  Figure  6,  in  the  latter  figure  the  spike  in 
Im  2^,  as  function  of  r  occurs  markedly  away  from  2  =  r'.  Figure  6  leaves  no  doubt 
that  the  imaginary  part  of  the  self-energy  becomes  extremely  nonlocal  as  the  electron 
moves  into  the  vacuum. 

The  above  finding  highlights  an  important  feature  of  the  propagation  and  damping 
of  a  “real’’  electron  near  a  metal  surface.  This  feature  should  be  part  of  a  realistic 
many-body  description  of  various  electron-surface  scattering  probes. 


1  ABLE  I.  Comparison  of  calculated  and  measured  binding  energy  and  effective  mass  for  the  n  =  1 
image  state  of  Pd(  1 1 1 ).  The  corresponding  theoretical  numbers  arc  also  given  for  the  n  -  2  state. 

Binding  energies  are  in  eV. 


Present 

theory 

Ref.  [49] 
(Expt.) 

Ref  [50] 
(Expt.) 

Ref  [51] 
(Expt.) 

n  =  1 

Binding  energy 

0.72 

0.65  ±  0. 1 

0.75 

0.5 

Effective  mass 

1.03 

1.0 

1.0 

1.0 

n  ^  2 

Binding  energy 

0.17 

Effective  mass 

1.01 
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Figure  5.  Real  (solid  curve)  and  imaginary  (dolled  curve)  parts  ot'  the  (iw  self-energy 
[See  tex’.  j  has  been  set  al  the  jellium  edge.  I  he  vacuum  lies  for  j  >  0 


We  emphasize  that  the  scale  of  the  nonlocality  of  Im  Z,.  is  the  Fermi  wavelength, 
and  this  is  the  same  scale  of  length  over  wihich  the  electron  density  decays  to  zero 
at  the  surface!  We  conclude  that  the  present  problem  must  be  addressed  via  an 
approach  such  as  the  one  employed  in  the  present  work,  that  is.  Coulomb  correlation 
effects  must  he  treated  on  the  same  footing  with  the  strong  inhomogeneity  of  the 
electron  charge  density  at  the  surface. 

A  direct  study  of  the  difference  between  the  quasiparticle  and  density-functional 
pictures  can  be  carried  out  by  solving  the  quasiparticle  equation 


qii=0.01  kp  <0=1 .34Ep 


z/Xp 


Figure  6.  Same  as  Figure  5.  hul  for  z'  ca.  K  (  ~2rr/k,}. 
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self-consisientiv,  and  comparing  quasipanicic  wave  functions  and  energies  with 
their  density-functional  counterparts,  obtained  from  Eqs,  ( 1  )-( 4  ). 

As  an  illustration,  let  us  assume  that  'I'.,.,  =  Subtracting  Eq.  (  1  )  from  Eq. 
(  18),  and  dividing  b\  the  either  wave  function  [which  we  will  call  vE]  yields  the 
equation 


'E 


r/^v,i;„(,v,I,l /0'E<,,(  ,vi )  -  vE,;,.!  :v)  (18) 


-rj-zr  j  r/'  V|l>,  (  A,.v,  I  /OvEi  a,  )  -  I  ',,  (  a  )  =  E;...  --  E,,,  , .  (  19  ) 

whose  first  term  on  the  left-hand  side  can  serve  as  an  approximate  effective  local 
quasiparticle  potential  [we  will  refer  to  it  as  L ,./]  that  can  compared  with  I  ,, . 

This  comparison  is  made  in  Figure  7,  in  which  we  use  the  wave  function  'E 
whose  DPT  eigenvalue  equals  I. .14  which  is  the  energy  at  which  the  self-energy 
is  evaluated.  The  qualitative  behavior  of  I  „  and  i',.,,  is  indeed  similar.  Note  that 
if  the  difference  between  both  potentials  plotted  in  Figure  7  were  r-independent. 
the  quasiparticle  wave  function  would  be  identical  to  the  DIT  wave  function.  The 
relatively  small  c-dependence  observed  in  Figure  7  suggests  that  both  wavefunctions 
are  indeed  quite  .similar  in  the  surface  region. 

We  conclude  that  once  the  long-range  correlation  effects  are  included  into  the 
density-functional  picture,  the  DlT  wave  functions,  and  associated  surface  barrier, 
become  a  fair  approximation  to  the  quasiparticle  wave  functions,  and  the  real  pan 
of  the  self  energy,  respectively.  .A  more  complete  analysis  will  be  presented  elsewhere. 


z/A,f 

F  igure  ^  Cor  panson  of  a  l<Kal  ctfccmc  polenlial  conslruclcd  from  the  quasipartielc 
picture  f  first  ter  n  on  the  lefl-hand  side  of  pq.  ( 19  ija  f  Ihecvehange-oirreiatinn  poleniial 
of  riensitv-funelional  theors 
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Abstract 

A  Study  has  been  made  of  the  effect  of  using  ditferenl  numbers  of  hidden  units  in  a  neural  network 
mixleling  of  the  aqueous  solubility  of  a  wide  range  of  organic  compounds.  A  training  set  of  I  compttunds 
was  used  and  the  trained  neural  network  was  tested  on  a  prediction  set  s'f  compounds.  Between  two 
and  five  hidden  units  were  used  with  varying  numbers  of  iterations.  Comparisons  arc  made  with  the 
results  obtained  from  our  previous  studie.s.  one  which  used  a  neural  network  vvith  18  hidden  units  and 
another  based  on  regression  analysis.  By  using  a  smaller  number  of  hidden  units  in  this  study,  better 
performance  has  been  obtained  than  either  of  the  previous  studies.  <  ptny  John  Wiley  &  Sons.  Ine 

Introduction 

We  have  recently  shown  that  solubilitie.s  (aqueous  solubility)  and  distribution 
between  solvents  ( partition  coefficients)  that  depend  on  sol ute-.sol vent  interactions 
are  well  described  by  equations  that  include  linear  combinations  of  the  calculated 
values  of  selected  molecular  properties  [1.2].  In  drug  design,  a  theoretical  method 
which  could  reliably  predict  drug  delivery,  transport,  distribution,  and  biological 
activity  information  such  as  aqueous  solubility  and  partition  coefficients  would  be 
extremely  valuable.  Although  aqueous  solubility  is  generally  easy  to  determine  ex¬ 
perimentally.  this  is  not  always  appropriate  and  is  clearly  impossible  to  achieve 
until  a  compound  has  been  synthesized.  A  theoretical  approach  which  provides  a 
reliable  measure  of  a  drug’s  aqueous  solubility  could  be  used  by  the  drug  designer 
to  eliminate  some  of  the  large  number  of  candidates  for  a  drug  from  synthesis  and 
experimentation.  The  consequent  saving  in  time  and  resources  could  then  be  di¬ 
rected  to  the  better  candidates. 

In  earlier  articles  of  this  scries  [-^].  we  have  pointed  out  that  the  neural  network 
approach  would  seem  to  have  great  potential  for  determining  quantitative  structure- 
activity  relationships  and  be  a  valuable  tool  for  the  medicinal  chemist.  The  basic 
idea  of  the  neural  network  goes  back  to  the  1940s  [4].  the  same  era  as  that  of  the 
von  Neumann-type  digital  computer  [  5  ] .  It  was  not  until  the  1 980s.  however,  when 
Hopfieid  [6]  published  a  clear  description  of  a  neural  computing  system  whose 
interconnected  elements  seek  an  energy  minimum,  that  interest  in  neural  networks 


*  To  whom  correspondence  should  be  addressed. 
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was  rcvned.  Neural  networks  have  only  recently  been  applied  to  chemical  problems, 
such  as  using  artificial  neural  systems  to  predict  protein  structure  trom  amino  acid 
sequence  information  [  7,8  ]  and  applying  neural  networks  to  spectral  identification 
programs  [4],  nucleic  acid  sequence  analysis  [10].  and  osAR  problems  [1 1.12]. 

in  this  .study,  we  have  used  neural  network  with  different  numbers  of  hidden 
units  to  study  aqueous  solubilities  with  the  same  training  set,  prediction  set,  and 
molecular  descriptors  as  before  [  1.3a].  Comparison  is  made  with  the  results  obtained 
from  previous  studies  using  either  the  neural  network  [3a]  or  regression  analysis 
techniques  [  I  ] . 


Theory  of  Neural  Networks 

A  neural  netw  ork  mode!  consist  of  layers  of  brain-like  neurons  with  feedforward 
and  feedback  interconnections.  We  have  used  the  back  propagation  algorithm  [13], 
Topologically,  the  network  consists  of  input,  hidden,  and  output  layers  of  neurons 
or  nodes  connected  by  bonds.  ,A  three-layer  neural  network  was  used  in  our  study 
and  is  shown  in  Figure  I. 

Fach  neuron  in  the  input  layer,  s, .  is  rescaled  to  a  value  region  between  0  and  I 
by  the  following  equation. 

■8'  ”  f  ^  i  ^  /.niin)/i^  /.nuiv  ^  f.min)  1  i  1 

where  F,  is  the  value  of  the  /tb  independent  variable,  F,  n.m  and  F,  are  the 
minimum  and  ma.ximum  values  of  the  /th  independent  variable.  Each  neuron  in 
the  hidden  layer.  S,.  is  connected  with  each  neuron  in  the  input  layer  by  the  squash¬ 
ing  function 

.S;(r,)  =  ( !  +  cxp(-.r,))  ‘  (2) 

where 


!  ituiK’  I ,  I  hv  neural  ncusnrk  lirpolope  used  in  our  sludics.  the  network  eonsists  ol  1 
input  neuriins.  one  outpiil  neuron  and  a  sariable  number  of  hidden  neurons. 
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y  ,  =  Z  “  V  ) 

{ 

where  w,,  is  the  weight  that  connects  the  hidden  unit ;  with  the  input  unit  i:  O,  is 
the  weight  that  connects  the  hidden  unit  /  with  the  input  layer  bias  unit  or  a  char¬ 
acteristic  value  for  neuron  j.  Again,  each  neuron  in  the  output  layer.  0,„.  is  connected 
with  each  neuron  in  the  hidden  layer  by  the  same  type  of  the  .squa.shing  function 

=  ( 1  +  exp(-p,„))  '  (4) 

where 

.I'm  =  Z  +  Om  (?) 

/ 

where  H  is  the  weight  that  connects  the  output  unit  m  with  the  hidden  unit  j: 
B„,  is  the  weight  that  connects  the  output  unit  m  with  the  hidden  layer  bias  unit. 

Training  of  the  neural  network  is  achieved  by  minimizing  an  error  function  E 
with  respect  to  the  weights  {  u„.  H’„„J 

E  =  Z  Ep  =  Vj  Z  Z  ~  (6) 

/’  p 

where  E,,  is  the  error  of  the  pth  training  pattern,  a,,,,,  is  the  experimentally  measured 
value,  which  has  also  been  scaled  in  the  same  way  as  in  Eq.  ( 1 ).  and  0,„„  is  the 
calculated  output  of  the  net. 

The  training  is  carried  out  according  to  the  following  equations. 

n"':,' =  n-’‘„  + (7) 

<’ =  Vt;;  +  n5,5,  '8) 

where  17  is  the  learning  rate  with  values  typically  much  less  than  1  (we  use  0.25). 
n  and  n  +  1  superscripts  designate  consecutive  iterations  in  the  sequence.  6,  is  given 
by 

<5,  =  ( a,m,  -  0,„„)0pU  I  -  0^,„)  ( 9 ) 

and  6,  is  given  by 

=  Z  (Oprr,  -  0p,„)0^,„(  1  -  0,„„W,„,Sp,(  I  -  5,,,)  =  Z  6, O', I  -  Z'/)  (  •()) 

Similar  equations  are  used  for  the  0,  and  f)„,.  The  training  continues  until  the  error 
function  E  is  converged,  that  is.  the  sum  of  the  squared  errors  falls  below'  a  threshold 
value. 

We  also  added  the  momentum  term  to  the  weight  adjustment  in  order  to  enhance 
the  stability  of  the  learning  process  and  decrease  the  training  time. 

AW '  =  w -  w ,%  -  +  « a h ■ ",  (in 

where  a  is  the  momentum  coefficient,  assigned  as  0.9.  The  momentum  term  was 
also  added  in  the  same  way  as  Eq.  ( 1 1 )  to  u'„.  fl,,  and  t)„,. 
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Methods 

The  methods  used  are  essentially  the  same  as  our  previous  work  on  octanol- 
water  partition  coefficients  [2]  (log  P)  and  aqueous  solubilities  [1]  (log  W). 
where  more  details  are  given.  First,  the  molecule  is  sketched  on  our  IBM  pc/ at 
computer  terminal  with  the  ChemCAD  software,  which  generates  a  starting  ge¬ 
ometry.  After  converting  the  coordinate  data  tile  to  the  format  of  aMPac  [14] 
input  files,  geometry  optimization  is  performed  by  the  semi-empirical  AMl 
method  [14].  From  the  .\m  1  optimum  geometry  and  the  atomic  van  der  Waals 
radii,  the  molecular  volume,  surface  area,  and  ovality  are  calculated  by  numerical 
integration  techniques  [1.2). 

In  our  regression  analysis  of  log  W  [1],  we  derived  a  17-parameter  function  to 
describe  the  solvation  phenomena.  The  17  parameters  represent  the  most  important 
subset  of  the  possible  56  descriptors.  Our  previous  neural  network  approach  [3a] 
and  this  study  are  based  on  the  same  subset  of  1 7  parameters  used  in  the  regression 
analysis. 


Results  and  Discussion 

The  same  training  set  of  331  organic  compounds  [1..3a].  was  used  in  the  present 
study.  A  wide  range  of  organic  molecules  were  included,  such  as  hydrocarbons, 
halohydrocarbons.  multiply  substituted  benzenes,  polynuclear  aromatics,  ethers, 
alcohols,  aldehydes,  ketones,  esters,  nitrile,  and  nitro  compounds.  The  experimental 
aqueous  solubilities  were  taken  from  the  compilations  of  Hansch  et  al.  [15].  Mine 
and  Mookerjee  [16],  Mackay  et  al.  [17].  and  Kamlet  et  al.  [18].  with  additional 
results  from  21  other  sources  [19-39].  The  values  of  the  solubilities  are  for  at¬ 
mospheric  pressure  and  25  °C. 

The  same  17  descriptors  based  on  calculated  molecular  properties  have  been 
retained  for  this  study,  as  previously,  as  listed  and  described  in  Table  1.  A  three- 
layer  neural  network  was  used  comprising  1 7  input  neurons  and  one  output  neuron 
with  the  number  of  hidden  units  varied  in  order  to  determine  the  optimum  archi¬ 
tecture.  The  17  input  data  and  the  experimental  log  W  values  for  each  compound 
were  rescaled  to  a  range  between  0  and  I,  as  described  in  Eq.  ( 1 ).  In  order  to 
decrease  the  training  time  of  the  back-propagation  algorithm,  we  used  the  method 
of  Rumelhart  et  al.  [40]  and  added  a  momentum  term  to  the  weight  adjustment 
of  the  previous  weight  change.  The  learning  rate  was  improved  by  enhancing  the 
stability  of  the  process. 

The  performance  of  a  neural  network  depends  on  many  variables,  including  the 
number  of  training  examples,  the  number  of  hidden  units,  and  the  degree  of  ho¬ 
mology  between  the  training  and  testing  sets.  Few  hidden  units  may  be  insufficient 
to  extract  all  the  pertinent  features  of  the  data,  while  too  many  units  will  cause  the 
network  to  “memorize”  the  dataset. 

In  Table  II,  we  show  the  effect  of  various  hidden  units  with  different  starting 
weight  ranges  on  neural  net  training  and  prediction.  Two  to  five  hidden  units 
with  different  starting  weight  range  and  iterations  gave  standard  deviations  be¬ 
tween  0.269  to  0.480.  By  comparing  with  the  last  study  [3a].  in  which  we  used 
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I  abi  i  1.  Selected  propcnics  ol  the  orjuinic  compounds. 


Parameter 

IX'linilion 

S 

Molecular  surl'acc 

lalkane 

The  indicator  variable  lor  alkanes 

D 

The  calculated  dipole  moment 

Qn 

The  square  root  of  the  sum  of  the  squared 
charges  on  nitrogen  atoms 

Qo 

The  square  root  ol  the  sum  of  the  squared 
charges  on  oxygf'ii  atoms 

Qn2 

The  square  of  On 

Qo2 

The  square  of  Qo 

Qn4 

The  square  of  On2 

Oo4 

The  square  of  Oo2 

V 

The  molecular  volume 

s: 

The  square  of  the  molecular  surface 

c 

The  constant 

o 

The  ovality  of  the  molecule 

02 

The  square  of  the  ovality 

AB.SHQ 

The  sum  of  the  absolute  salues  c>f  atomic 
charges  on  hydrogen  atoms 

AB.SCO 

The  sum  of  the  abstrlute  values  of  atomic 
charges  on  carbon  atoms 

AMINE 

The  indicator  variable  for  aliphatic 
amines 

NH 

The  number  of  N  -  H  single  bonds  in  the 
molecule 

18  hidden  units  and  obtained  standard  deviation  for  the  training  set  of  0.229 
and  0.43  for  the  prediction  set.  respectively,  we  found  that  by  using  a  smaller 
number  of  the  hidden  units  the  standard  deviation  of  the  training  set  was  in¬ 
creased.  but  that  of  the  prediction  set  was  decreased.  High  accuracy  for  a  training 
set  can  be  obtained  by  using  a  large  number  of  hidden  units,  which  may  overtrain 
the  system  and  Uad  to  a  net  with  poor  predictive  power.  Having  this  in  mind, 
the  best  results  were  obtained  with  five  hidden  units,  and  10  000  iterations  with 
starting  weights  in  the  range  -1  to  1.  The  results  obtained  for  the  training  set 
are  given  in  the  Appendix.  The  standard  deviation  (0.269)  is  better  than  that 
obtained  from  the  regression  analysis.  0.299  [1],  The  results  of  the  prediction 
set  are  given  in  Table  HI.  Importantly,  the  standard  deviation  for  the  same 
prediction  set  from  this  five  hidden  units  neural  network  is  better  than  both 
previous  studies,  the  neural  network  with  18  hidden  units  (0.43).  and  the  regres¬ 
sion  analysis  (0.36). 

In  conclusion,  it  has  been  shown  that  correlating  aqueous  solubilities  with  truc- 
ture  within  a  neural  networks  with  a  relatively  small  number  of  hidden  units  give 
a  better  performance  than  either  a  neural  network  with  1 8  hidden  units  or  a  ’  gres- 
sion  analysis. 
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1  Mill  11  t  Itivi  vil  \;irioii>  IikIiIcii  tmiis  jinKuirling  ui-idu 
lailuc  <i;i  neural  iiei  tiaiiiinii  ami  pralietion 


1  lie  '.lariiny,  weiJu  laeli'vs  are  in  range 
ol  2  to  I  aiut  1  to 


No.  of 

ilcruluMis 

Ihikicn  uims 

I  tjimng  set 

PrcJrelioii  set 

III  DUO 

■) 

0  V>2 

()..'vg 

:o(ioo 

-» 

0  4s6 

o.v 

It)  000 

3 

0  .1.17 

O.th 

:o  v>i){) 

} 

0,.’>7 

ID  (KKl 

4 

Is  IHIO 

4 

0. 

0.44 

2(1  IKK) 

4 

O.sO.t 

(1.34 

10  OIK) 

().,t7| 

0.4.4 

1  he  starting  weight  I'aelors 

are  in  the  range  of  I  to  1. 

10  OHO 

4 

O.'OI 

0.4.4 

20  ODD 

4 

0.2y| 

()..4S 

iO  iHK) 

5 

0.26V 

0,.44 

20  000 

5 

0.252 

0.  ih 

I  im  I  III.  I’reilieleU  results  lor  log  \V  using  neural  networks. 


fspt. 

list  (NN) 

(■:st(RA)|l] 

^•:sl(N^')t.4a) 

Ref 

1  4-he(/tano! 

1.40 

1  4.4 

1,61 

1.40 

il81 

2.  inenihone 

2.35 

'2.24 

2.04 

■2.72 

(2M 

4.  1 . 1  -diphein  lethyleiie 

4.52 

5  15 

•  5,28 

5.23 

125] 

4.  I'-eresol 

0.!<l 

0 

0.44 

0.54 

142) 

5.  lestosierone 

4.08 

4.74 

4.49 

4.66 

P-41 

0.  2.4,4-P(  B 

6.24 

6.04 

5.66 

5,96 

m 

7.  Ifesame'hasone 

.4,5'» 

4.48 

4,58 

.4.47 

129) 

4-eHlon».  .roben/enc 

2.85 

2.-50 

2.66 

1.84 

(181 

0  ;.5-PCB 

5.06 

5.75 

5,45 

5.75 

[44! 

10,  2.(i-P(  B 

5.21 

-5.f)8 

5.45 

-5.52 

[44] 

1 1  2  l.h.PCB 

6.06 

6.12 

5, ,88 

6.24 

1.44} 

12.  Huorene 

4.')2 

4.56 

4.78 

■  4,44 

]l7j 

1.4.  pyrene 

6.17 

5.67 

6,49 

6.04 

[12] 

}4,  indan 

.4,04 

4.r 

4.2 

3,10 

IP) 

15.  4-niethvlpvrutine 

0.04 

0.24 

(1.17 

0.01 

(18) 

!b.  isoquinoline 

1.45 

1.71 

1.24 

1,1  1 

[18] 

P.  letr'ilndroliiran 

0  48 

0..V4 

0.74 

0.59 

[18| 

P  cortisone 

,4.27 

.4.44 

4.55 

[421 

'9  2-naplnhol 

2  25 

1.40 

1.61 

2.08 

1.22] 

I  he  standard  deviation  is  (1..14, 
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Appendix:  I  he  experimental  and  estimated  ton  "  usinn  neural  networks 

(\\  in  moles/I  ). 


Case 

Kxpi. 

F  sl  (\N) 

I  St 

(RA)lll 

Ist 

l\\)(.3al 

Rel. 

1  1-oclene 

-4.62 

3.85 

-  4.27 

4,02 

[161 

2  1 ,2.4-irimeihylhen/cne 

-3.32 

-  3.67 

3.63 

■  3.50 

[16] 

3  1 .4-pentadienc 

2.09 

1.97 

2.07 

2.08 

[16! 

4  1.5-he\adiene 

-2.69 

2.64 

2.91 

2,86 

[16] 

5  1.6-heptadienc 

-a.34 

3.11 

3, 36 

■  3.21 

ll?i 

6  1 -hexene 

-3.23 

-2.87 

-3.12 

3.02 

[16] 

7  l-he\en-3-ol 

-0.59 

-0.32 

-0.69 

-0.33 

(151 

8  l-pentene 

-2,68 

■  2.23 

2.44 

-  2.38 

[161 

9  i-penten-3-ol 

0  02 

0.05 

-0.23 

0.01 

[!5l 

10  2.2,3-tnmethyl-3-pcmanol 

-1.27 

-1.10 

-1.71 

■1.26 

[151 

11  2.2-dimeth>l-3-peniano! 

-1.1 5 

-0.89 

-  1 .06 

■0,78 

[1?1 

12  2,2-dimeth>tpeniane 

-4.36 

-4.32 

-  4.34 

-4.06 

[28] 

13  2,2-diniethylpropanol 

-0..39 

-0..34 

-0..34 

-0.32 

il->l 

14  2. 3-djmeth\  1-2-butanol 

-0.41 

-0.40 

-0.69 

-0.31 

[29] 

15  2.3-dimet.ivl-2-pentanol 

-0.91 

-0.62 

-1.11 

. 0.59 

129] 

16  2.3-dimelhyl-3-peniani.l 

-0.86 

-0.76 

-1.17 

-0,67 

[291 

17  2,4-dimeths  l-2-pentanol 

0,96 

-0.88 

-  1.24 

0,79 

[291 

18  2.4-dimclhyl-3-pentanot 

1 .23 

1.00 

-  i.n 

O.XX 

129) 

19  2.4-dimethy!-3-pentanoiie 

■  1  .30 

-1.19 

~  1.20 

-  1.14 

1151 

20  2.4-dimcthyipentane 

4. ,39 

-4..30 

-4..39 

■4.10 

[1.^1 

21  2-hcplene 

-3.82 

-3.45 

-3.75 

-3.58 

[l-'l 

22  2-hcxanol 

-0,87 

-0.66 

-  1 .00 

-0.71 

(15) 

23  2-heptan('ne 

-1.42 

-  1.23 

1.51 

- 1  ,.30 

[151 

24  2-hexen-4-oi 

-0.40 

-0,36 

-  0.68 

--0.34 

II 5] 

25  2-melhyl-l -propanol 

0.10 

0.23 

0,26 

0.30 

[151 

26  2-meihyl-2-buianol 

0.09 

-0.08 

-0.34 

-0.07 

[18] 

27  2-meth>l-2-hexanol 

-  1 .07 

-0.89 

-  I..30 

■0,85 

[l-'l 

28  2-methyl-2-penlanol 

0.49 

-0.41 

-0.72 

-0.34 

[161 

29  2-mc!h\l-3-pentan(,)l 

-0.70 

-0.53 

-0.6^ 

-0,41 

[161 

30  2-me!h\  l-4-penlen-3-ol 

-  1)50 

-0..30 

-0  64 

0.29 

[15] 

31  2-mcthylpeniane 

3.79 

-3.78 

-3.89 

-  3.62 

[16] 

32  2-penianone 

-0.18 

-0.07 

-0.24 

0.04 

[181 

33  2-penienc 

-  2.54 

-2.24 

-2,46 

-  2.36 

[15] 

34  3.3-dimelhyl-l  -butanol 

-  0.50 

-0,85 

■0.81 

-0.75 

[291 

35  3.3-dimethyI-2-butanol 

-0.64 

-0.50 

-0.58 

-0.37 

[291 

36  3-ethyl-3-petnanol 

■  0.87 

0,71 

1.18 

(),65 

[29] 

37  3-hexanol 

0,80 

0.62 

0.87 

0.59 

[16] 

38  3-hexanone 

-0.83 

-0.64 

■  0.79 

-0,57 

(151 

39  3-mcthyl-l -butanol 

0.5 1 

0.31 

0.43 

-0.35 

[151 

40  3-methyl-2-hutanol 

-0.21 

-0.15 

0. 1  7 

-0.05 

[.30] 

41  3-mcthyi-2-butanone 

0.12 

0.03 

0.03 

0.09 

[151 

42  3-methyl-2-pcntanol 

0,71 

-0.55 

-0.64 

■  0.43 

[15] 

43  3-mcthyl-2-pcntanon>’ 

-0.67 

-0.55 

-  0.56 

•■■0.52 

[15] 
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Case 

Expi. 

EsttNN) 

(RA)lll 

(NN)1.3a) 

Ref. 

44  3-meihyl-3-hexanol 

- 1 ,00 

-0.93 

1.33 

-0.88 

1291 

45  3-methyl-3-penianoi 

-0.30 

-0.42 

-0,73 

-0,34 

129] 

46  3-mcthylpentane 

-3.83 

-3.80 

-  3.81 

-  3,54 

[161 

47  3-pentanol 

-0.21 

-0,18 

-0.29 

0.14 

115! 

48  3-penlanone 

-0.23 

-0.09 

-0,23 

0.00 

115) 

49  3-penten-2-ol 

0.06 

0.02 

-0..36 

-0.10 

[15] 

50  4-heptanone 

-1.44 

-1.21 

-1.41 

-  1.21 

115) 

51  4-methyl- l-pentene 

-3.24 

-2,83 

-3.(K) 

-2.95 

[16] 

52  4-methyl-2-pentanol 

-0.79 

-0.64 

-0.92 

-0.65 

116] 

53  4-methyi-2-pentaiione 

-0.71 

-0.57 

-0.69 

-0.54 

[15] 

54  4-methyl-3-pentanone 

-0  81 

-0.65 

-0.70 

-0,56 

[15] 

55  4-penten- 1 -ol 

-0.15 

-0.03 

-0.16 

O.W) 

[15] 

56  5-nonanone 

-2.58 

-2.57 

-2.30 

-2.20 

[15] 

57  anthracene 

-5.39 

-5.08 

-5.34 

-5.28 

[34] 

58  benzyl  alcohol 

-0.45 

-0.40 

-0.21 

-0.30 

[!5] 

59  butyl  acetate 

-1.37 

-1.42 

-1.55 

-1.21 

[16] 

60  cycloheptane 

-3.52 

-3.05 

-3.15 

-3.09 

[20] 

61  cycloheptene 

-.3.16 

-2.83 

-2.89 

-2.84 

[15] 

62  cyclooctane 

-4.15 

-3.56 

-3,71 

-3.55 

[20] 

63  cyclopentane 

-2.65 

-2.04 

-2.18 

-1.96 

116] 

64  cyclopentene 

-2.10 

- 1 .83 

-1.91 

-1.76 

[16] 

65  ethyl  butyrate 

-1.27 

-1.50 

-1.65 

- 1 .29 

[15] 

66  ethyl  decanoate 

-4.10 

-.3.97 

-.3,81 

-3.80 

[15] 

67  ethyl  formate 

0.08 

0.15 

0.23 

0.22 

[16] 

68  ethyl  heptanoate 

-2.74 

-3.01 

-3.08 

-2.47 

[16] 

69  ethyl  hexanoate 

-2.36 

-2.56 

-2.62 

-2.07 

[15] 

70  ethyl  isopropyl  ether 

-0.55 

-0.56 

-0,50 

-0.51 

[15] 

7 1  ethyl  nonanoate 

-3.80 

-3.61 

-3.74 

-3.49 

[151 

72  ethyl  octanoate 

-.3.39 

-3.38 

-3.43 

-2.98 

[15] 

73  ethyl  propyl  ether 

-0.69 

-0.61 

-0.46 

-0.5 1 

[16] 

74  ethyl  valerate 

-1.77 

-2.07 

-2.16 

-1,69 

[15] 

75  l-heptanol 

-1.80 

-i.4.3 

-1.56 

-1,45 

[16] 

76  heptane 

-4.53 

-4.34 

-4.73 

-4.44 

[16] 

77  hexane 

-3.96 

-3.78 

-3.97 

-3.71 

[16] 

78  isopropylbenzene 

-.3.38 

-3.40 

-3.57 

-3.28 

[16] 

79  isopropyl  acetate 

-0,54 

-0.59 

-0,92 

-0,50 

[16] 

80  methyl  butyrate 

-0.78 

-0.86 

-0.99 

-0,82 

[15] 

8 1  methyl  butyl  ether 

-0.99 

-0.72 

-0.66 

-0.80 

[15] 

82  methyl  isobutyi  ether 

-0.90 

-0.72 

-0.58 

-0.73 

[15] 

83  methyl  isopropyl  ether 

-0.03 

0.10 

0.15 

0.13 

[15] 

84  2-methylnaphthalene 

-3.84 

-3.96 

-4.08 

-3.77 

[3.3] 

85  methyl  propionate 

-0.15 

-0.24 

-0,40 

-0.21 

[16] 

86  methyl  propyl  ether 

-0.38 

0.04 

0.03 

-0.04 

[16] 

87  methyl  vec-butyl  ether 

-0.73 

-0.56 

-0.35 

-0..39 

[15] 
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Case 

Expl. 

EsKNN) 

Est 

IRAKI] 

Est 

(NNK.3a| 

Ref. 

88  methyl  t-butyl  ether 

0-21 

-0.51 

-0.45 

-0.40 

115] 

89  ^fj-nitrotoluene 

-2.44 

2.64 

•2.18 

-2.45 

(15! 

90  w-xylene 

-2.86 

-3.1 1 

-.3.10 

-3.05 

(21) 

91  iV-methyianiline 

-1.28 

-1.11 

1.11 

. 1 .09 

[19] 

92  A’.A-dimethylaniline 

-2.04 

-  1.64 

-1.59 

-2.03 

119] 

93  octane 

-5.24 

-4.82 

-5.33 

-4.99 

[16] 

94  o-toiuidine 

-0.82 

-0.73 

- 1 .04 

-0,68 

119] 

95  o-xylene 

-2.79 

-.3.01 

-.3.02 

-2.95 

[21] 

96  propyl  butyrate 

-1.92 

-2.09 

-2.20 

-1.68 

(16) 

97  propyl  isopropyl  ether 

-1.33 

-1.31 

-1.13 

-1.21 

[15] 

98  propyl  acetate 

-0.73 

-0.80 

1.03 

-0.73 

115] 

99  p-xylene 

-2.83 

-.3.16 

-.3.17 

-3.15 

121] 

100  styrene 

-2.57 

-2.80 

-2.96 

-2.87 

(33] 

101  ?-butvibenzene 

-3.60 

-3.95 

-4.10 

-.3.7.3 

119] 

102  1,3.5-lrimethylbenzene 

-3.40 

-3.79 

-3.76 

-3.76 

121] 

103  aniline 

-0.41 

-0.5.3 

-0.33 

-0.46 

115] 

104  w-toluidine 

-0.85 

-1.14 

-0.80 

-0.98 

[19] 

105  toluene 

-2.29 

-2.48 

-2.52 

-2.47 

(20] 

106  benzoic  acid 

-0.78 

-1.21 

-0.45 

-0.83 

119] 

107  phenylacetic  acid 

-0.91 

-1.60 

-1.1.3 

-1.2.3 

in] 

108  nitrobenzene 

-1.80 

-2.-32 

-1.66 

-2.07 

[16] 

109  ethylbenzene 

-2.91 

-2.95 

-3.04 

-2.9.3 

[28] 

1 10  n-propylbenzene 

-3.30 

-3.47 

-3.56 

-.3..33 

120] 

1 1 1  biphenyl 

-4.33 

-4.23 

-4.55 

-4.25 

(33] 

1 12  naphthalene 

-3.62 

-3.36 

-3.70 

-3.50 

133] 

1 13  pentane 

-3.27 

-3.21 

-3.55 

-.3.26 

[16] 

1 14  cyclohexane 

-3.07 

-2.59 

-2.65 

-2.60 

[30] 

1 1 5  methylcyclopentane 

-3.30 

-2.64 

-2.71 

-2.67 

[16] 

1 16  methylcyclohexane 

-3.79 

-3.08 

-3.16 

-3.12 

[28] 

1 17  isopentane 

-3.18 

-3.23 

-.3.34 

-3.04 

115] 

1 1 8  cyclohexene 

-2.59 

-2..32 

-2.37 

-2.33 

(16] 

1 19  dipropyl  ether 

-1.44 

-1.42 

-l.l  1 

-1.24 

[18] 

1 20  diethyl  ether 

-0.13 

0.09 

-0.1 1 

-0.09 

[18] 

121  ethyl  acetate 

-0.06 

-0.24 

-0.37 

-0.1 1 

(30) 

1 22  methyl  acetate 

0.46 

0.29 

0.17 

0.49 

[18] 

123  propyl  formate 

-0.51 

-0.41 

-0.34 

-0.32 

[16] 

1 24  2-hexanone 

-0.78 

-0.64 

-0.90 

-0.62 

[15] 

125  2-butanone 

0.49 

0.45 

0..36 

0.58 

[18] 

1 26  cyclohexanoi 

-0.42 

0.30 

-0.26 

-0.18 

[16] 

127  l-octanol 

-2.34 

-2.13 

-1.85 

-1.91 

[16] 

128  1-hexanol 

-1.21 

-0.81 

-0.97 

-0.78 

[16] 

129  1-pentanol 

-0.59 

-0.23 

-0.19 

-0.10 

[15] 

1 30  2-butanol 

0.29 

0.29 

0.12 

0.27 

[15] 

131  1 -butanol 

0.03 

0.25 

0.04 

0.19 

[15] 
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Case  lixpt.  Fst(N'N)  (RAIfl)  (NN)|.?a]  Ref 


1 32  benzene 

-1.68 

133  methane 

-2.82 

1 34  ethane 

-2.70 

135  propane 

-2.85 

136  butane 

-2.97 

137  2-methylpropane 

-3.07 

138  2,2-dimethylpropane 

-3.34 

139  2.2-dimethylbutane 

-  3.67 

140  2,2,4-trimethylpentane 

-4.67 

1 4 1  cis- 1 ,2-dimethylcyclo!ie\ane 

-4.27 

142  ethylene 

-2.33 

143  propylene 

-2.03 

144  1 -butene 

-2,40 

145  2-methylpropene 

-2.33 

146  /nj«v-2-pcntene 

-2.54 

147  2-methyl-2-butene 

-2.56 

148  3-methyl.  1 -butene 

-2.73 

1 49  //•^//;,v-2-heptene 

-3.82 

150  1.3-butadiene 

-1.87 

151  2-methyl- 1.3-buiadiene 

-2.03 

1 52  2.3-dimethyl- 1 ,3-huladiene 

-2.40 

153  butylbenzenc 

-3.94 

154  2.3-dimethylbutanol 

-0.37 

155  nitroethane 

-0.24 

156  l-nitropropane 

-0.80 

157  2-nitropropane 

-0.73 

158  2-nitrotoluenc 

-2.32 

159  1-methylcyclohexene 

-3.27 

160  2-melhyl-l -butanol 

-0.46 

161  2-pentanol 

-0.28 

162  diphcnylmethanc 

-4.70 

163  phenanihrene 

-5.21 

164  isobutyl  acetate 

-1.28 

165  2-bulylbenzene 

-3.67 

166  pentamethylbenzene 

-3,99 

167  1 .2.4.5-telramethylbcnzenc 

-4..34 

1 68  irans- 1 .2-diphenylethylenc 

-5.79 

169  3.3-dimethyi-2-butanone 

-0,72 

1 70  isopropyl  formate 

-0.63 

1  7 1  isobutyl  formatt 

- 1  .(H) 

172  isopentyl  formate 

-1.52 

173  methyl  benzoate 

1.53 

1 74  ethyl  benzoate 

-2  22 

175  ethyl  cinnamate 

-3.00 

-1.94 

-  2. 1 3 

1 ,80 

133! 

-2.51 

-2,46 

2.38 

|l6j 

-2.29 

-2,27 

2.45 

(16! 

-2,.39 

-2.49 

-2.. 34 

[16! 

_T  -rt 

-3.01 

-2.68 

(161 

-2.74 

_  ■>  lys 

-2.56 

116] 

-3.28 

-3.36 

-3.04 

(16! 

-3.82 

-3.75 

-3.45 

(16] 

-4.7| 

-4,75 

-4.40 

[16] 

-3.55 

-3.69 

-3.53 

116] 

-1.44 

-1.51 

-  1.96 

[16] 

-1.31 

-1.56 

-1.71 

[25] 

-1.66 

-1.99 

-1.87 

[16] 

-1.64 

-1.91 

- 1 .79 

[161 

-2.29 

-2,69 

-2.46 

[16] 

-2.24 

-2.45 

-2.29 

[16] 

-2.20 

-2.33 

-2.28 

116] 

-3,51 

-3.93 

-3.79 

[16] 

-1.52 

-1.80 

- 1 .64 

[16] 

-2,00 

-2.16 

-2,05 

(161 

-2,61 

-2.71 

-2.68 

[16] 

-4.06 

-4, 1 3 

-3,91 

[16] 

-0.64 

-0.60 

-0,49 

[16] 

-0.31 

-0.25 

-0, 1 3 

[16] 

-1.04 

-0.82 

-0.78 

[30] 

-1.03 

-0.67 

-0.52 

[16] 

-2.39 

-2.27 

-2.20 

[16] 

ri 

1 

2.96 

-2.95 

[16] 

-0.31 

-0.37 

-0.30 

[15] 

-0.17 

-0.46 

-0.19 

(15) 

-4.79 

-4.85 

-4,70 

[23] 

-5.01 

-5.55 

-5.31 

[33] 

-1.37 

-1.52 

-1.20 

[16] 

-4.02 

-4.10 

-3.82 

[16] 

-4.74 

-4.67 

-4,51 

[18] 

-4.30 

-4.23 

-4.22 

[33] 

-5.17 

-5.24 

-5.27 

[33] 

-0.51 

-0.43 

-0.54 

[25] 

-0.29 

-0.23 

-0.25 

[16] 

1 .04 

-0.77 

-0.90 

[16] 

-1,63 

-1.4! 

-1.43 

[25] 

-1.82 

-1.21 

-1.75 

[16] 

-2,20 

-1.77 

-2.05 

[18] 

•3.07 

-2.23 

-  3.00 

(.30] 

\n 

R\1  Nl 
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Case 

Expt. 

Esl(NN) 

Esl 

list 

(N\)1.3a) 

Ref. 

176  /-amylbenzenc 

-4.15 

-4.46 

-4.58 

-4.21 

(161 

1 77  2,2.5-trimethylhexane 

-5.05 

-5-09 

-5.34 

-5.07 

(201 

1 78  1 .3-dimethylnaphthalene 

-4.30 

-4.58 

-4.59 

4.36 

(171 

179  1.4-dimethylnaphthalenc 

-4.16 

-  4.63 

-4.73 

-  4.64 

[171 

1 80  2,ji-dimethytnaphthalcne 

-4.70 

-4.50 

-4.50 

-4.21 

[171 

181  2.b-d!melhylnaphthalenc 

-4.89 

-4.71 

-4.63 

-  4.64 

(17) 

182  1-eihylnaphthalene 

-4.20 

-4.44 

-4.61 

-4.24 

[-V3] 

183  benzaldehyde 

-1.21 

—  1 .66 

-  0-83 

-0.96 

[16] 

1 84  acetophenone 

-1.34 

-1.41 

-0.98 

- 1 .36 

[16] 

185  2-ethyl-2-hexenal 

-2.46 

-2.19 

-2.21 

-2.37 

[25] 

186  hutanal 

-0.28 

-0.78 

-0.17 

-0.28 

[25] 

187  hexanal 

-1.30 

-1.22 

-119 

-1.08 

[25] 

188  2-ethylbutanal 

-1.52 

-1.40 

-0.86 

-1.31 

(25) 

189  2-ethylhexanal 

-2. 1 3 

-2.13 

-1.68 

-  1.98 

[25] 

190  acetone 

0.88 

0.84 

0.90 

1.02 

(181 

191  nitromethane 

0.20 

0..34 

-0.10 

0.3.3 

[18] 

192  methanol 

1.56 

1.24 

0.96 

1.55 

(18] 

193  ethanol 

1.10 

1 .06 

0.91 

1.25 

(18) 

194  ! -propanol 

0.62 

0.73 

0.54 

0.75 

(18) 

195  cyclohexanone 

0.01 

-0.19 

0.07 

-0.23 

[18] 

196  .V..\-dimelhyl  acetamide 

2.1 1 

1.56 

1.22 

2.00 

[18] 

197  quinoline 

-1.30 

-1.84 

-1.39 

-1.24 

[18] 

198  furan 

-0.83 

-0.59 

-0.15 

-0.81 

[.30] 

199  pyridine 

0.47 

0.45 

0.27 

0.58 

[18] 

200  benzonitrile 

-1.65 

-1,58 

-1.06 

- 1.65 

[18] 

201  1 ,4-dinilrobenzene 

-3.33 

-  3.40 

-3.37 

-3.25 

[18] 

202  acetonitrile 

0.53 

0.47 

0.12 

0.56 

[18] 

203  propionitriie 

0.33 

0.25 

-0.09 

0.26 

[18] 

204  butyronitrile 

-0.33 

-0.30 

-0.57 

-0.22 

[IX] 

205  prednisolone 

-3.18 

-3.69 

-.3.1  1 

-3.22 

[29] 

206  hydrocortisone 

-2.97 

-  3.24 

-3.59 

-3.03 

[29] 

207  phenol 

-0.08 

-0.20 

0.07 

-0.12 

[.32] 

208  0-crest>l 

-0.65 

-0.74 

-0.55 

-0.83 

[32] 

209  ,1Ccrcs<4 

-0.71 

-0.74 

-0.51 

-0.66 

(.321 

210  1.3-dibromopropane 

-2.08 

-2.70 

2.4.3 

-2.55 

[15] 

211  1.3-dichloropropane 

-1.62 

1.98 

-2.(M) 

-  1 .98 

[16] 

212  2.2’-PCB 

-5.35 

-5.50 

-5.05 

-5.41 

[33] 

2 1 3  2-bromopropane 

-1.59 

- 1 ,79 

1 .67 

-  1 .62 

[16] 

214  2-chlor()propane 

-  1.41 

-  1.48 

-  1 .48 

-1.35 

[16] 

215  diiodomethane 

-2.. 34 

2.0-3 

-  2.54 

-  1 .92 

[15] 

216  hexachloroben/ene 

-6.78 

-  6. 1 .3 

-6.12 

-6.51 

[39| 

217  bromohen/ene 

•2.55 

2.62 

2.58 

2.61 

(331 

218  1 -bromobutane 

2.36 

-  2.52 

2.31 

2.. 34 

[161 

219  bromocthanc 

1.08 

1,26 

1.28 

-1.12 

[161 

864 


BOIX)R,  HU  XNCi,  AND  HARCiH  I 


Case 

Expt. 

Est  (NN) 

Est 

(R.4)[l] 

Est 

(NN)[3a] 

Ref. 

220  1-bromopropane 

-1.70 

-1.81 

-1.74 

-1.71 

116] 

221  chlorobenzene 

-2.35 

-2..34 

-2.24 

-2,31 

[3.31 

222  chlorobutane 

-2.14 

-2.19 

-2.1 1 

-2,10 

116] 

223  chioropropane 

-1.46 

-1.50 

-1.54 

-  1.45 

[16] 

224  fluorobenzene 

-1.87 

-1.97 

-1.83 

-1.90 

[25] 

225  iodobenzene 

-2.78 

—2  9"' 

-3.00 

-2.94 

[19] 

226  iodobutane 

-2.94 

-2.81 

-2.57 

-2.63 

[16] 

227  iodoethane 

-1,60 

-1.52 

- 1 .56 

-1.41 

[16] 

228  iodomethane 

-1.00 

-1.27 

-1.35 

-1.08 

[16] 

229  iodopropane 

-2.20 

-2.13 

-2,03 

-2.05 

[16] 

230  isoamyi  bromide 

-2.88 

-3.12 

-2.80 

-2.77 

[16] 

231  isobutyl  bromide 

-2.44 

-2.48 

-2.23 

-2  27 

[16] 

232  isobutyl  chloride 

-2.00 

-2.18 

-2.05 

-2.09 

[15] 

233  w-chloroaniline 

-1.37 

-1.45 

-1.20 

- 1 ,43 

[19] 

234  w-dichlorobenzene 

-3.08 

-2.99 

-2.83 

-2.85 

[16] 

235  (>-chloroaniline 

-1.53 

-1.50 

-1.00 

-1.38 

[19] 

236  o-dichlorobenzene 

-2.98 

-2.85 

-2.64 

-2.70 

[19] 

237  p-dichlorobenzene 

-3.28 

-3.26 

-3,22 

-3,00 

[16] 

238  1,2,4-trichlorobenzene 

-3.57 

-3.83 

-3.55 

-3.52 

[19] 

239  chloroform 

-1.21 

-1..36 

-1.69 

-1.29 

[16] 

240  chloroethane 

-0.93 

-1.06 

-1.15 

-0.99 

[16] 

241  trifluoromethane 

-1.98 

-2,10 

-1.28 

-1.80 

[16] 

242  1,1-dichloroethane 

-1.29 

-1.26 

-1.40 

-1.05 

[16] 

243  1,2-dichloroethane 

-1.05 

-1.22 

-1,23 

-0.78 

[18] 

244  1 ,2-dibromoethane 

-1.67 

-1.87 

-1.74 

-1.60 

[16] 

245  l-chloro-2-bromoethane 

-1.32 

-1.53 

-1.44 

-1.16 

[16] 

246  1,1,1  -trichloroethane 

-2.00 

-1.73 

-1.97 

-1.66 

[18] 

247  1 , 1 ,2-lrichloroeth3ne 

-1.46 

-1.59 

-1.64 

-1.18 

[16] 

248  1,1,2,2-tetrachloroethane 

-2.77 

-2.22 

-2,41 

-2.26 

[25] 

249  p-dibromobenzene 

-4.01 

-4.14 

-4.03 

-4.06 

[33] 

250  m-l,2-dichloroethylene 

-1.44 

-1.29 

-1.42 

-1.17 

[25] 

251  rra«.s-l,2-dichloroethylene 

-1.19 

-1.54 

-1.93 

-1.58 

[16] 

252  2-iodopropane 

-2.09 

-2.11 

-1,99 

-2.00 

[16] 

253  1 ,2-dichloropropane 

-1.61 

-1.89 

-1,65 

-1..34 

[16] 

254  1,2-dibromopropane 

-2.14 

-2.57 

-2.16 

-2.17 

[16] 

255  1,1-dichlorobutane 

-2.40 

-2.74 

-2.45 

-2.50 

[16] 

256  l-chloropentane 

-2.73 

-2.86 

-2.62 

-2.55 

[16] 

257  2-chloropentane 

-2.63 

-2.87 

-2.66 

-2.56 

[16] 

258  3-chloropentane 

-2.63 

1 

bo 

-2.49 

-2.52 

[16] 

259  chloroethylene 

-1.75 

-1.16 

-1.20 

-1.27 

[16] 

260  trichloroethylene 

-2.12 

-1.85 

-2,23 

-1.72 

[25] 

261  tetrachloroethylene 

-2.62 

-2.89 

-3.14 

-2.57 

[17] 

262  1-bromo- 2-ethylbenzene 

-3.67 

-3,75 

-3.69 

-3.64 

[16] 

263  bromomethane 

-0.81 

-1.13 

-I.IO 

-0.95 

[16] 
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Case 

Expt. 

Est  (NN) 

Est 

(RA)[11 

Est 

{NN)[3a] 

Ref. 

264  dihromomethane 

-L18 

-1.44 

-  1.70 

-1.28 

[16] 

265  tribromomethane 

-1.91 

-  2.28 

-2.80 

-2.03 

[16] 

266  chlorofluoromethane 

-0.82 

- 1 .06 

- 1 .02 

-0.72 

[16] 

267  chlorodifluoromethane 

-1.45 

-1.67 

- 1  .34 

-  1,56 

(26) 

268  dichiortxlifluoromethane 

-2.53 

-2.82 

-2.26 

-2.61 

(27) 

269  bromotrifluoromethane 

-2.70 

-2.64 

-2,01 

-2.55 

(16) 

270  1,1-difluoroethane 

-1.31 

-1.19 

-1.18 

- 1 .30 

(16) 

271  pentachloroethane 

-2.64 

-.3.20 

-3.30 

-2.97 

(25) 

272  hexachloroethane 

-4.47 

-4.66 

-4.37 

-4.71 

[38] 

273  1, 1.2.2- 

tetrach  lorod  i  fl  uoroet  bane 

-3.19 

-3.49 

-.3.63 

-3.14 

[16] 

274  1.1.2- 

trichlorotrifluoroethane 

-3.04 

3.20 

-3.32 

-2.90 

116] 

275  1.1- 

dichloroietratluorocthane 

-3.23 

-3.32 

-3.14 

-.3,13 

[16] 

276  1.2- 

dichlorotetrafluoroethane 

-3.09 

-.3.36 

-3,18 

-3,08 

(161 

277  chloropentafluoroethane 

-3.49 

-.3.78 

-3,08 

-.3.64 

[16] 

278  methyl  fluoride 

-1.23 

-1.39 

-1.19 

-1,13 

(16) 

279  methyl  chloride 

-l.OO 

-!.13 

-1.05 

-1.03 

116] 

280  dichloromethane 

-0.81 

-1.07 

-1,18 

-0.95 

[37] 

281  tetrachioromethane 

-2.30 

-2.33 

-2.69 

-2,05 

(25) 

282  3-PCB 

-4.73 

-4.75 

-4.60 

-4.69 

(31) 

283  2-PCB 

-4.84 

-4.85 

-4.69 

-4,66 

[33] 

284  2.4'-PCB 

-5.07 

-5.34 

-4.87 

-5.49 

(31) 

285  3-chloropropene 

-1.28 

-1.34 

-1.35 

-1.28 

[16] 

286  o-bromociimene 

-4.19 

-4.34 

-4.16 

-4.14 

[16] 

287  1.1.1.2-tetrachloroethane 

-2.18 

-2.30 

-2.56 

—2  29 

[25] 

288  1.2-difluorobenzene 

-2.00 

-2.01 

-1.69 

-1.89 

[29] 

289  1.2-dibromobenzene 

-3.50 

-3.51 

-3.46 

-3.51 

[29] 

290  1 ,2-diiodobenzene 

-4.29 

-4.16 

-4.49 

-4.35 

[33] 

291  1.3-difluorobenzene 

-2.00 

-2.20 

-2,17 

-2.14 

[29] 

292  1.3-dibromobenzene 

-.3.38 

-.3.75 

-3.60 

-3.57 

[29] 

293  1 .3-diiodobenzene 

-4.55 

-4,49 

-4.49 

-4.33 

[33] 

294  1 .4-difluorobenzene 

-1.97 

-2,36 

-2.57 

-2.1 1 

[29] 

295  1.4-diiodobenzene 

-5.25 

-4.92 

-4.92 

-5.07 

[29] 

296  1.2.3-trichlorobenzcne 

-3.76 

-3,56 

-3,28 

-3.47 

[29] 

297  1.2.4-tribromobenzene 

-4.50 

-5.08 

-4.82 

-4.77 

[29] 

298  1.3,5-trichlorobenzene 

-4.44 

-4.14 

-.3,84 

-3,97 

[29] 

299  1,3,5-tribromobenzene 

-5.60 

-5.42 

-5.04 

-5.56 

[29] 

300  1.2,3.4-tetrachlorobenzene 

-4.25 

-4.56 

-4,1 1 

-4,35 

[34] 

301  1,2,3,5-tetrafluorobenzene 

-2.31 

-2.66 

-2.77 

-2.65 

[35] 

302  l,2,3,S-telrachlorobenzene 

-4.77 

-4,81 

-4.30 

-4.42 

[33] 

303  1.2,4,5-tetrafluorobenzetic 

-2.38 

-2.88 

-3.16 

-2.63 

[35] 
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C'ase 

Expt. 

Esl(NN) 

Est 

(RA)[1J 

Est 

(NN)[.3a] 

Ref. 

.'04  1 .2,4,.5-tetrachloroben/ene 

-4.96 

“  5.08 

4.56 

5.1  1 

(.34] 

305  pentachlorobenzene 

-5.28 

5.60 

-  5.07 

-5.34 

(.361 

.'06  1  -lluoro-4-iodobenzene 

-3.13 

-.3.52 

3,68 

3.34 

[3-5] 

307  1  -chloro-2-fluoroK'nzene 

-2.42 

-2.43 

-2.20 

2.20 

[35] 

308  l-chloro-3-fluorobenzene 

-2.35 

-2,54 

r  i 

1 

-2.46 

[35] 

309  l-bromo-2-fluorobenzcne 

-2.70 

-2.75 

-2.59 

-2.61 

[35] 

310  1  -bromo-'-fluorobenzene 

-2.67 

-2.88 

-2.8.3 

-2.79 

[35] 

311  l-bromo-2-chiorobcnzene 

-3.19 

-3.19 

-3,04 

-3.1  1 

[29] 

312  I-bromo-3-chlorobenzene 

-3.21 

-.3.37 

-3.21 

-3.20 

(29] 

313  1  -bromo-4-chlorobenzc'ne 

-3.63 

.3.65 

-3.57 

-3.40 

[29] 

314  l-bromo-4-iodobenzene 

-4.56 

-4.54 

-4.47 

-4.55 

[29] 

315  l-chloro-2-iodobcnzene 

-3.. 54 

-.3.52 

-.3.48 

-3.51 

[29] 

316  l-chloro-3-iodobcnzcne 

-3.55 

-3.74 

-3.63 

-3.55 

[29] 

317  1  -chloro-4-iodobenz.cnc 

-4.03 

-4.07 

-3.99 

-3.91 

[29] 

3 1 8  betamethasone 

-.3.77 

-3.58 

-3.57 

-3.82 

[29] 

3 1 9  progesterone 

-4.42 

-4.6.3 

-4,32 

-4.51 

[29] 

320  butylamine 

0.96 

0.88 

0.80 

1.02 

[IX] 

321  propylamine 

1.52 

1.37 

1,42 

1,61 

[18] 

322  pentylamine 

0.27 

0.22 

0.19 

0.3 1 

[18] 

323  diethylamine 

1.03 

1.17 

0,96 

0.94 

(IX] 

324  ethylamine 

2.06 

1.68 

2,05 

1.91 

[IX] 

325  hexylamine 

-0.25 

-0.41 

-0,4.3 

-0.3,3 

[IX] 

326  hepiylamine 

-0.90 

-0.96 

-1.04 

-0.85 

[IX) 

327  octylamine 

-1.46 

-1.42 

-1.54 

- 1 .4 1 

[18] 

328  trimethylamine 

1.32 

1.34 

1.62 

1,40 

[IX] 

329  iriethylamine 

-0.26 

-0.36 

0.09 

-0.32 

[18] 

330  dipropylamine 

-0,54 

-0.35 

-0..39 

-0.47 

[18] 

331  dibutylamine 

-1.44 

-1.61 

-1.43 

-1.51 

[18] 
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Abstract 

The  ground-state  energ\  of  the  negative  hydrogen  ion  in  a  variety  of  plasma  model  env  ironments  has 
been  calculated  using  a  new  pair  function  code  which  takes  screening  into  account.  The  models  that 
have  been  studied  range  horn  simple  Debye  screening  to  more  realistic  cicctron-ion  potentials  derived 
from  density-functional  theory.  <■  IV'ty  John  Wiley  &  Sons.  Ine. 

Introduction 

The  potential  between  electrons  and  ions  plays  a  key  role  in  plasma  studies  as 
well  as  in  studies  of  atomic  processes  in  plasmas.  The  ultimate  goal  of  an  ah  inilio 
description  of  plasmas  is  still  a  formidable  task  of  many-body  theory  .  In  particular 
for  nonideal  plasmas  in  which  the  kinetic  energy  average  is  much  smaller  than  the 
potential  energy  the  difficulties  are  compounded  by  the  existence  of  bound  states 
of  the  constituents  (atoms  and  ions)  states.  This  requires  an  accurate  treatment  of 
both  the  global  and  local  properties  of  the  plasma.  In  spite  of  considerable  progress 
made  in  the  formulation  of  a  fundamental  theory  of  nonideal  hydrogen  plasmas 
[1]  and  reports  on  applications  to  helium  [2]  a  comprehensive  ah  inilio  treatment 
of  general  plasmas  is  still  a  development  of  the  future. 

The  study  of  atomic  processes  in  plasmas  on  the  other  hand  is  one  of  the  most 
active  areas  in  conjunction  with  plasma  diagnostics  for  the  fusion  energy  program 
as  well  as  for  astrophysical  research.  It  is  well-known  that  the  accuracy  required 
for  a  meaningful  evaluation  of  atomic  processes  is  quite  high.  Atomic  processes 
are  sensitive  to  local  plasma  environments.  Quite  frequently  these  are  either  totally 
neglected  in  the  corresponding  calculations  or  roughly  appro.yimuted  by  merely 
introducing  a  finite  correlation  sphere  or  application  of  simple  Debye  screening. 
These  approaches  reflect  essentially  the  fact  that  we  know  much  less  about  local 
properties  in  plasmas  than  their  global  aspects.  With  the  appearance  of  increasingly- 
detailed  computer  models  of  the  plasma,  however,  there  is  hope  that  the  potentials 
required  for  atomic  calculations  including  the  environment  can  be  refined.  It  appears 
appropriate  and  timely  to  study  alternative  approaches  for  the  extraction  of  realistic 
electron-ion  potentials  from  detailed  plasma  calculation.s  and  to  develop  new 


*  this  weyrk  was  suppnrtvd  by  the  Division  ot Chemical  Sciences.  Ofiice  of  Basic  t  nergy  Sciences. 
Office  Ilf  1. nergy  Research.  O  S.  Department  of  t  nergy.  One  o(  the  authors  (J.C.M  1  acknowledges  also 
support  by  the  National  Science  foundation  (grant  si  1-910X764). 
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methods  to  dynamically  couple  the  plasma  electrons  to  the  atomic  electrons.  The 
present  study  is  our  first  step  in  this  direction. 

At  present  the  majority  of  plasma  calculations  are  based  on  the  one  component 
plasma  model  (cx  p)  which  takes  the  electron  component  as  a  background  providing 
a  uniform  charge  density  throughout  all  space  mainlv  to  ensure  charge  neutrality. 
While  this  approach  may  be  adequate  for  high-energy  plasmas  it  is  inadequate  for 
our  purposes  because  the  artificial  immobility  of  the  electron  background  introduces 
stronger  spatial  fluctuations  of  the  calculated  ion  densities  and  the  associated  po¬ 
tentials  than  are  to  be  expected  in  reality.  Fortunately  there  are  calculations  in  the 
two-component  plasma  model  (tcp)  available  (.1)  the  results  of  which  have  enabled 
us  to  design  strategies  for  the  refinement  of  potential  functions  to  be  used  in  future 
calculations  of  atomic  processes  in  various  plasma  environments.  Unfortunately 
such  TCP  computations  are  still  all  too  rare  and  the  existing  ones  do  not  directly 
cover  the  region  of  interest  for  the  study  atomic  processes.  Density-functional  theory 
is  our  choice  to  obtain  the  required  information  about  the  plasma  environment. 
Alternative  approaches  are  Monte  Carlo  methods  or  Molecular  Dynamics  calcu- 
la.  ions  which  will  not  be  discussed  here  any  further,  however. 

Another  current  topic  of  increasing  interest  and  full  of  surprises  is  the  research 
on  highly  charged  ions  stimulated  by  the  availability  of  efficient  ion  sources  and 
experimentally  restricted  so  far  mostly  to  studies  in  the  vacuum  but  always  with 
the  declared  direction  tow'ard  applications  in  plasmas,  in  particular,  the  study  of 
impurities.  There  is  a  considerable  need  for  theoretical  extrapolation  of  the  vacuum 
results  to  plasma  environments.  Although  our  studies  are  presently  focused  on 
hydrogen  plasmas,  in  particular,  the  study  of  negative  hydrogen  ions,  the  methods 
can  be  applied  directly  to  the  study  of  highly  charged  positive  ions  as  long  as  a 
nonrelativistic  theory  is  feasible  and,  with  moderate  modifications,  to  heavier  ions. 
The  step  to  more  complicated  plasmas  is  planned  for  the  future. 

In  the  next  section  we  summarize  the  framework  of  density-functional  theory  as 
applied  to  hydrogen  plasmas.  In  the  third  section  we  will  discuss  the  one  “realistic” 
potential  we  have  extrae’ed  so  far.  The  fourth  and  fifth  .sections  are  reserved  for  a 
brief  explanation  of  the  pair  function  approach  and  the  discussion  of  our  results 
for  various  plasma  models.  A  more  general  discussion  of  our  findings  and  possible 
plasma  conditions  for  which  our  calculations  may  be  appropriate  follows  in  the 
final  section. 


Density-Functional  Approach 

Here  we  summarize  the  main  relations  from  density-functional  theory'  applied 
to  hydrogen  plasmas  [3].  The  equations  for  the  electron  subsystem  are  given  by 

[-'/2T'+  r,,(r)]'i>,{r)  =  c,  «F,  (r)  (1) 

where  i;  designates  a  quantum  state  ( r.  /,  ni)  if  e  is  negative  and  (A ,  /,  m)  if  e  = 
'/jA*  referring  to  a  scattering  state. 


K(r)  =  -[1/r  +  Mr))  +  f.'.'jr)  - 


(2) 
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where 


,,  ,  ,  r  -  «('■')  ,  , 


(3) 


and  the  exchange  potentials  are  taken  in  local  density  approximat  on.  The  key 
quantity  here  is  the  distribution  function  for  an  ion-electron  pair 

g„.(r)  =  n(r)/n,„.  (4) 

which  is  related  to  the  bound,  free  and  average  electron  densities 

fi(r)  =  «'’(/■)  +  A«'(r)  +  (5) 

with 


fr’ir)  =  I  (2/+  1)1  <!>„./ 1 


(6) 


A»Ur)  =  7r--  f  /c^dk{/(/,.Me)I(2/+  l)[Rh(r) -J^rk)]} 
Jo 


(7) 


,/(p.  M.)  =  l/[i  +  exp(c.  -  {/tf  =  1/A«7) .  (8) 

For  the  ion  subsystem  the  most  relevant  relations  are  the  pair  function  equation 

=  exp[-(tfr,(r)]  (9) 

with 

F,(r)  =  [l/r+  Vr{r)]+  ^r)  (10) 

where  the  average  correlation  potential  is  given  by 

kT(L)  =  -(l/,8)p„,  J  [h(r')  +  (il'-,(r’)]h{\v-r'\)cJi'  .  {!!) 

Finally  we  define 

In  g(r)  =  -/3[i/7 ■  +  Vp(r)]  +  pav  j  IHr')  ~  lng(r')]//(  |r  -  r'|)(/r'  (12) 

with  h(r)  =  g{r)  -  1. 


Realistic  Potentials 

Once  the  distribution  functions  g,<,  and  g„  have  been  obtained  by  iteration  we 
use  the  densities  n(r)  =  nu,gi,(r)  and  p(r)  =  pavguir)  in  Poisson’s  equation 
V^f'{r)  =  -47r(p(r)  ~  n(r))  for  the  evaluation  of  a  “realistic"  potential.  This  term 
is  used  here  to  express  the  fact  that  important  features  of  the  plasma  environment 
have  been  included  albeit  in  an  approximate  and  averaged  way.  Subsequent  com¬ 
putations  can  be  considerably  accelerated  if  we  use  analytic  potential  functions 
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which  are  fitted  to  the  realistic  potentials.  In  Figure  1  we  present  a  fit  employing 
the  analytical  form  of  a  Debye- Laughton  potential 

F;)i  (r)  =  A  exp(-r/D)[! /r  -  Br‘‘  exp(-Cr//>)]  .  (1.2) 

This  form  reproduces  the  potential  curve  obtained  from  one  of  the  few  e.xisting 
TCP  calculations  [3]  so  well  that  in  the  graph  the  curves  cannot  be  distinguished 
in  the  displayed  region.  We  have  used  potentials  of  this  form  in  resonance  calcu¬ 
lations  previously  in  a  study  of  shape  resonances  in  the  .v-wave  channel  (4).  The 
plasma  conditions  of  this  particular  calculation  support  only  one  bound  state  of 
the  neutral  atom  at  an  energy  of -0.140148  a.u.  For  the  pair  function  calculations 
reported  next  we  have  therefore  to  change  the  parameters  of  the  Debye-Laughton 
potential  so  that  the  model  supports  several  bound  states  and  in  particular  also  a 
bound  state  of  the  negative  ion.  Model  calculations  of  plasmas  under  corresponding 
conditions  are  well  under  way  but  not  completed. 

The  .\toiiilc  Pair  Function 

Numerical  pair  functions  [5]  have  become  an  important  tool  in  the  study  of 
atomic  structure.  For  helium-like  systems  they  offer  a  rather  convenient  way  to 


FITTED  POTENTIAL 

V(r)  ■(Aexpf  -r/D))/ r-Brexp(-  (C  +  1  )''/□) 


Figure  1.  Fit  of  an  analytic  function  to  a  realistic  potential  for  hydrogen  plasma  ( T 
10 ).  The  radius  of  the  correlation  sphere  is  2  a.u.  The  parameters  of  the  Debye-I  aughton 
potential  (Fq.  I  Ft) |  arc  /I  =  \.  II  -  .22.1.  f  ..S96.  1)  4.717,  n  1. 
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obtain  accurate,  numerical  bound-state  wave  functions.  For  larger  systems  the  con¬ 
struction  of  pair  functions  is  a  feasible  alternative  to  the  correlation  of  single  panicle 
functions,  in  panicuiar,  the  infinite  summation  of  ladder  diagrams  [6]  and  [7], 
The  calculation  of  pair  functions  with  screened  Coulomb  potentials  is  new  and 
requires  some  justification. 

The  theory  of  atomic  pair  functions  will  be  outlined  only  briefly.  Relevant  details 
can  be  found  in  a  pioneering  publication  by  Martensson  [8].  Although  we  use  a 
code  of  own  provenance  because  of  the  modifications  required  by  the  inclusion  of 
plasma  screening  the  description  of  the  finite  difference  techniques  provided  there 
can  serve  as  a  guide  also  here. 

For  two-electron  systems  the  equation  for  the  pair  function  (shown  in  figure 
2 )  is  given  by 

[e„  +  £/,  - /(,){ 1 )  - /io(2)}jp„/.>  =  T  |rv)<r.v|  r|«/>  + 

Mg/' 

-  I  ^,.,iccl\y\ah  +  (14) 

.</£/• 


Figure  2.  Plot  of  a  pair  function.  Only  the  .v-contribution  is  displayed.  The  vanables  jt, 
and  .V;  are  the  radial  variables  of  the  two  electrons  given  here  in  terms  of  mesh  points. 
The  choice  of  the  parameters  corresponds  to  simple  Debye  screening  with  D  =  1000  which 
is  very  similar  to  the  unscreened  Coulomb  potential.  A  logarithmic  grid  r  =  exp(.x  )  has 
been  used.  The  parameters  of  the  Dchye-Laughton  potential  are  /(  =  \,  B  =  C  -  0.  D  - 

1000.  *1  =  0. 
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Here  Pis  the  model  space  spanned  by  a  subset  ofeigenfunctions  ofan  approximate 
Hamiltonian  consisting  of  a  sum  of  single-panicle  operators  /tul  /  )•  We  notice  that 
the  pair  function  p^h  complements  the  product  functions  i  ah  ) .  The  right-hand  side 
is  a  functional  of  p  but — starting  with  an  educated  guess — v\e  use  the  function 
obtained  in  the  -  1  )st  step  as  right-hand  side  for  the  «th  iteration  until  con¬ 
vergence  has  been  obtained  within  a  preset  tolerance.  The  one-electron  problem 
connected  with  //o  has  to  be  solved  first; 

/)„(/)=  -rr/2  -  Z/r,  +  1'.  (15) 

In  order  to  include,  for  example,  Debye  screening  the  matrix  elements  of  I  ’  are 
chosen  as 

r„  =  </|-  Z[exp(-r//))  -  \\/r\  /> 

core 

+  Z  i</c|exp(-r//))/r|/r>  -  vrciexp(-r/D)/r!(7)  ;  .  (16) 

<■ 

More  realistic  choices  for  r  have  been  studied  also. 

Results 

In  Table  I  we  present  results  of  the  present  calculation  for  increasing  Debye 
screening  (decreasing  values  of />)  and  compare  the  ground-state  energy  of  the 
negative  hydrogen  ion  to  the  binding  energy  for  the  neutral  atom  in  the  same 
plasma  environment.  Both  values  decrease  with  increasing  screening.  As  long,  how¬ 
ever,  as  the  value  in  the  last  column  is  more  negative  than  the  corresponding  entry 


Tabi  r  1.  The  gound-siate  energy  of  the  H  -ion  (last  column)  for  some  values  of  the  Debye  parameter 
D  (column  I )  is  compared  to  the  ground-state  energy  of  the  neutral  atom  (column  2).  Columns  .t  and 
4  show  the  results  of  the  present  pair  function ^-alculation  obtained  on  a  gnd  of  43  /  43  points  and  the 
values  of  the  Richardson  extrapolation,  respectively.  In  the  pair  (unction  results  s.  p.  and  d  partial  waves 

have  been  consistently  included. 
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0.508135 
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0.472-S4() 
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0.471588 
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-  0.471225 
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0.471249 
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in  column  2  the  negative  ion  is  bound.  We  notice  that  at  values  ol  1)  about  34  or 
less  the  two-electron  system  ceases  to  be  bound. 

W'hat  happens  when  we  go  beyond  the  bound  regime?  Does  the  system  emit  the 
second  electron  immediately  into  the  continuum  or  do  features  of  the  combined 
and  predominantly  localized  system  persist  even  though  the  energy  coexists  with 
the  one-electron  continuum?  Our  studies  are  not  yet  at  the  stage  to  provide  a  quan¬ 
titative  answer  to  this  question. 

The  fact  that  even  beyond  the  bound  region  our  calculations  yield  stales  with 
distinct  energies  and  electron  densities  not  much  diH’erent  from  the  bound  sy  stems 
may  be  an  artifact  of  the  chosen  computational  approach.  We  do  not  believe  in 
this  explanation,  however,  because  in  similar  circumstances  for  heavily  screened 
one-electron  systems  we  were  able  to  explicitly  show  the  resonance  character  of  the 
corresponding  solutions  [4).  But  more  studies  are  required  here.  The  comparison 
data  in  the  last  column  have  been  obtained  *Vom  eorrelated  wavcfunclions  in  the 
generator  coordinate  representation  described  elsewhere  [4]  and  have  been  included 
here  only  to  assess  the  accuracy  of  the  present  calculations  given  in  columns  3 
and  4. 

One  further  point  is  worth  mentioning:  While  the  results  in  the  last  column  are 
obtained  from  a  variational  calculation,  the  same  is  not  true  for  the  numerical  pair 
function  results  which  may  happen  to  lie  below  the  t.ue  energy  values.  In  view  of 
the  demonstrated  accuracy  of  the  results  this  distinction  is  of  little  relevance  for  all 
practical  purposes  and  so  we  have  abandoned  this  control  in  the  following  inves¬ 
tigations. 

In  Tables  11,  III.  and  IV  we  have  extended  the  study  of  the  stability  of  the  negative 
hydrogen  ion  to  other  screening  environments.  W'c  proceed  from  the  simple  Debye 
screening  model  to  more  realistic  potentials  which  in  principle  should  be  obtained 
from  pair  distribution  functions  of  two-component  plasma  simulations  as  above 
but  are  at  this  time  only  represented  by  .sequences  of  analy  tic  potential  functions 
which  may  or  may  not  have  any  resemblance  to  realizable  situations.  Future  efforts 
will  show  if  any  (or  all!)  of  these  potentials  can  be  associated  with  real  plasma 
conditions. 


Tabu  It.  The  energy  of  the  H  -ion  for  several  values  of  the  parameter  II.  with  .1  I.  (  0.  I) 
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Discussion 

Although  our  foremost  motivation  for  investigating  the  negative  hvdrogen  ion 
at  this  time  was  dictated  by  the  need  to  assess  both  the  accuracy  and  efficiency  of 
our  newly  developed  code  the  problem  fits  well  into  the  overall  scope  of  our  research 
program  on  atomic  processes  in  various  plasma  environments  and  the  question 
arises  whether  there  are  plasmas  for  which  our  results  are  meaningful  or  whether 
they  are  just  of  computational  interest,  U  is  well-known  that  the  negative  hydrogen 
ion  is  very  weakly  bound  even  in  the  vacuum  and  obviously  in  a  screening  envi¬ 
ronment  the  binding  decreases.  However,  it  has  been  established  that  H  in  the 
solar  chromosphere  is  (together  with  neutral  hydrogen  and  the  positive  ions  of 
calcium  and  magnesium)  one  of  the  four  major  contributors  to  the  absorption  of 
radiation  from  the  sun.  This  affects  the  opacity  of  the  sun  chromosphere  substantially 
[  10] .  Obviously  there  is  a  favorable  plasma  environment.  The  corresponding  tem¬ 
perature  is  assumed  at  4400  K  but  even  at  much  higher  electron  temperatures 
between  1 1  000  K  and  15  000  K  where  negative  hydrogen  ions  arc  merely  tem¬ 
porarily  formed  in  collision  processes  their  contribution  to  the  overall  continuum 
radiation  is  not  negligible  as  collisional-radiaiive  models  have  established  (I  Ij. 


Tabi.I;  IV,  The  energy  of  the  H  -ion  for  several  values  of  (he  parameter  li.  with  .1  1.  ('  0.  I) 
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Il’wc  I'inall)  ask  tho  siucsiion.  untior  which  cguilihriuin  conditions  the  iH>pulation 
of 'legalise  Indrogen  ions  is  ol' approximately  the  same  order  as  the  population  ol 
the  neutial  system  we  hase  to  go  to  much  hnver  temperature  ranges  and  the  result 
will  critically  depend  on  the  eleetron  density,  let  us  assume  tor  a  moment  the 
validity  of  the  simple  Debye  screening  model.  In  this  model  the  binding  energy  of 
the  second  electron  at  a  screening  value  of  />  =  4t)  corresponds  to  approximately 
0.1  eV  and  at  1)  '  35  to  0.014  eV.  I  ritm  the  Saha~Bo!t/mann  population  distri¬ 
bution  (see.  e.g..  Huiehinson  [12))  this  translates  into  detachment  ( ioni/.alion ) 
temperatures  of  /  -  77  K  and  /  “  1 1  K.  lespectively.  for  an  electron  density  of 
10'' cm  '.  bbr  a  lower  electron  density  value  of  10'^  cm  ’  the  corresponding 
numbers  are  /'  -  2iS  K  and  7  -  4  K.  respectively.  .X  very  important  feature  of  this 
analysis  is  the  strong  dependence  of  the  population  on  the  binding  energy  and  this 
quantity  itself  depends  critically  on  the  adopted  mtHlel  lor  the  screening. 

In  the  future  we  plan  to  include  screening  also  for  the  electron-electron  repulsion 
which  here  is  still  taken  as  the  bare  Coulomb  interaction.  It  is  expected  that  binding 
increases  slightly  w  hen  the  repulsion  is  sercened.  So  far.  however,  we  have  neither 
developed  a  convincing  screening  model  of  the  simplicity  of  the  Dcbye-Huckel 
type  nor  calculated  the  electron-electron  distribution  function  from  which  the 
screened  interaction  can  be  deduced. 
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•Abstract 

\(  t  S  II,  J  now  program  osMcm  for  ah  iiiiiti’  ckvlronic  stnioUiro  oaloulaiions  is  dossntxil  I  ho  sirongths 
of  \(  1  s  II  insoKo  iho  iiso  ot  man>-b(Kl>  porturbation  llio’ors  (  mbim  )  ansi  ooiiplosl  slustor  (<  <  I  ihoors 
lor  s'alculaling  Iho  oncrgs.  goomoirs.  spcotra.  and  proportios  oh  small-  lo  modiuni-si/od  niolooulos  this 
paper  gives  a  b.iel' overview  ol  die  \(  I  s  ll  projeel.  sleserihes  mans  lealures  ot  die  program  svsiem.  aiu! 
doei-mems  a  number  ol  beiiehmark  ealeulations,  ■  i‘Vi:  loim  \Siiev  \  Sons,  ins 


Introduction 

Since  the  earlv  part  of  1990.  a  new  program  system  for  quantum  chemical  cal¬ 
culations  has  been  under  development  at  the  University  of  Florida.  This  suite  of 
programs,  known  as  At  i  s  it  [1],  is  ideally  suited  for  users  who  arc  interested  in 
performing  highly  accurate  calculations  on  small  to  medium-sized  molecules  (  up 
to  5-10  nonhydrogen  atoms,  depending  upon  the  symmetry  of  the  molecule).  The 
program  system  largely  reflects  the  research  interests  of  its  authors,  and  specializes 
in  the  treatment  of  electron  correlation  cflfects  using  the  techniques  of  quantum 
many-body  theory,  namely  many-body  perturbation  theory  (mbpi  )  (2)  and  cou- 
pled-ctu'ier  (C(  )  (.1]  theory.  In  addition  to  the  .standard  many-body  approaches 
found  in  some  other  program  systems,  ac  psii  has  many  additional  capabilities.  In 
particular,  the  program  includes  a  number  of  powerful  treatments  for  open-shell 
molecules,  and  allows  the  calculation  of  energy  gradients  at  almost  all  levels  of 
theory'  where  the  energy  is  available.  Additional  features  include  analytic  calculation 
of  the  second  derivatives  of  the  energy  at  selected  levels  of  theory,  evaluation  of 
NMR  shielding  constants  at  both  s<  t  and  mbpt  levels,  and  direct  calculation  of 
ionization  potentials,  electron  affinities,  and  excitation  energies.  As  such,  it  provides 
a  unique  tool  for  the  study  of  molecular  potential  energy  surfaces  and  spcctro.scopic 
properties  (particularly  for  open-shell  systems)  at  very  high  levels  of  theory.  In 
addition,  the  program  makes  efficient  use  of  molecular  symmetry  .  The  CPU  time 
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required  for  the  most  costly  steps  of  correlated  energy  and  gradient  calculations 
scales  inversely  with  the  square  of  the  order  of  the  largest  Abelian  subgroup  of  the 
full  molecular  point  group  (4).  with  the  result  that  ct  calculations  carried  out  in 
the  Dzh  subgroup  with  approximately  250  basis  functions  can  routinely  be  carried 
out  on  a  Cray-YMP  in  less  than  1  hour  of  CPU  time. 

With  the  exception  of  the  modules  for  calculation  of  molecular  integrals  and 
their  derivatives  {5],  every  line  of  acis  n  has  been  written  in  the  last  2  years. 
Consequently,  it  has  been  possible  to  specifically  target  the  programs  for  modern 
hardware  architectures  and  computing  environments.  Because  most  scientists  now 
have  access  to  a  w  ide  variety  of  computing  options,  a  great  deal  of  effort  has  been 
expended  to  make  ac  i  sii  as  portable  as  possible.  The  amount  of  machine-dependent 
code  has  been  kept  to  an  absolute  minimum;  routines  which  arc  intrinsically  ma¬ 
chine-dependent  (such  as  those  for  obtaining  timing  information,  allocation  of 
memory,  etc.)  are  kept  in  a  special  library  directory  .  The  program  has  been  developed 
mostly  on  the  Cray-YMP  at  the  Ohio  Supcrcomputing  Center  ( with  extensive  ap¬ 
plications  carried  out  at  the  Florida  Supercomputing  Center),  and  has  also  been 
ported  to  other  machines  available  to  us  locally  (  FPS-5()0.  IBM  RISC  workstations. 
Sun  SPARC,  Silicon  Graphics).  Porting  to  other  architectures  is  generally  a  trivial 
task  and  can  easily  be  accomplished  in  a  few  hours.  In  addition,  arithmetic  operations 
have  been  written  to  exploit  the  features  of  vector  computers  as  much  as  possible. 
Indeed,  in  the  modules  which  solve  for  the  MBPt  and  Cf  energies,  all  operator 
products  are  carried  out  with  bi.,as  matrix  multiplication  routines,  which  are  avail¬ 
able  in  machine-optimized  form  fror .  most  vendors.  On  vector  computers  such  as 
the  Cray-YMP.  very  higli  sustained  execution  rates  ( in  excess  of  250  million  floating 
point  operations  per  second,  or  Mr  i,OP.s,  running  in  single  processor  mode)  can  be 
achieved  for  larger  ( or  less  symmetric )  systems  where  matrix  sizes  can  be  very  large. 
Finally,  to  exploit  the  larger  core  memories  available  with  modern  computers, 
special  in-core  options  are  available  which  reduce  the  amount  ofdisk  input/oulput 
(I/O)  to  a  minimum.  The  result  is  a  set  of  programs  which  can  produce  answers 
to  chemical  problems  with  a  very  reasonable  amount  of  CPU  time. 

In  the  following,  we  briefly  describe  the  act.s  ii  program  system  and  describe 
many  of  its  features.  After  this,  we  present  results  and  timings  ofa  variety  of  bench¬ 
mark  calculations  carried  out  at  the  Ohio  and  Florida  State  Supercomputer  Centers. 
These  applications  have  been  chosen  to  illustrate  the  variety  of  computational  op¬ 
tions  available  in  ac  ks  ii  as  well  as  the  performance  of  the  program  on  a  modern 
supercomputer.  Additional  benchmark  timings  may  be  found  in  refs.  4  and  6. 
Finally,  we  summarize  and  discuss  some  other  aspects  of  the  a(  I  S  Ii  project. 


Overview  of  Program  Architecture 

Currently,  the  ac  ps  ii  program  system  consists  of  approximately  20  principal 
executable  programs,  or  modules.  The  level  of  modularity  is  perhaps  best  illustrated 
by  listing  the  execution  sequence  for  a  c  c  singles  and  doubles  (t  c  SD)  energy  cal¬ 
culation  and  describing  the  actions  cf  each  module.  The  first  executable,  which 
serves  a  number  of  purposes,  reads  the  input,  determines  the  molecular  sy  mmetry. 
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principal  axis  system  and  rotational  constants,  generates  the  3  X  3  ( reducible ) 
Cartesian  representation  matrices  and  permutation  vectors  for  all  group  sy  mmetry 
operations  in  both  the  full  and  Abelian  subgroups,  determines  all  inlernuclear  dis¬ 
tances  and  bond  angles,  and  calculates  transformation  matrices  relating  the  input 
coordinates  (either  Cartesian  or  /-matrix  internal  coordinates)  and  the  principal 
axis  Cartesian  frame.  The  second  program  calculates  the  one-  and  two-electron 
molecular  integrals,  using  either  generally  contracted  or  segmented  Gaussian 
basis  sets.  A  third  program  determines  a  number  of  transformation  matrices  which 
are  required  to  manipulate  the  basis  set.  such  as  those  relating  the  basis  set  in 
Cartesian  and  spherical  harmonic  representations,  symmetry -adapted  to  “bare" 
atomic  orbitals,  etc.  The  next  program  in  the  sequence  solves  the  self-consistent 
field  (SCF)  problem  using  either  restricted  or  unrestricted  Hartrce-Fock  ( RUt-  and 
tiHF,  respectively),  or  restricted  open-shell  Hartree-Fock  (rohi  )  methods.  In  ad¬ 
dition,  it  checks  the  symmetry  of  the  one-particle  density  matrix,  and  determines 
the  irreducible  representations  of  all  molecular  orbitals.  After  this,  the  fifth  program 
in  the  sequence  transforms  the  two-electron  integrals  from  the  atomic  orbital  (AO) 
to  the  molecular  orbital  ( MO)  basis.  Another  program  processes  these  integrals  and 
writes  them  to  a  direct-access  file,  ordered  to  facilitate  post-SCF  calculations.  This 
program  also  performs  the  trivial  task  of  evaluating  the  second-order  mbpt 
(MBPT(2)]  correlation  energy.  Finally,  the  cc/mbpt  program  is  called  and  the 
cesD  energy  and  wavefunction  are  evaluated.  The  complete  execution  sequence  is 
determined  and  subsequently  controlled  by  a  single  FORTRAN  program. 

Due  to  the  high  level  of  modularity  present  in  ac  es  ii.  the  programs  need  to 
communicate  with  one  another.  This  is  carried  out  via  word-addressable  direct 
access  files.  Large  dimension  quantities  such  as  two-electron  integrals,  density  matrix 
elements,  etc.  are  stored  on  “lists"  in  an  order  which  is  optimal  for  CC'/MBPT 
calculations,  an  idea  carried  over  from  the  ACES  program  system  [  7  ] .  w ritten  mainly 
by  Bartlett  and  Purvis  in  the  1970s  and  1980s.  Other  quantities  such  as  SCF  eigen¬ 
values,  information  regarding  the  molecular  geometry  or  symmetry,  etc.,  are  stored 
on  the  “JOBARC”  file,  and  addressed  via  simple  character  string  labels  such  as 
SCFEVECA  for  the  a  SCF  eigenvectors.  Two  sets  of  two  subroutines  (one  each  for 
reading  and  writing)  control  all  I/O  to  the  data  files.  One  is  used  for  the  “lists" 
and  the  other  for  the  JOBARC  file.  When  permitted  by  the  amount  of  available 
machine  memory,  many  or  all  of  the  “lists”  [a  series  of  logical  records]  can  be  read 
off  disk  at  the  beginning  of  execution  and  held  in  core  throughout  the  calculation, 
resulting  in  significantly  reduced  I/O  loads.  In  addition,  all  I/O  to  the  list  files  is 
carried  out  by  reasonably  sophisticated  routines  that  maintain  a  buffer  cache  which 
often  contains  the  requested  information  and.  therefore,  does  not  require  a  physical 
disk  read. 

At  the  beginning  of  execution,  each  program  calls  a  special  subroutine  which 
loads  all  common  blocks  with  information,  allocates  the  memory  required  for  the 
calculation  and  initializes  the  I/O  channels  to  the  JOBARC  and  list  files.  In  some 
sense,  this  routine  serves  to  bring  the  executable  “up-to-date”  with  regard  to  the 
previous  steps  carried  out  in  the  calculation.  At  the  end  of  execution,  each  module 
calls  another  special  routine  which  updates  the  files  with  information  from  ;he 
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calculation,  purges  the  I/O  caches,  and  closes  the  I/O  channels.  A  great  heneht  of 
this  strategy  is  that  program  interfacing  is  an  extremely  easy  thing  to  uo  in  aC  I  S 
II.  One  only  needs  to  define  a  few  common  blocks  in  a  standard  way  and  call  the 
special  routines  at  the  beginning  and  termination  of  execution.  All  code  in  between 
these  calls  has  easy  access  to  all  of  the  information  accumulated  by  the  calculation 
up  to  that  point. 


Features 

The  AC  ES  11  program  system  has  a  great  number  of  capabilities  for  performing 
electronic  structure  calculations.  As  a  result,  it  is  not  possible  to  give  an  exhaustive 
list  of  the  available  options  here.  Instead,  we  present  a  representative  selection  of 
some  of  the  important  features  below,  and  include  a  brief  description  of  the  methods 
and  algorithms  used.  In  the  following,  we  have  not  tried  to  provide  an  exhaustive 
list  of  original  literature  references.  Rather,  we  list  explicit  citations  only  for  some 
newly  developed  methods  in  acks  m  and  frequently  refer  to  review  articles  otherwise. 
These  articles  should  contain  most  of  the  original  literature  references.  In  addition, 
an  extensive  compilation  of  literature  references  is  collected  in  the  bibliography  of 
the  ACE.S  II  Program  Manual,  which  is  available  upon  request.  The  manual  also 
contains  significantly  more  information  about  the  computational  methodology  in¬ 
cluded  in  the  ACES  ll  program. 

•  Simple  input  of  molecular  geometries  via  a  /-matrix  or  in  terms  of  Cartesian 
coordinates;  At  present,  geometry  optimizations  and  transition  slate  searches 
must  be  performed  with  /-matrix  input,  but  all  other  calculation  types  support 
both  forms  of  input.  Calculation  options  arc  specified  via  approximately  90 
keywords,  all  of  which  have  sensible  default  values.  As  a  result,  a  geometry 
specification  and  a  handful  of  keyw'ords  arc  all  that  is  required  to  run  a  cal¬ 
culation.  As  an  example,  an  input  deck  to  run  a  CCSD(  T  )  harmonic  frequency 
calculation  for  ammonia  is  given  below. 

Ammonia  frequency  calculation 
X 

N  1  RX 
H  2  RNH  1  A 
H  2  RNH  1  A  .3  T 
H  2  RNH  1  A  4  T 
RX=1.0 
RNH=  1.01 1269 
A=1 12.6960417 
T=120. 

*ACES2(CALC=CCSD1T],  BASIS=TZ2P.  SPHERICAL=ON.  VIB=FINDIF) 

The  keywords  chosen  specify  the  calculation  level  [txsDll)].  the  basis  set 
(TZ2P).  whether  spherical  harmonic  or  Cartesian  basis  functions  arc  used 
(Cartesians  are  the  default,  necessitating  use  of  the  keyword ).  and  the  specific 
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t\pc  orcalculalioti.  v^hich  is  a  tiniic-dilfcrencc  harmonic  IrctiucJicv  cak  tilaiitin. 
Note  that  all  matters  relating  to  molecular  s\mmetr\  are  haiiilled  internalK 
hy  the  program  and  are  transparent  to  the  user.  Ihe  symbol  ".X  '  is  used  to 
denote  a  dummy  atom,  v^hieh  often  facilitates  the  eonsiruetion  of  /-matrices. 

•  .\nal\sis  of  /-matrix  input  for  both  subtle  and  obvious  problems:  f  samples 
of  this  might  include  inequivalent  coordinates  given  the  same  name,  optimi¬ 
zation  ot  coordinates  which  regard  to  which  the  energy  is  stationary,  optimi¬ 
zation  of  too  many  degrees  of  freedom  ( more  than  the  number  of  totally  sy  m- 
metric  degrees  of  freedom  for  the  molecule  under  study),  etc.  Ihe  problems 
are  identified  and  described  in  the  output,  often  with  suggestions  regarding 
possible  improvements  m  the  /-matrix  coordinates. 

•  Dse  of  internally  stored  basis  sets,  which  can  be  selected  by  keywords:  1  he 

programs  support  the  recent  correlation  consistent  pvd/.  1’\  i/.  and  i>v<y/ 
basis  sets  of  Dunning  [H].  the  ba.sis  sets  used  by  the  (iAUSSIAN  program 
system  (,s  i()-.3G.  a  .tici.  etc.)  [9].  Dunning's  DZ  and  fZ  basis  sets  [10] 

with  and  without  polarization  functions  which  have  been  optimized  by  our 
group  ( I  1 1 .  basis  sets  developed  by  Sadlej  for  the  determination  of  molecular 
properties  [12).  and  the  generally  contracted  basis  sets  of  Widmark  et  al.  [  1 3  ] . 

•  I-valuation  of  the  energy  at  the  s(  i  and  a  number  of  correlated  M»i>i  and  ( < 

levels,  including  .xihpi  through  fourth-order  [MBi’r{4)|  and  (  (  through  the 
(  (  SI)  +  [  (ccsi)).  (  f  si)(T  )  and  ( (■si)l-/i  ()i  1-3)  approximations  [2.3 1; 

•Also  included  are  cc  methods  based  on  a  unitary  ansatz  [t  ( ( .  in  particular 
i  ((Sl)(4)  and  ((  solid)]  and  so-called  quadratic  configuration  interaction 
methods  [t)(  iso  and  (.ycisoi  i  )].  which  can  be  considered  as  approximate  ( ( 
approaches.  In  addition  to  Rllt  and  t  Ml  reference  function.s.  any  single  Slater 
determinant  can  be  used  in  these  calculations.  Although  this  is  somew  hat  triv  iai 
for  (  (  methods  by  virtue  of  their  invariance  with  respect  to  the  partitioning 
ot  the  electronic  Hamiltonian,  special  techniques  have  been  developed  for 
MBPl  [14,15]  to  allow  completely  general  spin-orbital  reference  functions. 
While  MBPl  applied  to  an  arbitrary  reference  function  is  likely  to  converge 
slowly  and  to  be  less  useful  for  application  to  chemical  problems,  a  particularly 
important  special  case  of  this  approach  is  the  use  of  ROi  ii  reference  functions 
in  MBPl  calculations.  1  his  ROiif  -MBPl  method  has  been  show  n  to  be  preferable 
( more  rapidly  convergent )  to  l 'Ml  -MBPl  in  cases  where  the  latter  suffers  from 
appreciable  spin  contamination  [14,15). 

•  Analytic  evaluation  of  the  energy  gradient  for  closed-  and  open-shell  references 
(Rill  and  t  Ml  )  at  the  S(  i .  mbpi  (2).  MBPl ( .t),  sdq-mbpt(4 ).  MBPKa ).  ( (  o. 
(^(  isi).  (;(  isr)(T),  t'(’csD(4).  i'ccsdi (4).  (('SD.  ccsi)  +  r(((  ,si)).  and 
( (  Si){  I  )  levels  [  16] :  Other  than  .-\(  rsii,  no  program  system  which  is  generally 
available  at  this  writing  has  gradient  capabilities  beyond  mbpi  ( : ).  other  than 
a  few  which  have  either  oci  or  ( (  gradients,  limited  to  closed-shell  rhi  ref¬ 
erences.  In  addition.  ROiii  -mbpi  (2)(15Jand  romi  -ccsd] 1 7] gradient  methods 
have  been  developed  and  implemented  in  the  past  2  years,  as  well  as  those 
based  on  quasirestricted  Hartree-Fock  ((.)RMl  )  references  [18]  at  the  ( ( si) 
level  [14].  In  the  latter  approach,  an  Rill  calculation  is  first  carried  out  for 
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the  molecule  in  a  diU'erent  electronic  state  which  usually  has  a  diH'erent  number 
of  electrons.  Electrons  arc  then  either  added  to,  renuned  from,  or  redistributed 
among  the  resulting  Rttt-  orbitals  and  the  resulting  set  of  occupation  numbers 
is  used  in  the  cc  calculation.  The  yRttt -txsD  approach  benetiis  from  the 
insensitivity  with  respect  to  orbital  choice  characteristic  of  ( c  methods  which 
include  single  e.xcitations  [20],  and  has  recently  enjoyed  success  in  the  solution 
of  problems  where  the  more  traditional  reference  functions  e.xhibit  pathological 
behavior.  These  include  symmetry-breaking  problems  (21)  and  ionization  po¬ 
tentials  dominated  by  lower-lying  occupied  orbitals  [18]. 

•  Analytic  evaluation  ofsccond  derivatives  of  the  energy  at  the  s(  i  and  mbpK  : ) 
levels  using  RttK  [22j.  t 'Hr-  [23],  and  rohf  [24]  reference  functions:  .At  present, 
symmetry  has  not  been  fully  exploited  in  the  processing  of  the  derivative  two- 
electron  integrals,  but  this  is  a  target  for  impt  jvement  in  the  near  future,  a(  fs 
II  is  the  first  program  which  can  perform  analytic  open-shell  ( t'ln  and  Roiit  ) 
second  derivative  calculations  at  the  mbpt(2)  level. 

•  Analytic  evaluation  of  one-electron  properties  at  all  les  els  w  here  gradients  are 
available:  Properties  include  dipole,  quadrupole  and  octopole  moments,  electric 
field  gradients,  Darwin  and  mass-velocity  relativistic  corrections,  and  one-elec¬ 
tron  densities  in  the  (diagonal)  coordinate  representation  [25]. 

•  Analytic  calculation  of  NMR  chemical  shift  tensors  at  the  SC  Fj  26]  and  mbpk  :) 
[27]  levels,  using  the  gauge-including  atomic  orbital  method  (CiiAO)  [28]: 
ACFS  II  is  the  only  available  program  with  the  capability  to  calculate  CiiAO- 
based  NMR  shifts  at  the  correlated  level.  It  has  recently  been  shown  [27 ]  that 
the  correlation  contribution  to  NMR  shift  tensors  can  be  appreciable,  so  the 
CilAO-MBPT(2)  method  is  likely  to  be  heavily  used  in  future  applications  in 
this  area. 

•  Stability  analysis  of  RHF  and  uttF  wavefunctions:  The  program  calculates  the 
second-order  variation  of  the  energy  with  respect  to  rotations  of  the  orbitals 
and  reports  all  instabilities  (which  correspond  to  negative  eigenvalues  in  the 
orbital  rotation  Hessian),  The  eigenvectors  corresponding  to  the  instability 
are  classified  according  to  symmetry  and  type  ( internal  RHF  instability,  internal 
IJHF  instability,  rhf  -»  UHF  instability),  and  may  be  used  to  “push"  the  st'F 
eigenvectors  toward  the  right  solution.  SCF  Calculations  restarted  with  these 
modified  eigenvectors  generally  converge  to  the  lower  solution. 

•  Direct  calculation  of  ionization  potentials,  electron  affinities,  and  excitation 
energies  using  both  Fock-space  (fS-cc)  [29]  and  equation  of  motion  (fom- 
( (■)  [30]  coupled-cluster  methods:  Calculations  can  be  based  on  either  closed- 
or  open-shell  reference  states.  Again,  these  methods  are  unique  to  Afi-s  ll. 

•  Optimization  of  molecular  geometries  using  quasi-Newton,  full  Newlon- 
Raphson,  rational  function  approximation  [31]  and  Morse-adjusted  Newton- 
Raphson  [32]  methods:  Transition  state  location  can  also  be  performed  using 
the  eigenvector  following  technique  [33]. 

•  Calculation  of  ope  -shell  singlet  states  at  the  cc  level  can  be  carried  out  using 
a  generalization  of  recently  developed  Hilbert  space  multireferencc  coupled- 
cluster  techniques  [34],  This  is  an  additional  unique  feature  of  ArF.,s  ii,  and 
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expands  ihc  range  ofmoleeules  amenable  to  high-lex  el  ( c  methods.  In  pariie- 
ular.  it  alloxxs  the  studx  of  mans  excited  electronic  slates, 

•  Automated  calculation  of  harmonic  vibrational  fret]ueneies  and  infrared  in¬ 
tensities  by  numerical  ditferemiation  of  gradients  and  dipole  moments,  or  xia 
numerical  ditferentiation  of  the  energy  ;  These  calculations  can  be  hasexi  on 
one  of  txvo  algorithms.  In  the  first,  symmetry -adapted,  mass-xxeighted  (artesian 
coordinates  are  constructed  for  the  molecule  ( these  have  the  distinct  adxant age 
of  having  a  unit  metric,  or  '(/-matrix" )  and  translational  and  (optionally) 
rotational  components  are  removed  by  priyiection.  1  hese  coordinates  are  then 
used  as  a  basis  for  constructing  the  force  constant  matrices.  A  second  algorithm 
is  axailable  xvhich  exploits  the  intrinsic  redundancy  in  the  (  artesian  force  con¬ 
stant  matrix  in  an  optimal  xxay  [35  ].  resulting  in  the  absolute  minimum  number 
of  points  required  in  the  calculation  Hoxvcver.  these  must  often  he  carried  out 
in  very  loxv  (or  no)  symmetry.  Due  to  exploitation  of  symmetry  in  \(  i  s  ii. 
hoxvever,  the  first  method  is  usually  preferred.  These  features,  xvhieh  are  alxvaxs 
required  to  calculate  vibrational  frequencies  at  high  level  of  theory  (beyond 
MBiMO]  are  the  most  sophisticated  numerical  ditferentiation  procedures 
available  today. 

•  Identification  of  the  irreducible  representations  for  normal  modes,  molecular 
orbitals  and  electronic  slates.  I  'nlike  many  programs,  the  assignments  can  be 
made  in  all  possible  point  groups.  In  addition,  the  irreducible  representations 
in  the  Abelian  subgroup  are  given  as  well.  This  is  an  extremely  useful  leature 
for  constructing  correlation  diagrams,  analy/ing  orbital  interactions,  etc. 

•  t  hrough  its  use  of  the  MOl  ict  'l  i  integral  program  and  the  \B  \<  t  s  integral 
derivative  prxigram  [5].  \(  t  s  n  allows  the  use  of  generally  contracted  basis 
sets  in  all  energy,  gradient,  and  Hessian  calculations. 

Benchmark  Calculations 

■Although  .'sC  t  .s  It  was  only  begun  ...  relatively  short  time  ago  and  is  under  continual 
development,  it  has  already  been  used  in  a  large  number  and  wide  variety  of  studies 
(see  for  example  refs.  21.27,36-38).  Topics  include  investigation  of  symmetry 
breaking  phenomena,  accurate  calculations  of  properties  and  potential  energy  sur¬ 
faces  of  small  molecules,  and  heats  of  formation  of  azacubanes.  While  the  varying 
sizes  of  the  systems  have  necessiiated  the  use  ot  varying  qualities  of  basis  sets,  in 
virtually  all  of  these  studies  ( (  methods  [most  commonly  ( (  si)  and  ct  si)(T 
have  been  used  to  treat  electron  correlation.  This  is  tc.stimony  to  the  particular 
elFicicncy  of  these  parts  of  the  program,  which  is  a  consequence  of  the  philosophy 
on  which  the  program  was  based.  That  is,  the  principal  goal  has  been  to  extend  the 
range  of  systems  which  are  amenable  to  ( <  treatments. 

We  now  describe  some  recent  applications  of  a(  i  s  ii.  I  he  first  application  we 
shall  consider  is  some  of  our  own  work  on  isomers  of  the  (  j  molecule  [37).  This 
molecule  has  been  of  particular  interest  since  it  was  suggested  that  a  closed-shell 
cyclic  isomer  was  comparable  in  energy  with  the  open-shell  cumulcnic  linear  isomer, 
a  rjuggestion  contrary  to  chemical  intuition  and  to  early  calculations  on  carbon 


886 


SI  WION  I  I  \I 


clusters.  Mans  calculations  ha\e  since  contirnied  that  the  two  isomers  are  indeed 
close  in  energs.  We  recently  (x'gan  a  further  study  of  these  two  isomers  which  was 
intended  to  go  beyond  presious  work  and  pnrvide  a  reasonably  tie'  nitise  study. 
To  this  end  geometries  ofboth  isomers  vsere  optimi/ed  using  smi’i  ( : ).  ( (  si),  and 
t'(  S!)(  1  )  methods  and  the  (’\  1/  basis  set.  Harmonic  vibrational  frequencies  and 
some  one-electron  properties  were  computed  at  the  c\  si)(  1  t/i>%  1/  level  using 
analy  tical  gradient  techniques.  Cartesian  polarization  functions  were  used,  leading 
to  a  total  of  140  basis  functions.  Refined  estimates  of  the  energy  difference  were 
computed  using  these  methods  and  the  larger  I’vy?/  basis  set  (  >\Ap}cI2  !  I  gl.  I  or 
this  Pasis,  spherical  harmonic  polarization  functions  were  used,  leavling  to  a  total 
of  220  basis  functions.  In  these  calculations,  a  closed-shell  Rill  reference  function 
was  used  for  the  rhombic  isomer  and  an  ope-n-shell  t  ill  reference  function  was 
used  for  the  linear  isomer.  Timing  data  are  .shown  in  Tables  I  and  II.  Table  1  shows 
times  for  the  various  modules  needed  in  gradient  calculations,  and  Table  II  shows 
the  times  for  the  large  basis  set  energy  calculations. 


I  \Hi  1  I,  timin.!;  dala  lin  M'vomlsi  lur  mm.luk-'-  nl  Ihf  \t  1  s  ii 
sy'.tcm  tor  i  <M)|  1 1'l’v  1/  grailionl  cak  iil,ilionv  on  linear 
(  i  ami  rhombic  0  1,,)  (  4  II4(l  basis  timclions.  all  cloclrons 
corTclaVv'vl),  t>at.i  arc  pTcscntcd  tor  giasticni  catculalions  al  I'nc 
equilibrium  gcomoincs  (compulalional  svnimcirs  is  /y-p  and 
tor  gcomcincs  displaced  along  svmmcirx  lowering  modes 
(computational  svmmeiis  is  (  .,). 
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’  In  these  calculations  the  xvee  module  performs  three  tasks: 
(i)  solves  the  fCSD  equations;  (ii I  evaluates  the  tnplcs  amplitudes 
and  energies:  (iii)  evaluates  the  contribution  of  triples  amplitudes 
to  one-  and  twri-particlc  density  matrices  and  lambda  equations. 
For  linear  CP  in  Pj*  symmetrv  »c  have  given  times  for  all  three 
steps,  while  for  the  other  calculations  just  the  total  time  is  availahle. 
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The  functions  of  the  modules  which  arc  used  in  the  benchmarks  presented  here 
are  as  follows. 

xvmol:  loaluates  one-  and  two-electron  integrals, 
wsef:  Solves  the  sr  i  equations. 

xftran:  Performs  the  two-electron  integral  transformation, 
xintpre;  Sorts  transformed  two-electron  integrals  and  prepares  lists  for  correlated 
calculations. 

xvee:  Solves  the  <  c  equations,  evaluates  mbpi  and  ( t  energies.  In  gradient  cal¬ 
culations  involving  triple  excitations  it  also  evaluates  conlrihutions  of  triples  to 
one-  and  two-particle  densitv  matrices  and  lambda  equations. 

xiambda;  Solves  the  A  equations  for  the  response  of  the  ( (  amplitudes  to  the 
perturbation,  and  calculates  certain  elements  of  the  canonicallv  transformed  Ham¬ 
iltonian  //  ^  exp(  ~T)^  exp(  7  ).  Only  the  latter  function  is  carried  out  for  I  s-(  ( 
and  lOM-C  (  calculations. 

xfsip;  Calculates  ioni/'ation  potentials  using  the  i  S-(  (  method, 
xdens;  Hvaluates  one-  and  two-particle  densitv  matrices, 
xanti:  Resorts  the  two-particle  density  matrix  in  preparation  for  xbcktm. 
xbcktrn:  Transforms  the  tvv<i-particle  density  matrices  from  the  MO  to  the  a<> 
basis. 

xvdint:  evaluates  one-  and  two-electron  integral  derivatives. 

The  timings  clearly  show  the  suitability  of  At  I  s  it  for  large-scale  ( (  calculations. 
Indeed,  in  the  large  basis  set  calculations,  the  one-  and  two-electrtin  evaluation 
time  is  larger  than  the  time  for  thet  t  calculation!  .Also,  a  recurring  feature  of  large- 
scale  calculations  with  At  i  s  ii  is  that  disk  space  limitations  occur  before  CPC 
limitations,  especially  for  open-shell  systems.  Certain  of  these  times  will  be  improved 
in  the  near  future.  Tor  example,  it  may  be  seen  that  ( (  calculations  with  Rtii 
reference  functions  lake  about  half  of  the  *imc  of  t  in  reference  functions,  even 
though  a  higher  ratio  should  certainly  be  possible.  .At  present,  beyond  restriction 
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to  just  two  of  the  four  possible  triple-excitation  spin  cases,  our  triple-excitation 
routines  take  little  adv  antage  of  the  simplifications  possible  with  a  closed-shell  RHt 
reference  function. 

The  principal  results  of  this  study  are  shown  in  Tables  111  and  IV.  Table  III  .shows 
the  calculated  harmonic  vibrational  frequencies  and  infrared  intensities  of  the  two 
isomers,  while  Table  IV  shows  calculated  isomer  energy  differences.  One  particular 
conclusion  apparent  from  this  work  is  that  previous  calculations  on  linear  C4 .  done 
at  the  St  I  or  MBpi  ( :)  level  with  .v/ij basis  sets,  do  not  describe  the  infrared  intensity 
of  the  asymmetric  stretching  frequency  of  linear  C4  well.  As  for  Table  IV.  these 
results  indicate  strongly  that  once  a  certain  level  of  basis  set  quality  has  been 
achieved,  further  e.xtension  favors  the  rhombus.  For  further  discussion  and  more 
data,  the  reader  is  referred  to  a  forthcoming  full  study  on  this  subject  [.f7]. 

To  illustrate  the  application  of  methods  for  the  clinri  calculation  of  ionization 
potentials,  electron  alfnities.  and  excitation  energies  which  are  included  in  ACt-s 
II,  we  present  results  and  computational  timings  for  a  calculation  of  the  ionization 
potentials  of  the  nitrogen  molecule.  These  results  were  obtained  with  the  Fock- 
space  cc  model  truncated  to  single  and  double  excitations  (FS-C  t  SD)  using  the 
generally  contracted  basis  set  of  Widmark  et  al.  [  I  .T  ] .  In  this  calculation,  which  was 
performed  at  the  experimental  equilibrium  geometry  of  N^,  the  pvqz  basis  of  Dun- 
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ning  [8]  was  used  and  all  Cartesian  components  of  the  polarization  functions  were 
included,  resulting  in  a  basis  set  of  140  contracted  GAl.’SSIAN'  functions.  As  seen 
from  the  results  in  Table  V,  the  ionization  potentials  obtained  vviih  the  i  s-<'(  si) 
approach  arc  in  good  agreement  with  well-established  experimental  results.  It  should 
be  stressed  that  the  theoretical  values  svere  obtained  in  a  single  calculation,  under¬ 
scoring  the  power  of  direct  approaches  for  determining  this  type  of  property.  An 
additional  advantage  of  the  i  S-(  c  method  is  that  the  final  state  wavefunctions  (the 
.states  of  N: )  are  rigorously  spin-adapted  when  the  reference  state  (the  N;  ground 
state  in  the  present  e.xample)  is  a  closed-shell  system,  .As  a  result,  spin-adaptation 
can  be  used  to  simplify  the  calculation  and  significantly  reduce  computational  cost. 
Nevertheless,  evaluation  of  the  reference  state  tx  st)  wavefunction  and  energy  rep¬ 
resents  the  majority  of  the  cost  of  a  i  s-CC  ionization  potential  calculation.  This 
feature  is  reflected  in  the  timings  presented  in  Table  VI.  where  the  ionization  po¬ 
tential  calculation  (xfsip)  represents  only  2'-;  of  the  total  CPU  time  required  for 
the  job.  The  overall  execution  time  (265  seconds)  should  be  contrasted  with  the 
amount  of  time  which  would  be  required  for  a  AC'CSi)  evaluation  of  the  ionization 
potentials.  In  addition  to  the  reference  state  RHi--C'<'SD  calculation  on  N;  ( which  is 
also  required  in  the  i-s-CCSD  approach),  such  a  statc-by-siate  solution  would  also 
require  open-shell  ('(  SD  calculations  (using  UHf.  ROtlK  or  QRin  reference  func¬ 
tions).  each  of  w  hich  would  require  roughly  three  times  the  resources  and  computer 
time  of  a  single  RHK-c  (SD  calculation.  Hence,  one  would  be  trading  the  negligible 
cost  of  a  l-s-c esD  calculation  for  additional  steps  which  would  require  an  order  of 
magnitude  more  time  than  the  reference  C(  SD  calculation  itself.  Clearly,  the  :  s- 
ceSD  approaeh  represents  a  cost-effective  means  for  calculating  the  photoclectron 
spectra  of  molecules.  For  open-shell  reference  states,  of  course,  the  spin-adapted 
feature  and  corresponding  computational  simplifications  are  lost.  Nevertheless,  the 
t  S-(  (  SD  step  is  still  much  cheaper  than  the  open-shell  reference  CCSD  calculation 
and  the  attractive  features  of  the  direct  computational  approach  are  retained.  Our 
implementation  is  the  first  to  generalize  the  I  S-(  (  method  to  arbitrary  singie-dc- 
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ihc  N;.  tiKikvulc.  ovaliuiicd  wilh  ihc  i  s-<  <  sn 
mcthiHi  uvtnt;  the  I’voz  basie  of  Ref.  X  t  he 
evperinieEilal  Niml  length  II.0')7  \)  was 
used  in  these  ealeulaliuns  I  he  ealeulaled 
results  represent  verlieal  iiini/alnin 
polenlials,  w  hile  the  evpenmenlal  results  are 
.idiahalie  values  front  Ref.  41 
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terminant  ( restricted  and  unrestricted  with  respect  to  spin )  reference  functions  [  40  J 
and  initial  calculations  using  this  open-shell  reference  FS-cc  method  have  provided 
encouraging  results. 

Another  recent  application  is  a  study  of  spiropentadiene  (C5H4)  by  Shavitt  et  al. 
(36].  This  molecule  is  the  smallest  member  of  a  class  of  highly  strained  organic 
molecules,  and  was  recently  synthesized  by  Billups  and  Haley  [39].  Since  experi¬ 
mental  characterization  is  not  yet  possible.  Shavitt  et  al.  undertook  a  theoretical 
study  to  compute  key  structural,  spectroscopic,  and  thermodynamic  data  for  this 
molecule.  In  order  to  obtain  a  heat  of  formation,  it  was  desired  to  perform  a  mbpi  (4 ) 
calculation  with  the  correlation-consistent  polarized  triple-zeta  valence  plus  polar¬ 
ization  (pvTZ )  basis  set  of  Dunning  [8].  For  C,  this  basis  set  is  4v3/>2c/i  /  and  for 
H  it  is  3s2p\J,  leading  to  a  total  of  206  basis  functions  for  C5H4.  This  demanding 
calculation  could  only  be  done  with  aces  ii  and  not  with  any  other  packages  to 
which  Shavitt  et  al.  had  access.  As  a  result  of  the  efficient  use  of  symmetry  and 
vectorized  algorithms,  the  calculation  was  straightforwardly  completed  with  aces 
II  in  roughly  2  hours  ofCPU  time.  Moreover,  the  calculation  was  performed  slightly 
more  than  1  year  ago  (July  1991 ).  and  there  have  since  been  improvements  in  the 
programs  which  would  reduce  this  time  somewhat. 

As  a  final  example  of  the  performance  of  the  At  ES  11  program,  we  present  com¬ 
putational  timings  for  a  cesD  calculation  carried  out  on  the  Al)B4H|g  molecule. 
This  molecule  belongs  to  the  Du,  point  group,  and  the  calculations  were  performed 
using  238  basis  functions.  As  seen  from  Table  VII,  the  entire  calculation  required 
less  than  I  hoar  on  a  Cray-YMP.  The  most  expensive  stage  of  the  calculation  was 
the  evaluation  of  the  cc  so  energy,  requiring  slightly  more  than  20  minutes  of  CPU 
time.  It  should  also  be  pointed  out  that  this  phase  of  the  calculation  achieved  a 
sustained  execution  rate  of  254  MFLOPS.  clearly  demonstrating  the  highly  vec¬ 
torized  nature  of  ACES  li  and  its  suitability  for  modern  vector  computers  such  as 
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the  Cray-YMP.  It  also  serves  to  illustrate  that  the  initial  development  ol  the  At  i  s 
II  system  has  made  promising  advances  toward  the  goal  stated  early  in  this  section — 
to  extend  the  range  of  systems  which  can  be  addressed  with  high-level  ft  /mbpi 
methods. 


Summary 

In  this  study,  we  have  presented  an  overview  of  the  new  ac  us  li  program  system. 
Although  the  program  is  relatively  new.  it  has  unrivaled  capabilities  for  performing 
very  accurate  calculations  on  relatively  small  systems,  particularly  for  open-shell 
molecules.  As  such,  the  program  system  should  be  very  useful  for  detailed  inter¬ 
pretations  of  molecular  spectroscopy  and  reactivity.  Its  availability  within  our  group 
has  led  to  a  tremendous  growth  in  the  scope  of  chemical  problems  that  we  are  able 
to  address  with  high-level  ct/mbpt  methods,  and  its  straightforward  input  has 
greatly  simplified  the  process  of  running  production  calculations.  In  addition  to  its 
value  as  a  research  tool  for  chemical  applications,  the  streamlined  design  of  Acts 
II  has  also  facilitated  implementation  of  new  theoretical  methods  by  our  group. 
Anyone  who  has  ever  worked  in  the  field  of  quantum  chemistry  program  devel¬ 
opment  knows  that  interfacing  new  programs  can  be  one  of  the  most  difficult  tasks 
which  must  be  performed.  In  Acts  11,  the  interfacing  process  consists  of  beginning 
and  ending  each  module  with  specific  subroutine  calls  and  following  a  few  simple 
rules.  The  rapid  rate  at  which  new  theoretical  methods  have  been  incorporated  into 
Acts  II  in  the  past  2  years  attests  to  the  overall  design  of  the  program  system. 

At  this  point,  it  is  appropriate  to  describe  what  aces  li  is  not.  As  discussed  in  the 
Introduction,  the  program  system  reflects  the  research  interests  of  its  authors,  all 
of  whom  are  or  have  been  members  of  the  Bartlett  group  at  the  University  of 
Florida's  Quantum  Theory  Project.  Our  focus  has  t-een  in  the  development  and 
implementation  of  correlated  cc  /  mbpt  energy  and  gradient  methtxls.  and  we  have 
tried  very  hard  to  make  these  programs  as  efficient  and  flexible  as  possible.  Cal¬ 
culations  carried  out  in  the  course  of  our  research  arc  almost  alway  s  performed  at 
levels  which  go  beyond  the  sck  approximation,  and  usually  beyond  mbpiC).  All 
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such  methods  have  a  computational  dependence  which  scales  at  least  as  sieepK  as 
thc.s  .vv/;  power  ofthe  number  of  basis  functions.  .Asa  result,  we  base  paid  somewhat 
le^s  attention  to  stages  ofthe  calculation  which,  for  the  studies  we  commonis  pursue, 
are  significantly  less  expensive  than  the  rate-limiting  steps  of  the  calculation.  .As  a 
result,  we  do  not  claim  that  .vfis  it  is  the  program  for  es  cry  one.  Indeed,  it  is 
certainly  not  the  best  program  to  use  for  the  very  common  task  ot  performing 
energy  calculations  and  geometry  optimizations  at  the  s<  i  level,  nor  have  we  made 
efforts  to  date  toward  implementing  direct  methods  for  st  i  and  MBi’i  ( : )  calcula¬ 
tions.  an  area  where  great  progress  has  recently  been  made  by  other  groups.  In 
addition,  acts  ii  does  not  have  the  capability  to  perform  multicontigurational  sc  f 
calculations,  although  it  does  have  limited  multirefercnce  c  c  capabilities.  Nev¬ 
ertheless,  AC'i  s  it  is  an  extremely  efficient  computer  program  for  the  calculation  of 
energies  and  gradients  at  correlated  levels.  Although  we  have  chosen  nrrt  to  compare 
the  timings  presented  in  the  previous  section  with  those  of  other  programs,  enough 
information  has  been  supplied  regarding  the  calculations  so  that  curious  readers 
can  easily  make  their  own  comparisons. 

Ac  t  s  It  is  under  extremely  rapid  development  and  is  expected  to  continually 
improve  both  in  the  scope  of  its  functionality  and  in  its  performance  for  existing 
methods  each  year.  One  ofthe  most  important  areas  in  the  latter  category  involves 
improvement  of  algorithms  for  carrying  out  relatively  low-level  calculations  for 
very  large  or  nonsymmctric  molecules.  In  developing  the  program  system,  we  hav  e 
concentrated  mainly  upon  developing  and  implementing  methods  so  that  the  cal¬ 
culations  which  we  commonly  carry  out  can  be  performed  with  a  reasonable  amount 
of  computer  resources.  Indeed,  the  evolution  of  algorithms  in  ac  i  s  ii  generally  has 
gone  from  a  full  in-core  implementation  to  more  sophisticated  out-of-core  methods 
as  they  have  been  needed  by  the  jobs  run  in  our  research  group.  At  present,  the 
memory  and  disk  space  requirements  of  aci;s  ii  are  such  that  essentially  all  ofthe 
jobs  run  by  our  group  can  be  carried  out  in  8  megawords  of  computer  memory 
and  I  gigabyte  of  disk  storage.  However,  other  users  might  run  into  memory  or 
disk  space  limitations  for  very  large  jobs,  and  we  are  acutely  aware  of  this  short¬ 
coming  of  the  program  system.  Indeed,  our  collaboration  with  the  Ohio  Supercom- 
puiing  Center  and  its  collection  of  quantum  chemistry  users  has  led  to  a  few  incidents 
of  this  type,  and  we  have  resolved  the  problems.  In  the  few  months  previous  to  this 
w  riting,  a  number  of  improvements  have  been  made  to  aci  s  it  to  improve  memory 
and  disk  requirements  at  the  .mbpt(2)  level.  These  have  been  sufficient  to  assure 
that  essentially  any  calculation  type  (gradient,  second  derivative.  NMR  shift,  etc.) 
carried  out  at  this  level  can  be  performed  in  only  a  few  megawords  of  memory  .  In 
the  future,  we  will  direct  some  of  our  efforts  toward  eliminating  remaining  memory 
and  disk  space  bottlencck.s.  Neverthelcs,s.  the  rather  small  group  of  ac  i  s  ii  authors 
are  actively  involved  in  developing  theoretical  methods  as  well,  so  implementation 
of  these  ideas  will  continue  to  be  the  primary  focus  ofthe  acts  ii  project.  Those 
who  are  interested  in  doing  very  accurate  work  on  the  spectroscopy  and  potential 
energy  surfaces  of  small-  to  medium-si/ed  molecules  may  greatly  benefit  from  the 
use  of  the  ac  i  s  ii  program  system.  Interested  readers  can  receive  information 
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about  obtaining  the  program  by  sending  an  electronic  mail  message  to 
■‘aces2vfjqtp.ufl.edu,'' 
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